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The kuttaka: au+c=bv

au+c=>bv

bhajyo harah ksepakas capavartyah

kena apy adau sambhave kuttakartham |
yena cchinnau bhajyaharau na tena

ksepas cet tad dustam uddistam eva ll

Firstly, the dividend, the divisor and the additive must be sim-
plified, when possible, by some [number] for the kuttaka. If
the number by which the dividend and the divisor are divided
does not [divide] the additive, the [problem] is impossible.
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the number by which the dividend and the divisor are divided
does not [divide] the additive, the [problem] is impossible.

or: multiplier (guna)
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bhajyo harah ksepakas capavartyah

kena apy adau sambhave kuttakartham |
yena cchinnau bhajyaharau na tena

ksepas cet tad dustam uddistam eva ll

Firstly, the dividend, the divisor and the additive must be sim-
plified, when possible, by some [number] for the kuttaka. If
the number by which the dividend and the divisor are divided
does not [divide] the additive, the [problem] is impossible.

v is the quotient
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The kuttaka: au+c=bv

mitho bhajet tau drdhabhajyaharau
yavad vibhajye bhavatiha ripam |

One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.
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The kuttaka: au+c=bv

mitho bhajet tau drdhabhajyaharau
yavad vibhajye bhavatiha ripam |

One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.

After having divided one number by another number, one will
divide the other by the remainder of this division. ..
(Com. Kriyakramakari)
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One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.
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One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.

17u+5=15v
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The kuttaka: au+c=bv

mitho bhajet tau drdhabhajyaharau
yavad vibhajye bhavatiha ripam |

One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.

17u+5=15v
17=1x15+2
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The kuttaka: au+c=bv

mitho bhajet tau drdhabhajyaharau
yavad vibhajye bhavatiha ripam |

One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.

17u+5=15v
17=1x15+2
15=7x2+1
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The kuttaka: au+c=bv

phalany adho 'dhas tad adho nivesyah
ksepas tathante kham. ..

The quotients [will have to be placed] one under the other;
the additive must be placed below them, then zero at the last
place.
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The quotients [will have to be placed] one under the other;
the additive must be placed below them, then zero at the last
place.

17u+5=15v
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The kuttaka: au+c=bv

...upantimenalll
svordhve hate 'ntyena yute tad antyam

tyajen muhuh syad iti rasiyugmam |

The last but one having multiplied the [number] which is
above and the last [number] having been added, one will

remove this last; repeat the operation until there will be a
couple of numbers.
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The kuttaka: au+c=bv

...upantimenalll
svordhve hate 'ntyena yute tad antyam
tyajen muhuh syad iti rasiyugmam |

The last but one having multiplied the [number] which is

above and the last [number] having been added, one will
remove this last; repeat the operation until there will be a
couple of numbers.

17u+5=15v
1 1
7 7x5+0=35
5 5
0
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The kuttaka: au+c=bv

...upantimenalll
svordhve hate 'ntyena yute tad antyam
tyajen muhuh syad iti rasiyugmam |

The last but one having multiplied the [number] which is

above and the last [number] having been added, one will
remove this last; repeat the operation until there will be a
couple of numbers.

17u+5=15v
1 1 1x35+5=40
7 7x5+0=35 35
5 5
0
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The kuttaka: au+c=bv

ardhvo vibhajyena drdhena tastah
phalam gunah syad aparo harena Il

The uppermost, being reduced to the remainder by the
dividend, will be the quotient; the other, [reduced to the
remainder] by the divisor, will be the multiplier.
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ardhvo vibhajyena drdhena tastah
phalam gunah syad aparo harena Il

The uppermost, being reduced to the remainder by the
dividend, will be the quotient; the other, [reduced to the
remainder] by the divisor, will be the multiplier.

When the remainder only is needed in a division, the quotient
being useless, the conventionally agreed word “tasta” is used.
(Com. Suryadasa)

S5 bARis Descates

Mathematics in Ancient Times Diophantine equations 8/43



The kuttaka: au+c=bv

ardhvo vibhajyena drdhena tastah
phalam gunah syad aparo harena Il

The uppermost, being reduced to the remainder by the
dividend, will be the quotient; the other, [reduced to the
remainder] by the divisor, will be the multiplier.

17u+5=15v

40
35

S5 bARis Descates

Mathematics in Ancient Times Diophantine equations 8/43



The kuttaka: au+c=bv

ardhvo vibhajyena drdhena tastah
phalam gunah syad aparo harena Il

The uppermost, being reduced to the remainder by the
dividend, will be the quotient; the other, [reduced to the
remainder] by the divisor, will be the multiplier.

17u+5=15v

40 =17x2+6
35 =15x2+5
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The kuttaka: au+c=bv

ardhvo vibhajyena drdhena tastah
phalam gunah syad aparo harena Il

The uppermost, being reduced to the remainder by the
dividend, will be the quotient; the other, [reduced to the
remainder] by the divisor, will be the multiplier.

17u+5=15v
40 =17 x2+6
35 =15x%x2+5

17x54+5=15x%x6
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The kuttaka: au+c=bv

istahatasvasvaharena yukte
te va bhavetam bahudha gunaptill

There will be many multipliers and quotients if they are added
to their respective simplifier multiplied by an arbitrary
number.
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The kuttaka: au+c=bv

istahatasvasvaharena yukte
te va bhavetam bahudha gunaptill

There will be many multipliers and quotients if they are added
to their respective simplifier multiplied by an arbitrary
number.

If (g, vp) is a solution of: au+c=>bv, then:

(ug, V¢) = (Ug + bt, vg+ at) will be also a solution for any integer t.
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The vargaprakrti: px~ +k =y’

The vargaprakrti

px2+I<:y2

S5 bARis Descates

Mathematics in Ancient Times Diophantine equations 10/43



The vargaprakrti: px~ +k =y’

istam hrasvam tasya vargah prakrtya
ksunno yukto varjito va sa yena |

mulam dadyat ksepakam tam dhanarnam
mulam tac ca jyesthamuilam vadanti ll

Let an assumed [number], the least root; its square is
multiplied by the prakrti; the additive is this [number],
positive or negative, by which this [square multiplied by the
prakrti] is increased or decreased to produce a root and
[mathematicians] call this root, the greatest root.
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The vargaprakrti: px~ +k =y’

istam hrasvam tasya vargah prakrtya
ksunno yukto varjito va sa yena |

mulam dadyat ksepakam tam dhanarnam
mulam tac ca jyesthamuilam vadanti ll

Let an assumed [number], the least root; its square is
multiplied by the prakrti; the additive is this [number],
positive or negative, by which this [square multiplied by the
prakrti] is increased or decreased to produce a root and
[mathematicians] call this root, the greatest root.

2 2
px1 £k =y1

(X1, Y1: k1]
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The bhavana: arrangement

hrasvajyesthaksepakan nyasya tesam
tan anyan vadho nivesya kramena |
sadhyany ebhyo bhavanabhir bahani
mulany esam bhavana procyate 'tah ||

Having set down a least and a greatest roots and an additive,
then successively placed under them, the same ones or
others, many roots can be calculated by compositions
(bhavana); that is why the composition is taught.
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hrasvajyesthaksepakan nyasya tesam
tan anyan vadho nivesya kramena |
sadhyany ebhyo bhavanabhir bahani
mulany esam bhavana procyate 'tah ||

Having set down a least and a greatest roots and an additive,
then successively placed under them, the same ones or
others, many roots can be calculated by compositions
(bhavana); that is why the composition is taught.

X1 Y1 ki
X2 Y2 ky
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The bhavana: calculation

vajrabhyaso jyesthalaghvos tadaikyam
hrasvam laghvor ahatis ca prakrtya
ksunna Jyesthabhyasayug jyesthamalam
tatrabhyasah ksepayoh ksepakah syat I
Given the cross products of the greatest and least roots, their
sum is a least root. And the product of the least roots,
multiplied by the prakrti and added to the product of the
greatest, is a greatest root. The product of the additives will
be an additive.
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The bhavana: calculation

vajrabhyaso jyesthalaghvos tadaikyam
hrasvam laghvor ahatis ca prakrtya |
ksunna Jyesthabhyasayug jyesthamalam
tatrabhyasah ksepayoh ksepakah syat I
Given the cross products of the greatest and least roots, their
sum is a least root. And the product of the least roots,
multiplied by the prakrti and added to the product of the
greatest, is a greatest root. The product of the additives will
be an additive.

X1 Y1 ki
X2 Y2 ky

> X3=X1Y2+X2-Y1
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The bhavana: calculation

vajrabhyaso jyesthalaghvos tadaikyam
hrasvam laghvor ahatis ca prakrtya |
ksunna Jyesthabhyasayug jyesthamalam
tatrabhyasah ksepayoh ksepakah syat I
Given the cross products of the greatest and least roots, their
sum is a least root. And the product of the least roots,
multiplied by the prakrti and added to the product of the
greatest, is a greatest root. The product of the additives will
be an additive.

X1 Y1 ki
X2 Y2 ky
> X3=X1Y2+X2-Y1
> Y3=pPX1-Xo+Y1Y2
= PARIS DESCARTES

Mathematics in Ancient Times Diophantine equations 13/43



The bhavana: calculation

vajrabhyaso jyesthalaghvos tadaikyam
hrasvam laghvor ahatis ca prakrtya
ksunna Jyesthabhyasayug jyesthamalam
tatrabhyasah ksepayoh ksepakah syat I
Given the cross products of the greatest and least roots, their
sum is a least root. And the product of the least roots,
multiplied by the prakrti and added to the product of the
greatest, is a greatest root. The product of the additives will
be an additive.

X1 Y1 ki
X2 Y2 ky
> X3=X1Y2+X2-Y1
> Y3=pPX1-Xo+Y1Y2
>k3:k1'k2

S5 bARis Descates

Mathematics in Ancient Times Diophantine equations 13/43



The bhavana: calculation

vajrabhyaso jyesthalaghvos tadaikyam
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Given the cross products of the greatest and least roots, their
sum is a least root. And the product of the least roots,
multiplied by the prakrti and added to the product of the

greatest, is a greatest root. The product of the additives will
be an additive.

X1 Y1 ki

X2 Y2 ky
> X3 =X1*Yr+Xo*Y1 [X3, Y3 k3]
> Y3=PX1-X2+Y1Y2
> k3:k1°k2
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X1 Y1 ki
X2 Y2 ky

> X3 =X1*Yr+Xo*Y1 [X3, Y3 k3]
> Y3 =PX1Xo+Y1°Y> pX§+/<3=)/§
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The vargaprakrti: px~ +k =y’

istavargahrtah ksepah
ksepah syad istabhajite |
mule te sto 'thava ksepah
ksunnah ksunne tada padelll

The additive divided by the square of an assumed number will
be the additive; the two roots divided by this assumed
number, are the [roots]; or the additive multiplied is the
additive; in this case the roots are multiplied.
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The additive divided by the square of an assumed number will
be the additive; the two roots divided by this assumed
number, are the [roots]; or the additive multiplied is the
additive; in this case the roots are multiplied.

2 2 2 2
pxi+ky=y1 ki =y1—-px1
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The vargaprakrti: px~ +k =y’

istavargahrtah ksepah
ksepah syad istabhajite |
mule te sto 'thava ksepah
ksunnah ksunne tada padelll

The additive divided by the square of an assumed number will
be the additive; the two roots divided by this assumed
number, are the [roots]; or the additive multiplied is the
additive; in this case the roots are multiplied.

2 2 2 2
pxi+ky=y1 ky=y1—-px1
If d’|ky Ky = d°K]

2 2 2
d°ky =y1-pxi

’ Y152 X142
ki=(5)" -r(75)
d d
S5 bARis Descates

Diophantine equations 14/43



An example

ékédaéagunah ko va vargah saikah krtih sakhe |

Which square multiplied by eleven and increased by one is a
square, O my friend!

S5 bARis Descates

Mathematics in Ancient Times Diophantine equations 15/43



An example

ekadasagunah ko va vargah saikah krtih sakhe |l

Which square multiplied by eleven and increased by one is a
square, O my friend!

1. Choose a suitable triplet: [1, 3; -2] 11x1%°-2=3°
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ekadasagunah ko va vargah saikah krtih sakhe |l

Which square multiplied by eleven and increased by one is a
square, O my friend!

1. Choose a suitable triplet: [1, 3; -2] 11x1%°-2=3°
2. The bhavana: 1 3 -2 [6,20:4] 11x6°+4=20°
1 3 -2
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An example

ekadasagunah ko va vargah saikah krtih sakhe |l

Which square multiplied by eleven and increased by one is a
square, O my friend!

1. Choose a suitable triplet: [1, 3; -2] 11x1%°-2=3°
2. The bhavana: 1 3 -2 [6,20:4] 11x6°+4=20°
1 3 -2

3. "The additive divided by the square...": [3, 10:1] 11x3°4+1=10°

S5 bARis Descates

Mathematics in Ancient Times Diophantine equations 15/43



An example

ekadasagunah ko va vargah saikah krtih sakhe |l

Which square multiplied by eleven and increased by one is a
square, O my friend!

1. Choose a suitable triplet: [1, 3; -2] 11x1%°-2=3°
2. The bhavana: 1 3 -2 [6,20:4] 11x6°+4=20°
1 3 -2
3. "The additive divided by the square...": [3,10;1]  11x 3% 41 =10
4. The bhavana: 3 10 1 [60,199;1] 11 x60° +1=199°
3 10 1
S5 bARis Descates
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An example

ekadasagunah ko va vargah saikah krtih sakhe |l

Which square multiplied by eleven and increased by one is a
square, O my friend!

1. Choose a suitable triplet: [1, 3; -2] 11x1%°-2=3°

2. The bhavana: 1 3 -2 [6,20:4] 11x6°+4=20°
1 3 -2

3. "The additive divided by the square...": [3,10;1]  11x 3% 41 =10

4. The bhavana: g 18 i [60,199;1] 11 x60° +1=199°

5. Evam anantyam |

S5 bARis Descates
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The cakravala

The cakravala
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The cakravala

hrasvajyesthapadaksepan
bhajyapraksepabhajakan |
krtva kalpyo gunas tatra
tatha prakrtitas cyute |l
gunavarge prakrtyone
"thavalpam Sesakam yatha |

Having made the least and greatest roots and the additive, a
dividend, an additive and a divisor, a multiplier must be
produced so that in this procedure the remainder will be small
when the square of the multiplier is removed from the prakrti,
or when it is decreased by the prakrti;

S5 bARis Descates

Mathematics in Ancient Times Diophantine equations 17/43



The cakravala

hrasvajyesthapadaksepan
bhajyapraksepabhajakan |
krtva kalpyo gunas tatra
tatha prakrtitas cyute |l
gunavarge prakrtyone
"thavalpam Sesakam yatha |

Having made the least and greatest roots and the additive, a
dividend, an additive and a divisor, a multiplier must be
produced so that in this procedure the remainder will be small
when the square of the multiplier is removed from the prakrti,
or when it is decreased by the prakrti;

> Let the equation: pxi +k :y%
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The cakravala

hrasvajyesthapadaksepan
bhajyapraksepabhajakan |
krtva kalpyo gunas tatra
tatha prakrtitas cyute |l
gunavarge prakrtyone
"thavalpam Sesakam yatha |

Having made the least and greatest roots and the additive, a
dividend, an additive and a divisor, a multiplier must be
produced so that in this procedure the remainder will be small
when the square of the multiplier is removed from the prakrti,
or when it is decreased by the prakrti;

> Let the equation: pxi +ky = y%
» Find a solution (u, v) = (a, B) of the kuttaka: x;u+y; =k Vv
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The cakravala

hrasvajyesthapadaksepan
bhajyapraksepabhajakan |
krtva kalpyo gunas tatra
tatha prakrtitas cyute |l
gunavarge prakrtyone
"thavalpam Sesakam yatha |

Having made the least and greatest roots and the additive, a
dividend, an additive and a divisor, a multiplier must be
produced so that in this procedure the remainder will be small
when the square of the multiplier is removed from the prakrti,
or when it is decreased by the prakrti;

> Let the equation: pxi +ky = y%
» Find a solution (u, v) = (a, B) of the kuttaka: x;u+y; =k Vv

» So that |or2 — p| will be "small"

S5 bARis Descates
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The cakravala

tat tu ksepahrtam ksepo
vyastah prakrtitas cyute |

gunalabdhih padam hrasvam
tato jyestham ato 'sakrt|

tyaktva purvapadaksepac
cakravalam idam jaguhll

This remainder,
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The cakravala

tat tu ksepahrtam ksepo
vyastah prakrtitas cyute |

gunalabdhih padam hrasvam
tato jyestham ato 'sakrt|

tyaktva purvapadaksepac
cakravalam idam jaguhll

This remainder,
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tat tu ksepahrtam ksepo

vyastah prakrtitas cyute |
gunalabdhih padam hrasvam

tato jyestham ato 'sakrt|
tyaktva purvapadaksepac

cakravalam idam jaguhll

This remainder, divided by the additive is an additive,
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The cakravala

tat tu ksepahrtam ksepo
vyastah prakrtitas cyute |

gunalabdhih padam hrasvam
tato jyestham ato 'sakrt|

tyaktva purvapadaksepac
cakravalam idam jaguhll

This remainder, divided by the additive is an additive,
reversed if there was subtraction from the prakrti.
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The cakravala

tat tu ksepahrtam ksepo
vyastah prakrtitas cyute |

gunalabdhih padam hrasvam
tato jyestham ato 'sakrt|

tyaktva purvapadaksepac
cakravalam idam jaguhll

This remainder, divided by the additive is an additive,
reversed if there was subtraction from the prakrti. The
quotient associated to the multiplier is a least root,
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The cakravala

tat tu ksepahrtam ksepo
vyastah prakrtitas cyute |

gunalabdhih padam hrasvam
tato jyestham ato 'sakrt|

tyaktva purvapadaksepac
cakravalam idam jaguhll

This remainder, divided by the additive is an additive,
reversed if there was subtraction from the prakrti. The
quotient associated to the multiplier is a least root, whence a
greatest root.

. orz—pik _p—azik
Kk 2 ( ke 2)

_axy+y:
i

2 2
> px;+ky =Yy

> B =X (Xxp0+y1=kip)
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The cakravala

tat tu ksepahrtam ksepo
vyastah prakrtitas cyute |

gunalabdhih padam hrasvam
tato jyestham ato 'sakrt|

tyaktva purvapadaksepac
cakravalam idam jaguhll

This remainder, divided by the additive is an additive,
reversed if there was subtraction from the prakrti. The
quotient associated to the multiplier is a least root, whence a
greatest root. Putting them aside severaly from the previous
roots and additives, [mathematicians] call this [procedure]
the cakravala.

2 2

a”—-p p—a
> o —k, (— o :kz)

axy+yi
> B:ki
1

2 2
> px;+ky =Yy

=X (Xxp0+y1=kip)
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The cakravala

caturdvyekayutav evam abhinne bhavatah pade |
caturdviksepamulabhyam rupakseparthabhavana |

If the additive is four, two or one, the two roots are certainly
integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].
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The cakravala

caturdvyekayutav evam abhinne bhavatah pade |
caturdviksepamulabhyam rupakseparthabhavana |

If the additive is four, two or one, the two roots are certainly
integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].

2 2
px1+2=y1
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The cakravala

caturdvyekayutav evam abhinne bhavatah pade |
caturdviksepamulabhyam rupakseparthabhavana |

If the additive is four, two or one, the two roots are certainly
integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].

2 2
px1+2=y1

» The bhavana: x; y; 2
X1 y1 2
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The cakravala

caturdvyekayutav evam abhinne bhavatah pade |
caturdviksepamulabhyam rupakseparthabhavana |

If the additive is four, two or one, the two roots are certainly
integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].
pxi+2=y;
» The bhavana: x; y; 2
X1 y1 2
> X2 =2X1)1

2 2
Yo=pX1+Y1
ky =4

S5 bARis Descates

Mathematics in Ancient Times Diophantine equations 19/43



The cakravala

caturdvyekayutav evam abhinne bhavatah pade |
caturdviksepamulabhyam rupakseparthabhavana |

If the additive is four, two or one, the two roots are certainly
integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].

2 2
px1+2=y;
» The bhavana: x; y; 2
X1 y1 2
> X2 =2X1)1
22
Y2a=pX1+Y1
k, =4
» “The additive divided by the square of an assumed number..."
P27 40 - (122
2 4 2 S5 bARis Descates
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The cakravala

caturdvyekayutav evam abhinne bhavatah pade |
caturdviksepamulabhyam rupakseparthabhavana |

If the additive is four, two or one, the two roots are certainly
integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].

2 2
pPX1+2=y1
» The bhavana: x; y; 2
X1 y1 2
> Xy =2X1Y1 even

2 2 2
Y2=pPX1+y1=2y1-2 even

k, =4
» “The additive divided by the square of an assumed number..."”
P21+ 5 = (22
2 4 2 S5 bARis Descates
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Krsna’'s upapatti
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ety
Krsna’s notations for operations
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Krsna’s notations for operations

2 B |GG T T THATT Y T3 5| NI GRS
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Krsna’'s upapatti Notations

o % H | T T | TR TS e TR AT T
l({-gﬁm %?'{?37 ‘ b ﬁ\?ﬁﬁ!f"f W«ﬁij?’l\{ ’
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Krsna's upapatti Notations

|
1

tatra parvakanistam |i e ka 1| asya vargah |iva e kava| prakrtigunah |iva e kava e pra 1| jyesthasadhartham ksepas
kse kseva 1 kseva 1
cayam |[|iva 1
kse 1

. axg ot i
Now, the preceding least root is ; its square 5 multiplied by the prakrti is: — and, in order to
K K

2
o
calculate the greatest root, the additive is this one: [?]

UNIVERSITE
PARIS DESCARTES
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Krsna’'s upapatti Notations

o ﬁmﬂml /sz: |
N A L %?'{?.%M—ﬂ &s- gm‘kﬁij?l\{

atha ksepabhaktajyesthadhikam [kanistham]|i e ka 1 jye 1| asya vargah |iva e kava 1 i e ka e jye 2 jyeva 1
kse 1 kseva 1

prakrtigunah |pra e iva e kava 1 pra e i e ka e jye 2 bra e jyeva l
kseva 1

- Lo arXptyy a-xyp Y1), .
Then, [the least root], added to the greatest one divided by the additive is: e + i ; its

2 2 2 2 2 2
a” X1 +20:X1-y1+Y1 - L P X1 4+2p-a Xy Y1 +P Y]
7 , multiplied by the prakrti is: k2
K

square,

PARIS DESCARTES
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Krsna’'s upapatti First step

A preliminary study
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Krsna’'s upapatti First step

istavargahrtah ksepah
ksepah syad istabhajite |
mule te sto ‘thava ksepah
ksunnah ksunne tada pade |l

The additive divided by the square of an assumed number will be the
additive; the two roots divided by this assumed number, are the [roots]; or
the additive multiplied is the additive; in this case the roots are multiplied.

If the least root is multiplied by an assumed number,
according to this rule, the additive also must be multiplied by
the square of this assumed number:
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Krsna’'s upapatti First step

istavargahrtah ksepah
ksepah syad istabhajite |
mule te sto ‘thava ksepah
ksunnah ksunne tada pade |l

The additive divided by the square of an assumed number will be the
additive; the two roots divided by this assumed number, are the [roots]; or
the additive multiplied is the additive; in this case the roots are multiplied.

If the least root is multiplied by an assumed number,
according to this rule, the additive also must be multiplied by
the square of this assumed number:

New least root: axq new additive: a” kq

S5 bARis Descates
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Krsna’'s upapatti First step

Now, [keeping the preceding root and additive]
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Now, [keeping the preceding root and additive]
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Krsna’'s upapatti First step

Now, [keeping the preceding root and additive] and an assumed number
being chosen equal to the additive (kq1), according to the same rule, a new
least root and additive are produced:

axq a“kq
X2 = - kz = >
kl kl
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Krsna’'s upapatti First step

Now, [keeping the preceding root and additive] and an assumed number
being chosen equal to the additive (kq1), according to the same rule, a new
least root and additive are produced:

axq a“kq
Xp=—— ky =—
1 kl
After reduction, the additive is:
2
o — lof
2= 3

S5 bARis Descates
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s
Introducing the kuttaka

In these conditions,
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s
Introducing the kuttaka

In these conditions, one must choose the assumed number so

that once multiplied by the least root and reduced by the
additive, there will be no remainder.
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s
Introducing the kuttaka

In these conditions, one must choose the assumed number so
that once multiplied by the least root and reduced by the
additive, there will be no remainder.

For this purpose, a multiplier and a quotient must be
calculated, putting down the [first] least root (x;) as the
dividend, the additive (k;) as the divisor and without
[kuttaka]-additive.
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s
Introducing the kuttaka

In these conditions, one must choose the assumed number so
that once multiplied by the least root and reduced by the
additive, there will be no remainder.

For this purpose, a multiplier and a quotient must be
calculated, putting down the [first] least root (x;) as the
dividend, the additive (k;) as the divisor and without
[kuttaka]-additive.

Xiu=kyv
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s
Introducing the kuttaka

In these conditions, one must choose the assumed number so
that once multiplied by the least root and reduced by the
additive, there will be no remainder.

For this purpose, a multiplier and a quotient must be
calculated, putting down the [first] least root (x;) as the
dividend, the additive (k;) as the divisor and without
[kuttaka]-additive.

Xiu=kyv

Let (a, B) be a solution of the equation: xyu=k;v: a=kj;tandB=x;t

S5 bARis Descates
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s
Introducing the kuttaka

» Then the quotient (g = % =x,) will be a least root
1
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s
Introducing the kuttaka

» Then the quotient (g = % =x,) will be a least root
1
» The square of the multiplier, divided by the previous
2

additive, will be the new additive (Z— =ky)
1
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s
Introducing the kuttaka

» Then the quotient (,8_ _xz) will be a least root
1
» The square of the multiplier, divided by the previous
2
additive, will be the new additive (Z— =ky)
1

» The [first] greatest root, multiplied by the muItipIier and

divided by the additive, will be a greatest root ( _yz)
1
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s
Introducing the kuttaka

» Then the quotient (,8_ _xz) will be a least root
1
» The square of the multiplier, divided by the previous
2
additive, will be the new additive (Z— =ky)
1

» The [first] greatest root, multiplied by the muItipIier and

divided by the additive, will be a greatest root ( _yz)
1
axy.» o’ orz ay
2 2 _1 = _ _1 _ 2
pxa+ka=y5 p( s + A (PX1 +kp)=( K Y2
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Krsna’'s upapatti Second step

But the Master endeavoured [to calculate] differently,
because in the [preceding calculation], the additive is too
large.
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Krsna’'s upapatti Second step

But the Master endeavoured [to calculate] differently,
because in the [preceding calculation], the additive is too
large.

A multiplier and a quotient are calculated putting the least
root (x;) as the dividend, the greatest root (y;) as the
[kuttakal-additive and the additive (k;) as the divisor:
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Krsna’'s upapatti Second step

But the Master endeavoured [to calculate] differently,
because in the [preceding calculation], the additive is too
large.

A multiplier and a quotient are calculated putting the least
root (x;) as the dividend, the greatest root (y;) as the
[kuttakal-additive and the additive (k;) as the divisor:

Xiu+y,=kyv

S5 bARis Descates
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Let (a, B) be a solution to the kuttaka x;u+y; =k v

Preliminary study Bhaskara’s rule

ax axy+y
Least root 1 A
k1 k1
2 2
. a a —-p
Additive — ra—
k1 k1
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Let (a, B) be a solution to the kuttaka x;u+y; =k v

Preliminary study Bhaskara’s rule

axy axy,+y,

Least root Er—
k1 k1

As the new least root is produced (by Bhaskara’s rule) with

the addition of the greatest root divided by the additive
(% + %) let see what is added to the square of the least

1
root multiplied by the prakrti.
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Let (a, B) be a solution to the kuttaka x;u+y; =k v

Preliminary study Bhaskara’s rule

axy axy+y1
k1 k1

Least root

As the new least root is produced (by Bhaskara’s rule) with

the addition of the greatest root divided by the additive
(% + %) let see what is added to the square of the least

1
root multiplied by the prakrti.

axq+ ax
p( 1 Y1) 1

P
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Krsna’'s upapatti Second step

The new least root, .
axiy+y1
k1
= PARIS DESCARTF.S
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Krsna’'s upapatti Second step

The new least root, its square

axiy+y1

k1

2.2 2
a”“ x1+2ax1y1+y1

ki
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Krsna’'s upapatti Second step

The new least root, its square is multiplied by the prakrti.

axiy+y1

k1

2.2 2
a“ x1+2ax1y1+yi

ki

2.2 2
pa”Xxi+2paxiy1 +py1
5
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Krsna’'s upapatti Second step

The new least root, its square is multiplied by the prakrti.
Now, the last term is calculated in another way

axiy+y1

k1

2.2 2
a“ x1+2ax1y1+yi

ki

2.2 2
pa”Xxi+2paxiy1+py1
5
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Krsna’'s upapatti Second step

The new least root, its square is multiplied by the prakrti.
Now, the last term is calculated in another way

axiy+y1

k1

2.2 2
a“ x1+2ax1y1+yi

ki

2 2 2 2 2 2
pa”x1+2paxiy1+py1  pa Xy+2paxiy; +p(pXxi+ky)
2 - 2
k1 k1
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Krsna’'s upapatti Second step

The new least root, its square is multiplied by the prakrti.
Now, the last term is calculated in another way

axiy+y1

k1

2.2 2
a“ x1+2ax1y1+yi

ki

2 2 2 2 2 2
pa”x1+2paxiy1+py1  pa Xy+2paxiy; +p(pXxi+ky)
K K
2 2 2 2
P X1+2paxiy1 +p X1 +pky

5

S5 bARis Descates

Mathematics in Ancient Times Diophantine equations ~ 30/43



Krsna’'s upapatti Second step

The new least root, its square is multiplied by the prakrti.
Now, the last term is calculated in another way

Whence, this number is added [to the previous square of the
least root multiplied by the prakrtil

axiy+y1

k1

2.2 2
a”“ x1+2ax1y1+y1

ki

2 2 2 2 2 2
pa”x1+2paxiy1+py1  pa Xy+2paxiy;+p(pxi+ky)
2 - 2
k1 k1

2 2
2pax1y;+pP X1 +pky
K
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Krsna’'s upapatti Second step

Now, according to the previous reasonning, the square of the
2

assumed number, divided by the additive (Z—), must be added
(as the additive). '
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Krsna’'s upapatti Second step

Now, according to the previous reasonning, the square of the
2

assumed number, divided by the additive (Z—), must be added
1

(as the additive).

For this purpose two parts are made with the added number
[that we have just calculated].

2.2 2.2
2paxiy1+p X1 +pky  2paxiyi+p Xy N p

ki K3 ky
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Krsna’'s upapatti Second step

In Bhaskara’s rule, the difference between the square of the
multiplier and the prakrti, divided by the additive must be

added,

2.2 2.2
2paxiy1+p X1 +pky  2paxiyi+p Xy N p

ki K ky
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Krsna’'s upapatti Second step

In Bhaskara’s rule, the difference between the square of the
multiplier and the prakrti, divided by the additive must be
added, because, if we do so, only the square of the multiplier
divided by the additive is added.
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Krsna’'s upapatti Second step

In this rule, if the square of the multiplier is superior to the
prakrti, then the difference between the square of the multi-
plier and the prakrti, divided by the additive, must be added.
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Krsna’'s upapatti Second step

In this rule, if the square of the multiplier is superior to the
prakrti, then the difference between the square of the multi-
plier and the prakrti, divided by the additive, must be added.

Ifcxz—pzo, then £+ =—
kq kq kq
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Krsna’'s upapatti Second step

In this rule, if the square of the multiplier is superior to the
prakrti, then the difference between the square of the multi-
plier and the prakrti, divided by the additive, must be added.

But when the square of multiplier is inferior... the difference
must be subtracted.

Ifcxz—pzo, then £+ =—
kq kq kq
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Krsna’'s upapatti Second step

In this rule, if the square of the multiplier is superior to the
prakrti, then the difference between the square of the multi-
plier and the prakrti, divided by the additive, must be added.
But when the square of multiplier is inferior... the difference
must be subtracted.

Ifcxz—pzo, then I<£+ -

Ifcxz—pso, then —+(—
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Krsna's upapatti Second step

In this rule, if the square of the multiplier is superior to the
prakrti, then the difference between the square of the multi-
plier and the prakrti, divided by the additive, must be added.
But when the square of multiplier is inferior... the difference
must be subtracted.

This why it has been said: “... reversed if there was subtrac-
tion from the prakrti.”

Iforz—pzo, then kﬁ+ -

Ifa’—p<0, then —+(-
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Krsna’'s upapatti Second step

Now, this number

2 2
2paxiy;+p Xy
ki
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Krsna’'s upapatti Second step

Now, according to the previous reasonning, the square of the
2

assumed number, divided by the additive (Z—), must be added
1

(as the additive).

For this purpose two parts are made with the added number
[that we have just calculated].

2.2 2.2
2paxiy1+p X1 +pky  2paxiyi+p Xy N p

ki K3 ky
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Krsna’'s upapatti Second step

Now, this number is surely added to the square of the greatest
root

2 2
2paxiy;+p Xy
ki
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Krsna’'s upapatti Second step

Now, this number is surely added to the square of the greatest
root

2 2 2 2
aX1+Y142 paxy 2paxiyi+p X1 p
P ) e K2 ky
1 1
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Krsna’'s upapatti Second step

Now, this number is surely added to the square of the greatest
root

2 2.2 2.2 2
p(GX1+Y1)2+0{ -p pa X1+2PGX1Y1+P X1 P a-p
k1 k1 kf kf k1 k1
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Krsna’'s upapatti Second step

Now, this number is surely added to the square of the greatest
root

2 2 2 2 2 2
axy+yr +or—p pa x1+2pax1y1+p X] o

p( )2 2 2 T
kq k1 ki K3 k1
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Krsna’'s upapatti Second step

Now, this number is surely added to the square of the greatest
root

2 2.2 2.2 2
p(GX1+Y1)2+0’ -p pa x; +2F’0‘X1Y1+P X1 +Of_
k1 k1 K k3 k1
2 2 2
B p(axl)z +2P0(X1Y1 +p X1 +O‘_
kq K kq
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Krsna’'s upapatti Second step

Now, this number is surely added to the square of the greatest
root

2 2 2 2 2 2
axy+yr +or—p pa x1+2pax1y1+p X] o

p( )2 2 2 T
kq k1 ki K3 k1

2 2
? L 2paxay+pixy| o
k1 K2 kq

2 2

ayi1\2 2paxiy;+p xi
:( ) + 2
k1
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Krsna’'s upapatti Second step

Once the addition is done, the square root can be calculated
using: “Having taken the roots from the squares...”

2 2 2.2
_ay1+2paxiy1+p xy

ki
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Krsna’'s upapatti Second step

krtibhya adaya padani tesam

dvayor dvayo$ cabhihatim dvinighnim |
Sesat tyajed ripapadam grhitva

cet santi ripani tathaiva éesam |l

Having taken the roots from the squares, one will subtract
from the remainder the double of the product of those roots
two by two; in case of integers, after taking their root,
[proceed] in like manner with the residue.
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Krsna’'s upapatti Second step

Once the addition is done, the square root can be calculated
using: “Having taken the roots from the squares...”

2 2 2.2
a'yy+2paxiy;+p Xy
ki
Ly +pxy.2
7( kl )
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Krsna’'s upapatti Second step

So, this number is also the square of the greatest root

(axl +y1)2+ az -p
P ke

2 2 2.2
a'yy+2paxiy;+p Xy
ki
Ly +pxy.2
7( kl )
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Krsna’'s upapatti Second step

In this [calculation], even if we do not take the kuttaka into
consideration, roots are acquired by the force of the assumed
number; however the kuttaka is carried out in order to find
integral roots.
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Krsna’'s upapatti Second step

In this [calculation], even if we do not take the kuttaka into
consideration, roots are acquired by the force of the assumed
number; however the kuttaka is carried out in order to find
integral roots.

So is justified: “Having made the least and greatest roots and
the additive, a dividend, an additive and a divisor”.
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Krsna’'s upapatti

2
axyt+yiv2 O —p  OY1+PX1.2
p( kq ) + kq 7( kq )
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Krsna’'s upapatti

2
aX1+Y1y2 a& —p ayip+pXi\2

p( kl ) + kl 7( kl )
axiy+y1

is an integer because a is a solution of the kuttaka xqu+y, =ky Vv
1
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Krsna’'s upapatti

2
aX1+Y1y2 a& —p ayip+pXi\2

p( kl ) + kl 7( kl )
axiy+y1

is an integer because a is a solution of the kuttaka xqu+y, =ky Vv
1

——— is also an integer:
k1
2 2 2 .2 2
(@ —p)xi=a"x1-px
- 0{2X§ —Y§ +ky (because px% :yi ~ k1)

=(axy+y1)(axy —y1)+ky
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An example

67x2-s—1:y2
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An example

67x2-s—1:y2

> Choose a suitable triplet:  [x1, y1; ky]=[1, 8; —3] 67 x1° -3 =g?
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An example

67x2-s—1:y2

> Choose a suitable triplet:  [x1, y1; ky]=[1, 8; —3] 67 x1° -3 =g?

> Solve the kuttaka: u+8=-3v
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An example

67x° +1= y2
> Choose a suitable triplet:  [x1, y1; ky]=[1, 8; —3] 67 x1° -3 =g?
> Solve the kuttaka: u+8=-3v
Ug = 1 Vo = -3
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67x° +1= y2
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up=1 vo=-3
> Calculate p-— u(zJ =67-1=66
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An example

67x° +1= y2
> Choose a suitable triplet:  [x1, y1; ky]=[1, 8; —3] 67 x1° -3 =g?
> Solve the kuttaka: u+8=-3v
up=1 vo=-3
> Calculate p-— u(zJ =67-1=66 “Not small!”
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An example

67x° +1 :y2
> Choose a suitable triplet:  [x1, y1; ky]=[1, 8; —3] 67 x1° -3 =g?
> Solve the kuttaka: u+8=-3v
up=1 v9g=-3 u=1-3t v=-3+t
> Calculate p-— u(zJ =67-1=66 “Not small!”
» Chooset=-2: u;=ug—2x-3=7 vi=-3-2=-5
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An example

67x° +1 :y2
> Choose a suitable triplet:  [x1, y1; ky]=[1, 8; —3] 67 x1° -3 =g?
> Solve the kuttaka: u+8=-3v
U0=1 V0:—3 u=1-3t v=-34t
> Calculate p-— u(zJ =67-1=66 “Not small!”
» Chooset=-2: u;=ug—2x-3=7 vi=-3-2=-5
> Calculate p — ui =67-49=18
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An example

67x° +1 :y2
> Choose a suitable triplet:  [x1, y1; ky]=[1, 8; —3] 67 x1° -3 =g?
> Solve the kuttaka: u+8=-3v
up=1 v9g=-3 u=1-3t v=-3+t
> Calculate p-— u(zJ =67-1=66 “Not small!”
» Chooset=-2: u;=ug—2x-3=7 vi=-3-2=-5
> Calculate p — ui =67-49=18
p—ui 18

The additive is:  kp = — =——=6
kq -3
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An example

67x° +1 :y2
> Choose a suitable triplet:  [x1, y1; ky]=[1, 8; —3] 67 x1° -3 =g?
> Solve the kuttaka: u+8=-3v
U0=1 V0:—3 u=1-3t v=-34t
> Calculate p-— u(zJ =67-1=66 “Not small!”
» Chooset=-2: u;=ug—2x-3=7 vi=-3-2=-5
> Calculate p — ui =67-49=18

2
e p—u; 18

The additive is:  kp = — =——=6
kq -3

The least rootis: x, =v;=-5
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An example

67x2-s—1:y2

> Choose a suitable triplet:  [x1, y1; ky]=[1, 8; —3] 67 x1° -3 =g?
> Solve the kuttaka: u+8=-3v
U0=1 V0:—3 u=1-3t v=-3+t
> Calculate p—u(ZJ =67-1=66 “Not small!”
» Chooset=-2: u;=ug—2x-3=7 vi=-3-2=-5
> Calculate p — ui =67-49=18
. p-ui 18
The additive is:  kp, = — =——=6
kq -3
The least rootis: x, =v;=-5
The greatest root is: y, =41 67 x (—5)2 +6= 417
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An example

67x°+ 6=y withtriplet: [x, y2; ko] = [5, 41; 6]
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An example

67x°+ 6=y withtriplet: [x, y2; ko] = [5, 41; 6]
> Solve the kuttaka: 5u+41=6v
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An example

67x°+ 6=y withtriplet: [x, y2; ko] = [5, 41; 6]
> Solve the kuttaka: 5u+41=6v

U0:5 Vole
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An example

67x°+ 6=y withtriplet: [x, y2; ko] = [5, 41; 6]
> Solve the kuttaka: 5u+41=6v
Upg = 5 Vo = 11

> Calculate p—uj =67 —25=42
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An example

67x°+ 6=y withtriplet: [x, y2; ko] = [5, 41; 6]
> Solve the kuttaka: 5u+41=6v
U0:5 Vole
> Calculate p—uj =67 —25=42
p—u% 42

The additive is: k3 =— =——=-7
ko 6
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An example

67x°+ 6=y withtriplet: [x, y2; ko] = [5, 41; 6]
> Solve the kuttaka: 5u+41=6v
Upg = 5 Vo = 11

> Calculate p—uj =67 —25=42

2
L p—Ug 42
The additive is: k3 =— =——=-7
ko 6

The least root is:  x3=vy=11
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An example

67x°+ 6=y withtriplet: [x, y2; ko] = [5, 41; 6]

> Solve the kuttaka: 5u+41=6v
U0:5 Vole

> Calculate p—uj =67 —25=42

2
L p—Ug 42
The additive is: k3 =— =——=-7
ko 6

The least root is:  x3=vy=11

The greatest rootis: y3 =90 67 x 11% — 7 = 90°

S5 bARis Descates

Diophantine equations 41/43



An example

67x°—7=y> withtriplet: [x3, y3; k3] = [11, 90; 7]

S5 bARis Descates

Mathematics in Ancient Times Diophantine equations 42/43



An example

67x°—7=y> withtriplet: [x3, y3; k3] = [11, 90; 7]
> Solve the kuttaka: 1lu+90=-7v
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An example

67x°—7=y> withtriplet: [x3, y3; k3] = [11, 90; 7]
> Solve the kuttaka: 1lu+90=-7v

U0=9 V0:—27
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An example

67x°—7=y> withtriplet: [x3, y3; k3] = [11, 90; 7]
> Solve the kuttaka: 1lu+90=-7v
Upg = 9 Vo = -27

> Calculate ug -p=8l1-67=14
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An example

67x°—7=y> withtriplet: [x3, y3; k3] = [11, 90; 7]
> Solve the kuttaka: 1lu+90=-7v
up=9 vo=-27
> Calculate ug -p=8l1-67=14
u(z) -p 14
ks -7

The additive is: k4 =
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An example

67x°—7=y> withtriplet: [x3, y3; k3] = [11, 90; 7]
> Solve the kuttaka: 1lu+90=-7v
Upg = 9 Vo = -27
> Calculate ug -p=8l1-67=14
u(z) -p 14

ks -7
The least root is: x4 = -27

The additive is: k4 =
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An example

67x°—7=y> withtriplet: [x3, y3; k3] = [11, 90; 7]
> Solve the kuttaka: 1lu+90=-7v
Upg = 9 Vo = -27
> Calculate ug -p=8l-67=14
u(z) -p 14
ks -7
The least root is: x4 = -27
The greatest rootis: y, =221 67 x 27° — 2 = 2217

The additive is: k4 =
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An example

67x°—2=y" withtriplet: [x4, ya; kg] = [27, 221; —2]
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An example

67x°—2=y" withtriplet: [x4, ya; kg] = [27, 221; —2]

» Use the bhavana: 27 221 -2
27 221 =2
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An example

67x°—2=y" withtriplet: [x4, ya; kg] = [27, 221; —2]

» Use the bhavana: 27 221 -2
27 221 =2

The least rootis: x5 =2x27 x221=11934
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An example

67x°—2=y" withtriplet: [x4, ya; kg] = [27, 221; —2]

» Use the bhavana: 27 221 -2
27 221 =2

The least rootis: x5 =2x27 x221=11934
The greatest root is: y5 =67 x 27° +221° = 97684
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An example

67x°—2=y" withtriplet: [x4, ya; kg] = [27, 221; —2]

» Use the bhavana: 27 221 -2
27 221 =2

The least rootis: x5 =2x27 x221=11934
The greatest root is: y5 =67 x 27° +221° = 97684
The additive is: ks = (-2)° = 4
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An example

67x°—2=y" withtriplet: [x4, ya; kg] = [27, 221; —2]

» Use the bhavana: 27 221 -2
27 221 =2

The least rootis: x5 =2x27 x221=11934
The greatest root is: y5 =67 x 27° +221° = 97684
The additive is: ks = (-2)° = 4

> Use the rule: “The additive divided by the square of an assumed
number”: , 5
67 x 5967 +1 =48842
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