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Uncertainty Inequalities on Laguerre hypergroup

Rahmouni Atef
University of Carthage, Faculty of Sciences of Bizerte
Department of Mathematics Bizerte 7021 Tunisia.
E-mail: Atef.Rahmouni@fsb.rnu.tn

Abstract

In this paper, we give analogues of local uncertainty inequalitR®rior stratified Laguerre hyper-
group, connected with the spectral analysis of a given homogeneous sublajlaalaa indicate how
local uncertainty inequalities imply global uncertainty inequalities. It would be interesting to note that
we deduce the local uncertainty inequalities for the radial functions on the Heisenberg group. Finally,
we extend Heisenberg-Pauli-Weyl uncertainty inequality by ultracontractive properties of the semigroups
generated by the differential operator and on the estimate on the heat kernel.

2000 Mathematics Subject Classificatiof2B10, 42B30, 33C45.

Key words and phrasedJncertainty principle, Heisenberg-Pauli-Weyl Inequality, Laguerre hypergroup,
Laguerre Fourier transform.

1 Introduction

The serious question of certainty in science was high-lighted by Heisenberg, in 1927, wie&itainty
principle (cf. [16]). He demonstrated, for instance, the impossibility of specifying simultaneously the
position and the speed (or the momentum) of an electron within an atom. In 1933, according to H. Hardy
(cf. [14)).

A pair of transforms cannot both be very small. (1)

This aspect of the uncertainty principle was already expounded by Norbert Wiener in a lecture in
Gottingen in 1925. Unfortunately, no written record of this lecture seems to have survived, apart from
the nontechnical account in Wiener's autobiography (cf. [34], pp. 105-107), so one can only guess at what
precise versions of (1) it might have contained. Whatever influence this lecture might have had on the
physicists in the audience, however, the uncertainty principle did not really sink into the minds of signal
analysts until Gabor’s fundamental work (cf. [11]) in 1946. Since then, it has become firmly embedded in
the common culture.

On the mathematical side, there were sporadic developments relating to the uncertainty principle in the
fifty years after the initial work in the 1920’s, followed by a steady stream of results in the last tow decades,
we refer to the survey article (cf. [10]) for an overview of the history, and the book (cf. [15]) of Havin and
Joricke for other forms of the uncertainty principle. These principles state that a furfcéiod its Fourier
transformf cannot be simultaneously sharply localized. The most common quantitative formulation of the
uncertainty principle is the Heisenberg-Pauli-Weyl inequality. It says thétgit 2(R")

(/Rx|f 2dx /§J|f 2d§ /‘f \de),Je{lz n}. )

Recently, many works have been consecrated to establish the Heisenberg-Pauli-Wey! inequality for
various Fourier transforms. @Rler ([26]) and Shimeno ([28]) have proved this inequality for the Dunkl
transform, in ([27]) Rsler and Voit have established the analogue of Heisenberg Pauli-Weyl-inequality for
the generalized Hankel transform. Also, in ([3]) De Bruijn, using the Hermite polynomials gave a new
proof of the Heisenberg-Pauli-Weyl inequality for the classical Fourier transform.

An equivalent formulation of (2) is

/\x\zo‘\f ([2dx) /| D)% f(x 2dx>>Ca/|f de), @3)



whereA denotes the Laplacian dk". This form of the Heisenberg-Pauli-Wey! inequality is better suited
for extensions to other contexts, with the Laplacian replaced by a positive self-adjoint operatpd, and
by a distance function. The interpretation of uncertainty inequalities as spectral properties of differential
operators is widely present in the literature (cf. [8], [9], [31]).

In this paper we are interested in the Laguerre hypergidup|0,+) x R which is the fundamental
manifold of the radial function space for the Heisenberg group ([2], [18]). Let us recal(lthat,) is
a commutative hypergroup (cf. [20], [32] pp. 243-263 ), on which the involution and the Haar measure

are respectively given by the homeomorphiéat) — (x,t)~ = (x,—t) and the Radon positive measure
dmy(x,t) = %dxdt The unity element ofKK, x¢) is given bye = (0,0), i.€. 51) *a 80,0y = 80,0) *a
O(xt) = O(xy) for all (x,t) € K. The convolution product, is defined for two bounded Radon measyres
andv onK as follows

(wrav,f) = [

[ To fy9)du(x tdv(y.s),

whereaq is a fixed nonnegative real number a{ﬁﬁ))}(xﬁt)dg are the translation operators on the Laguerre
hypergroup (cf. [2], [20], [29], [32]), given by

(@) & 5 J&T F(E,m)re)r(1—r2)%tdedr if a >0,
Ty F58) = (Oxt) *a Oy.s), F) =
A JZ((E,n)Le)dE if a—0,

where(&,1)ro = (/X2 + Y2+ 2xyrcosh, t +s+xyrsing).
Note that for the particular cage= fm, andv = gmy, f andg being two suitable functions di, one
hasu o v = (f x4 )My, wheref x4 g is the convolution product of andg given by

Fragt) = [ T'% gy, S)dmy(x,).
KxK ’
The dual (cf. p. 46, [2]) of Laguerre hypergroup, i.e. the space of all bounded continuous and
multiplicative functionsy : K — C such that such that = x, where x(x,t) = x(x,—t), (x,t) € K, is
given ([21]) by K = {g; i (A,m) € R* x N} U{@pip > O}, where g, (x.t) = e .4 (|A]x?) and
X2 . . .
©p = ja(pPX); A X)=€e 7 Lfﬁ)(x)/L,(]?)(O) andjq(x) =2°T (a+1) J‘j(,(xx) , Jo being the Bessel function
of first kind and ordenr, andLﬁﬁ‘) being the Laguerre polynomial of degmeeand ordero (cf. [19], [30]).
K which can be seen as a deformation of the hypergroup of radial functions on the Heisenberg group.
The dual of the Laguerre hypergrolpcan be topologically identified with the so-called Heisenberg
fan (cf. [6]), i.e., the subset embeddedHA given by

(UL ) eR?:p=al2m+a+1),2 £ 0} ) ({(0,1) € R?: p 2 0}).

meN

Moreover, the subsef(0,it) € R?, u > 0} has zero Plancherel measure; therefore it will usually be
disregarded. Identifyin& and (R* x N) U [0, 4-oo[, the Fourier transform of a bounded Radon meagure
on the Laguerre hypergroup is then, by

9(u)</l,m)=/K<M,m(x,t)du<x,t) and ﬁ(u)(p)=/Kja(p7X>du(x,t)~

The Fourier Laguerre transform of a suitable functforK — C is given byfA: Z (fdmy), so that

~ ~

fm) = [ 1009 2m(xdma(xt) and f(p) = [ f(xt)ia(px)dmy(x.t).

The functional analysis and Fourier analysisidmnd its dualk have been extensively studied in (cf.
[1], [20]), and hence it is well known that the Fourier Laguerre transform given above is a topological



isomorphism from the Schwartz spacelémnto S(K): the Schwartz space d#. Its inverse is the operator
fV given by

= [ pmlct) v,
RxN
wheredy,, is the Plancherel measure Bngiven bydy, (A, m) = L%(0)8n® |4 |*+1dA.
We introduce the following notations (cf. [201)}(K) (resp. LS (R x N)) where 1< p < o the p-th

Lebesgue space @ (resp. orR x N) formed by the measurable functiohsK — C (resp.®: R x N — C)
such that| f[| p i) < +oo (resp.||f[| p g < +) where

(Jx [T 0)[Pdmg (x,1))Pif pe [1,+oo],
[ flle ) =

esssupek| f(x,t)] if p= oo,

and
(S [P, M) [Pdyg (A, m)YP if pe [1,+oo],

||¢||L5(RxN) - {

we have the following Plancherel formula

esssua,m)ERxN|¢(lvm)‘ if p = 4o,

Ifllize =1Tl2g, feLa®NLAE),

and we have R
[l < 1l - 4

This paper is organized as follows.

In section 2 we set some notations and collect some basic facts about the Laguerre hypergroup. In
section 3 of central interest is the following slight sharpening of a local uncertainty inequality. Heisenberg's
inequality says that is highly localized, therf can not be concentrated near a single point, but it does not
precludef from being concentrated in a small neighborhood of two or more widely separated points. In
fact, the latter phenomenon cannot occur either, and it is the object of local uncertainty inequality to make
this precise. The first such inequalities for the Fourier transform were obtained by Faris (cf. [7]), and they
were subsequently sharpened and generalized by Price (cf. [22], [23]). Building on the ideas of Faris, Price,
and Ricci (cf. [5]) we show the inequalities of the uncertainty on the local Laguerre hypergroup, it is the
subject of the following results.

(@) Ifo<p < 2“;4, there is a constamt = K («, B) such that for every € L2 (K), and every measurable
setE CK; 0< ¥ (E) < o,

- B
Azlf(lvm)\szdVa(Lm) < Kya(E)z | |(x )P 13

(b) If B> 2?4, there is a constar = K(a, B) such that for evenf e L2(K), and every measurable
setE CK; 0< ¥ (E) < o,

20+4 2044

~ 2 ~ 27T B B
/]Klf(/l,m)l xedve <Ky (B)[Ifll; 7 [T6OFF"

(c) Cases (a) and (b) fail fgh = 2%,

We also indicate in the proof of the Corollary 1 how local uncertainty inequalities imply global uncer-
tainty inequalities. It would be interesting to note that we deduce the local uncertainty inequalities for the
radial functions on the Heisenberg group.



Finally (Section 4), building on the ideas of (cf. [4]) to establish an inequality analogous to (3), and
variants of it, for the Laguerre hypergroup. Our purpose is to prove a general form of the Heisenberg-
Pauli-Weyl inequality in Laguerre hypergroup. More precisely, using the spectral theory, ultracontractive
properties of the semigroups generated by partial differential operator and the estimate on the heat kernel
on Laguerre hypergroup, that is for dllc L?(K),a,b € R;a,b> 1 andn € R such thaa= (1—1n)b,
we have

n 1-n
e

(/ |<x7t>|2a|f<x,t>dex(x,o) (/ |u7m>|b/2|m,m>Zdyam,m)) >z
K RxN

Throughout this pape€ will always represent a positive constant, not necessarily the same in each occur-
rence.

2 Preliminaries

To describe the harmonic analysis in our setting we begin with introducing the operator

92 2a+19 ,0?
L=—(Ge "% axFae)
which is positive, symmetric ibZ (K), we endow the spadé with homogeneous of degree one norm (with
respect to the family dilation&, ),~0),

N(x,t) = |(x,t)| = ¢+ 42 V4 (xt) e K.
Fora =n—1, nbeing a positive integer, the operator is the radial part of the sub-Laplacian on the Heisen-
berg grougH" (cf. [29]).
Also, we introduce the operatdy = (/\%— (2/\2+2%)2> defined onk, whereA = Wl‘(mA+A, +
(a+1)A,) andA = ﬁl‘((m+a+1)A+ +mA_).

A+ are given for a suitable functishby: AL ®(A, m) =®d(A, m+1) —P(A, m), A_P(A,m)=P(A,m)—
®(A,m—1), if m>1andA_P(A,0) = P(A,0), and the quasinorm

1 Iy
A (dom) = (o m)] = 43|+ E25), (2,m) e K.
These operators satisfy some basic properties which can be found in (cf. [1], [20], [21]) namely one has
Loy m=—|(A,m)|@3 mandA@; m= |(x,t)|4<p,17m, by the properties df and the symmetry one can observe

thatﬁ(/l, m) = 4|A|(m+ %1) f(A,m) (cf. [29]), and we define the following operator

LO/ZE(A,m) = |(2,m)P2F(2,m), (A,m) K.

We will denote byd, (x,t) = (px, p?t), the dilated of(x,t) € K and byB (x,t) the ball centered &k, t)
r(%h)

PNGREEAN O] its surface

of radiusr, i.e., the seB;(x,t) = {(v,s) e K: |(Xx—y,t —9)|x < r}, andw, =

area ofB; = B;(0,0) (cf. [12]). Denote by
fo () = p2* (81 (x,1))

the dilated of the functiorf defined orK preserving the mean dfwith respect to the measuden,, in the
sense that

Ol

1ollis ) = 1 Flls ey VF € LE(K), p>0.
Throughout this paper, let us fix the notation of the normj|by|| p ) = | — [|p, VP> 1.
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3 The Local Uncertainty Principle

The purpose of this section we develop a family of inequalities in their sharpest forms, which constitute
the principle of local uncertainty. It is the subject of the following theorem.

Theorem 1.

@ Ifo<p< 2‘?“, there is a constant K= K («a, 8) such that for every £ L2 (KK), and every measur-
able set ECK; 0< y4(E) < o,

[ 1T m) Preci(d.m) < Ka(E) 7] [0 £13 ©)
where B
2 o\ 2a+4

)= (5575 ()" ®

(b) If B > 2‘;‘;“, there is a constarik = K (o, 8) such that for every £ LZ(K), and every measurable
setECK; 0< % (E) < oo,

20+4 20+4

LIfmedr < Rra@®)fl P 0P, ™

where )
o
Ty a+2 )7ﬁ7(a+2)

(B— (o +2))sin( 2527 ([3 —(a+2)

K(a,B) =

(c) Cases (a) and (b) fail fof = 2%,

Proof. Let B, denote the closed unit ball ik andBy its complement. Denote bys, and yge the charac-
teristic functions.

Part(a), letf € L2 (K). By Minkowski’s inequality and (4), for alt > 0, we have

el < I(Fae)xella+ 1 (Fxee) xell2
(Y (E)Y2(|(F 28) 1o + | (F 2e6) 2 |12
(Y ()2 28, 11+ 1| (F e |2 ®)

On the other hand, by &lder’s inequality and hypothesfs < 2“—;“, we have

IN

E))
E))

IN

Hfxelle < 1106 P2s 2 11D |2

e (12
(W) r2 P ()P £z,

- oa+2-8
Do Y2 12 B
< (m) r [ 10017 Fl2- 9)
By Plancherel’s theorem, we have
[(fxee)llz = IIfxeell2
< D P aselle I1OGHP 2
< PP Fl2 (10)



Combining the relations (8), (9) and (10), by choosigg- 0 to satisfy

2
o = (Ya ([é)a’a ) 7

we minimize the quantity on the right side to obtain

(17 mPredn) ™ < k(e ) () % 10601112

where

wh) = (5325 (55

Part (b), from the hypothesf$ > 2"‘—2*4, we deduce that the function
(%) = (140t~

belongs td_%,(K) N L2 (K) and by Hblder's inequality, we have
2 2
113 < ||+ 1oct P26 | [l @+ 1o )2

< (1B 110t P 1)) [ o) 22

However, by standard calculus and (cf. [13], page 322), we have

Mg

Ha+wxm”r”ﬂz‘ggmwﬁwf

Forp > 0, we put as abové, (x,t) = p~(2* 4 f (X, #), then we have

Ifpll5 = p~*¥1£)13

and
I 1x,)[P )13 = p2P~ =9 |(x,1) [P £]]3.

Replacingf by f, in the relation (11), and by equation (12) we deduce

Ty —2(a+2) 1 £112 1 A2(B—(0+2)) B2
I1f < — (P Ifll2+p 10" f3).
1 B sin( (0”[;2)”) ( 2 2)
In particular for
o7~ ( a+2 [E )
0 B—(a+2) [ |(xt)[Ff]5/"

we get

(X+2 __o+2 2 2044

Mg

(B—(a+2)B sin(%) (B —(a+2)

2
17 <

Now, according the relations (13), the functiére L (K) we have

Lifamizedn < w@E)If3
< @13

_ 2 20+4 2044

< R@B@ENfl, * 1e0Pi,” .

) TR P o lP e,

(11

12)

(13)

(14)
(15)



where

Ty a+2 )_B—OE;iZ)

(ﬁ—(a+2))sin(%) (ﬁf(a+2)

K((Lﬁ) =

Part (c), we collect together the counterexamples necessary to establish Theorem 1.
Counterexamplel: Necessary to establish Theorem 1(a). We consider the fuaction= hy(t)g1(x)

with an 3
[t74 i < 1, X[2(2P=2=) if x| <1,
ha(t) = and  qu(x) =

0 elsewhere 0 elsewhere,

20+4 20+4
where=%= > ff > <%=,

The functionf; € LZ(KK), we shall prove that i = 2% then|| f1(A,m)xe |3 = +<.
LetCy = m. Then we have

~ C 4] |A]
fi(A,m) = Ml%(ﬁ (/0 u1/4cos(u)du> (/o e”/ZL%(u)u%wl)du).

TakeE = Br(0,0) (cf. Lemma 2) and ak§ (0) = 1. We have

00

S LA(O) [ [fa(h,mze Al 2aa.
0

m=

12 (2, m)xe 3

oo

-y L%(O)/mjj? 1fL(A, m) 2|2 1%+ EdA.

m=0 ot
m+ ==

2 FaT . _ag.l
m/o% |91(7L)|2|Ma 3ﬁ+2dl,

wheregi (1) = (i u=Y4cogu)du)(f}* e u/2u3 (B-Ddu).

But we havefy’uY4cogu)du=T(3)cog %) and [y’ e W22 B-Vdu=23F-2r (% — 1). So, there

existC > 0,R > 0, andr > 0, such that forR > || > r we have|gi()| > C and || fr(A,m)xe|% >
R

ofT
Cfr% A|*=3B+2dA — +oo asr — 07, if %+ 3 < B. In particular forf = 2% this provides a contra-
diction since the left side of (5) is bounded. Indeed, by (8) we have,

| faxell2 < (va(E)) M| faxs 11+ 11 (Faxee) -

N 3+1/2 20—1 3+1/2 381 —~ B(3 B+20-1
So,[[(foxee)ll2 < 2/3+1/2B(%’ BE2x1) and || faye, |11 = WB(%BT),Whereasﬂ fixellz < ( ( )

8 4
4B+1/2
3 36-1
ng;l‘;z))r%*l/z — 0asr — 0.

+

Counterexample 2 : Necessary to establish Theorem 1(b). We consider the fdpEtion= hy (t)gz(x)

with
Y4 it <1, X251 if x| < 1,
hy(t) = and 02(x) =

0 elsewhere 0 elsewhere,

20+4 - 20+3
wheref > == > 5=,



The functionfz € LZ(K), we shall prove that iB = 2% then|| fa(A, m) x5 = +oo.
LetCy = T)L“' Then we have

Hm = —Cm [ [ A w2y oS
fz(z,m)woo u 4 cogu)du /0 e W2 % (uyub~3du).

TakeE = Bg(0,0) (cf. Lemma 2) and ak§ (0) = 1. We have

IBmzels = 3 LEO) [ [Rltmze i tar

- Yo/ " | mPi .
m=0 b

mi- ¢
2 BT o )
CECESE /1T |G2(A)[?|A|*P+2d2,

wheregz (1) = (f' | ’1/4cos(u)du)(j‘“ ’”/ZuT?du)

B_3
272

Butwe havefy’u~Y4cogu)du=Tr(3)cog3Z) and [’ e u2y5-3du=2 r(5—3). so, there exist
R

~ axl
C > 0,R> 1, such that foR > |1| > 1 we have@,(1)| > C and|| f2(1,m) xel|5 > Cff} |A|*B+2d) —
400 asR— oo, if % > . In particular for = 20‘2““4, this provides a contradiction since the left side of
(7) is bounded. Indeed, by (14) we have,

~ x 38 1
< < g2 E_2
| fixell2 < Ya(E)| f1]j1 < 2B+3B(8’ 2 8)

Remarkdl.

1. The relations among the exponents in these inequalities are forced by homogeneity considerations
Q = 2a + 4 of Laguerre hypergroug.

2. Price and Sitaram ([24], Remark 5.2) proved the following local uncertainty inequality on the Heisen-
berg groupH": Given 0< 6 < 1 , for eachf € LY(H") N L2(H") and E with Lebesgue measure
m(E) < oo,

. 1/2
( i Tr(m(f)*m(f))duw) < Kem(E)’|[|.[* 1],

where
Ko = (26%)7%(1—260)"1(1—26)°.

Using Theorem 1a), led = 2;%1 which satisfies & 6 < 3. For eachf € L (H")NL2,,(H"), we
can replace theiKg by the sharper one

Kosaa(n—1.5) = (20%)°(1-20) *(5 )",

andwn_1 =

3. It would be interesting to know if this is the best possible.



We shall use the local uncertainty inequality (5) to prove an analogue of Heisenberg-Pauli-Weyl uncer-
tainty inequality, therefore we are so led to impose the most important lemma that we need for the sequel.

For this purpose we define the ballfnwith center(A,m) and radiug > O ( for shortnes®;) to be the

set
B = {(u,n) €K, (/V()L—u,max(n—m,0)+a7+1) <r}.

Examples Figs of two balls with center (0, 0) and (2, 6) respectively and radiad.

N N
m=~6
R R
A=0 A=2
Fig 1: BallB1(0,0) Fig 2: BallB1(2,6)

Lemma 1. The measure of Bwith respect to the Plancherel measurg,ds finite, in the sense that for all
r>0and(A,m e K
Ya(Br) <o

Proof. For fixed(A,m) € K andr > 0 one has

/ dya(u,n)

%La ) [ o T sty

A
max(n—m,0 +g§;1+

a n— "‘1+A a+1 o ‘”1 a+1
=5 o [ et 5 o) [

S E
= i+
where 1
> r r
l1=—— LEO)[(—————— 4+ A2 (4 1)%F2
arz, 2 Ol A (e + )™
and
(G +A) 2= (—2r +A)* ] m
|2: 2 2 Ebl_oc(o)
a+2 & "



SincelL§(0) ~ w2y, it follows 49 (g FA)e+2 (regr ~1)**?~ & and thatly,(B) < =,

where we have computed the result above for the c#gé.,m) < r for all m > 0. An analogous result
follows for the complement case.

Remarkl. The volume of the balB; depends not only on its radiusbut also it is largely close to its center
(A, m) which means that the Plancherel meagiggis not invariant under the standard translation d&r

Throughout subsequently, we take the measurable §ébiy|

= a+1
E = {(2.m) e R, |(A,m) = 4J2[(m+ 22=) <2},
that is the ball inK with center(0,0) and radius .

Lemma 2. The measure of Bwith respect to the Plancherel measurg,ds finite, in the sense that for all
r>0
Yo (Er) < co.

More precisely,

r2(05-&-2) L%
o

Ya(Er) =2 (16)

Proof. For fixedr > 0 one has

wE) = [ drmm
2

e 0L
= S LK) (", jalettda
m>0 maTH
I,2(06-5—2) qucn(o)
a+2 mgo (m+ &ftya+2”

Lin(0)
(m+%)a+2

One can remark easily that the volume of theBeis finite sincel %(0) ~ —™ 7 SO

C
Mo+l ~ and

henceyy(E;) < o.
Corollary 1. Forall f € L2(K) andB > 0 one has

( /K|<x,t>|2ﬁ|f<x,t>|2drnx<x,t>> ( /K(A,m>|ﬁ/2|?<a,m>Zdyawm)) > C 3
where C is a constant.
Proof. First, suppose that@ < 2.

Let E; be the subset dk and EF denotes the complement Bf in K. Then, by Plancherel's theorem,
we have

113

[ 17 m Py, m

= L Ifoum P+ [ 1Tm) Py, an

10



Consider

LIfamid = [ fmEa,m P . m) Py,

r—2p /
£

< or® [ LRI m) Py (18)
K

—~ 2
(A, m)[F21F (A, m)|| dya

IA

By the local uncertainty inequality (a), with< %M < %, we get

L FGamPdre < [ |00/t Pam 19)

Combining the relations (17), (18) and (19), we obtained
713 < c:(rzﬁ L1000 dm 12 [ (LB2E(2, m>|2dya).
K K

However, letg be the function defined 0@, +[ by
9(r) = | | t) P H5+r2 | (2, m)|P/25)15,

then, the minimum of the function g is attained of the point

1
_— (A, m) /252
() [P f5 ’

and ~
g(ro) = 2| [(xO)[P 12 || [(A,m)|P/25] 2.

Then we have the desired inequality
113 §C</ |(X7t)|2ﬁ|f(th)|2dma(X7t)> </A |Lﬁ/2/f(77m)2d7a(/l,m)>~ (20)
K K
Second, foif > 2%, By Holder's inequality, we have

1/2
/ |f<x7t>2<x,t>|2ﬁdrm<x,t>s||f||z< / |f<x7t>|2<x,t>|4ﬁdmx<x,t>> ,
K K

and

o~ ~

LIetaomidy, < [ 1GmP [foum)] f,midr
K K

1/2
( /. |?<x,m>2dya> ( /. |Lﬁf<x,m>|2dya>
K K
1/2
||fz</]K|Lﬁf<z,m>|2dya>

the value of in (20) can be replaced b§.2and doing it repeatedly, (20) is extended to any posfiive B

1/2

IN

IN
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4 Heisenberg-Pauli-Weyl inequality

In this section, we extend the inequality of the uncertainty of Heisenberg-Pauli-Weyl (Corollary 1) to the
more general case. We need to use another method based on ultracontractive semigroups generated by the
differential operatot. and the estimation of the heat kernel, the result gives by

Theorem 2. Letab > 1andn € R such thatpa= (1—n)b, then for all fc LZ(KK), we have

n 1n
2

(/ |<x,t>|2a|f(x,t>|2drm<x,t>> (/|<a,m)lb/zﬂhm)ﬁdya(Am)) >Calfl: (1)
K K

where G, is a constant.

Remark2. In the particular case whem=b =8 andn = % the previous result gives us the Heisenberg-
Pauli-Weyl inequality ( cf. Corollary 1)

HOPPFIE || (A, m)P2F)5 > C| 3.

In our proof of Theorem 2, the heat kerrglplays an important role.

4.1 Characterization of the heat kernel.

The heat kernel oiK is an analogue of the Gauss kerpeglbnR", there is associated to the operdtor
Let {HS:s> 0} = {eS-: s> 0} defines a semigroup (heat-diffusion semigroup) of operators such that for
any ¢ € Cy(K),H%¢ is a solution of

0
L(XJ) + 875 — O

andHS¢p — ¢ a.e. ass— 0. For everys > 0,Hs is an integral operator with kernék, i.e. for any
¢ € G5 (K),
H3¢ = ¢ * hs.

Thenhg, s > 0 are bi-invariant functions arfdas a function of the variablesse R, satisfying the properties
(cf. [29)).
Proposition 1. The heat kernel hsatisfies that

(1) {hs:s> 0} form a semigroup under convolutien That is, kxh = hs.t for s;t > 0,
@ hs(x ) =hs(xt), [ h(xtydmy(xt) =1

K
(3) hsis a fundamental solution ¢t + a%)hS =0, 0nK x (0,+c0).

(4) hy2g(ps,p?t) = p~2*H9hg(x,1).

Furthermore,
ﬂs(/l, m) = g~ 4/Al(m+ o)s

The pointwise estimate of the heat kerhgflx,t) is given by (cf. [17]).

Lemma 3. There are positive constants C and A such that

A a+l — 22 coth(2A9)x2 JjAt
2
hs(x,t) /(Zsm 5 s)> e é*tda, (22)
and
hs(x,t) <Cs (@ Z)e*/é\l(xﬂ)\z, (23)

12



Lemma 4. Leta> 0. Then for all f< L2 (K), we have
le™*Hf |2 <Cs 2| [ ) P2 (24)
where C is a constant.

Proof. Forr > 0, let denote the characteristic function{dk,t) : |(x,t)| <r}.
We setf, = fyg,, and f" = f — f,. Then, since f'(x,t)| < r=3|(x,t)|2f(x,t)| ande S is a semigroup of
contractions,

le™*H 2 < [l < r? |G D) f|2.

On the other hand, we have

le™* frllz= I frehellz < [Ifrll2]hell2

. 1/2
< Ihs||2< /K(x,t>|2afr<x,t>|2drm<x7t>)

1/2
( ) |<x,t>2axsrdm<x7t>>
K

since,
[ 10601 22 dm, () = s G542
K

which gives,
le M, l2 < Crat @ 2| (1) 21| g -

By (23), we have
o+1
Ilhs2 <Cs 2"

Hence,
le 2 < e Hill2+ et
< Cra(Ler@ s ) o
Choosing = s'/2, we obtain (24). [

4.2 Proof of Theorem 2.
Let f € L%(K) satisfy the hypothesis. For ab> 0, by Lemma 4 and spectral Theorem we have

Iz < e+ [(1-eH |2

< (S )P+ (21— e ) (s 2(sL)P2E ).

The last term is controlled, using spectral Theorem (Theorem VIII.5 p.262, [253)/ByL>/2f||, since
(1—e%)s P2 is bounded fos > 0 if b < 2. Hence, we obtain
11l < C (s ¥2lle |2+ P12 LO2F ).

Then we obtain,
112 < C (5720 16O lz+ 2] (2, m)P2F (2, m)2).

13



However, letg be the function defined df, 4| by
9(s) =S 2 [ ) ll2+ 7] (A, m)|”3f]l2,
then, the minimum of the functiogis attained of the point

a_|[I(xO)Pfl2_ya%
0= (p e
(bII I(/l,m)\b/zf\lz)

and

a\2n-1 ~1_
o) = (5)  IOCORTIZ I m)P/2F)5 .

From which optimizing irs, we obtain the result
¥l < (I HOPFIZ 1A m)2FI5 ™),

forb< 2.
/ v b \whi m\ Y2 - ;
If b>2 leth’ <2 Foru>0 andb’ <b, u® <1+ u° which foru= ( : ) gives the inequality

€

b /2 b/2
(M> / <1+ (@) / , for all € > 0. It follows that

€

~ / b ~
1A, M) 77282 < /2 2+ 72 | (A, m)|”/2F]|2.

Let .
g(e) =2 flla+e 2 | |(A,m)”/2f]|2

then, the minimum of the functiogis attained of the point

%:(mmwuhmwﬂfgvb
ol |

Optimizing ingo, we get|| [(A,m)|?/2F]|, < CJ| F[[5/°] |(A,m)[*/2F]2/°. Plugging this into (21) with is
replaced byb, we get the result fob > 2. [ |
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