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Abstract
We have investigated the reversible magnetization below Tc in high-quality YBa2Cu307_d (Y-123), YBa2Cu4Os

(Y-124), Y2Ba4Cu7O15+x (Y-247) and Bi2Sr2CaCu2O8+x (Bi-2212), Tl2Ba2Cu106+d (Tl-2201) and Tl2Ba2CalCu2O8+d

(T1-2212) ceramics. Except for the stoichiometric Y-124 phase, the oxygen concentration was optimized in

order to obtain the highest value of the critical temperature for which the normal-state susceptibility becomes

temperature independent. Using the simple London model, we are able to fit the reversible magnetization M(T,

H) outside the region near Tc with good accuracy for the nearly three-dimensional YBaCuO phases. For the very

anisotropic BiSrCaCuO and TlBaCaCuO phases, we have to include an additional term to take into account the

fluctuations of vortices. An important result is that Y-123 exhibits a critical field clearly higher than those of the

BiSrCaCuO or TlBaCaCuO phases. We obtain for the Y-123 phase a slope  and an

extrapolated µoHC2,C (0) = 280 T.

1. Introduction

The measurement of the reversible
magnetization of type-II superconductors is one
of the methods to determine superconducting
parameters such as the penetration depth λ, the
coherence length ξ and hence the critical fields
and the Ginzburg-Landau parameter κ.

In superconductors with large κ, we can
expect a large field domain (HC1 << H << HC2),
where M depends logarithmically on the applied
field (London regime). Recently, Hap and Clem
[1,2] found that the London model is
quantitatively incorrect. With their variational
approach, where the core energy of vortices is
taken into account, the magnetization turns out
to still have an apparent lnH dependence but
with two "new" somewhat field-dependent
parameters.

For the HTSC compounds, the large
anisotropy associated with the short coherence
length and the high Tc introduces a more serious
possibility of discrepancy between the London
approach and the experimental M(T, H) data.
Thermal-fluctuation effects are enhanced in such
quasi 2D structures above Tc as well as in the
mixed state below To, where the entropy of
vortex excitations (called "vortons" after
Bulaevskii et al. [3]) becomes important and the
equilibrium vortex density has to be
renormalized by this dynamic contribution. The
most spectacular result of these considerations is
the existence, below To, of a crossing point
(T*, M*) where M=M*(T*) is field independent
[3-10].

In this paper, we use the above theories
to fit the reversible magnetization below Tc for
six selected high-Tc cuprates, i.e. three
compounds characterized by a very large
anisotropy, Bi2Sr2CaCu2O8 + d  (Bi-2212),
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T12Ba2CuO6+X (T1-2201 ), TI2Ba2CaCu2O8+z (T1-
2212), and three others exhibiting a rather more
three-dimensional character, YBa2Cu3O7-X (Y-
123 ), Y2Ba4Cu7O15+d (Y-247), and YBa2Cu408
(Y-124 ).

2. Experimental details

In the present analysis, we use the c.g.s,
system where B[G] = H[Oe] + 4πM[G] and
χv=M[emu/cm3]/H=ρ[g/cm 3]χg[emu/g].
The Meissner effect (field cooling) was
measured using a SQUID magnetometer with an
external magnetic field of 20 Oe. The Meissner
flux expulsion ratio f= -4πχv was evaluated
using an effective sample volume given by m/ρ
where m is the mass and ρ the X-ray density. A
geometric demagnetization factor D was taken
into account for all samples according to their
approximate shape. The corrected susceptibility
reads χ g=χg

m/(1-4πDχg
m), where χg

m is the
measured susceptibility. The external magnetic
field was calibrated using a high-purity
superconducting Pb sphere.
The reversible magnetization M(H, T) was
measured with the same magnetometer using a
small scan length (3-4 cm) to minimize the
variation of the magnetic field during the
displacement of the sample in the detection
coils. With large magnetic field (≥ 3- 5 kOe) and
below Tc, zero field cooling (ZFC) followed by
field cooling (FC) measurements or else
hysteresis M(H)|T measurements show
especially for the anisotropic phases a large
reversible temperature domain of about 30 to
40K where thermodynamic relations are
applicable. All measurements presented in the
following were corrected by the normal-state
contribution which has been obtained by a fit of
the quasi field-independent normal-state
susceptibility ) χg

normal (T) from Tc + 30 K to
room temperature. The magnetization is
M(T) = Mmeasured(T) - χg

normal (T)ρH.

3. Sample preparation

The preparation of the ceramics was
described in previous papers. The listing of the
phases, sample codes and the references is given
in Table 1. Note that except for the
stoichiometric Y-124 phase, the oxygen
concentration was optimized in order to obtain

the highest values of Tc where the normal-state
susceptibility becomes temperature independent
[11-14]. Table 2 gives a summary of the
physical parameters (Tc, f, space group, lattice
constants and the average interlayer distance sC

between superconducting or groups of
superconducting planes).

4. Model for the reversible magnetization
below Tc

Based on the Ginzburg-Landau (G-L)
theory, the reversible magnetization M(H, T) for
superconducting materials with large κ=λ/ξ
(κ≈102), a characteristic of cuprates, can be
described by the London model. In this
approach, where the order parameter |Ψ | is
assumed to be spatially constant and the vortex
cores are treated as singularities, the reversible
isothermal magnetization (no pinning) follows a
logarithmic field dependence. This model is
only valid for intermediate fields, i.e. (HC1 << H
<< HC2), (the so called London regime) [15], and
predicts:

where η is a constant depending on the vortex
structure and φo the flux quantum (hc/2e =
2.0679 x 10-7 G.cm2).
In the following subsections, we evaluate the
magnetization for anisotropic ceramics using the
effective- mass model.

4. 1. Superconducting phases with large
anisotropy

In the case of ceramics with large
anisotropy γ2=Mc/Mab=λc

2/λab
2 >> 25 where Mi

and λi are the effective mass and the penetration
depth along the i direction, respectively; we
consider only the projection of the
magnetization in the c direction, mc, along the
applied field H. The measured magnetization
<M(T, H)> is obtained after integration over all
grain orientations:
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Table 1:

Table 2:

4. 2. Superconducting phases with intermediate
anisotropy

On the basis of the work of Kogan et al.
[16], the measured magnetization for a ceramic
is calculated in the appendix, with the result :

Fig.1 : I(γ)/γ (a) and e(γ) (b) as a function of the
anisotropy γ.
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Figures 1 (a) and (b) and Table 3 show the
variation of the functions I(γ)/γ and e(γ). We see
that for an anisotropy γ  larger than 5, the
difference for I(γ)/γ and e(γ) as compared with
an infinite anisotropy is below 10% and 1%,
respectively.
As previously pointed out by Schilling et al.
[17], we can further write the isothermal
derivative

Knowing the asymptotic temperature
dependence of λab(T) for T→Tc

with k=2 in the BCS theory and 4 in the two-
fluid model [18, pp. 95, 535], allows one to
estimate λ ab(0) using the slope of
∂4π〈M(T)〉 / ∂lnH at Tc:

The following remarks can be made.
(1) If the samples contain impurity phases,
extended defects, etc., Mmeasured should be
replaced by Mmeasured /fs where fs is the fraction
of superconducting volume. In the following fits
and parameter determinations, we used fs = 1.
We justify this choice by the high quality of the
samples where no significant impurities were
detected.
(2) As mentioned in the introduction, Hao and
Clem [1,2] give an implicit solution similar to
the original London model:

where h = H/HC2 (T), but α and β are functions
of H/HC2(T). In the intermediate field range 0.02
≤ H/HC2 ≤ 0.3, these two coefficients are nearly
constant (α = 0.77, β = 1.44). This means that if
we exclude the M(T, H) measurements down to
a few degrees below Tc (Tc - 5 K), we should be
in a temperature domain where M∝ln(H). In the
following discussion, we do not take into
account the field-dependent α and β coefficients
or equivalently, we put α = 1 and β = 1 (η/e= 1).
By including the Hao-Clem coefficients, the
quality of the fits does not change and only
λab(0) and HC2,C (0) become approximately equal
to 

€ 

α λab(0) and H C2,C (0)/β as compared with
the values given in Tables 4a and b, 5a and b.

4.3. Temperature dependence for HC2(T) and
λ(T), WHH model

The true temperature dependence of the
superconducting parameters such as λ(T),
HC2(T) .... in oxide superconductors remains
unsettled [16,17,19-24]. In the following, we use
the WHH model [25] which gives a temperature
dependence for ξ(T) in between BCS and two-
fluid models and seems to be a reasonable
approximation.

As the critical thermodynamic field
follows a temperature dependence HC

2(t) ≈ ( 1 -
t2 )2, t= T/Tc [18, p. 289], we use for HC2(T) the
approximate relation

HC2(t)= HC2(0)( 1 - t2 ) ( 1 - 0.3 t2 ),               (6a)

H'C2(Tc) = ∂HC2/∂T⏐Tc ≈ - 1.4 HC2(0) / TC    (6b)
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Note that  the exact  solut ion is
H’C2(Tc) = -1.44 HC2(0)/TC and -1.37 HC2(0)/TC
for the dirty and clean limit, respectively.
For λ2(T) ∝ HC2(T) / H2(T), we have

and for the G-L parameter

Near Tc, λ-2(t) ≈ kλ-2(0)(1-t) with k = 2.86, a
value between the asymptotic BCS relation
(k=2) and that of the two-fluid model (k= 4).
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5. Scaling relations, fluctuation effects

Compared to a mean-field description,
the physical measurements around the critical
temperature display an unusual behaviour
especially for the very anisotropic phases like
the bismuth and thallium compounds. In the
case of the magnetization measurements,
M(T, H) shows an increase of the diamagnetic
contribution with the external magnetic field
below the mean-field critical temperature with a
crossing point (T*; M*), where ∂M/∂H⏐T* = 0
[4,26-35]. These unexpected facts can be
understood by the multilayer character and the
small coherence lengths enhancing fluctuation
effects [24,36-38]. Without taking into account
the fluctuations, the behaviour of some
parameters such as the penetration depth λ(T) is
unphysical. For example, λ(T) apparently
diverges at a temperature T* below the mean
field superconducting transition.

Recently, Bulaevskii et al. [3] have
proposed to include an additional term to the
free energy which takes into account the thermal
fluctuations of vortices (positional fluctuation of
vortices; these new excitations are called
"vortons"). The expression for the fluctuation
magnetization along the c-axis (H⎢⎢c) is

where s is the interlayer distance between planes
or groups of superconducting planes and αB is of
order unity. This model predicts a crossing point
(T*; M*) where M is field independent at T*,

according to ref. [8] but see the remark below
concerning the latter reference.

The Josephson interlayer-coupling
regime is realized in bismuth and thallium
compounds practically at all temperatures below
Tc and only below 75 K in the Y-123 phase

[3,39]. As a consequence, it is difficult to
include this term for the YBaCuO phases
because of the small reversible domain below
Tc. The consideration of the fluctuation term
within the London approach does not affect the
logarithmic field dependence of the isothermal
magnetization.
For a ceramic with extreme anisotropy and
assuming that each grain sees the projection of
H along the c-axis, we obtain as in section 4.1

As compared to a single crystal with
H⎢⎢c, the crossing-point temperature does not
change but the measured magnetization (M(T*))
is reduced by a factor of two. We include the
contribution of Eq. 9 (c) in the analysis of the
two-dimensional Bi- and Tl phases.

Tesanovic et al. [8] have worked out a
model of amplitude fluctuations of the order
parameter for quasi two-dimensional
superconductors near Tc. Their high-field
approach gives explicitly the approximate
response functions near the HC2(T) line. A
scaling functional law M/(TH)1/2 = f( [ T- Tc(H) ]
/ (TH)1/2) is found and has been observed by Li
et al. [31-33] in Bi-2223 and Bi-2212 crystals.
The magnetization reads

A is a constant.
Following the authors [8], the model

predicts the crossing point M*(T*) = kBT / φoS
but if we derive numerically the given free
energy, the magnetization obtained is in
disagreement with their formula.
In the nearly three-dimensional phase Y- 123,
Welp et al. [40] have used a 3D identical scaling
relation M/(TH)2/3 = f( [ T- Tc(H) ] / (TH)2/3) near
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the HC2(T) line (high-field result). The M(T, H)
functional is not given explicitly.

Below Tc, Cho et al. [23] have observed in a Bi-
2212 single crystal surprising scalings M(T, H)/
M(T’, H) versus T and M(T, H)/M( T, H') versus
H where (T’, H') is an arbitrary point in the
reversible domain. They conclude that M(T, H)
can be written as M( T, H) = f(T)g(H) and find
that HC2 is quasi temperature independent in this
temperature range.

6. Parameter determination, fitting
procedure and scaling

6.1. YBaCuO phases

Table 4a summarizes the temperature
derivatives of the measured logarithmic slopes
∂M(T)/∂ l n H  and values of λ ab(0) directly
obtained from Eq. (3b) with three different
temperature dependences near Tc. We adopted
an anisotropy parameter γ= 5 to 6 for all three
compounds, in agreement with previous results
[22,35,38,41].

The analysis presented in Table 5a is
based on a fit of the M(T, H) data in the
reversible regime but omitting the region near
Tc, i.e. T<Tc-5K, H ≥ 5kOe. The free
parameters entering Eq. (3a) (London model

without vortex fluctuations) are λab(0), HC2(0)
and Tc labeled TC

L, under the assumption of a
WHH temperature dependence of λ and HC2.
The data shown in Figs. 2 to 4 are completed by
the fitted M(T, H) curves in Fig. 2.

6.2. BiSrCaCuO and TIBaCaCuO phases

Again, λab(0) was first determined from
the slope of ∂M(T)/ ∂InH versus T. Ignoring the
fluctuation term formally results in a divergence
of the penetration depth at T* but the difference
of ∂/∂T(∂M/∂1nH) and λab(0) is estimated not to
exceed 4% and 2%, respectively. Considering
the more important uncertainty concerning the
appropriate value of k, we indicate in Table 4b
values according to Eq. (3b).
Secondly, we have tested a fit similar to that
used for the YBaCuO phases but with an infinite
anisotropy [30,35] (i.e. I(γ)/γ=1/2, e(γ)=√e).
However, the fit on the basis of the original
London model is clearly unsatisfactory. We
have therefore analyzed our reversible M(T, H)
data ( T< Tc, H ≥ 10 kOe) using Eqs. (3a) and
(9c) and a WHH temperature dependence for λ,
HC2 and κ. The effective interlayer parameter sC

is determined from the observed crossing point
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Fig.3. Isothermal magnetization vs. ln(H/Oersted).

(T*; (M(T*))) (Table 6). We note that the values
of s determined in this way are always larger
than those corresponding to the crystal structure
(sC, see Table 2). The discrepancy is likely to
result from the assumed 100% superconducting
volume or from ηαB/√e being different from 1.
The free parameters are λab(0), HC2,C(0), αB and
Tc labeled here TC

L+fl (Tables 5b and 6).

Figs. 5, 6, 7 and 8 show the M(T, H) data
and the fit, a zoom near T*, the magnetization

versus In(H) and the ∂ M/∂lnH  versus
temperature for the Bi-2212, T1-2201 and T1-
2212 phases.

Concerning the quality of the fits, let us
mention that χ2 amounts to about 2.5% for the
Bi and T1 compounds, compared to 1.5% for the
YBaCuO phases. Without the inclusion of a
vortex-fluctuation term in the former case, χ2

would increase to typically 15% in the
appropriate temperature and field ranges.

6.3. Scalings

For the two-dimensional phases, we have
tried to introduce the scaling proposed by
Tesanovic el al. [8]. The rather unsuccessful test
may indicate that the polycrystalline nature of
ceramics is not suitable in this respect. However,
following Cho et al. [23], we also observe the
same scalings M(T, H)/M(T', H) versus T and
M(T, H)/M(T, H') versus H, below Tc - 10K for
BiSrCaCuO and T1BaCaCuO but not for the
YBaCuO phases. As an example, we present in
Figs. 9(a), (b) and (c) the scalings for the T1-
2212 phase.

In the spirit of the surprising findings of
Cho et al., we conclude from Fig. 9 that the
factorization of M(T, H) into a function of
temperature and a function of field (≈ lnH )
within the reversible region is also verified for
the polycrystalline strongly two-dimensional
compounds exemplified by TI-2212.
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7. Discussion

7. I. YBaCuO phases

The magnetization in YBaCuO ceramics
does not clearly exhibit a crossing point (T*;
M*). Further, in the ∂M /∂1nH  versus
temperature graphs (Fig. 4) the temperature
where this slope vanishes practically coincides
with the onset critical temperature. It appears
that these phases do not require the inclusion of
a substantial fluctuation term. In the reversible
regime, the isothermal magnetization follows a
logarithmic field dependence. The fitted critical
temperatures TcL are also comparable to the
Tconset low-field values.

As regards Y-123: the slope of the upper
critical field we determined for the Y-123 phase
( - 4.3 T/K) is larger than previous results given
in the literature, i.e. - 1.9 T/K [41-43], -2.3 T/K
[44] by extrapolation of the magnetization
below Tc or - 1.9 T/K [40], - 1.8 [38] by high-
field scaling. On the other hand, the present
result is closer to that of a new specific-heat
analysis of a single crystal ( - 3.2 T/K [45]) and
a ceramic (-4.5 T/K [46]). The in-plane
penetration depth is found to be λab(0) = 1400 Å
by µ+ SR [22] or by magnetic measurements
[17,21]. Our result is in good agreement using
the slope of ∂M/∂1nH  but somewhat larger
using the fitting procedure (Tables 4a and 5a).
On Y-124 we remark that for the Y-124 phase,

µo∂Hc2,c/∂T⎢Tc= -1.6T/K [47], λab(0)=1960 -
2000 Å [17], HC1 (0) = 180 Oe [17] are
mentioned in the literature. Our results, - 1.5
T/K, 2060 Å, and 166 Oe compare favorably
with the published parameters.

Finally, Y-247: we have not found
comparable measurements for this phase in the
literature.

7.2. BiSrCaCuO and TIBaCaCuO phases

The magnetization in BiSrCaCuO and
TIBaCaCuO ceramics does show a crossing
point (T*; M*) below the mean-field
superconducting transition, a fact illustrating the
very large anisotropy of these compounds.
The fitted values of αB are near the number √e
by using η /e= 1, i.e. ln(η αB / √e) ≈ 1 as
postulated by Tesanovic et al. [8]. The fits,
however, yield too large values of the mean-
field critical temperature TcL+fl. The isothermal
magnetization deviates slightly from the
logarithmic field dependence expected in the
London regime including the vortex-fluctuation
term. This may reflect, as mentioned by Hao and
Clem [1,2], the presence of interactions between
the vortices. We feel that including the
fluctuation of vortices in the original London
approach is not sufficient to explain the behavior
of the reversible magnetization of the quasi 2D
oxide superconductors. The overestimate of the
critical temperature TcL+fl is possibly a
characteristic feature of the vortex- fluctuation
theory.

As first observed by Cho et al. [23] we
also found scalings below Tconset - 10 K for
these 2D compounds which imply that M(T, H)
can be written as f(T)g(H). Consequently, one
expects a wide temperature region where HC2 is
nearly constant, but this conclusion depends on
the assumption that the scaling is really exact.

As regards Bi-2212: the critical field
slope µo∂Hc2,c/∂T⎢Tc at Tc found in the present
work (0.9 T/K) is markedly lower than values
previously indicated, i.e. 1.4 T/K [2, 29, 48] or
even 2.7 T/K [33]. The results for λab(0) also
vary widely: 3000 Å [20], 3420-3900 Å [28],
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1780 Å [48] and 2100 Å [49], compared to the
presently estimated 2200 Å.

On T1-2201 we remark that a very small
slope 0.65 T/K consistently obtained for two
samples appears to he characteristics for this
phase. The mean value of λab(0) = 2400 Å has to
be compared with that of 1700 A obtained by
Zuo et al. [35].

Finally we note on T1-2212 that our
result of 1.0 T/K from magnetization is perfectly
in line with that obtained from resistive
measurements [50].

8. Conclusions

The analysis of the reversible
magnetization of high-Tc superconductors
allows one to test theories and to determine
important physical parameters. For the three
YBaCuO phases, using the original London
model we can fit the reversible M(H, T)
measurements without including any other term.
The parameters of Y-247, such as HC2 and λ, are
between those of the two phases which compose
its structure, i.e. Y- 123 and Y-124. For
BiSrCaCuO and TIBaCaCuO, extremely two-
dimensional phases, the inclusion of a term to
take into account the thermal fluctuation of
vortices appears justified but the quantitative
analysis is not entirely satisfactory.
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