
The resolution of Diophantine equations according to Bhāskara
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François Patte

Université Paris Descartes

Kerala School of Mathematics
September 2010

Paris Descartes Mathematics in Ancient Times Diophantine equations 1/43



The resolution of Diophantine equations according to Bhāskara
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The kut.t.aka: au+ c= bv

bhājyo hārah. ks.epakaś cāpavartyah.
kena apy ādau sam. bhave kut.t.akārtham.

yena cchinnau bhājyahārau na tena
ks.epaś cet tad dus.t.am uddis.t.am eva

Firstly, the dividend, the divisor and the additive must be sim-
plified, when possible, by some [number] for the kut.t.aka. If
the number by which the dividend and the divisor are divided
does not [divide] the additive, the [problem] is impossible.
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Firstly, the dividend, the divisor and the additive must be sim-
plified, when possible, by some [number] for the kut.t.aka. If
the number by which the dividend and the divisor are divided
does not [divide] the additive, the [problem] is impossible.

or: multiplier (gun. a)
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bhājyo hārah. ks.epakaś cāpavartyah.
kena apy ādau sam. bhave kut.t.akārtham.

yena cchinnau bhājyahārau na tena
ks.epaś cet tad dus.t.am uddis.t.am eva

Firstly, the dividend, the divisor and the additive must be sim-
plified, when possible, by some [number] for the kut.t.aka. If
the number by which the dividend and the divisor are divided
does not [divide] the additive, the [problem] is impossible.

v is the quotient
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The kut.t.aka: au+ c= bv

mitho bhajet tau dr.d. habhājyahārau
yāvad vibhājye bhavat̄ıha rūpam

One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.
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mitho bhajet tau dr.d. habhājyahārau
yāvad vibhājye bhavat̄ıha rūpam

One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.

After having divided one number by another number, one will
divide the other by the remainder of this division. . .
(Com. Kriyākramakar̄ı)
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One will divide mutually these reduced dividend and divisor,
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One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.

1 2
15

Paris Descartes Mathematics in Ancient Times Diophantine equations 5/43



The kut.t.aka: au+ c= bv

mitho bhajet tau dr.d. habhājyahārau
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One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.

17u+ 5 = 15v
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One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.

17u+ 5 = 15v
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The kut.t.aka: au+ c= bv

mitho bhajet tau dr.d. habhājyahārau
yāvad vibhājye bhavat̄ıha rūpam

One will divide mutually these reduced dividend and divisor,
until unity will be in the place of the dividend.

17u+ 5 = 15v
17 = 1× 15+ 2
15 = 7× 2+ 1
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The kut.t.aka: au+ c= bv

phalāny adho ’dhas tad adho niveśyah.
ks.epas tathānte kham. . .

The quotients [will have to be placed] one under the other;
the additive must be placed below them, then zero at the last
place.
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the additive must be placed below them, then zero at the last
place.

17u+ 5 = 15v
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The kut.t.aka: au+ c= bv

. . . upāntimena
svordhve hate ’ntyena yute tad antyam.

tyajen muhuh. syād iti rāśiyugmam

The last but one having multiplied the [number] which is
above and the last [number] having been added, one will
remove this last; repeat the operation until there will be a
couple of numbers.
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svordhve hate ’ntyena yute tad antyam.

tyajen muhuh. syād iti rāśiyugmam

The last but one having multiplied the [number] which is
above and the last [number] having been added, one will
remove this last; repeat the operation until there will be a
couple of numbers.

17u+ 5 = 15v

1 1
7 7× 5+ 0 =35
5 5
0
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The kut.t.aka: au+ c= bv

. . . upāntimena
svordhve hate ’ntyena yute tad antyam.

tyajen muhuh. syād iti rāśiyugmam

The last but one having multiplied the [number] which is
above and the last [number] having been added, one will
remove this last; repeat the operation until there will be a
couple of numbers.

17u+ 5 = 15v

1 1 1× 35+ 5 =40
7 7× 5+ 0 =35 35
5 5
0
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The kut.t.aka: au+ c= bv

ūrdhvo vibhājyena dr.d. hena tas.t.ah.
phalam. gun.ah. syād aparo haren.a

The uppermost, being reduced to the remainder by the
dividend, will be the quotient; the other, [reduced to the
remainder] by the divisor, will be the multiplier.
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The kut.t.aka: au+ c= bv

ūrdhvo vibhājyena dr.d. hena tas.t.ah.
phalam. gun.ah. syād aparo haren.a

The uppermost, being reduced to the remainder by the
dividend, will be the quotient; the other, [reduced to the
remainder] by the divisor, will be the multiplier.

When the remainder only is needed in a division, the quotient
being useless, the conventionally agreed word “tas. t.a” is used.
(Com. Sūryadāsa)
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17u+ 5 = 15v

1 1 1× 35+ 5 =40 = 17× 2+6
7 7× 5+ 0 =35 35 = 15× 2+5
5 5
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The kut.t.aka: au+ c= bv

ūrdhvo vibhājyena dr.d. hena tas.t.ah.
phalam. gun.ah. syād aparo haren.a

The uppermost, being reduced to the remainder by the
dividend, will be the quotient; the other, [reduced to the
remainder] by the divisor, will be the multiplier.

17u+ 5 = 15v

1 1 1× 35+ 5 =40 = 17× 2+6
7 7× 5+ 0 =35 35 = 15× 2+5
5 5
0

17× 5+ 5 = 15× 6
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The kut.t.aka: au+ c= bv

is.t.āhatasvasvaharen.a yukte
te vā bhavetām. bahudhā gun. āpt̄ı

There will be many multipliers and quotients if they are added
to their respective simplifier multiplied by an arbitrary
number.
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The kut.t.aka: au+ c= bv

is.t.āhatasvasvaharen.a yukte
te vā bhavetām. bahudhā gun. āpt̄ı

There will be many multipliers and quotients if they are added
to their respective simplifier multiplied by an arbitrary
number.

If (u0, v0) is a solution of: au+ c = bv, then:

(ut, vt) = (u0 + bt, v0 + at) will be also a solution for any integer t.
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The vargaprakr.ti: px
2
+ k = y

2

is.t.am. hrasvam. tasya vargah. prakr.tyā
ks.un.n. o yukto varjito vā sa yena

mūlam. dadyāt ks.epakam. tam. dhanarn.am.
mūlam. tac ca jyes.t.hamūlam. vadanti

Let an assumed [number], the least root; its square is
multiplied by the prakr.ti; the additive is this [number],
positive or negative, by which this [square multiplied by the
prakr.ti] is increased or decreased to produce a root and
[mathematicians] call this root, the greatest root.
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Let an assumed [number], the least root; its square is
multiplied by the prakr.ti; the additive is this [number],
positive or negative, by which this [square multiplied by the
prakr.ti] is increased or decreased to produce a root and
[mathematicians] call this root, the greatest root.
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2
1 ± k1 = y
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is.t.am. hrasvam. tasya vargah. prakr.tyā
ks.un.n. o yukto varjito vā sa yena

mūlam. dadyāt ks.epakam. tam. dhanarn.am.
mūlam. tac ca jyes.t.hamūlam. vadanti

Let an assumed [number], the least root; its square is
multiplied by the prakr.ti; the additive is this [number],
positive or negative, by which this [square multiplied by the
prakr.ti] is increased or decreased to produce a root and
[mathematicians] call this root, the greatest root.

px
2
1 ± k1 = y

2
1

[x1, y1; k1]
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The vargaprakr.ti: px
2
+ k = y

2

The bhāvanā: arrangement

hrasvajyes.t.haks.epakān nyasya tes.ām.
tān anyān vādho niveśya kramen.a

sādhyāny ebhyo bhāvanābhir bahūni
mūlāny es.ām. bhāvanā procyate ’tah.

Having set down a least and a greatest roots and an additive,
then successively placed under them, the same ones or
others, many roots can be calculated by compositions
(bhāvanā); that is why the composition is taught.
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(bhāvanā); that is why the composition is taught.

x1 y1 k1

Paris Descartes Mathematics in Ancient Times Diophantine equations 12/43



The vargaprakr.ti: px
2
+ k = y

2
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tān anyān vādho niveśya kramen.a

sādhyāny ebhyo bhāvanābhir bahūni
mūlāny es.ām. bhāvanā procyate ’tah.

Having set down a least and a greatest roots and an additive,
then successively placed under them, the same ones or
others, many roots can be calculated by compositions
(bhāvanā); that is why the composition is taught.

x1 y1 k1
x2 y2 k2
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The vargaprakr.ti: px
2
+ k = y

2

The bhāvanā: calculation

vajrābhyāso jyes.t.halaghvos tadaikyam.
hrasvam. laghvor āhatiś ca prakr.tyā

ks.un.n. ā jyes.t.hābhyāsayug jyes.t.hamūlam.
tatrābhyāsah. ks.epayoh. ks.epakah. syāt

Given the cross products of the greatest and least roots, their
sum is a least root. And the product of the least roots,
multiplied by the prakr.ti and added to the product of the
greatest, is a greatest root. The product of the additives will
be an additive.
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Given the cross products of the greatest and least roots, their
sum is a least root. And the product of the least roots,
multiplied by the prakr.ti and added to the product of the
greatest, is a greatest root. The product of the additives will
be an additive.

x1 y1 k1
x2 y2 k2

Paris Descartes Mathematics in Ancient Times Diophantine equations 13/43



The vargaprakr.ti: px
2
+ k = y

2
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ks.un.n. ā jyes.t.hābhyāsayug jyes.t.hamūlam.
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sum is a least root. And the product of the least roots,
multiplied by the prakr.ti and added to the product of the
greatest, is a greatest root. The product of the additives will
be an additive.

x1 y1 k1
x2 y2 k2

◮ x3 = x1 · y2 + x2 · y1
◮ y3 = px1 · x2 + y1 · y2
◮ k3 = k1 · k2
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◮ x3 = x1 · y2 + x2 · y1
◮ y3 = px1 · x2 + y1 · y2
◮ k3 = k1 · k2

[x3, y3; k3]

Paris Descartes Mathematics in Ancient Times Diophantine equations 13/43



The vargaprakr.ti: px
2
+ k = y

2
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vajrābhyāso jyes.t.halaghvos tadaikyam.
hrasvam. laghvor āhatiś ca prakr.tyā

ks.un.n. ā jyes.t.hābhyāsayug jyes.t.hamūlam.
tatrābhyāsah. ks.epayoh. ks.epakah. syāt

Given the cross products of the greatest and least roots, their
sum is a least root. And the product of the least roots,
multiplied by the prakr.ti and added to the product of the
greatest, is a greatest root. The product of the additives will
be an additive.

x1 y1 k1
x2 y2 k2

◮ x3 = x1 · y2 + x2 · y1
◮ y3 = px1 · x2 + y1 · y2
◮ k3 = k1 · k2

[x3, y3; k3]

px
2
3 + k3 = y

2
3
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The vargaprakr.ti: px
2
+ k = y

2

is.t.avargahr.tah. ks.epah.
ks.epah. syād is.t.abhājite

mūle te sto ’thavā ks.epah.
ks.un.n. ah. ks.un.n. e tadā pade

The additive divided by the square of an assumed number will
be the additive; the two roots divided by this assumed
number, are the [roots]; or the additive multiplied is the
additive; in this case the roots are multiplied.
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The additive divided by the square of an assumed number will
be the additive; the two roots divided by this assumed
number, are the [roots]; or the additive multiplied is the
additive; in this case the roots are multiplied.
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2
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2
1 k1 = y
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2
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is.t.avargahr.tah. ks.epah.
ks.epah. syād is.t.abhājite

mūle te sto ’thavā ks.epah.
ks.un.n. ah. ks.un.n. e tadā pade

The additive divided by the square of an assumed number will
be the additive; the two roots divided by this assumed
number, are the [roots]; or the additive multiplied is the
additive; in this case the roots are multiplied.

px
2
1 + k1 = y

2
1 k1 = y

2
1 − px

2
1

If d
2�
�k1 k1 = d

2
k
′
1

d
2
k
′
1 = y

2
1 − px

2
1

k
′
1 =
�y1

d

�2
− p
�x1

d

�2
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The vargaprakr.ti: px
2
+ k = y

2

An example

...
ekādaśagun.ah. ko vā vargah. saikah. kr.tih. sakhe

Which square multiplied by eleven and increased by one is a
square, O my friend!
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ekādaśagun.ah. ko vā vargah. saikah. kr.tih. sakhe

Which square multiplied by eleven and increased by one is a
square, O my friend!

1. Choose a suitable triplet: [1, 3; −2] 11× 1
2
− 2 = 3

2
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ekādaśagun.ah. ko vā vargah. saikah. kr.tih. sakhe

Which square multiplied by eleven and increased by one is a
square, O my friend!

1. Choose a suitable triplet: [1, 3; −2] 11× 1
2
− 2 = 3

2

2. The bhāvanā: 1 3 −2
1 3 −2

[6, 20; 4] 11× 6
2
+ 4 = 20

2
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+ k = y
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An example

...
ekādaśagun.ah. ko vā vargah. saikah. kr.tih. sakhe

Which square multiplied by eleven and increased by one is a
square, O my friend!

1. Choose a suitable triplet: [1, 3; −2] 11× 1
2
− 2 = 3

2

2. The bhāvanā: 1 3 −2
1 3 −2

[6, 20; 4] 11× 6
2
+ 4 = 20

2

3. "The additive divided by the square. . . ": [3, 10; 1] 11× 3
2
+ 1 = 10

2
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An example

...
ekādaśagun.ah. ko vā vargah. saikah. kr.tih. sakhe

Which square multiplied by eleven and increased by one is a
square, O my friend!

1. Choose a suitable triplet: [1, 3; −2] 11× 1
2
− 2 = 3

2

2. The bhāvanā: 1 3 −2
1 3 −2

[6, 20; 4] 11× 6
2
+ 4 = 20

2

3. "The additive divided by the square. . . ": [3, 10; 1] 11× 3
2
+ 1 = 10

2

4. The bhāvanā: 3 10 1
3 10 1

[60, 199; 1] 11× 60
2
+ 1 = 199

2
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The vargaprakr.ti: px
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+ k = y

2

An example

...
ekādaśagun.ah. ko vā vargah. saikah. kr.tih. sakhe

Which square multiplied by eleven and increased by one is a
square, O my friend!

1. Choose a suitable triplet: [1, 3; −2] 11× 1
2
− 2 = 3

2

2. The bhāvanā: 1 3 −2
1 3 −2

[6, 20; 4] 11× 6
2
+ 4 = 20

2

3. "The additive divided by the square. . . ": [3, 10; 1] 11× 3
2
+ 1 = 10

2

4. The bhāvanā: 3 10 1
3 10 1

[60, 199; 1] 11× 60
2
+ 1 = 199

2

5. Evam. ānantyam
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The cakravāla
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The cakravāla

hrasvajyes.t.hapadaks.epān
bhājyapraks.epabhājakān

kr.tvā kalpyo gun.as tatra
tathā prakr.titaś cyute

gun.avarge prakr.tyone
’thavālpam. śes.akam. yathā

Having made the least and greatest roots and the additive, a
dividend, an additive and a divisor, a multiplier must be
produced so that in this procedure the remainder will be small
when the square of the multiplier is removed from the prakr.ti,
or when it is decreased by the prakr.ti;
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Having made the least and greatest roots and the additive, a
dividend, an additive and a divisor, a multiplier must be
produced so that in this procedure the remainder will be small
when the square of the multiplier is removed from the prakr.ti,
or when it is decreased by the prakr.ti;

◮ Let the equation: px
2
1 + k1 = y

2
1

◮ Find a solution (u, v) = (α, β) of the kut.t.aka: x1 u+ y1 = k1 v

◮ So that |α
2
− p| will be "small"

Paris Descartes Mathematics in Ancient Times Diophantine equations 17/43



The cakravāla

hrasvajyes.t.hapadaks.epān
bhājyapraks.epabhājakān
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dividend, an additive and a divisor, a multiplier must be
produced so that in this procedure the remainder will be small
when the square of the multiplier is removed from the prakr.ti,
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◮ Let the equation: px
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The cakravāla

tat tu ks.epahr.tam. ks.epo
vyastah. prakr.titaś cyute

gun.alabdhih. padam. hrasvam.
tato jyes.t.ham ato ’sakr.t

tyaktvā pūrvapadaks.epāc
cakravālam idam. jaguh.

This remainder,
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2
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The cakravāla

tat tu ks.epahr.tam. ks.epo
vyastah. prakr.titaś cyute

gun.alabdhih. padam. hrasvam.
tato jyes.t.ham ato ’sakr.t

tyaktvā pūrvapadaks.epāc
cakravālam idam. jaguh.

This remainder, divided by the additive is an additive,

◮

α
2
− p

k1
= k2
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The cakravāla

tat tu ks.epahr.tam. ks.epo
vyastah. prakr.titaś cyute

gun.alabdhih. padam. hrasvam.
tato jyes.t.ham ato ’sakr.t

tyaktvā pūrvapadaks.epāc
cakravālam idam. jaguh.

This remainder, divided by the additive is an additive,
reversed if there was subtraction from the prakr.ti.

◮

α
2
− p

k1
= k2

�

−
p− α

2

k1
= k2

�
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The cakravāla

tat tu ks.epahr.tam. ks.epo
vyastah. prakr.titaś cyute

gun.alabdhih. padam. hrasvam.
tato jyes.t.ham ato ’sakr.t

tyaktvā pūrvapadaks.epāc
cakravālam idam. jaguh.

This remainder, divided by the additive is an additive,
reversed if there was subtraction from the prakr.ti. The
quotient associated to the multiplier is a least root,

◮

α
2
− p

k1
= k2

�

−
p− α

2

k1
= k2

�

◮ β =
α x1 + y1

k1
= x2 (x1 α+ y1 = k1 β)
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gun.alabdhih. padam. hrasvam.
tato jyes.t.ham ato ’sakr.t

tyaktvā pūrvapadaks.epāc
cakravālam idam. jaguh.

This remainder, divided by the additive is an additive,
reversed if there was subtraction from the prakr.ti. The
quotient associated to the multiplier is a least root, whence a
greatest root.

◮

α
2
− p

k1
= k2

�

−
p− α

2

k1
= k2

�

◮ β =
α x1 + y1

k1
= x2 (x1 α+ y1 = k1 β)
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2
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2
2
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The cakravāla

tat tu ks.epahr.tam. ks.epo
vyastah. prakr.titaś cyute

gun.alabdhih. padam. hrasvam.
tato jyes.t.ham ato ’sakr.t

tyaktvā pūrvapadaks.epāc
cakravālam idam. jaguh.

This remainder, divided by the additive is an additive,
reversed if there was subtraction from the prakr.ti. The
quotient associated to the multiplier is a least root, whence a
greatest root. Putting them aside severaly from the previous
roots and additives, [mathematicians] call this [procedure]
the cakravāla.

◮

α
2
− p

k1
= k2

�

−
p− α

2

k1
= k2

�

◮ β =
α x1 + y1

k1
= x2 (x1 α+ y1 = k1 β)

◮ px
2
2 + k2 = y

2
2
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The cakravāla

caturdvyekayutāv evam abhinne bhavatah. pade
caturdviks.epamūlābhyām. rūpaks.epārthabhāvanā

If the additive is four, two or one, the two roots are certainly
integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].
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If the additive is four, two or one, the two roots are certainly
integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].
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2
1 + 2 = y

2
1
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The cakravāla

caturdvyekayutāv evam abhinne bhavatah. pade
caturdviks.epamūlābhyām. rūpaks.epārthabhāvanā

If the additive is four, two or one, the two roots are certainly
integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].

px
2
1 + 2 = y

2
1

◮ The bhāvanā: x1 y1 2
x1 y1 2
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integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].
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2
1 + 2 = y

2
1

◮ The bhāvanā: x1 y1 2
x1 y1 2

◮ x2 = 2x1y1

y2 = px
2
1 + y

2
1

k2 = 4
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If the additive is four, two or one, the two roots are certainly
integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].

px
2
1 + 2 = y

2
1

◮ The bhāvanā: x1 y1 2
x1 y1 2

◮ x2 = 2x1y1

y2 = px
2
1 + y

2
1

k2 = 4

◮ “The additive divided by the square of an assumed number. . . ”

p(
x2

2
)
2
+
4

4
= (

y2

2
)
2
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caturdvyekayutāv evam abhinne bhavatah. pade
caturdviks.epamūlābhyām. rūpaks.epārthabhāvanā

If the additive is four, two or one, the two roots are certainly
integers; starting from two roots associated with the additives
four and two, a composition the goal of which is the additive
one [must to be carried out].

px
2
1 + 2 = y

2
1

◮ The bhāvanā: x1 y1 2
x1 y1 2

◮ x2 = 2x1y1 even

y2 = px
2
1 + y

2
1 = 2y

2
1 − 2 even

k2 = 4

◮ “The additive divided by the square of an assumed number. . . ”

p(
x2

2
)
2
+
4

4
= (

y2

2
)
2
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Kr.s.n. a’s upapatti

Kr.s.n. a’s upapatti
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Kr.s.n. a’s upapatti Notations

Kr.s.n. a’s notations for operations
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Kr.s.n. a’s upapatti Notations

tatra pūrvakanis.t.am. i • ka 1
ks.e

asya vargah. iva • kava
ks.eva 1

prakr.tigun.ah. iva • kava • pra 1
ks.eva 1

jyes.t.hasādhārtham. ks.epaś

cāyam.
�

iva 1
ks.e 1

�

Now, the preceding least root is
α · x1

k
; its square

α
2
· x

2
1

k
2

multiplied by the prakr.ti is:
α
2
· x

2
1 · p

k
2

and, in order to

calculate the greatest root, the additive is this one:

�

α
2

k

�
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tatra pūrvakanis.t.am. i • ka 1
ks.e

asya vargah. iva • kava
ks.eva 1

prakr.tigun.ah. iva • kava • pra 1
ks.eva 1

jyes.t.hasādhārtham. ks.epaś

cāyam.
�

iva 1
ks.e 1

�

atha ks.epabhaktajyes.t.hādhikam. [kanis.t.ham. ] i • ka 1 jye 1
ks.e 1

asya vargah. iva • kava 1 i • ka • jye 2 jyeva 1
ks.eva 1

prakr.tigun.ah. pra • iva • kava 1 pra • i • ka • jye 2 pra • jyeva 1
ks.eva 1

Now, the preceding least root is
α · x1

k
; its square

α
2
· x

2
1

k
2

multiplied by the prakr.ti is:
α
2
· x

2
1 · p

k
2

and, in order to

calculate the greatest root, the additive is this one:

�

α
2

k

�

Then, [the least root], added to the greatest one divided by the additive is:
α · x1 + y1

k

�

=
α · x1

k
+

y1

k

�

; its

square,
α
2
· x

2
1 + 2α · x1 · y1 + y

2
1

k
2

, multiplied by the prakr.ti is:
p · α

2
· x

2
1 + 2p · α · x1 · y1 + p · y

2
1

k
2
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Kr.s.n. a’s upapatti First step

A preliminary study
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Kr.s.n. a’s upapatti First step

is.t.avargahr.tah. ks.epah.
ks.epah. syād is.t.abhājite

mūle te sto ’thavā ks.epah.
ks.un.n. ah. ks.un.n. e tadā pade

The additive divided by the square of an assumed number will be the
additive; the two roots divided by this assumed number, are the [roots]; or
the additive multiplied is the additive; in this case the roots are multiplied.

If the least root is multiplied by an assumed number,
according to this rule, the additive also must be multiplied by
the square of this assumed number:
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Kr.s.n. a’s upapatti First step

is.t.avargahr.tah. ks.epah.
ks.epah. syād is.t.abhājite

mūle te sto ’thavā ks.epah.
ks.un.n. ah. ks.un.n. e tadā pade

The additive divided by the square of an assumed number will be the
additive; the two roots divided by this assumed number, are the [roots]; or
the additive multiplied is the additive; in this case the roots are multiplied.

If the least root is multiplied by an assumed number,
according to this rule, the additive also must be multiplied by
the square of this assumed number:

New least root: α x1 new additive: α
2
k1
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Kr.s.n. a’s upapatti First step

Now, [keeping the preceding root and additive]
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Least root: α x1 additive: α
2
k1

Now, [keeping the preceding root and additive]
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Kr.s.n. a’s upapatti First step

Least root: α x1 additive: α
2
k1

Now, [keeping the preceding root and additive] and an assumed number
being chosen equal to the additive (k1), according to the same rule, a new
least root and additive are produced:

x2 =
α x1

k1
k2 =

α
2
k1

k
2
1
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Kr.s.n. a’s upapatti First step

Least root: α x1 additive: α
2
k1

Now, [keeping the preceding root and additive] and an assumed number
being chosen equal to the additive (k1), according to the same rule, a new
least root and additive are produced:

x2 =
α x1

k1
k2 =

α
2
k1

k
2
1

After reduction, the additive is:

k2 =
α
2

k1
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Kr.s.n. a’s upapatti First step

Introducing the kut.t.aka

In these conditions,
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x2 =
α x1

k1
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Paris Descartes Mathematics in Ancient Times Diophantine equations 26/43



Kr.s.n. a’s upapatti First step

Introducing the kut.t.aka

x2 =
α x1

k1

In these conditions, one must choose the assumed number so
that once multiplied by the least root and reduced by the
additive, there will be no remainder.
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Kr.s.n. a’s upapatti First step

Introducing the kut.t.aka

x2 =
α x1

k1

In these conditions, one must choose the assumed number so
that once multiplied by the least root and reduced by the
additive, there will be no remainder.

For this purpose, a multiplier and a quotient must be
calculated, putting down the [first] least root (x1) as the
dividend, the additive (k1) as the divisor and without
[kut.t.aka]-additive.
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that once multiplied by the least root and reduced by the
additive, there will be no remainder.

For this purpose, a multiplier and a quotient must be
calculated, putting down the [first] least root (x1) as the
dividend, the additive (k1) as the divisor and without
[kut.t.aka]-additive.

x1 u = k1 v
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Kr.s.n. a’s upapatti First step

Introducing the kut.t.aka

x2 =
α x1

k1

In these conditions, one must choose the assumed number so
that once multiplied by the least root and reduced by the
additive, there will be no remainder.

For this purpose, a multiplier and a quotient must be
calculated, putting down the [first] least root (x1) as the
dividend, the additive (k1) as the divisor and without
[kut.t.aka]-additive.

x1 u = k1 v

Let (α, β) be a solution of the equation: x1 u = k1 v : α = k1 t and β = x1 t
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Kr.s.n. a’s upapatti First step

Introducing the kut.t.aka

Let (α, β) be a solution of the equation: x1 u = k1 v : α = k1 t and β = x1 t

◮ Then the quotient
�

β =
α x1

k1
= x2
�

will be a least root

◮ The square of the multiplier, divided by the previous

additive, will be the new additive
�α

2

k1
= k2
�

◮ The [first] greatest root, multiplied by the multiplier and

divided by the additive, will be a greatest root
�α y1

k1
= y2
�
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Introducing the kut.t.aka

Let (α, β) be a solution of the equation: x1 u = k1 v : α = k1 t and β = x1 t

◮ Then the quotient
�

β =
α x1

k1
= x2
�

will be a least root

◮ The square of the multiplier, divided by the previous

additive, will be the new additive
�α

2

k1
= k2
�

◮ The [first] greatest root, multiplied by the multiplier and

divided by the additive, will be a greatest root
�α y1

k1
= y2
�

px
2
2 + k2 = y

2
2 p
�α x1

k1

�2
+
α
2

k1
=
α
2

k
2
1

(px
2
1 + k1) =
�α y1

k1

�2
= y

2
2
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Kr.s.n. a’s upapatti Second step

But the Master endeavoured [to calculate] differently,
because in the [preceding calculation], the additive is too
large.
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But the Master endeavoured [to calculate] differently,
because in the [preceding calculation], the additive is too
large.

A multiplier and a quotient are calculated putting the least
root (x1) as the dividend, the greatest root (y1) as the
[kut.t.aka]-additive and the additive (k1) as the divisor:
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But the Master endeavoured [to calculate] differently,
because in the [preceding calculation], the additive is too
large.

A multiplier and a quotient are calculated putting the least
root (x1) as the dividend, the greatest root (y1) as the
[kut.t.aka]-additive and the additive (k1) as the divisor:

x1 u+ y1 = k1 v
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Kr.s.n. a’s upapatti Second step

Let (α, β) be a solution to the kut.t.aka x1 u+ y1 = k1 v

Preliminary study Bhāskara’s rule

Least root
α x1

k1

α x1 + y1

k1

Additive
α
2

k1

α
2
− p

k1
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Kr.s.n. a’s upapatti Second step

Let (α, β) be a solution to the kut.t.aka x1 u+ y1 = k1 v

Preliminary study Bhāskara’s rule

Least root
α x1

k1

α x1 + y1

k1

As the new least root is produced (by Bhāskara’s rule) with
the addition of the greatest root divided by the additive
�α x1

k1
+
y1

k1

�

, let see what is added to the square of the least

root multiplied by the prakr.ti.
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α x1 + y1

k1

As the new least root is produced (by Bhāskara’s rule) with
the addition of the greatest root divided by the additive
�α x1

k1
+
y1

k1

�

, let see what is added to the square of the least

root multiplied by the prakr.ti.
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− p
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Kr.s.n. a’s upapatti Second step

The new least root, .

α x1 + y1

k1
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Kr.s.n. a’s upapatti Second step

The new least root, its square .

α x1 + y1

k1

α
2
x
2
1 + 2αx1y1 + y

2
1

k
2
1
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Kr.s.n. a’s upapatti Second step

The new least root, its square is multiplied by the prakr.ti.

α x1 + y1

k1

α
2
x
2
1 + 2αx1y1 + y

2
1

k
2
1

pα
2
x
2
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2
1

k
2
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Kr.s.n. a’s upapatti Second step

The new least root, its square is multiplied by the prakr.ti.
Now, the last term is calculated in another way
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Kr.s.n. a’s upapatti Second step

The new least root, its square is multiplied by the prakr.ti.
Now, the last term is calculated in another way
Whence, this number is added [to the previous square of the
least root multiplied by the prakr.ti]

α x1 + y1

k1

α
2
x
2
1 + 2αx1y1 + y

2
1

k
2
1

pα
2
x
2
1 + 2pαx1y1 + py

2
1

k
2
1

=
pα

2
x
2
1 + 2pαx1y1 + p (px

2
1 + k1)

k
2
1

=
pα

2
x
2
1+2pαx1y1 + p

2
x
2
1 + pk1

k
2
1
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Kr.s.n. a’s upapatti Second step

Now, according to the previous reasonning, the square of the

assumed number, divided by the additive (
α
2

k1
), must be added

(as the additive).
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Kr.s.n. a’s upapatti Second step

Now, according to the previous reasonning, the square of the

assumed number, divided by the additive (
α
2

k1
), must be added

(as the additive).

For this purpose two parts are made with the added number
[that we have just calculated].

2pαx1y1 + p
2
x
2
1 + pk1

k
2
1

=
2pαx1y1 + p

2
x
2
1

k
2
1

+
p

k1
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Kr.s.n. a’s upapatti Second step

In Bhāskara’s rule, the difference between the square of the
multiplier and the prakr.ti, divided by the additive must be
added,

2pαx1y1 + p
2
x
2
1 + pk1

k
2
1

=
2pαx1y1 + p
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2
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2
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Kr.s.n. a’s upapatti Second step

In Bhāskara’s rule, the difference between the square of the
multiplier and the prakr.ti, divided by the additive must be
added, because, if we do so, only the square of the multiplier
divided by the additive is added.

2pαx1y1 + p
2
x
2
1 + pk1

k
2
1

=
2pαx1y1 + p

2
x
2
1

k
2
1

+
p

k1

p

k1
+
α
2
− p

k1
=
α
2

k1
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Kr.s.n. a’s upapatti Second step

In this rule, if the square of the multiplier is superior to the
prakr.ti, then the difference between the square of the multi-
plier and the prakr.ti, divided by the additive, must be added.
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Kr.s.n. a’s upapatti Second step

In this rule, if the square of the multiplier is superior to the
prakr.ti, then the difference between the square of the multi-
plier and the prakr.ti, divided by the additive, must be added.

If α
2
− p ≥ 0, then

p

k1
+
α
2
− p

k1
=
α
2

k1
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Kr.s.n. a’s upapatti Second step

In this rule, if the square of the multiplier is superior to the
prakr.ti, then the difference between the square of the multi-
plier and the prakr.ti, divided by the additive, must be added.

But when the square of multiplier is inferior. . . the difference
must be subtracted.

If α
2
− p ≥ 0, then

p

k1
+
α
2
− p

k1
=
α
2

k1
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Kr.s.n. a’s upapatti Second step

In this rule, if the square of the multiplier is superior to the
prakr.ti, then the difference between the square of the multi-
plier and the prakr.ti, divided by the additive, must be added.

But when the square of multiplier is inferior. . . the difference
must be subtracted.

If α
2
− p ≥ 0, then

p

k1
+
α
2
− p

k1
=
α
2

k1

If α
2
− p ≤ 0, then

p

k1
+
�

−
p− α

2

k1

�

=
α
2

k1
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Kr.s.n. a’s upapatti Second step

In this rule, if the square of the multiplier is superior to the
prakr.ti, then the difference between the square of the multi-
plier and the prakr.ti, divided by the additive, must be added.

But when the square of multiplier is inferior. . . the difference
must be subtracted.

This why it has been said: “. . . reversed if there was subtrac-
tion from the prakr.ti.”

If α
2
− p ≥ 0, then

p

k1
+
α
2
− p

k1
=
α
2

k1

If α
2
− p ≤ 0, then

p

k1
+
�

−
p− α

2

k1

�

=
α
2

k1
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Kr.s.n. a’s upapatti Second step

Now, this number

2pα x1 y1 + p
2
x
2
1

k
2
1
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Kr.s.n. a’s upapatti Second step

Now, according to the previous reasonning, the square of the

assumed number, divided by the additive (
α
2

k1
), must be added

(as the additive).

For this purpose two parts are made with the added number
[that we have just calculated].

2pαx1y1 + p
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x
2
1 + pk1
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=
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Kr.s.n. a’s upapatti Second step

Now, this number is surely added to the square of the greatest
root

2pα x1 y1 + p
2
x
2
1

k
2
1
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Kr.s.n. a’s upapatti Second step

Once the addition is done, the square root can be calculated
using: “Having taken the roots from the squares. . . ”

p
�α x1 + y1

k1

�2
+
α
2
− p

k1
=
pα

2
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2
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+
2pα x1 y1 + p
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Kr.s.n. a’s upapatti Second step

kr.tibhya ādāya padāni tes.ām.
dvayor dvayoś cābhihatim. dvinighn̄ım

śes.āt tyajed rūpapadam. gr.h̄ıtvā
cet santi rūpān. i tathaivā śes.am

Having taken the roots from the squares, one will subtract
from the remainder the double of the product of those roots
two by two; in case of integers, after taking their root,
[proceed] in like manner with the residue.
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Kr.s.n. a’s upapatti Second step

Once the addition is done, the square root can be calculated
using: “Having taken the roots from the squares. . . ”
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Kr.s.n. a’s upapatti Second step

So, this number is also the square of the greatest root

p
�α x1 + y1

k1

�2
+
α
2
− p

k1
=
pα

2
x
2
1

k
2
1

+
2pα x1 y1 + p

2
x
2
1

k
2
1

+
α
2

k1

= p
�α x1

k1

�2
+
2pα x1 y1 + p

2
x
2
1

k
2
1

+
α
2

k1

=
�α y1

k1

�2
+
2pα x1 y1 + p

2
x
2
1

k
2
1

=
α
2
y
2
1 + 2pα x1 y1 + p

2
x
2
1

k
2
1

=
�α y1 + px1

k1

�2

Paris Descartes Mathematics in Ancient Times Diophantine equations 37/43



Kr.s.n. a’s upapatti Second step

In this [calculation], even if we do not take the kut.t.aka into
consideration, roots are acquired by the force of the assumed
number; however the kut.t.aka is carried out in order to find
integral roots.
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Kr.s.n. a’s upapatti Second step

In this [calculation], even if we do not take the kut.t.aka into
consideration, roots are acquired by the force of the assumed
number; however the kut.t.aka is carried out in order to find
integral roots.

So is justified: “Having made the least and greatest roots and
the additive, a dividend, an additive and a divisor”.
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Kr.s.n. a’s upapatti

p
�α x1 + y1

k1

�2
+
α
2
− p

k1
=
�α y1 + px1

k1

�2
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Kr.s.n. a’s upapatti

p
�α x1 + y1

k1

�2
+
α
2
− p

k1
=
�α y1 + px1

k1

�2

α x1 + y1

k1
is an integer because α is a solution of the kut.t.aka x1 u+ y1 = k1 v
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Kr.s.n. a’s upapatti

p
�α x1 + y1

k1

�2
+
α
2
− p

k1
=
�α y1 + px1

k1

�2

α x1 + y1

k1
is an integer because α is a solution of the kut.t.aka x1 u+ y1 = k1 v

α
2
− p

k1
is also an integer:

(α
2
− p)x

2
1 = α

2
x
2
1 − px

2
1

= α
2
x
2
1 − y

2
1 + k1 (because px

2
1 = y

2
1 − k1)

= (α x1 + y1)(α x1 − y1) + k1
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Kr.s.n. a’s upapatti

An example

67x
2
+ 1 = y

2
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Kr.s.n. a’s upapatti

An example

67x
2
+ 1 = y

2

◮ Choose a suitable triplet: [x1, y1; k1] = [1, 8; −3] 67× 1
2
− 3 = 8

2
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◮ Solve the kut.t.aka: u+ 8 = −3v
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◮ Choose a suitable triplet: [x1, y1; k1] = [1, 8; −3] 67× 1
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− 3 = 8
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u0 = 1 v0 = −3
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Kr.s.n. a’s upapatti

An example

67x
2
+ 1 = y

2

◮ Choose a suitable triplet: [x1, y1; k1] = [1, 8; −3] 67× 1
2
− 3 = 8

2

◮ Solve the kut.t.aka: u+ 8 = −3v

u0 = 1 v0 = −3

◮ Calculate p− u
2
0 = 67− 1 = 66
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Kr.s.n. a’s upapatti

An example

67x
2
+ 1 = y

2

◮ Choose a suitable triplet: [x1, y1; k1] = [1, 8; −3] 67× 1
2
− 3 = 8

2

◮ Solve the kut.t.aka: u+ 8 = −3v

u0 = 1 v0 = −3

◮ Calculate p− u
2
0 = 67− 1 = 66 “Not small!”
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Kr.s.n. a’s upapatti

An example

67x
2
+ 1 = y

2

◮ Choose a suitable triplet: [x1, y1; k1] = [1, 8; −3] 67× 1
2
− 3 = 8

2

◮ Solve the kut.t.aka: u+ 8 = −3v

u0 = 1 v0 = −3 u = 1− 3t v = −3+ t

◮ Calculate p− u
2
0 = 67− 1 = 66 “Not small!”

◮ Choose t = −2 : u1 = u0 − 2×−3 = 7 v1 = −3− 2 = −5
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67x
2
+ 1 = y

2

◮ Choose a suitable triplet: [x1, y1; k1] = [1, 8; −3] 67× 1
2
− 3 = 8

2

◮ Solve the kut.t.aka: u+ 8 = −3v

u0 = 1 v0 = −3 u = 1− 3t v = −3+ t

◮ Calculate p− u
2
0 = 67− 1 = 66 “Not small!”

◮ Choose t = −2 : u1 = u0 − 2×−3 = 7 v1 = −3− 2 = −5

◮ Calculate p− u
2
1 = 67− 49 = 18

The additive is: k2 = −
p− u

2
1

k1
= −

18

−3
= 6

The least root is: x2 = v1 = −5

The greatest root is: y2 = 41 67× (−5)
2
+ 6 = 41

2

Paris Descartes Mathematics in Ancient Times Diophantine equations 40/43



Kr.s.n. a’s upapatti

An example

67x
2
+ 6 = y

2
with triplet: [x2, y2; k2] = [5, 41; 6]
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An example
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with triplet: [x2, y2; k2] = [5, 41; 6]

◮ Solve the kut.t.aka: 5u+ 41 = 6v

u0 = 5 v0 = 11

◮ Calculate p− u
2
0 = 67− 25 = 42

The additive is: k3 = −
p− u

2
0
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= −
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6
= −7
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with triplet: [x2, y2; k2] = [5, 41; 6]

◮ Solve the kut.t.aka: 5u+ 41 = 6v

u0 = 5 v0 = 11

◮ Calculate p− u
2
0 = 67− 25 = 42

The additive is: k3 = −
p− u

2
0

k2
= −

42

6
= −7

The least root is: x3 = v0 = 11

The greatest root is: y3 = 90 67× 11
2
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An example

67x
2
− 7 = y

2
with triplet: [x3, y3; k3] = [11, 90; −7]
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◮ Solve the kut.t.aka: 11u+ 90 = −7v

u0 = 9 v0 = −27
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with triplet: [x3, y3; k3] = [11, 90; −7]

◮ Solve the kut.t.aka: 11u+ 90 = −7v

u0 = 9 v0 = −27

◮ Calculate u
2
0 − p = 81− 67 = 14

The additive is: k4 =
u
2
0 − p
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=

14
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= −2
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− 7 = y

2
with triplet: [x3, y3; k3] = [11, 90; −7]

◮ Solve the kut.t.aka: 11u+ 90 = −7v

u0 = 9 v0 = −27

◮ Calculate u
2
0 − p = 81− 67 = 14

The additive is: k4 =
u
2
0 − p

k3
=

14

−7
= −2

The least root is: x4 = −27

The greatest root is: y4 = 221 67× 27
2
− 2 = 221

2
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An example

67x
2
− 2 = y

2
with triplet: [x4, y4; k4] = [27, 221; −2]
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Kr.s.n. a’s upapatti

An example

67x
2
− 2 = y

2
with triplet: [x4, y4; k4] = [27, 221; −2]

◮ Use the bhāvanā: 27 221 −2
27 221 −2

The least root is: x5 = 2× 27× 221 = 11934

The greatest root is: y5 = 67× 27
2
+ 221

2
= 97684

The additive is: k5 = (−2)
2
= 4

◮ Use the rule: “The additive divided by the square of an assumed
number”:

67× 5967
2
+ 1 = 48842

2
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