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Abstract

We study qualitative properties of non-negative solutions to the Cauchy problem
for the fast diffusion equation with gradient absorption

Ou—Apu+ |Vul? =0 in (0,00) x RY,

where N > 1, p € (1,2), and ¢ > 0. Based on gradient estimates for the solutions,
we classify the behavior of the solutions for large times, obtaining either positivity as
t = oo for ¢ > p— N/(N + 1), optimal decay estimates as t — oo for p/2 < ¢ <
p— N/(N + 1), or extinction in finite time for 0 < ¢ < p/2. In addition, we show
how the diffusion prevents extinction in finite time in some ranges of exponents where
extinction occurs for the non-diffusive Hamilton-Jacobi equation.
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1 Introduction

In this paper we study qualitative properties of the non-negative continuous solutions to
the following equation with singular diffusion and gradient absorption

du — Apu+ |Vul? =0, (t,2) € Qoo := (0,00) x RN, (1.1)
where we consider 1 < p < 2, ¢ > 0 and a non-negative initial condition
u(0,z) = ug(z), xeRY. (1.2)
As usual, the p-Laplacian operator is defined by
Apu = div(|Vu[P~2Vu).

Equation ([L.1), when p € (1,2), is a quasilinear singular diffusion equation (also known in
the literature as the fast p-Laplacian equation), with a nonlinear absorption term depend-
ing on the euclidean norm of the gradient. In recent years, both the semilinear problem
(p = 2) and the degenerate diffusion-absorption problem (p > 2) have been investigated,
with emphasis on the large time behavior. It has been noticed that the asymptotic be-
havior as t — oo depends strongly on the value of ¢ > 0, and for p = 2 there are many
results available, see for example [, il, B, i, [, B, [2, [[3]. From all these results, an almost
complete understanding of the large time behavior for the semilinear case p = 2 is now
available. In particular, finite time extinction takes place for g € (0,1) while the dynamics
is either solely dominated by the diffusion or is the result of a balance between the diffusion
and the absorption according to the value of ¢ > 1.

More recently, the research has been extended to the degenerate case p > 2. In this
range, the situation is very different: indeed, on the one hand, the support of compactly
supported solutions advances in time with finite speed and interfaces appear . On the
other hand, there is a range of values of the parameter ¢, namely ¢ € (1,p — 1], where the
dynamics of ([.T))-([.3) is solely governed by the gradient absorption [[7, BJ], a feature
which cannot be observed in the semilinear case (p = 2) for ¢ > 1.

The purpose of this paper is to investigate the range p € (1,2), called fast p-Laplacian
diffusion, where the diffusion is no longer degenerate but becomes singular when Vu van-
ishes. This case turns out to be more complicated and we first point out that, even in the
case of the diffusion equation

HP—A®=0 in Qu, (1.3)

important advances have been performed very recently, both in constructing special solu-
tions with optimal decay estimates, see [[[§, R§] and in understanding regularity, smoothing
effects and other deep qualitative properties of the solutions [[LI]]. All this previous knowl-
edge is a good starting point to investigate the competition between the fast p-Laplacian
diffusion and the gradient absorption terms. The behavior of non-negative solutions ®
to the diffusion equation ([.J) and of non-negative solutions h to the Hamilton-Jacobi
equation

QGh+|VAT=0 in Qu (1.4)

indeed differs markedly: in particular, starting from a compactly supported initial condi-
tion, ® becomes instantaneously positive in Q if p > 2N/(N + 1) while the support of h



stays the same for all times if ¢ > 1 or becomes empty after a finite time if ¢ € (0, 1]. It is
thus of interest to figure out how these two mechanisms compete in ([L.1]).

More specifically, the aim of this paper is to give a complete picture of the qualitative
properties of non-negative solutions to ([.1))-([L.4), with respect to the following three
types of behaviors: either the solution remains positive in the limit, or it decays to zero as
t — oo but is positive for finite times, or finally it extinguishes after a finite time. In fact,
we describe the ranges, with respect to p and ¢, where these phenomena occur, and we
also provide, in the cases where this is possible, a quantitative measure of how the solution
behaves, providing estimates of decay rates or extinction rates.

The main tool for establishing such qualitative properties turns out to be gradient esti-
mates having generally the form

IV (t)lloe < Clluolldet ™, (1.5)

for suitable exponents v, § > 0, and S > 0. Such gradient estimates have been obtained
in [, [4] for p = 2 and ¢ > 0 and in [[] for p > 2 and ¢ > 1 by a Bernstein technique
adapted from [§], the exponent v depending on p and ¢ and ranging in (0, 1) for p > 2 and
g > 1. This last property is of great interest as such estimates are clearly stronger than
an estimate on || Vu(t)||« and are at the basis of the subsequent studies of the qualitative
behavior of solutions to ([.I)) for p > 2. We shall establish similar gradient estimates for
(1)) when p and ¢ range in (1,2) and (0, 00), respectively. A particularly interesting new
feature is that the singular diffusion allows us to obtain gradient estimates with negative
exponents v. As we shall see below, these estimates have clearly a link with the positivity
properties of the solutions to ([[.1) which are expected when the diffusion dominates.

Notion of solution. Owing to the nonlinear reaction term |Vu|? involving the gradient
of u, a suitable notion of solution for Equation ([[.) is that of wiscosity solution. Due
to the singular character of () at points where Vu vanishes, the standard definition of
viscosity solution has to be adapted to deal with this case [[[9, R4, 4. In fact, it requires
to restrict the class of comparison functions [I9, R4] and we refer to Definition B.1 for a
precise definition. A remarkable feature of this modified definition is that basic results
about viscosity solutions, such as comparison principle and stability property, are still
valid, see 4, Theorem 3.9] (comparison principle) and [24, Theorem 6.1] (stability). The
relationship between viscosity solutions and other notions of solutions is investigated in
[BJ]. From now on, by a solution to ([.1))-(.3) we mean a viscosity solution in the sense
of Definition .1 below.

Main results.
For later use, we introduce the following notations for the critical exponents

2N 2(N +1) N

; Psc = W, x ‘=P~ 77 (1-6)

DPe = N1

- N+1
and for several constants

(2-p)lp(N +3) —2(N+1)] 1 . 1
4(p—1)

k=



appearing frequently in our analysis. Throughout the paper, C, C’, and C;, i > 1, de-
note constants depending only on N, p, and ¢q. The dependence of these constants upon
additional parameters will be indicated explicitly.

Let us begin with basic decay estimates which are valid for general non-negative Lipschitz
continuous and integrable initial data without any extra conditions.

Theorem 1.1. Assume that
ug € LYRM) nWE(RY),  wug >0, ug Z0. (1.8)
Then there exists a unique non-negative (viscosity) solution u to ([LJ)-([L2) such that:
(i) if p > pe and q > qx, then

lu(®)loe < C lluollf” =7, ¢ > 0. (1.9)

(it) if p > pe and g € (N/(N + 1), ¢.], then

lu(®)lloo < C Jluollf* ¢V, £ >0. (1.10)

(iii) if p > p. and ¢ = N/(N + 1) or p =p. and q > p./2, then

[u(t)]loo < C'(ug) e @)t > 0. (1.11)

() if p > pe and g € (0,N/(N + 1)) or p € (1,p.), then there is T, > 0 depending only
on N, p, q, and uy such that

u(t,z) =0, (t,x) € [T, 00) x RV, (1.12)

Let us first mention that the main contribution of Theorem [L.1] is not the existence and
uniqueness of a viscosity solution to ([[.1)-([.9), as the latter readily follows from the
comparison principle [R4, Theorem 3.9] while the former is likely to be proved by Perron’s
method such as in [P4, Section 4]. We shall however provide a proof in the final section
as it is needed in order to justify the derivation of the gradient estimates stated below.
Next, we notice that the decay estimates ([.9) and ([.10) are also enjoyed by non-negative
and integrable solutions to ([J) and ([.4), respectively. Since t=N¢ < ¢~ for ¢ > 1 and
q < qx, Theorem [L]] already uncovers a dichotomy in the behavior of solutions to ([L.1])-
(L3) for p > p. with a faster decay induced by the absorption term for ¢ < g,. This decay
is even faster for ¢ € (0, N/(N + 1)]. Still, as we shall see now, more precise information
can be obtained for initial data with a fast decay at infinity and the first main result of
this paper is the following improvement of Theorem [L1] for p > p,.

Theorem 1.2. Assume that ug satisfies ([.§). Then the corresponding solution u to ([[.1])-
(IL.2) satisfies:

(i) if p € (pe,2), q € (p/2,qx), and there is Cy > 0 such that
up(z) < Cy x|~ P~/ @=pH) - g c RV (1.13)
then

tNHFD@=0/2a=P) gy (1) ||y + tP=D/CaP) Yyy(#)]| oo < Clug), t>0.  (1.14)



(i) if p € (pe,2), ¢ = p/2, and ug satisfies (.13), then
[u@®)ll1 + ()]l < C'(ug) e ™", £>0. (1.15)

(11i) if p € (pe,2), q € (0,p/2), and there are Cy > 0 and Q > 0 such that
up(z) < Cp |z|~ P~/ @=p+1) = 4 c RN (1.16)

with Q@ = q if ¢ € (q1,p/2) and Q € (q1,p/2) if ¢ € (0,q1]. Then there is T, > 0
depending only on N, p, q, and ug such that

u(t,z) =0, (t,z) € [T.,00) x RV, (1.17)

Noting that (p — ¢)/(2¢ — p) > N¢ for g € (0,¢,), the decay estimates obtained in The-
orem are clearly faster than those of Theorem [[.]] for initial data decaying sufficiently
rapidly as |z| — oo.

Let us next notice that a very interesting point in the previous theorem is the appearance
of a new critical exponent for the absorption, ¢ = p/2, that in the slow-diffusion range
p > 2 did not play any role. Moreover, this critical exponent is a branching point for the
behavior, as an interface between decay as t — oo and finite time extinction. It is worth
mentioning that the corresponding critical exponent for p > 2 is ¢ = p — 1 and that we
have p — 1 =p/2 = 1 exactly when p = 2.

Another interesting remark related to Theorem [[.9 is the fact that, for p € [p.,2) and
q € [p/2,1), the diffusion prevents extinction in finite time, see Proposition [.§ below.
This is a feature which matches with the linear diffusion case p = 2, since, under suitable
conditions on the initial data wug, finite time extinction could appear for any ¢ € (0,1)

B 8. 13-

As mentioned above, the key technical tool for studying the large time behavior of the
solutions of ([L1]) is the availability of suitable gradient estimates, with abstract form ([L.3).
Their proof relies on a Bernstein technique borrowing ideas from [§] and, apart from their
technical interest in the proof of our main theorem, they are interesting by themselves.
Let us first denote the positivity set P of u by

P ={(t,x) € Quo : u(t,x) > 0}. (1.18)

Theorem 1.3. Let p > p. and ug satisfy ([L.§). The corresponding solution u to ([.1)-([[.2)
satisfies the following gradient estimates:

(i) for q € [1,00), we have

2—p (p—1)/p
vu—@—f’)/f’(t,x)( < <—> /PP (t,x) € P. (1.19)
p
(ii) for q € [p/2,1), we have
\Vu*@’p)/p(t,x)\ <C <HuOngfp)/p(pfq) + fl/P) , (t,z) € P. (1.20)

(iii) for q € (p—1,p/2), we have

V@ P 0, 5)) < C (14 ug| & 2P0 ) (rx) e P (1.21)



(iv) for ¢ =p—1, we have the logarithmic estimate

IV log u(t,z)| < C (1 + ||u0\|g2;p>/pf1/p) . (t,z) € P. (1.22)

(v) for q € (0,p— 1), we have

IVuP=a=D/0=9) (¢ 2)| < C (1 i Hung’;*Qq)/p(p*q)t’l/p> (47) € Quo. (1.23)

A striking feature in Theorem [[.3 is that in parts (i)-(iii) gradients of negative powers of
the solutions appear. Besides being seemingly new, these estimates are rather unusual and
obviously stronger than an estimate for only |Vu/|, which can be easily deduced from them.
They are valid only on the positivity set of u but, as we shall show below, P coincides
with Qs when p > p. and ¢ > p/2, and P C (0,T,) x RN for 1 < p < p. or p. < p < 2
and g < p/2, for some T, < oo.

Remark 1.4. We actually prove a stronger result, namely that, for any § > 0, |V(u +
§)~C=P/p(t,x)| (respectively |V(u + 8)~C=P/P(t z)|, |V(u + )~ @ PD/C=D (¢ z)| and
|V log(u+0)(t,x)|) is bounded by the same right-hand side as in (L.19) (respectively ([L2Q),
(L21) and (L.29)) for all (t,z) € Qo. For instance, for q € [1,00) we have

2 _ p\ VP
‘V(u + 5)*(2*1’)/1’(@95)( < (T) N PeVP (4 1) € Qoo (1.24)

As the right-hand side of ([.24) does not depend on & > 0, we deduce ([L19) by letting
0 — 0 wherever it is possible, that is in P.

These gradient estimates will be used in the sequel to prove parts of Theorem [[.3. Their
proof is divided into two parts and performed in Sections and R.3.

We obtain similar gradient estimates for p = p. and p < p.. In the case p = p. being a
critical exponent, some logarithmic corrections appear in the gradient estimates; they are
gathered in the following result, that is proved in Section P.3. Notice that, as p. = 1 in
one space dimension, the next theorem is only valid for N > 2.

Theorem 1.5. Let p = p. and ug satisfy ([L.§). The corresponding solution u to ([[.1)-([[.2)
satisfies the following gradient estimates:

(i) for ¢ > 1 and (t,x) € P, we have

1/pc
—1/N < 1 eHUOHOO —1/pc. 1.2
|Vu (t,x)| <C < og < u(t, o) t (1.25)

(ii) for q € (N/(N +1),1) and (t,x) € P, we have

1/pe
_ -~ . ellUo||co

(iii) for q= N/(N +1) =p./2 and (t,z) € P, we have

2/pe
Vu N (t,2)| < © (log(”uoum» (1+e777). (1:27)

u(t, x)




(iv) for q € (0,N/(N +1)), the previous gradient estimates (L.21]), (1.29) and ([L.29) still
hold true.

Remark 1.6. Similarly to the case p > p. (recall Remark [1.4), given § > 0, the estimates
(IL.29)-(LL.27) are true for all (t,x) € Qs provided that u(t,z) is replaced by u(t,x) + 6 on
both sides of the inequalities.

In the range p < p., the situation becomes more technical and more involved, and ap-
parently there is a new critical exponent coming from the diffusion that plays a role,
Pse = 2(N 4+ 1)/(N + 3). We can still establish gradient estimates for this range, but it
requires to handle separately several cases according to the value of ¢. Since they are
not used afterwards, we do not state nor prove them but refer the interested reader to
Section P-4 where we provide a proof only for a limited range of ¢, namely, ¢ > 1 — k.
Finally, another useful gradient estimate is the one which retains only the influence of the
Hamilton-Jacobi term:

Theorem 1.7. Let p € [p.,2) and ug satisfy (.§). The corresponding solution u to
(L) -(LQ) satisfies the following gradient estimates: if q € (0,1), we have

Vu(t,z)] < Clluollsl%9, (t,2) € Qoo (1.28)

while, if ¢ > 1, we have a slightly better formulation:
1
Vu(q_l)/q(t,x)‘ < Z(q— 1)\ V=V (1 2) € Qu. (1.29)
q

These estimates are proved by similar modified Bernstein techniques, but their main
difference with respect to the previous ones is that it is the term coming from the diffusion
which is simply discarded. They actually hold in more general ranges of p as we can deduce
by analyzing their proof in Section P.6.

Having discussed the occurrence of finite time extinction in Theorems [ and [.J and
obtained gradient estimates valid on the positivity set ([[.1§) of u, we finally turn to the
positivity issue: we first observe that the L'-norm of solutions u to ([L.1)-([L.2) is non-
increasing. It thus has a limit as ¢ — oo which is non-negative and it is natural to wonder
whether the absorption term may drive it to zero as ¢ — oo or not. This question is
obviously only meaningful for p > p. for which there is no extinction for the diffusion
equation ([.3) but conservation of mass [[L§]. In this direction, we also prove the following

positivity result that completes the panorama given in Theorem [I.2.
Proposition 1.8. Let p € [p,2), ug satisfy (.9), and u be the solution to ([L1)-(.).

(1) If either p > p. and g > p/2 or p = p. and q > p./2, then ||u(t)||1 > 0 for allt > 0
and the positivity set satisfies P = Qoo.

(2) We have tlim llu(®)|[1 > 0 if and only if ¢ > Gx.

Thanks to Theorem [[.J and Proposition [[.§, we thus have a clear separation between
positivity and finite time extinction, the latter occurring when either p > p. and ¢ €
(0,p/2) or p € (1,p.) while the former is true in Q for p > p. and ¢ > p/2. Let us
emphasize that, for p € [p.,2) and ¢ € [p/2,1), the diffusion term prevents the finite time



0<g¢g<p/2| q=p/2 P/2 <4< 4% <q

positivity positivity positivity

p € [pe,2) | extinction exponential fast algebraic diffusion
decay decay decay

p€ (1,p.) | extinction extinction extinction extinction

Table 1: Behavior of u for initial data decaying sufficiently fast at infinity

extinction that would occur in the absence of diffusion. Table || provides a summary of
the outcome of this paper.

Organization of the paper. A formal proof of the gradient estimates for solutions to
(IL1)) is given in Section B, which is divided into several subsections according to the range
of the exponents p and g. Then, a rigorous approach by approximation and regularization,
completing the formal one and settling also the existence and uniqueness of solutions to
(L1)-(L.2) is appended, due to its highly technical character, see Section . We prove
Theorem [[.1] in Section f]. Before proving our main Theorem [.9, we devote Section [ to
the behavior of the L'-norm of u as t — oo and to the positivity issue as well. Finally, we
prove our main Theorem [[.9, together with Proposition [[.§, in Section [j.

2 Gradient estimates

As already mentioned, the proof of the gradient estimates relies on a Bernstein technique
[/, also used in [B, B, [4] for p > 2, but in the case p € (1,2) the technical details are quite
different. We first have the following technical general lemma.

Lemma 2.1. Let p € (1,2), ¢ > 0, and consider a C3-smooth monotone function o. Set
v = Yu) and w := |Vo|?, where u is a solution of ([)). Then, the function w satisfies
the following differential inequality:

ow—Aw—B-Vw+R<0 in Qo, (2.1)
where B is given in [, Appendiz A, Eq. (A.2)], and
Aw = |VulP"2Aw + (p — 2)|VulP~4(Vu)! D*wVu, (2.2)

R:=2(p — 1)Riw®P)/2 £ 9(q — 1) Ryw*+9/2, (2.3)

where Ry and Rs are given by

90// 2 80// /
meer(1(5) - (%) .
(recall that k is defined in ([L])) and

Ry = |g0/|q72go". (2.5)



We do not recall the precise form of B, since it is complicated and not needed in the
sequel.

Proof. We begin with Lemma 2.1 in [B], which, by examining carefully the proof, holds
true for monotone functions ¢ (not only for increasing functions, as stated in [Jf]). We
obtain the differential inequality

Ow — Aw — B - Vw + 2R1w? + 2Row < 0,

where A and B have the form given in (R.4) and in [, Eq. (A.2)], respectively, and

S ©" ' (al)2 7 12, 2 ’ 2 1o
Ry = —a o) (N—l)T—i—éla (") w* —2a"w(2(")" + '),
Rg = (pl”2 (2b'(go')2w — b) ,
(¥')
the dependence of a, a’, a”, b, b’ on ¢’ (v)?w and of ¢ and its derivatives on v being omitted.
In our case a(r) = rP=2/2 b(r) = r9/2, Using these formulas for a and b and the identity

80” ' 2 2
QOISO/I/ — <?> (QOI) +(SOI/) ,

we compute él and Rg and obtain

AN
LRy = (p— 1)) <‘P_,> =272
v

(N - 131(1) - 2)] (@//)2 ‘@I‘p_4 wP=2)/2

(,0” / 4,0" 2
= (o~ D)l [(—) -5(%) ] — —(p- IR,

+(-2) [p—1+

¢’ ¢’
and

Ry =

i
QO, - (q {(p/‘qw(q—Z)/Z,w - ‘(p/{qwq/Z) _ (q - 1)R2wq/2.
()
arriving to the formula (R.f). Let us notice that this is still a formal proof, since [f,
Lemma 2.1] requires a and b to be C?-smooth, and our choices are not. For a rigorous
proof, we have to approximate a and b by their regularizations

ac(r) = (r+e)® 22 b (r) = (2 +r)VY2 =9, ¢ >0,
and pass to the limit as ¢ — 0, see Section fl. O
We also introduce the function ¢ := 1/1', where 1 := ¢~!. We have
¢'(v) = o(u), ¢"(v) = (00)(u),

hence, by straightforward calculations, we obtain the following alternative formulas for Ry
and Rsy:
Ry = [o(uw)[P~? (k(d'(u))® — (00")(u)) (2.6)



and
Ry = [o(u)|"o(u) ¢/ (u). (2.7)
We now choose in an appropriate way ¢ in equations (R.6) and (.7), in order to have

either Ry = 1, Ro = 1 or Ry = Rs. In this way we obtain gradient estimates in the form
of estimates for the function w in the notations of Lemma P.1.

Let us notice at that point that, if we take o(z) = 1, we have Ry = Ry = 0 and ¢ = ¢ = Id;
thus, w = |Vu|? satisfies the differential inequality

Lw:= 0w — Aw — B -Vw <0 in Q.

Since w(0) < [|[Vugl|/%, and the constant function ||[Vug||%, is a solution for the operator L,
by comparison we obtain

Hvu(t)Hoo < ||Vu0||ooa t>0. (2.8)

2.1 Gradient estimates for p > p. and ¢ > p/2

For this range of parameters, we choose

»? 1/p 2/
_ § p 2.
after noticing that
2-p) (N +1)(p—pe)
2k+p—-2= > 0. 2.10
p 2 —1) (2.10)

Then it is immediate to check that Ry =1 (in fact this is the way we discover this choice
of p) and

9 2 a/p
Ry= 2 <p—> w2=P)/p >
p \2(2k +p—2) -

hence

4((] o 1) p2 Q/p 3
— 9(p — 1)w®@+2)/2 (2a=p)/pyy(a+2)/2.
R=2p—Duw e Bk —y) v

Case 1. For ¢ > 1, (g — 1)Ry > 0, so that R > 2(p — 1)w®*+?)/2 and therefore
Lw := dyw — Aw — B - Vw 4 2(p — 1)wP+?)/2 <. (2.11)

Once established the differential inequality (R.11)), the next step (that will be also used in
the other cases) is to find a supersolution to the differential inequality (B.11]) depending
only on time, in this way avoiding the terms with the complicated forms of A and B. In
our case, we notice that W (t) := (p(p — 1)t)~?/P is a supersolution and conclude that

Vu(t.2)| < (p(p = D)7, (t7) € Qee

But v = ¥(u), hence Vv = ¢/(u)Vu = Vu/o(u); thus, substituting the value of p, we
obtain the inequality

2 1/p

-2/p < P
Vult, o)l ult, ) < | o o =1t

10



or equivalently ([L.19).

Case 2. For ¢ € [p/2,1), the term coming from Ry becomes negative and cannot be
omitted. Instead, we will get the gradient estimate by compensating its negative effect
with the positive term coming from R;. Since u(t,z) < ||up||so for any (t,z) € Qs and
2q — p > 0, we have

4(1—q) p? P e
— — (p+2)/2 _ (29=p)/pyy(a+2)/2
R=2(p—-1)w <2(2/<: %) U w

2

3 4(1 — q/p B
> 2(p — Dw'1t2/2 [w(p a2 _ 4 . 9 (2(2/<:—fp—2)> |22 p)/p] :

hence
Lw := 8w — Aw — B - Vw + 2(p — 1)w(q+2)/2 (w(p*q)/2 — 01) <0, (2.12)

where

4(1 - Q) p2 >q/p (2¢—p)/p
= 50 > 0.
‘1 p (2(2]{)+Z)—2) HUOH

In a similar way as in the case ¢ > 1, we notice that the function W (t) := (2¢1)% =9 4
(p(p — 1)t/2)~2/P is a supersolution for the partial differential operator L, hence

2 1/p
Vo(t,z)| < (2¢ 1/(1’_‘1)—1—(7) , (8 x) € Qoo-
‘ ( )’—( 1) p(p—l)t ( )EQ
Since |Vv| = |Vu|/o(u), we deduce that there exists a constant C' > 0 such that
‘vu—@—p)/p(t’x)‘ <C <||uOH£q—p)/p(p—q) + t—l/p) . (6, %) € Qoo

as stated in ([L.20).

2.2 Gradient estimates for p > p. and ¢ < p/2

In this case, we choose

p—gq 1/(p—q) Vo)
_ p—a 2.13
o) = (i=t) (213
noticing that
P 2k+p-2 p 2-p\V+1)(p—p)
k —g—1=%E_ = 2 T2 0.
tp-4q p 4T T p 4t Alp—1) ”

By straightforward calculations, it is immediate to check that

Ry = Ry = o(u)" "0/ (u) = — < P—q >q/(,,_q) (24P 0-0) >
p—q\k+p—q-1 -

so that

R =2(p— 1)Ryw!?T2/2 <w<pq>/2 _1=a (11> :
p —

11



It follows that

Lw := dw — Aw — B - Vw + 2(p — 1) Ryw'7+2)/2 <w<p_q>/2 - 1;(i> <O0. (2.14)
p J—

We next look for a supersolution of the form W (t) = (2(1—¢q)/(p—1))%®=9 + Kt~2/? with
K to be chosen depending on p, ¢, N, and ||ug||co. Taking into account that u(t, z) < ||ugl|co
for any (t,z) € Qs and 2g — p < 0, we have

1 _ a/(p—q)
Ry > < P—q 1> ||| a—P)/ (p=a)

p—q\k+p—q—
and
LW = —2Kt1-C/) & (y_ )R, [W<p+2>/2 L a2 <W<pq>/2 _ 21_—;1”
P p—
> _ 2R 10 (1) Ry KD 2 1-2/p)
P
/(=)
S 2K |p(p—1) < p—4a >q e o || 24—P)/ (=) cP/2 1 | 4=1=(2/p)
~op [20—@) \k+p—q-1 w

hence, we find that LW > 0 provided that K = C ||u0\|§§p ~20/P=9) for some sufficiently
large constant C'. With this choice of K, the function W becomes a supersolution for L,
and the comparison principle gives

Vot 2)] < C (1+ ul&20/PE=D ) | (1,2) € Qe
or equivalently
u(t, z)|u(t,x) /WY < 14 ||ug|| L™ A t,r) € Q. 2.15
Vut, @)u(t,2) 00 < € (14 ugl| & 200010 | (1,2) € Q (2.15)

Thus, we have a discussion with respect to the sign of p—1—¢. Indeed, if ¢ € (p—1,p/2),
we have

|V~ (=PHD/ =) (¢ )| < C (1 4 Hung’g*Qq)/p(p*q)t’l/p> . (£,7) € Qoo
If ¢ = p — 1, we have the logarithmic estimate
|Viogu(t,z)| < C (1 + Hungg,ﬂq)/p(p*q)t*l/p) , (t,7) € Qo
and if ¢ € (0,p — 1) we obtain a positive power estimate
IVuP=a=D/(0=9) (¢ 2)| < C (1 i Hung’g_Q‘])/”(p_q)t_l/”) L (1,2) € Que.

This completes the proof of Theorem [[.3.

12



2.3 Gradient estimates for p =p. (and N > 2)

Case 1. Let us consider first ¢ > p./2 = N/(N + 1). In this case, the constant &k defined
in ([I.7) is given by k = (2 —p)/2 =1/(NN + 1). By analogy with some gradient estimates
obtained by Hamilton in [[[§] for the heat equation, we choose the following function:

o() = u™ DN (1og M~ Tog ) +V/2N | M = eljug .

Let us notice first that log M — logw > 1. Then, we obtain

(N+1)/2N —(N-1)/2N
s = Mt 2 () ()
u u

and

Q”(U) _ u—(N—l)/N

N+1( M (WFDZN (N £ 1)(N +2) oo M ~(N=D/2N
Nz \"%7y 2N2 o8

u

(N+1)(N—1) M (V=DM
log — .
4N?2 < u >

Hence, after an easy calculation, we have

N+1/, M\YN N41/ M\ WON
/() = alu)e () = | 25 (log ) 4 S (1w ) ,

which implies that

_N+1+N+1
92N AN

On the other hand, calculating Rs, we find:
M\ V+Da/2N M\ (V+1)g=2N)/2N
2 <log Z) — <10g ;) >0,

since (log M —logu)~! < 1 < 2. Following the same division into cases with respect to ¢,
we assume first that ¢ > 1. In this case, we can simply omit the term coming from R,
since (¢ — 1)R2 > 0, and end up with

Ry (log M —logu)~! >

u

_ N4 gvin-nyN
R = 5N

r> N1 w22

Therefore N1
Lw = gw — Aw = B - Vw + ———uw"*/2 <0, (2.16)

Noticing that W (t) = [(N +1)/(N — 1)t]>/P¢ is a supersolution for L, we obtain that

Vo(t, @) < <%)/

Coming back to the function u, this means

1 /N 4+ 1\ (V2N
|Vu1/N(t,:U)|§_< > (log M —log u(t, ) N D/~ (NVFD/N(9.17)

N

N -1

13



Case 2. Consider next ¢ € (p./2,1), In this case, we have to use again the strategy of
compensation as in Section P.I|. First of all, we need to estimate Ry from above. To this
end, since 1/N¢ = [¢(N + 1) — N]/N < q(N +1)/2N, we note that the function

2+ ZAWNFD=N)/N (160 M — Jog 2)2(N /2N

attains its maximum over (0, [Jug|loo) at |[to]|ece™NE™D/2 < Jlug||oo. We deduce that

)

Ry < %u@(wm—mm(bg M — Tog u) N D22V < ¢ [y [ @N+D-N)/N

hence
R> %w@cw)/z — 9(1 = q)C g | SN HD-NI/N (022

N -1
_ = = (@+2)/2 (, (pe—a)/2 _
w (w 02) ,

where

ey = 2NUZ0)C )Ny

N -1

We now proceed as in Section R.J] and notice that W (t) = (2¢9)%®e=9) + [2(N 4 1)/(N —
1)t]2/ Pe ig a supersolution. By the comparison principle we obtain

M) 1/pe

[Vo(t,z)] < (2e2)"/®0) 4 <(N — 1)t

Going back to the definition of u, we find that

)

Vu(t,2)] _ (g 2=/ o) 4 4= (V41721
o(u(t,z)) ~
from which we deduce easily (|L.2€), taking into account the definition of p.

Let us remark that this is an extension of the estimates that we obtain for p > p. and
q > p/2, since for p = p., we have (2 — p)/p = 1/N. Thus the negative power of the
gradient is the same and the powers of ¢ and ||ug||s in the right-hand side are also the
same. The presence of the logarithmic corrections is the mark of the critical exponent.

Case 3. We now consider the case ¢ = p./2 = N/(N + 1) and choose

o(u) = u(N'H)/N(logM —log u)(N'H)/N, M = e||lup||oo-

Then
N+1
o(u) = T+u1/N [(logM —logu)NFYU/N _ (log M — log u)l/N}
and
N+1 M\ YHD/N M\ YN M\~ (N-D/N
0" (u) = —z U (N-1)/N [<log ;) —(N+2) <log ?> + <10g Z) .

Thus, after straightforward calculations, we obtain

_N+1

N+1
R = N =

(log M —logu), Rs= N

(log M —logu —1).

14



Therefore

_2NV-1) (pet2)/2 _ 2 @+2)/2 | 2 (ar2)/2
R= ~ (log M — log u)w N(logM log u)w + W
1
> N(logM —logu) [Q(N — 1)wPet2)/2 _ 2w(q+2)/2} ,
and

Lw:= 0w — Aw — B-Vw+ %(logM —logu) [2(]\7 — D)wPet2/2 _ 94(a+2)/2] < 0,

As a supersolution, we take

S 9 2(N+1)/N N+1 (N+1)/N
) = N -1 i (N —1)t

and deduce, recalling that N > 2 and that log M — logu > 1:

N+ 1\ VO N N-1
LW(t) = — <N—i_1> T+t_(2N+1)/N + N (log M — logu)W(t)(2N+1)/(N+1)

+ %(logM — log u)W () BN+2)/2(N+1) <(N C D)W (NN 2)

(N+1)/N (2N+1)/N
Z_<N+1> N+1t—(2N+1)/N+N_1<(N+1 >

N-—1 N N \(N-1)t =0

The comparison principle gives

2 (N+1)/N N+1 (N+1)/2N
< [ —— R
|Vv(t,x)|_<N_1> +<(N_1)t> ,

which implies ([.27).
Case 4. Finally, for p = p. and ¢ € (0,p/2), we notice that k+p.—q—1 = (p.—2q)/2 > 0,
hence we proceed as in Section P.4. The estimates ([[.21)), ([.29) and ([[.2J) hold according

to whether ¢ € (p. — 1,p:/2), ¢ = p. — 1 or ¢ € (0,p. — 1). This ends the proof of
Theorem [L.5.

2.4 Gradient estimates for p <p. and ¢ >1—k

We want now to follow the same idea as in Section R.1] and look for a function o such that
Ry =1, that is, ¢ is a solution of the following ordinary differential equation:

k(d)? — 00" = 077, (2.18)

This equation can be reduced to a first order ordinary differential equation by using the
standard trick of forcing the change of variable ¢’ = f(p), thus 0" = f(9)f'(0). Then f(p)
solves the ordinary differential equation
k _
f'(0)f(o) = Efz(e) — o',
which can be explicitly integrated if we make a further change of variable by letting f(o) =
0%g(0). Then

g(0)g'(0) = =o' P,

15



and, since 2 —p — 2k = (2 —p)(N + 1)(p. — p)/2(p — 1) > 0, we find

<2<K§‘p‘2’f — o) ) .

2—p—2k

g(o) =

where K is a generic constant. Coming back to the initial variable r, (P.I§) transforms to

e 1/2
2(K2 p—2k _ Q(T)27p72k)
/ k 0
= = . 2.1
¢ (r) = Ilelr)) = o) ( 5 (219)
In other words, p is given in an implicit form through the integral expression
2 —p—2k\2 o) dz
(52) [ e o el
Using the homogeneity of the integrand to scale Ky out, we end up with
(2 —p—2k)KE\/? [er)/Ko dz B
5 . (1 2 p2k)12 T
A natural choice is then to take o(||ug||o) = Ko which leads to
(2—p—2k)KE\Y? 1 dz B
2 0 2F(1 — 22-p=2k)1/2 lolloc,
that is,
Ko = r [|uol| 2 (2.20)

for some positive constant x depending only on N, p, and q. We also deduce from (R.19)
that o' (r) < CQ(T)kKéQ_p_Qk)/Q, hence, since k < 1 and o(0) = 0, we find

o(r) < CKFP2RRA=R1/A8) e 10, [lugloo] - (2.21)

We may now proceed along the lines of Section P.J. Since Ry = 1 by (2:13), it follows from
(3 and (R.19) that

2—p—2k 2—p—2k 1/2
—-p—

If ¢ > 1 we omit the term coming from Ry as it is non-negative and deduce from (R.22)
and the comparison principle that

Vu(t, )| < o(u(t,))(p(p — D) VP, (t,2) € Que. (2.23)

We plug the estimates (P.20) and (£-21) into (.23) and obtain the following estimate

Vault, z)lu(t, )" < Clfug | EP72/PAR =1,

whence
Va8 (4, 2)]| < Cllu &P 2/PA=0¢ 1, (224
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if k # 0 (that is, p # psc) and
IV log u(t, )| < C|lug| & P/Pe=1/p, (2.25)

if £ =0, that is, p = psc = 2(IN + 1)/(N + 3).

We are left with the case ¢ € [1 — k,1) (which is only possible if k& > 0, thus p > ps.).
In this case, starting from (R.23), we use the monotonicity of p, the identity (P.20) and
(B.21)), and compensate the negative term coming from Ry in the following way:

R>2(p—1D)wPd/2 21 — q)CKO(Q_p_Qk)/QQ(HuOHoo)q*ka(q”)/Q
> 2(p — DwPT2/2 — C||ug||2=P=2k)+2(a=14k))/py,,(a+2)/2
=2(p— 1)w(p+2)/2 _ CHUOHgiq—p)/pw(qH)/?_

Arguing as in Section R.1], we conclude that
Vu(t, 2)] < Colult,2)) (uo| &P/PE=D 4 4717) | (t,2) € Que.
Using again the estimates (2.20) and (R.21)), we arrive to our final estimate
vu*k/(lfk)(tjx)‘ < Olug||@P=20)/p(1=) <HuOngfp)/p(pfq) 4 fl/p> (2.26)

for (t,7) € Quo-

2.5 Gradient estimates for the singular diffusion equation ([[.3)

A careful look at the proofs of the gradient estimates ([.I9), (L.29), (:24), and (2.29)
reveals that the contribution from the absorption term is always omitted so that these

estimates are also true for solutions to the singular diffusion equation ([.J) with initial
data satisfying ([.§). Since these gradient estimates seem to have been unnoticed before,
we provide here a precise statement.

Theorem 2.2. Consider a function ug satisfying ([.§) and let ® be the solution to ([[.3)
with initial condition ug. Then:

(i) For p € (pe,2), we have

2-p (p=1)/p
‘v@*(%p)/p(t’x)‘ < < > nl/ptfl/p, (t,7) € Quo.
p

(ii) For p = p., we have

‘ch—l/N(t m)‘ < 0 (tog (Aol " e, (t Q
9 — g @(t,x) bl (71.)6 oo

(i1i) For p € (psc,pc), we have k € (0,1) and
‘vqfk/afk) (m)‘ < Clfug||@P=2K)/P1=k)4=1/p
for (t,z) € Qoo such that ®(t,z) > 0.
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(iv) For p = ps, we have k =0 and
Vlog ®(t,z)| < Cllug|&P/P¢1/7
for (t,x) € Qoo such that ®(t,x) > 0.
(v) Forp € (1,psc), we have k < 0 and

VoI AHED (¢ )| < Oflug|| G P=2/PA=R=VP (1 2) € Que.

2.6 A gradient estimate coming from the Hamilton-Jacobi term

Apart from the previous gradient estimates, which result either from the sole diffusion
or are the outcome of the competition between the two terms, we can prove another one
which is an extension of a known result for the non-diffusive Hamilton-Jacobi equation.
We assume that p > ps. = 2(N + 1)/(N + 3), although in the applications we will only
need the range p > p..

Case 1: ¢ < 1. Asin [4], take p(r) = [Jup|loc — r? directly in (.4) and (R.§). Then
v = (||Juo]|oo — u)/?, and

Ry = 2074972 Ry =2P72(1 + kP2,

Since we are in the range ¢ < 1 and p > ps., we notice that Ry > 0 and we can forget
about the effect of this term. We deduce that

Lw := dyw — Aw — B - Vw + 29(1 — ¢)([|luo oo — u) ™2/ 20p@+2/2 <,

We then notice that the function W (t) = K||u0\|§fq)/qt_2/q, with a suitable choice of K,
is a supersolution for the operator L, since

LW (t) = [2‘1(1 — ) K972 (J|lug| o — u)(q—Z)/Q |[ug||(Z~D/D+((2=0)/2)

_ gKHUngq)/q] +—(a+2)/q
q
> 2K [2‘1—1(1 —q)KY? — 1] || &/ a=(a+D/a >
q

as soon as we choose K/2 = 2179(1 — ¢?). By the comparison principle, we find that
Vo]l = u(t, )72 < Clugl| & 0/20¢~/1.
Noticing that
2|V ([luolloe = Wﬂ))m‘ = (Juolloo = u(t,2))™*|Vu(t, z)| > uol " Vu(t, )],

we conclude that
IVu(t,z)| < Cllug| X%, (t,7) € Qoo

Case 2: ¢ > 1. In this case, let us take o(u) = u'/? in (:§) and (B7), as in [J]. We
calculate

Ry

k -1
— +q‘-72 wP20)/a 5 0, Ry=

| =

18



Since we want only an estimate coming from the absorption term, we omit Ry and we have
2(¢g — 1
Lw := 0w — Aw — B -Vw + Lw(2+q)/2 <0.
q

We then notice that the function W (t) = [(¢ — 1)t]~%/9 is a supersolution for the operator
L. By the comparison principle, we find that

1 }l/q

Vult. )] < ofult.) | =5

or equivalently

—_

Vu(qfl)/q(t,x)‘ < 5((1 — eV =V (4 3) € Qoo

Remark 2.3. There is no gradient estimate produced by the Hamilton-Jacobi term for
q = 1, since its contribution vanishes in (B3). This is in fact due to the lack of strict
convezity (or concavity) of the euclidean norm.

3 Decay estimates for integrable initial data

We devote this section to the proof of Theorem [[.]. These decay rates will be improved
in Section ] for p > p. and initial data which decay at infinity more rapidly than what is
required by mere integrability.

Proposition 3.1. Let u be a solution to ([.1))-(.9) with an initial condition uy satisfying
(L.). The following decay estimates hold:

(i) If p > p. and ¢ > g = p — N/(N + 1), we have

[u()lloo < Clluo|7"¢1, ¢ > 0, (3.1)
where n = 1/[N(p — 2) + p].
(ii) If p > p. and g € (N/(N + 1), ¢,], we have

() oo < Clluol| ¢, ¢ >0, (3.2)
where £ =1/[q(N + 1) — N]J.
Proof. Denoting the solution to ([[.J) with initial condition ug by ®, the comparison prin-
ciple guarantees that u < ® in Qo and (B.J]) readily follows from [[[d, Theorem 3|. Next,
the proof of (B.9) for ¢ > 1 and g € (N/(N +1),1) relies on ([.29) and ([[.29), respectively,

and is the same as that of [J], Proposition 1.4] and [fJ, Theorem 1] to which we refer. For
q = 1 we reproduce verbatim the proof in [, Section 3]. [

Since (@) is an autonomous equation, a simple consequence of Proposition @ is the
following;:

Corollary 3.2. Let u be a solution of ([L1)-(.3) with an initial condition ug satisfying
(L.Y). Forpe (p.,2) and g € (N/(N + 1), 44|, we have

[u(t)]|oo < C u(s)| (t—35)"N, 0<s<t. (3.3)
For q > q. we have
[u(®)]|oo < C Ju(s)|F" (t—5)"N7, 0<s<t. (3.4)
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We next turn to the case p = p. and first establish that the solutions to the singular
diffusion equation ([.J) with non-negative integrable initial data decay exponentially for
large times. Though this property is expected, a proof does not seem to be available in
the literature.

Proposition 3.3. Consider a function ug satisfying ([[.§) and let ® be the solution to
(L3)) with initial condition ug and p = p.. Then

/(N+1)
1(1)]|oe < C" JJug|loe e Ct/ Mol 4> . (3.5)

Proof. By Theorem R.23, we have

VO(t,z) = N &t z)N+I/N (vqu/N(t,x)(
< C ot (1og (Mol R
= ’ 5\ ot 2)

52 |[uoll
Pe < 2 € Olloo -1
IVo(t,z)Pe < C O(t,x) <log ( 3t ) t

Noticing that the function z +— 2%log (63/2||u0\|00/z) is non-decreasing in [0, ||ug|/o] and
that 0 < ® < ||ug|leo In Qoo, we conclude that

2|l
IVO(t,z)|Pe < C [(1)]% log | —pmri= | ¢
19(6)loc
for (t,2) € Qc, while the Gagliardo-Nirenberg inequality
[w]loo < C V] /N Jlaw) /N for w e LHRY)nWh2®RY),  (3.6)

ensures that

/N
[2®)|% < C Ve |e@[F™, ¢>0.

Combining the above two inequalities with the conservation of mass ||®(¢)||; = |Juol/1 [L6,
Theorem 2], we end up with

le ()%

IN

3/2 pe/N
a@“mék%<e|mww>uwm

12()lo t

e R i L0
= eW)lee

from which (B.5) follows. []

Proof of Theorem [I.]. The estimates ([.9) and (L.I0) are proved in Proposition B.J. The
exponential decay ([L.11]) follows from Proposition and the comparison principle when
p = pe while it is proved as in [, Theorem 2] for p > p. and ¢ = N/(N + 1), the main tool
of the proof being the gradient estimate ([L.2§). For p > p. and ¢ € (0, N/(N + 1)), the
finite time extinction ([l.19) is a feature of the absorption term and is also a consequence
of ([.28). We refer to [f, Theorem 1] or [R], Theorem 3.1] for a proof. Finally, the
extinction for p € (1, p.) follows by comparison with the singular diffusion equation ([[.3J)
for which finite time extinction is known to occur for initial data in L"(R™) with suitable
r [, L6, ], noting that L' N L> C L" for any r € (1,00). [

20



4 Large time behavior of ||u(t)|;

In this section we study the possible values of the limit as ¢ — oo of the L'-norm of
solutions u to ([LA))-(.Y) with initial data wug satisfying (1.§). The case p € (1, p.) being
obvious as u vanishes identically after a finite time by Theorem [[.1, we assume in this
section that p > p. and first state the time monotonicity of the L'-norm of u

lu@llr < fuls)lly < fluollr, — t>s>0, (4.1)

which follows by construction of the solution, see (b.3) below. This last inequality can
actually be improved to an equality for p > p. as we shall see now.

Proposition 4.1. If p € (p.,2), q € [p/2,00), and ug satisfies (L), then

t
()l + / / Vu(s, 2)|0 deds = lluoly, > 0. (4.2)
0

Remark 4.2. Let us point out here that this result is not obvious as it is clearly false for
the singular diffusion equation ([.J) for p < p. for which we have extinction in finite time.
Therefore, it may only hold true for p > p. and we refer to [I§, Theorem 2] for a proof
for (). The proof of Proposition [[.1 given below for p > p. (and q > p/2) is however
of a completely different nature, relying on the gradient estimates ([L19) and ([L.20), and
provides an alternative proof of the mass conservation for ([.3) for p > p.. The case p = p,.
will be considered in the next proposition, the proof relying on arquments from /@]

Proof. Let ¥ be a non-negative and smooth compactly supported function in RY such
that 0 <9 < 1, 9(z) = 1 for x € B1(0) and J(z) = 0 for x € RV \ By(0). For R > 1
and x € RV, we define ¥p(x) := 9(x/R). Since p/(2 —p) > 1, the function 19%/(2_])) is a
non-negative compactly supported C'-smooth function and it follows from {3) that, for
t>0,

t
Ip(t) = /79%/(2_1)) u(t) dx—i—/ /19%/(2_12) |Vu(s)|? dzds
0

t
= /79’;%/(2_1)) ug dx —/ /V <19%/(2_p)) (IVulP~2 Vu) (s) dzds.
0

On the one hand, since ug € L'(RY) and 19%/(2_])) — 1 as R — oo with ‘79%/(2_1))‘ <1,

the Lebesgue dominated convergence theorem guarantees that

(4.3)

1m/@mwwmmmmzmm. (4.4)

R—o0

On the other hand, since p > p. and ¢ > p/2, u satisfies the gradient estimate

vu(pﬁ)/p(s’x)‘ < C(up) <1 + sfl/p) , (5,2) € Qoo

by ([19) and ([20). Since |Vu| = (p/(2 —p)) u?/? ‘Vu(p*Q)/ﬂ and 2(p — 1) < p, we infer
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from the previous gradient estimate and Holder’s and Young’s inequalities that

/Ot/v (191}’%/(271;)) (@) - (IVulP=2 V) (s,z) dads

t -1
< C / /19R(x)2(p_1)/(2_p) (VO R(x)| u(s,z)2P~1/P ‘Vu(p_Q)/p(s,:c)‘p dxds
0

t 2(p—1)/p
< Clug) / (1+s*<p*1>/p) IV9R,/@p) ( / O ()P CP) (s, x) dac) ds
0
t
< C(ug,¥) R-N+D@—re)/p / <1+87(p71)/p> Ir(s)2®P=D/P gs
0
t
< C(ug,¥) R-WN+DE—re)/p / <1+S—(p—1)/p> (14 Ip(s)) ds. (4.5)
0

It now follows from ([.J), ([£5), and Gronwall’s lemma that

Ir(t) < (1 + |luollr) exp {C(uo,ﬁ) R-WNHD@=P/p (1 4 tl/P)} 1,  t>0. (46)

Since 791;%/ 27P) ;1 as R — oo and the right-hand side of (f.f) is bounded independently
of R > 1, we deduce from ([£§) and Fatou’s lemma that u(t) € L'(RY) and |Vul? €
LY((0,t) x RN) for every t > 0. We are then in a position to apply once more the Lebesgue
dominated convergence theorem to conclude that

t
Jim Tn(t) = [u(®)] + / / Vu(s,2)|? deds, >0, (4.7)
— 00 0

while ([£5), (£.6), and the assumption p > p. ensure that

lim /Ot/v (19%/(271))) (x) - (|Vu|p72 Vu) (s,z) deds =0, t>0. (4.8)

R—o00

We may then pass to the limit as R — oo in ([.3) and use (£4), (£7), and ([£§) to obtain

Y. o

We complete now the panorama with the corresponding result for p = p. > 1, which
requires N > 2.

Proposition 4.3. If p=p., ¢ > 0, and ug satisfies (L.§) along with
uo(x) < Co 2™, zeRV, (4.9)

for some Cy > 0, then

t
u®l+ [ [ 1Vu(s,a)it dzds = uoly. =0, (4.10)
0

Proof. A straightforward computation shows that (t,2) — Cp |z|™" is a supersolution to
(IL1) in (0,00) x RV \ {0} and we infer from ([.9) and the comparison principle that

u(t,z) < Cy |z|™, (t,z) €[0,00) x RV \ {0}. (4.11)
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Next, let ¥ be a non-negative and smooth compactly supported function in RY such that
0<9<1,9=x) =1 for x € B1(0), and ¥(x) = 0 for z € RV \ By(0). For R > 1 and
z € RY, we define Ip(x) := J(z/R). We multiply (1)) by (1 — 9r)Pe u, integrate over
RY, and use Young’s inequality to obtain

/(1 —Og)Pe u? dx < —/V (1 = IR)Pe u) - |VulPe™2 Vu dz

N |
&=

< —/(1 _dp)e [VulPe de + pe /way (1= 9p) [Vu)" u da
—(2—pe) /(1 —Igr)Pe [VulPe d$+/|VﬁR|pc uPe dx .

Integrating with respect to time over (0,¢) and using the properties of I, ([.9), and ({.11))
give

t t
(2 = pe) / / |VulPe deds < (2 — pe) / /(1 — 9P |VulPe dads
0 J{|z|>2R}
= % /(1 — OR)" ug dr + - / /‘W " e dads

Co up () OPC‘luwn”c
§7/ W dr + // | ‘N(pc 1 dzds
{lz|=R} {lz|>R} [T

Co o~ 1\|V19||€g
< —= ug(z) doe + ————— / / u(s,x) dxds,
2RY Jijei=R) RN {la|>R}
whence
/ / |Vul|Pe dxds < ( o) w(t, R), (4.12)
{|z|>2R}
with

t
w(t,R) = / uo(x) dx +/ / u(s,x) dxds .
{lz|=R} 0 J{lz|=R}
Now, owing to (f.19) and Hélder’s inequality, we have

t
'/ /V (19%) | VulPe 2V dxds
0

¢ (pe—1)/pe ' 1/pe
< N / / |VulPe dzds (/ /|V19B|pc dxds)
0 J{|z[>R} 0
N (N-1)/2N
< N [2 C]gbg’ uo) w (t’gﬂ V9|, t1/pe RIN=pc)/pe

R\ (N-1)/2N
< O, up) t7 w (t, 5) .

Since u € L*°(0,t; L*(RY)) by (6-3) and ug € LY(RY), it readily follows from the Lebesgue
dominated convergence theorem that w(t, R/2) — 0 as R — co. We have thus proved that
(B.§) also holds true for p = p. (since p./(2 — p.) = N) and we can proceed as in the end
of the proof of Proposition [i.]] to complete the proof. [
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We prove now a first result concerning non-extinction in finite time in the range ¢ > p/2.
Apart from the interest by itself, this result is also a technical step in the proof of the next
estimates.

Proposition 4.4. Let p > p., q € (p/2,00), and an initial condition ug satisfying ([L.§)
as well as (£9) if p = pe.. Then the solution of ([L1)-(I.2) cannot vanish in finite time.

Proof. We borrow some ideas from [f], Lemma 4.1]. Assume for contradiction that there
exists T' € (0,00) such that u(T) = 0 and ||u(t)||1 > 0 for any ¢t € [0,7"). For 6 € (0,1) to
be specified later, define

FEy(t) = /u(t,m)”@ de, t>0. (4.13)

Let A > 0 (to be chosen later) and @ € (p/2,p) such that @ < ¢g. We use Proposition [L.]]
for p > p. or Proposition [..3 for p = p., ([2.§), and Hélder’s inequality to get

d
@l == [ [vultde > | Tuollc? [ [Fu2u e ds

Q/p (r—Q)/p
> —C(ug) </ [Vu|PuPe dw) (/ uPN (P=Q) dx) )

We now choose A in order to find the derivative of Fy in the first factor in the right-hand
side of the above inequality. More specifically, by differentiating in (f.13) and using ([L.1]),
we find

d

%Eg(t) =(1+40) /u(t,x)g(Apu(t,x) — |Vu(t,z)|?) dx

<—0(1+0) /u(t,x)9_1|Vu(t,x)|p dz,

hence, we choose \ such that pA/@Q =1 — 6 > 0. The inequality thus becomes

d d Q/p (p—Q)/p

Gl > ~Ctu) (~g2a0) " ([t @an) T )
We choose 6 such that Q(1 —0)/(p — Q) = 1, that is § = (2Q — p)/Q € (0,1). Using
Young’s inequality, we arrive to the differential inequality

d d Q/p B d
I > ~Clun0) (5 Ea®) " IO > e Ea(t) = Clun. e,

for € > 0; we integrate it on (¢,7) and use the time monotonicity (p.3) of |jul|; to get

T
—llu@llx + C(uo, 0,e)(T = )[[u(®) |y = —[u(®)]l1 + C(Uo,G,e)/ [u(s)ll1 ds > —eEp(t),
t
whence
Ep(t)
=1 [Ju(®)]y
But on the other hand, we notice that
Ep(t) 0
< |lu(®)||ee =0 ast— T,
[u(®)l1 =
which is a contradiction with (.15). Thus, there cannot be a finite extinction time T > 0.
U

(4.15)
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As a consequence of this non-extinction result, we are able to prove that, for p > p. and
q > p/2, the positivity set is the whole set Q.

Corollary 4.5. If p > p., ¢ > p/2, and ug satisfies ([L.Y) as well as (L9 if p = pe, then
the solution of (L1))-(L.9) is such that u(t,x) >0 for (t,z) € Qeo-

Proof. We first consider the case p > p.. Let t > 0 and § € (0,1). We first recall that,
since p > p. and q > p/2, we have

(V(u + 5)@*2)/?(75,9@)( <o(t) = Clu) (1+¢77), werY, (4.16)

by ([I9) and ([20), taking into account Remark [.4 and ([24). Fix zo € RY. For
r € RN, we infer from (f.16) that

(ult,z0) + ) P27 < (u(t,z) +8)P~2/P 4 (1) |z — o).

Multiplying the above inequality by (u(t,z) + 5)2/ P and integrating with respect to = over
B, (z0) for some 7 > 0 to be determined later give

</ (u(t, ) + 6)*/7 dx) (u(t, zg) + 6)P~2/P
Br(z0)

< [ Jutta) 404+ 00) lo ol (ult.o) + )] do.
By (z0)

Noting that

p/2
M(r,6) == / (u(t,z) +0) de < / (u(t,z) + 5)2/1) dx |Br(x0)|(27p)/2
BT(‘TO) Br(l'o)

by Holder’s inequality, we obtain

| B, (20)|P=2/P M(r,6)2/P (u(t, z0) + 6)P=D/P < M(r, 5) <1 () |ul®) +5||gfp)/p> ’

1B (x0) 727 M(r,8)* P/ < (ult,w0) + )2 (147 6(¢) [[u(t) + 6] 277 .
Letting 6 — 0, we end up with

| By (x0)|~" M(r,0) < uf(t,xo) (1 +r p(t) ”u(t)”%p)/py/(?—p) _

Since M (r,0) — ||u(t)||1 as r — oo and |lu(t)||s > 0 by Proposition [[.4, we may fix ro large
enough such that M(rp,0) > 0 and deduce from the above inequality with r = ry that

0< |Br0(xo)|*1 M(r9,0) < u(t,zp) (1 + 1o o(t) Hu(t)\léi*p’/p) ,

which shows the positivity of u(t, zg).

Next, if p = pe, ¢ € (p/2,0), 6 € (0,1), and (t,z) € Qo, it follows from ([L.25), (|L.26),
and Remark E that

‘v(“ + 5)71/N(75,$)‘ < C(uo) <log (%))Upc <1 + t*l/pc> .
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Fix # € (0,1/N). Then, owing to the boundedness of the function r s r(1=NO/N|1og 1| 1/Pe
for r € [0, ||up||0o + 1], we have

V(u+6) o) = NO(ut,z)+ 8NN (V(u +8)"UN (¢, 2)
< C0,u0) <1 + t*l/f’c) ,

for (t,x) € Qw and we may proceed as in the previous case to establish the claimed
positivity of u in Qs. []

We are now in a position to prove the two main results of this section.

Proposition 4.6. Let u be a solution to ([L1))-([.Y) with an initial condition ug satisfying
(L) as well as ([E) if p = pe. If p > pe and q > qy, then we have tlim llu(t)]1 > 0.
—00

Proof. From Proposition [L.] (if p > p.) and Proposition L. (if p = p.), we have, for any
1<s<t<oc:

lu(s)[ly = \|u(t)\|1+/:/<u(7-,x)1/(I|Vu(7',x)|)qu(7',x) dedr.  (417)

We want to use the gradient estimates ([L.19), ([L.20), (1.29), and ([L.26), and thus split the
proof into three cases.

Case 1: p > p. and g > 1. In this case, by using the gradient estimate ()7 together
with the decay estimate of the L>-norm (B.]), we write, since ¢ > p/2:

u(T,x)_l/q \Vu(r,z)| =C u(T,x)(Qq_p)/pq ‘Vu_(Q_p)/p(T,x)‘
< C |ju(r)||@a=P)/ra 7=1/p

< C [fug|| PPN = Nn2a—p)/pa-1/p,

hence

<u*1/q(7',x) \Vu(T,x)])q < Clug)T 8.

Plugging this inequality into (f.17) and taking into account that & < 7, it follows that

t
lu(s)lh < llu(t)ll1 + C(uo) / ()| € dr
< Jlu(®)|l1 + C(ug)|Ju(s)||y s "NFDa=a),

where we have used the time monotonicity (f.J) of the L'-norm. We can rewrite the last
inequality as
Ju®lls = ()l (1 = Clug)s 1V +Da=2)) (4.18)
Using again that the exponent of s in the right-hand side of ({.1§) is negative, we realize
that 1
lu®lly = Slluls)ll, ¢ =s,

for s large enough. Thus, using the non-extinction result of Proposition [l.4, we find that
Jim[Ju(t)[[ > 0.
o
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Case 2: p > p. and ¢, < g < 1. We use the same ideas as above, but with slight changes
since the gradient estimate has now an extra term. Since (L) is autonomous, we infer

from ([:20) and (B-T]) that
7\ ||(2a—p)/p(p—q 1/p
e (G (3)")

< C(ug)r™ /P (1 _i_T—n(N—I—l)(q—Q*)/(P—Q)) < Clug)r V7,

‘vu*(%p)/p(ﬂ z) ‘

IN

for any 7 > 1. The proof then is the same as in Case 1 above.

Case 3: p = p. and q > ¢, = p./2. To estimate v~/ |Vu|, we use (.11), (L.29) (if ¢ > 1)
or ([.29) (if ¢ € (p./2,1)), and the boundedness of the function z 2(2a=pc)/2peq log(e||uol|oo/2)
in [0, ||ug||oo] to obtain, since 7 > s > 1,

u(r, ) V4 |Vu(r,z)| < Cu(r,z)Brreire ‘Vu_l/N(T,m)‘

: elluollos \ )71
C(ug) u(r,z)2a—pe)/pea <10g <7>> 7 1/pe

<

} u(T, x)
< C(uo) u(T,x)@q*Pc)/?pcq = 1/pe

< C'(ug) e”Clo)T,

This estimate, (f.17), and the time monotonicity (f.J) of the L!-norm lead us to
lu(s)lh < [l + C"(uo) Jus)lly e ¥, >,
and we complete the proof as above with the help of Proposition .4 [

For the complementary case, things are different.
Proposition 4.7. Let p € (1,2) and q € (0,¢,]. Then tlim lu(t)]l1 = 0.
— 00

Proof. The proof follows that of [J], Proposition 5.1]. For ¢t > 0, we have

t

[u®l + [ [ V(s dads < Juol

0

by (6.3), hence |[Vu|? € L1((0,00) x RY). Therefore
o0
w(t) == / / |Vu(s,z)|?dzds — 0 as t — oo. (4.19)
t

Consider now a non-negative and smooth compactly supported function 9 such that 0 <
¥ < 1,9(z) =1 for x € B1(0) and ¥(z) = 0 for z € RV \ By(0) and define Ir(z) = 9(x/R)

for R > 1 and z € RY. We multiply the equation (L) by 1 — ¥ and integrate over
(t1,t2) x RY to obtain

/u(tg,x)(l —Vg(x))dr < /u(tl,x)(l — Vg(z))dx

to
+/ /|Vu(s,x)|p_2Vu(s,x) - Vig(z)dxds,
t1
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hence, taking into account the definition of Jg,

/ u(te, z)dr < / u(ty, )dx—}—— /|Vus z)[P7L VI (z/R)| dxds.  (4.20)

|z|>2R lz|>R
We now divide the proof into two cases.

Case 1: p > pey, ¢ € [N/(N +1),q4]. Let us first consider the case where ¢ € [p — 1, q4]
and ¢ > N/(N + 1). We apply Holder’s inequality to estimate

to
/ Vs, )| L[V9(x/R)| duds

to (p-1)/
< R(N(quﬂ)*q)/qqugnq/(qipﬂ)(t2 — ty)laPtD/a (/ /|Vu(s,x)|quds>
t1

< C(QQ)R(N(Q*erl)*(I)/(I(tQ _ tl)((I*erl)/qw(tl)(pfl)/q,

hence, replacing in (4.20)) we obtain

lu(ta)|r = /u(tg,x)dx—i— / u(ty, x) dx

|z|<2R |z|>2R
< CRM|u(t2)e + C()RNa—PT=0)/a(1, _ ¢ )la=pt/ay ¢, )p—1)/a
+ / u(ty, z) dr. (4.21)
|lz[>R

Taking into account that ||u(t2)|/ec < C(uo)(t2 —t1)~™¢ by (B.d), we optimize in R in the
previous inequality. Choosing

R = R(ty,t2) := w(t) P~/ WNE=D+a) (¢, _ ¢, )aNe+ta—p+1)/(a+N(p=1))

we obtain

lu(t2)]loe <C(ug,d) w(ty)NP=D/WNE=1+a) (4, _ ¢ )aNN+DEa=g.)/(N(p=1)+q)
/ t17
|z[>R(t1,t2
Noting that
gNE+g—p+1=E(@N+1)(g-p+1)+Np-1))>0

since £ > 0 and ¢ > p — 1, we may let to — oo in the previous estimate to obtain that
|u(t2)]|co — 0 as ta — oo when ¢ < ¢y, and that

JimfJu()] < Cug, 9)w(t)NP=V/@ENE=) 4 a5 4 — 0,
— 00

for ¢ = q.

In the remaining case we can always fix () > ¢ such that @ € (p—1,¢) and Q > N/(N+1).
Introducing

U(t, @) == ||Vuo|| L@~/ @=p+l) <HVUOHgg?—p)(Q—q))/(Q—pﬂLl) t,x) , (t,2) € Qoo ,
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we deduce from ([.1]),([L.9), and (R.§) that
dua(t,x) = ||VuolZP~D@-0)/(@=pt1) g, <HVUOH(()(O%p)(qu))/(prJrl) t,x)
= Hvuo||;O((p—1)(Q—q))/(Q—p+1) (Apu — |Vul?) <HVUOHgg?—p)(Q—q))/(Q—erl) t,x)

< Ayt m) — | Vuel|$9 [Va(t, 2)|9 Hv“ (HWO||ggz—p>(cz—q)>/(@—p+1> t)

< Apﬂ(t’x) - |VZ~L(75,$)|Q,

H(J*Q
o0

with a(0) = Uy := ||Vu0||go(Q7q)/(pr+1) up. Denoting the solution to ([.T)-([[.3) with @
instead of ¢ and Uy instead of ug by U, the comparison principle entails that o < U in
Qoo According to the choice of (), we are in the situation of the previous case and thus
|U(t)|][1 — 0 as t — oo and so do [|a(t)||; and ||u(t)]]1.

Case 2: p > p. and ¢q € (0, N/(N + 1)) or p < p.. It is an obvious consequence of the
extinction in finite time established in Theorem L1 O

5 Improved decay rates and extinction

While the behavior of solutions u to ([[.1]) depends strongly on the values of p and q as
depicted in Theorem [, it turns out that, as we shall see below, the proofs also vary with
these two parameters. Indeed, recalling the definition of q; in ([.7), finite time extinction
will follow by the comparison principle when either p € (1,p.) or p > p. and q € (0, q1],
while a differential inequality will be used for p > p. and q € (q1,p/2). A similar differential
inequality will actually allow us to prove the stated temporal decay rates for p > p. and
q € [p/2,q+). The particular case p = p. has to be handled separately. Still, the proof
of Theorem .9 for p € (p.,2) and q € (q1,¢), (P,q) # (e pe/2), relies on the following
preliminary result:

Lemma 5.1. Assume that p € (p.,2), ¢ € (p—1,¢), and consider uq satisfying ([.§) and
0 < up(x) < Ko |z|~P~0/la=pt) = 5 e RN (5.1)

for some Ko > 0. Then, for s >0 and t > s, we have
lu(®)ll < C(uo) [lu(t)]|3 . (5.2)

with
0:=(N+1)(gx—q)/(p—q). (5.3)
Assume further that q € (q1,qx). Then

lu(®)]lr < Clug) [Ju(s)| 8 (t— )=V, (5.4)
where £ is defined in (L.7).

Proof. For x € RN, z # 0, we define

Yy q(z) = |7 PO/ @D and 4y =

g—p+1 (N(p—l)—q(N—n)W‘””
P—yq g—p+1 '
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An easy computation shows that, for any A > Ay, A 3,, is a classical (stationary)
supersolution to (1)) in R\ {0}. Owing to (B1) uo < A ¥, for A = max {Kj, Ag} and
the comparison principle ensures that

u(t,z) <A X, (x), (t,2) € Qo - (5.5)

Since ¢ < g, it follows from (p.5) that, for ¢ > 0 and R > 0, we have

@ < / u(t, ) dx+/ u(t, ) dz
B (0) RN\ B(0)

< CRY u()so + Clug) / PN=1=((r=0)/(a=p+D) gy
R

< Cluo) (BY flult)lloo + RNV lap41))

Choosing R = ([|u(t)]|es + 6) 0P/ ®P=9 for 5 € (0,1), we obtain that
lu(@)l1 < € (Ju(®)l|oo +6)” ,

the parameter 6 being defined in (5.3). Since # > 0 and the above inequality is valid for
all § € (0,1), we end up with (5.9) after letting § — 0. We next combine (B.J) and (f.2)

to deduce (5-4). 0O

5.1 Improved decay

In this subsection we prove the first part of Theorem [L.3.

Proof of Theorem [1.3 (i): p € (pe,2) and q € (p/2,qx). Consider T > 0 and define

m(T) = sup {tP=0CED ()},
te(0,77

the parameter 6 being defined in (F.J). Let t € (0,7]. Since ug satisfies ([L.13) and
q € (q1,4x), we infer from (p.4) with s = ¢/2 that

()
<G,
= CO(up) {<§>(p_q)0/(2q—p)

< Clug) m(T)*.

134

t®P=D9/Ca=p) 1y (t)|l, < C(ug) +(P—a—=N&(2¢-p))0/(29—p)

1
q€0 < " ) a(p—9q)£6%/(29—p)

(1)

2
The above estimate being valid for all ¢ € (0, 7], we conclude that m(7) < C(ug) m(T)%?,
whence m(T") < C(ug) since

< Cf(uo)

N¢(2g —p) -
pP—q

0 =1-— 1.
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Since the constant C(ug) in the bound on m(T") does not depend on T > 0, we have thus
shown that

u()|1 < Clug) t—@=D/Ca=p) 5 ¢, (5.6)
Combining (B.3) (with s = ¢/2) and (5.6) gives
lu(t)l|oo < C(ug) ¢~ W=D/C=p) >0,

and completes the proof of () ]

5.2 Exponential decay

In this subsection we prove the second part of Theorem [[.9, which illustrates the role of
branching point that our new (and initially unexpected) critical exponent ¢ = p/2 plays
on the large time behavior of solutions to ([L.1]).

Proof of Theorem [.3 (ii): p € (pc,2) and ¢ =p/2. In that case, the parameter 6 defined
in (5.3 satisfies g€ = 1, N0 = 2N/p, and, since q € (q1,q,) and ug satisfies ([L.13), it
follows from (f.4) that

lu()lly < Cluo) (t— )2 flu(s)lli,  0<s<t. (5.7)

Let B > 0 be a positive real number to be determined later, T > B and define

m(T) = sup {e? |lu(t)] }-
te(0,T

If t € (B, T], we infer from (5.7) with s =t — B € (0,7] that
P Jlu(t)lls < Clug) BN P lu(t = B)|li < C(ug)e BN m(T),
while, if ¢ € (0, B], we have e!/? |lu(t)||1 < e |lug|/1. Therefore,

P u@)lh < e lluolly + Clug) BN m(T),  te(0,1],

(1 Faimn ) m() < e ol

Choosing B suitably large such that B2N/? > 2C (ug) ensures that m(7T") is bounded from
above by a positive constant which does not depend on 7. Consequently, |u(t)|l;1 <
C(ug) e7¥B for t > 0 which implies together with (BJ) that [|u(t)]. also decays at an
exponential rate with a possibly different constant. [J

We now show that, at least for p > p., the exponential decay obtained so far is optimal
in the sense that the L'-norm of u cannot decay faster than exponentially. More precisely,
we have the following result:

Proposition 5.2. If p € (p.,2), ¢ = p/2, and ug satisfies ([[.§), then there are positive
constants Ci(ug) and C(ug) depending on p, q, N, and ug such that

lu(®)l1 + u()lloo = Cf (uo) e~ ¢ > 0. (5-8)

In addition, P = Q-
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Proof. Let t > 0. By Proposition [L.1], we have
d p/2
Zle@ll + [ [Vu(t,2)P" dz =0,
while the gradient estimate ([[.20)) implies that

|Vu(t,z)| = % u?P(t, x) ‘Vu*@*p)/p(t,x)‘ < C(ug) u¥?(t,z) <1 +t71/p) _

Combining the above two properties leads us to
d -1
< = /p
0 < Zu®) +Cluo) (14+777) Ju(®ls,

from which we readily conclude that ||u(t)||1 > |luoll1 e=Cwo)(t+'/7) for ¢ > 0. On the one
hand, this implies that [|u(t)||; > |luolli e~¢®0)* for ¢ > 1, whence (F-§). On the other
hand, we have ||u(t)|[; > 0 for all ¢ > 0 and we proceed as in the proof of Corollary [.J to
show that u(t,z) > 0 in Qu. [

Proof of Proposition [[.§. We check the first assertion which readily follows from Proposi-
tion 4 and Corollary [.J when p > p. and ¢ > p/2 and from Proposition [.9 for p > p.
and g = p/2. Consider next the case p = p. and ¢ > p./2. A classical truncation argument
ensures that there exists a non-negative compactly supported function g satisfying ([.§)
and 7y < ug in RY. Denoting the solution to ([L.1]) with initial condition g by 4, we infer
from the comparison principle that % < u in Q. In addition, @ obviously satisfies ([.9)
for some Cy > 0 and we are in a position to apply Proposition [£.4 and Corollary [ to @
and deduce that ||@(t)[|; > 0 for all £ > 0 and @ > 0 in Q). Consequently, u enjoys the
same properties which completes the proof of the first assertion in Proposition B

Next, the second assertion follows from Proposition .7 if ¢ € (0, ¢] and from Proposi-
tion [L.q if p > p. ad ¢ > ¢,. Finally, if p = p. and ¢ > ¢,, there is a non-negative compactly
supported function g satisfying (.§) and g < ug in RY. On the one hand, the com-
parison principle guarantees that the solution @ to ([[.]) with initial condition @ satisfies
@ < u in Qu. On the other hand, g clearly satisfies (JL.g) for a suitable constant Cy and
Proposition [L.f ensures that tllglo |la(t)][1 > 0. Combining these two facts completes the

proof of Proposition [L.g [

5.3 Extinction

To complete the proof of Theorem [L.9, it remains to establish that finite time extinction
takes place when p > p. and ¢ € (0,p/2). To this end, we need to handle separately and
by different methods the two cases: (a) p € (p,2) and ¢ € (q1,p/2), (b) p € (pc,2) and
q € (0,q1]. Let us begin with the case (a) for which the proof uses Lemma [.1]

Proof of Theorem [1.3 (iii): p € (pe,2) and q € (q1,p/2). Inthat case, we first observe that

N¢(p —2q) -

NEO > qef =1+ 1

)
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the parameter 6 being still defined in (5.3). Setting A := q/(N&A(p — q)) and recalling that
q < p—qasq<p/2and ug satisfies (.16) with Q = ¢, it follows from (f.4) that, for
s> 0,

SIS =
(s) = / IO 4 < (o) () / t(t_d%

< Clug) (—7(5))%0 59N+ p=20)/(p=a)

thus
7(s)/ (@0 < _C(ug) 7 (s) sP20/ (=)
whence
7 (s) 4+ C(ug) s~ P720/(0:=0) 7(5)1/(a€0) < | s>0.

Since 5 .

b —24q

=1- <1,
aG—q (N +1)é(gx —q)

we infer from the above differential inequality that the function 7 : s+ 7 (S(N +1)8(ax _Q))
satisfies
7 (s) 4+ C(ug) 7(s)Y/ %) < 0, s>0.

Since €0 > 1, we readily deduce from the above differential inequality that 7(s) vanishes
identically for s large enough and so do 7(s) and ||u(s)|;. O

We next turn to the remaining case for p > p. for which we cannot use Lemma [.1. We
instead argue by comparison.

Proof of Theorem [.3 (iii): p € (p.,2) and q € (0,q1]. Inthat case, ¢; < p/2 and, recalling
that Q € (q1,p/2) is defined in ([L.16), we put

U(t, @) == ||Vuo|| L@~/ (@=p+1) 4, <HVuOHgEDQ*p)(Q*q))/(Q*pJFI) t,x) , (t,2) € Qoo -

It follows from ([[.1)), ([:3), and (2.3) that

Bt ) = |[Vuo|Z P~D@=a)/@-p+1) atu(Hvuo\\gg?—pXQ—q))/(Q—p“) m)

[ Vg || (P~ D@-2)/(Q=pH1) (A 4y — [Vul?) <HWOHg(oz—p)(czfq>)/<czfp+1> m)

< Al @) — [Vuo| & Vit 2)|2 || Tu (|[Vuo [P Q-0 @pr1) ¢)
< Ayii(t,z) — Vit 2)[2,

Hq—Q
o

with @(0) = Up := || Vug|a@ /@™ 45, Denoting the solution to (L)-(L.9) with @
instead of ¢ and Uy instead of ug by U, the comparison principle entails that o < U in
Qoo- As Q € (q1,p/2) and uy satisfies ([.1), we already know that U has the finite time
extinction property by Theorem [.9. Consequently, @ and also u are identically zero after
a finite time. [J

The other two extinction ranges, either p = p. and ¢ € (0,p./2), or p € (1,p.) and ¢q > 0,
have been already considered in Theorem [[.] and proved in Section B
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5.4 A lower bound at the extinction time: p € (p.,2) and ¢ € (¢1,p/2)

It turns out that a simple modification of the proof of Theorem [[.9 for p € (p.,2) and q €
(q1,p/2) provides a lower bound on the L'-norm and the L>-norm of u(t) as ¢ approaches
the extinction time T.

Proposition 5.3. Assume that p € (pe,2), ¢ € (q1,p/2), and that ug satisfies ([L.Y) and
([18) (with Q@ = q). Denoting the extinction time of the corresponding solution u to

(LI)-(L2) by T., we have
C (T, - 75)(1\7+1)(q*41)/(pf2q)
C (T, —t)P=9/(p=20)

||u(t)||1 3 te (O’Te) ) (59)
[u@®)|loos  t€(0,Te). (5.10)

ININ

Proof. By Theorem (ili), T¢ is finite and [ju(t)|; > 0 for t € [0,7¢). Setting A =
q/(N€6(p — q)) with 6 defined in (5.3) and recalling that ¢ < (p — q) as ¢ < p/2, it follows
from (p.4) that, for s € (0,Te),

Te T,
) = [ IR de< Ct) i [ s
< C(ugp) (_7-/(8))QE9 (T, _S)(p—QQ)/(p—Q) ,

from which we deduce the following differential inequality:
()90 < —C(ug) 7'(s) (T, — S)(p72q)/(q(N+1)£(qwq)) ’

whence

7(s) + Clug) (To— 5)*(p*2q)/(q(N+1)£(qrq)) (s)/@€%) <, s € (0,Ty) .

Since

1 N(p —2q) p—2q Né&(p—2q) +q
 —1- 1 d —1- 1
q&o q(N +1)(g« — q) =L (N +1)&(qx — q) q(N +1)&(qx — q) =

the above differential inequality also reads

a [T(S)N(p—QQ)/(Q(N'f‘l)(Q*—‘1)) — C(up) (Tn— S)(Né(p—2Q)+q)/(q(N+1)£(q*—q))] <0
ds e —

for s € (0,T,). Integrating the above inequality with respect to s over (¢, T.) for ¢t € (0,T%)

gives
C(ug) (T, — t)NeP=20+0)/(a(N+1)(g-—a)) (t)N(P=20)/(a(N+1D) (g =) |

(t). (5.11)

IN N

Clug) (T — t)NeP=20+0)/(NE(p=2q)
Owing to the time monotonicity (6.J) of ||ul|1, we have
e A A
(1) = /t [u(s)llt ds < (Te =t) lu@®)]1,  t€(0,Te) . (5.12)

Combining (5.11) and (5.19) gives (5.9). Next, (b.10)) readily follows from (5.2) and (5.9).
O

34



6 Well-posedness

In this section we study the existence and uniqueness of a solution to ([I)-([[.3). This is
done through an approximation process, in order to avoid the singularity in the diffusion.
We begin by stating in a precise form the notion of a viscosity solution to the singular
equation ([L1]). The standard definition has been adapted to deal with singular equations
in [[[9, B4], by restricting the comparison functions. We follow their approach. Let F be
the set of functions f € C2([0,00)) satisfying

FO) = /(0) = "(0) =0, f'(r) > 0 for all r >0, lim |f'(r)P~24"(r) = 0.

For example, f(r) = r? with ¢ > p/(p — 1) > 2 belongs to F. We introduce then the
class A of admissible comparison functions 1) € C?(Qs,) defined as follows: 1 € A if, for
any (to, o) € Qoo Where Vii(tg,xg) = 0, there exist a constant 6 > 0, a function f € F,
and a modulus of continuity w € C(]0,00)), (that is, a non-negative function satisfying
w(r)/r — 0 as r — 0), such that, for all (t,z) € Qo with |x — xg| + [t — to| < I, we have

[Wh(t, @) — (to, xo) — et (to, o) (t — to)| < f(lz — wol) + w([t — to])-

Definition 6.1. An upper semicontinuous function u : Qs — R is a viscosity subsolution
to (L) in Qoo if, whenever v € A and (to, o) € Qoo are such that

u(to, xo) = Y(to, xo), u(t,z) <Y(t,x), for all (t,z) € Qo \ {(to,z0)},
then

{ Op(to, o) < Apth(to, xo) — [Vap(to, w0)|9 if V(to, xz0) # 0, (6.1)

Opp(to, o) <0 if Vo(to, zg) = 0.

A lower semicontinuous function u : Qs — R is a viscosity supersolution to ([.I) in Qo
if —u is a viscosity subsolution to (L)) in Quo. A continuous function u : Qs — R is a
viscosity solution to ([L]) in Qoo if it is a viscosity subsolution and supersolution.

We refer to [R4] for basic results about viscosity solutions; in particular the comparison
principle is [4, Theorem 3.9] and the stability property with respect to uniform limits is
[B4, Theorem 6.1]. We are now ready to state the main result of this section.

Theorem 6.2. Given an initial condition ugy satisfying (L) there is a unique non-negative
viscosity solution u to ([LA)-(L.9) which satisfies the gradient estimates stated in Theo-
rems [[.3, and [ according to the range of (p,q). In addition, u is a weak solution to

[ED-ED), that is,
t
/(u(t,m) —u(s,x)) ¥(z) dzx +/ /(\Vu!p_Z Vu-VI+|Vul? 9) dedr =0 (6.2)
fort>s>0 and all ¥ € C(RY) and satisfies

[u®l+ [ [ 1Vutr)lt dadr < fu)l (0:3)

Remark 6.3. In fact the existence result can be extended to a larger class of initial data,
namely ug € BC(RN). This can be proved by further reqularization and arguing as in [I}].

The rest of the section is devoted to the proof of Theorem [.3. This will be divided into
several steps.
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6.1 Approximation

In a first step, we have to introduce a regularization of ([.1]) in order to avoid the problems
coming from the singularity at points where Vu = 0 and from the possible lack of regularity
of the solutions. For ¢ € (0,1/2), we let

0=(§) = (€ + )P b (§) = (6 +)PP = €20, (6:4)
and consider the following Cauchy problem

{ Opue — div(ae (|Vue |2 ) Vue) + b (|Vue|?) =0, (t,7) € Qoo

u:(0,2) = upe(z) + &7, z € RV, (6.5)

where v € (0,p/4) N (0,¢/2) is a small parameter such that v < min{p — 1,1 — k} and
uge € C°(RY) is a non-negative smooth approximation of ug satisfying

[uoelloo < [luolloo and [[Vugelloo < (1 + C(uo)e)[[Vuol|oo (6.6)

and such that (ug.) converges to 1y uniformly in compact subsets of RY. Further small-
ness conditions on v and ¢ will appear in the sequel and will be stated wherever needed.
By standard existence results for quasilinear parabolic equations [PJ], (b.5) has a unique
classical solution u, € C3+9)/23+9(]0, 00) x RN) for some § € (0,1). By comparison with
constant solutions €7 and €7 + ||ug||~0, we find

e’ <wue(t,x) <e¥ 4 ||Juglloo, (t,2) € Qoo (6.7)

We now turn to estimates for the gradient of u.. Let ¢ be a C3-smooth monotone function
with inverse ¢ = ¢! and set o = 1/¢/. Defining v. := ¢~ !(u.) and w. = |Vv.|?, the
regularity of a., b., and u. allows us to apply [E, Lemma 2.1] and obtain that w. satisfies
the differential inequality

Owe — Aqwe — Be - Vw, + 2R5 w? 4+ 2R5 w. <0 in Qu, (6.8)
with
Acwe = a:Aw. + 2al (Vue)' D*w.Vu.,
/ANG 1\2
. a
B (5) - (-0 ) e
2 Qg
_2 ale (2(()0//)2 +SOI (P”/) w57
B " 2
/ /
RS = ()2 (2L (¢)?we — be)

in which we have omitted to write the dependence of a. and b. upon |Vu.|? and that of
@ upon v.. Setting g := (|Vuc|* + e2)1/2 we have |Vu.|? = g2 — £ and we proceed as in
Section P to compute R§ and Rj:

Ri =(p—1) R] + g2 R}, with Rj := 9572 [k‘ Q/(u€)2 — (QQ”)(UE)] ,

) / 6.9
Bm (= 1) B+ By with B o= () ) o, o
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and

5= [(p—2)0d” — (p— DE()?] (ue) g?*

N (2-p)2(N +47) p(N +3)] o' (ue)? g7 % (g2 — €%, (6.10)

/
4 —
o= () 00 (1),

After these preliminary calculations, we are ready to prove gradient estimates for u., that
will give a rigorous proof of the gradient estimates listed in Theorems [L.3, [L.H, and [L.7
after passing to the limit € — 0 and a tool in the proof of well-posedness. Before the more
sophisticated estimates, let us notice that, taking o(r) = 1, we have R = Rj; = R5 =
RS, = 0 and the comparison principle applied to (p.§) and combined with (f.6) readily
gives

Ve (t)lloo < [[Vugelloo < (14 Cluo)e)[Vuolloo, ¢ = 0. (6.11)
Consequently,

< g <t Vol < [Vaolloo + Clig)e in Qo (6.12)

6.2 Gradient estimates

In this subsection, we prove gradient estimates for u.. We divide the proof into the same
cases as in Section J. In all cases, we will follow the four-step scheme: first estimate
the extra term R w., then the influence of the diffusion term R§w?, then (if needed) the
influence of the absorption terms R5w. and R5;w. and finally find a suitable supersolution,
as in the formal derivation performed in Section [J.

6.2.1 p>p.and q>p/2.

As in Section P.1 we choose

p2 1/p o/
S N P
o(z) (2(2k: +p— 2)> o

and we obtain
2
N v u-2)/p go- o f 22-p)?* 4k(p-1)
2@k +p-2) c P2 2

2 —p)2(N —p(N 2 —¢?
L 2=p)l +pZ) p(N +3)] g2 926 } > _C -2 gt
>

hence, since

‘2 _ [Vaue|? _ gz —¢

o(us)?  o(us)?’
2

2_ C
RSywe > —C ult=2)/p gr=t 200 — 0 gpoi(g2 — ) 0% > g2

Q(ue)2

we = |V<p_1(u€) (6.13)
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by (b.4). Thus, from the formula (B.9), we deduce

He 2 P2 E=p)/e 2 (4—2 2 2(1 2
Ri ’U)E Z (p — 1) (m) ggi ug - p)/pwe — C1€ ( 77)957 We
2 (2-p)/p P 2 p—2
p (4—2p)/pYe — € Ge p—2y
> —1 - - p)/pgE = JE
> (p ) (2(2k p 2)> u, o(u0)? we — Che We

2 (2-p)/p P p
p (4—2p)/pYe — € p—2v
> -1} p)/p2=___— —
= -1) (2(% +p— 2)) e o(u)? Cret e
2

p =l (4—2p)/ 2, 14p/2 (4-2p)/p_ E¥
> (p—1 —2p)/p p— p/2 _ ~2p)/p
= (p ) <2(2k +p— 2)) Ue Q(ua) We Clus Q(UE)Qwa
— C1eP P, > (p— 1) wltP? — C1eP~ My,
where we have repeatedly used the lower bound in (b.19), (6.7), and (b.13). We also have
q-2 _

Rsw, = Cu_ ! [e7 — g2 g (1-q)g?] we. (6.14)

We need to treat in a different way the cases ¢ > 1 and ¢ < 1.

If ¢ > 1, we notice that R%we > 0. Indeed, for ¢ > 1, we have quQg_Z < qegg_l <

el + (¢ — 1)g¢ by Young’s inequality. Hence, we can simply drop the effect of this term
and deduce from (f.§) and the previous lower bound on R that

L.w, := Oywe — Acwe — B - Vw: + 2(p — 1) w;er/Q —C1eP P, <0
in Q. It is then straightforward to check that the function

2/p
p/2
won) = (SEAET e
2p(p — 1)

is a supersolution for the differential operator L. above in (0, er=p)/ 2) x RY, provided we
choose v < p/4. The comparison principle and the definition ([.7) of k& then ensure that

9 _ )\ (P=1/p 1/
Vu;(Z—p)/P(t,x)‘ < < pp> '’ <1 +Cla”/2> T (6.15)

for any (t,x) € (0,e*77P)/2) x RN. Notice that 4y —p < 0 by the choice of 7, so that the
time interval of validity of (p.15) increases to (0,00) as € — 0.

If ¢ € [p/2,1), we can further estimate the right-hand side of (f.14), taking into account
the lower bound g. > ¢, which implies

R5 > C u;l (aq — angg_Q) >(1-¢q)C u;1 g1 >0,
while (6.7) and (6.13)) give

_ _ 2
(q - 1) nga > —Cs Ug ! gg we > —C3 U ! (52 + Q(ue)Qwe)q/ We
o (o)

> —Cs e Mwe = Cy ([luglloc +7)EITPIP T2,
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where we have used the form of ¢ and (b.7). Combining this lower bound with the already
obtained lower bound on R, we obtain

L.w, := 0w, — A.w. — B, - Vw, + Clw§2+p)/2 — Cs3([|uollos + Ew)(2q—p)/pw£2+q)/2

—Cy (eq—v + ep—Zv) w. <0

in Qs. We notice that the function

4 \2/P
W-(t) = Cs [(IluoHoo + £7)2Qap)/p(r—a) 4 2p=20)/p +62(q—w>/p] n (p_q) —2/p

is a supersolution for the differential operator L. in Qo for a sufficiently large constant
C5. By the comparison principle, we obtain the following gradient estimate:

Vuz E ()| < O [(uollog + )PP o=y Lm0l 1] (6.16)

for any (¢,2) € Qoo

6.2.2 p>p.and g€ (0,p/2).
As in Section P.3, we choose the following function
1/(p—a)
o(z) = <L> V-0,
k+p—q—1

recalling that k +p — ¢ — 1 > 0 in that case. We estimate Rf and R% in the same way as
in Section [.2.], the only significant difference stemming from the special form of p. We
have

< p—4q 2 1 p—4, 2(qg—p+1)/(p—q)
= — —hy2la- D [—2-p)g—p+1)—k(p—1
11 (k—l—p—q—l) (p—q)an Ug [—2-p)g—p+1) p—1)

2-p)@AIN+7) —p(N+3)) g2 — ] _ O/ ot

2 jutil

+
4 gz

)

hence R jw. > —016_27g§72, a similar estimate as in Section (and with exactly
the same proof relying on (f.7) and (f.1)). Consequently, following the same steps as in
Section p.2.1),

gp B 52gp_2
> Cou2a Pt/ L _— P 4 _ 0P 2y,

Q(u5)2
gt — &
> Cpu2a—r+D)/(p=a) e — CheP~ 2Ty,
o(ue)
P
> Cou 0P/ (P=0) oy, )P~ 2y 24P)/2 _ C2ug(q—zﬂrl)/(p—q)8_2wE — C1eP 2y,

o(ue)
> C2u£2q—P)/(p—Q)w£2+P)/2 _ Clep—Q'wa‘
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We next estimate R:
Rjwe = Cuz ' [e7 = qe?g? ™% — (1 — q)g?] we > —Csu ' gluw.
> —Cau; (€ + o(ue)*w.)w. > —Csu_ ! <€qUJ5 + Q(ue)qw?*q)ﬂ)
> (4 {Eq—vwa I ugq—p)/(p—q)wguq)/z] .

From (6.§) and these estimates, and taking into account that v < p/2 < p — ¢, we obtain
that
Low, := Opwe — Acwe. — B - Vwe_|_C2u£2q—p)/(p—q)w£2+q)/2 <w£p_Q)/2 — C4) —Cs5eT Tw: <0.
We look for a supersolution for L. of the form W.(t) = X + ut=%/?. Proceeding as in
Sections B.3 and [f.2.1, we find that
4Cs\* 2p-20)/p(p—0) 2(a—)/ 2/(p—a)
W.(t) = N (Jlug|loo + )2 P—20)/P=0) 2@=/p 4 (4¢,)%/ (P4
2
4 \2/P
+ <_> (luo||so + £7)2P~20/P(P=0) 4=2/p
pCs
is a supersolution in Q.. We thus obtain the following gradient estimate

Vo (t, z)|ue(t, z) VP~ < ¢ [1 + (J[o]|oo + £7)@—20)/pl—a) (g(qf'y)/p i fl/pﬂ . (6.17)

for any (t,2) € Qs. This is the approximation of (R.15), and the discussion with respect
to the sign of p — 1 — ¢ is the same as in Section P.4 and is omitted here.

6.2.3 p=p..

We follow the same general strategy as in the previous cases. The computations are slightly
different since logarithmic terms appear in the choice of p.

For ¢ > p./2, we take
o0(z) = 2V (1og M, —log 2) NFV/2N M = e(|luglae + €7).
Let us notice first that, by (.7),
1 <log M, — log u.. (6.18)
On the one hand, owing to (6.19),

N+1
R = % uN {2(10g M. —logu:)'"™ + (log M. — log u.)~V=D/N
N+1
> S ug/N gPe2(log M. — logue)l/N.

- 2N
On the other hand, after direct, but rather long computations, and dropping, as usual, the
last term in the expression (B.10) of RS, we deduce from (.1§) that

AN +2
el (log M. — log u. )N

N1
f > 2N gped [_2(10gMa—logue)(N+”/N+

N2 € N
N-1
v (log M: —1 —(N-1)/N
+2(N+1)(Og . — logue)
N+1
> -2 2N grei (log M, — logu ) NN

= N2
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Consequently, thanks to (6.4) and (B.13), we have

NALT 9N pe-a
- N2 ug/ ggc

—Cru gl (g2 — %) = —Cy e Pgl ™2,
Using again (6.7), (p-12), (p-13), and (p.1§), we can now estimate

REw? > Cogle 2u2/N (log M. —logu )N w? — €277 gpe2yy,

(log M. —log us)(NH)/N 792 <
Q(u€)2

Y

£
Rijwe

Y

(& C_2
2/Ngg - 829? 1/N Pe—27
> Cou 5 (log M. — log u,) we — Che We
Q(ue)
Pe
> Cou?N (log M. — logu)YN | o(ug)Pe2 wHre)/? — h% — Oyl 2,
€

> 02w£2+pc)/2 _ 02u;2 (IOgM _ 10g ug)*lgpc we — Clgpcf%/ w.

> ng§2+pc)/2 — CePe™ 2y,
It remains to estimate Rg By direct computation, we find

&

P N+1 2log M, —2logu. — 1
27 2Nu, log M. — log u,

[ — ge%gd ™% — (1 — q)g?] . (6.19)

If ¢ > 1, we have €7 —ge2g? ™ > 0 (as in Section [.2.1]), which, together with (5.13), implies
R5 > 0. We can simply drop this term and end up with

L.ow, = 0w, — Acw, — B, - Vw, + ng§2+pc)/2 — C1ePe P, <0

in Qx by (b.§). We then argue as in Section to check that, thanks to the choice of

v, the function
2/pc
2 pe/2
We(t) = ﬂ +—2/pe
pcCo

is a supersolution for the differential operator L. in (0, gr=re)/ 2) x RN, The comparison
principle then ensures that

1/pc
‘Vu;l/N(t,CC)‘ < C (14&N/WD) 7 (log M. — log u (t, z)) /P11 (6.20)

for any (t,z) € (0,e®77P)/2) x RN,

If g € (pc/2,1), we have to estimate R% more precisely. Since the mapping z — (22 —1)/z
is increasing in (0,00) and & — ge2gd™ = > (1 — q)e? > 0, it follows from (f.7), (f.13), and
(b.19) that
(1 —¢q)(N+1) 2log M, —2logu. —1

2Nu, log M. — log u,
> —CauZl(e? + o(ue)?w:) " ?w, > —Csu; (9w, + Q(ue)qw§2+qv2)

> —Cse? Y w, — CyuldNFD=N/N (160 M. — log ug ) 1N +H1/2N ) (2+0)/2

~ —1
SWe > — gd we > —Csu_ " glw,

We go on as in Section R.J by noticing that the function

PR Z(q(N+1)—N)/N(1Og M, — log Z)Q(N+1)/2N
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attains its maximum in the interval (0, ||ugleo + ) at (||uollee + €7)e~VE=1/2 hence we

can write: 3
RS > —Cue? Ywe — Cy (|Juol|oo + €7)@NFD=NI/N 4, 240)/2

It follows that
L.w, = Oyw, — Acw, — B, -Vw, + ng§2+pc)/2 —Cy(JJuollso +57)1/N5w;+q/2 —Cye™ Tw, <0

in Q since vy < p. — 1 < p. — q. We notice that the function

40\ 2/ (Pe—a) - 40\ 2/Pe
W)= (S (ol + <706 4 (MY

4 2/pc 9
+ ti /pc
<pcc2 )

is a supersolution in Q.. By the comparison principle, we obtain

N 1 N. M. Lpe
VU 1,2)] € [(ual + VO 0 ] (1o (D)
€ 9

for any (t,z) € Q.
For q = p./2, following the idea in Section P.3, we choose

0(z) = z20VFV/N (1og M, —log 2) NVFV/N M. = e(||ugl|s + 7).
Proceeding as in the previous cases, we infer from (.7), (f.1), and (f.1§) that

2N+ 1)

Ryjw. > e 2 ghe2
Ry = Nl u?N (log M, — logu.)NT2/N gpe=2
so that
RS w? > ——— (log M. —logu.) w®+P)/2 — Oy ePe™27 4y,
while
Rowe> = % (log M. —logu.) wo)/?,

Using a comparison argument as before we end up with the following estimate
Vu VN (t,2)| < C (log M. — log g (t, z)) NN <1 +ela/pe 4 til/pc)

for any (t,z) € Q.
Finally, if ¢ € (0,p./2), we proceed as in Section to show that (f.17) holds true.
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6.2.4 p<p.and q>1-—k.

We slightly modify the function ¢ from the formal proof in Section P.4 and define the
function o, by

(2 - p— 2k)KP\ /2 /95<’">/Kf dz B 6.21)
2 0 ok (1 — 2-p—2k)1/2 " '
for r € [0, |luo|loo + €7], where
2 —p—2k)KP\'? ! dz
)  uole e (622)
2 0 2k (1 — 22-p2k) /

Observe that K. = £ (|[uglles +£7)*? and K. — K as £ — 0, the constants x and K

being defined in (R.2(). It readily follows from (p.21]) that o. solves (B.19) with K. instead
of Ky and thus (R.1§) and

0:(r) < ¢ KZ7p=2R)/20=k) (. 1/(=k) = e [0, |lug]|oo 4 €7] - (6.23)

Now, omitting as before the last term in Rj; since it is non-negative, we deduce from
(B.19) and (R.19) that
Riy = [(2-p) (kol(ue)® — of (ue)oe(uc)) — k ol(ue)?] g2~
(2= p) 0o(ue)? P = C K277 g, (u)*] g2~
>_C K€27p72k Qs(us)Qk 9574‘

Y

We then infer from (6.19), (.13), (6.23), and the positivity of 2 — p — 2k > 0 that

Ri, w. > —C K‘?*p*% Qe(u€)2k72 9574 (g? — 52) > _C K‘?*p*% Qe(u€)2k72 9572. (6.24)
Since k < 1 and . is increasing, we deduce from (B.7) that
Qe(ue)%_z < 0e (5y)2k72 : (6.25)

Now, on the one hand, as 2 — p — 2k > 0, we deduce from (£.21) that

o _ (@-p—2k)KL . /gs(m/Kf dz
2 0 2k (1— Z27p72k:)1/2

(2 —pP— 2k> i K1k /Qs(ew)/Kf dz
2 € 0 L (Kegfpfyg _ Q€(57)2*p72k) 1/2

z

(2—p—2k>1/2 < 0=(e7)1 7

2
2(1—k) Kg—p—Qk‘ B 95(57)2—17—2/6) 1/2

On the other hand, using again the positivity of 2 — p — 2k and 1 — k and (.23), we find

that
1

0:(e7) < € KETPTERRATR /00 < e s K

(6.26)
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provided e < go(||uo||so) is chosen suitably small. Combining (.28) and (B.26) yields

2 —p—2k\"? 1=k 7—(2—p—2k)/2
< (Skr) et

Consequently,
0:(7) > C &/(1=k) g (2=p=2k)/2(1=k) (6.27)

which, together with (b.19), (6.24), and (6.23) gives

RS, we > —C K2 P2k g-(Cop=2k) =2y gp=2 5 _ 0 op=2-27

Turning to Rj§, it follows from (R.1§), (£.7), (6.13), (F.13), the monotonicity of ., and
(B27) that

Ri wg = QS(UE)%p 9572 w? = 0e(us)™? 9572 (93 - 52) We
> Qe(ue)ip 95 we — &P Qe(ue)ip We = w§2+p)/2 — &P 96(57)717 We
> wHP)/2 _ ¢ p(U=k=)/(=k) g=p(2=p=2k)/(2=2k) 4

Gathering the above lower bounds on Rj and Rj;, we are lead to

RS w? > 2(p — 1) wtP/2 ¢ [pAk=/(=k) [ -p(2=p=2k)/(2-2k) | 61)*27] we.

For ¢ > 1, the influence of ]N%g is a positive term thanks to the monotonicity of g. (as in
the previous cases) and can be omitted. We obtain that

L.w. := Opwe — Acwe — B - Vwe + 2(p — 1) w§2+p)/2 -4 ,ug we <0 in Qo

with
pie = ePUR=/(A=k) [—p2=p=2k)/(2=2k) | p=2y = 0 (6.28)
e—

thanks to the choice of 7. By noticing that

(140 Ly,
We(t)_<2p(p_1) t , t>0,

is a supersolution for the differential operator L. in (0, u_
then implies that

DYxRYN. The comparison principle

Ve, 2)] < C ou(uc(t, @) (1+ )2 712, (t,2) € (0,12") x RY),
whence

Vaue(t,z)| < C (|uglloo +£7)E7P7PER) (8, )/ O=K) (14 p)V/e 4= 1P (6.29)

for any (¢,z) € (0, p_
in Section R.4.

1Y xRN, This is the approximation giving, in the limit, the estimates

44



For ¢ € [1 — k, 1), we necessarily have p > ps. = 2(N + 1)/(N + 3) and, recalling that
k <1, it follows from (B.19), (6.7), (F-19), (6:27), and the monotonicity of g. that

’
- u - )
R5 we > —(1-9q) 0 ue) g¢ we > -C K€(2 P=2k)/2 Qa(ue)k ! g2 w,
Qs(ue)
> —C Kef(z_p_%)/Q QE(UE)k_l <5q + Qe(ue)q wg/z) We
> _C Ke(2fpf2k)/2 [Qa(g’y)kfl el . + Qa(ua)qﬂcfl w£2+Q)/2]
> 0w, O KBTI g (Jugo + 7)1 wf2H0)2
> —(CY [eq_y we + K€(2q—p)/2 wé2+q)/2} ‘

Combining this lower bound with that for RS w? established above, we realize that
L.w := Oywe — Acwe — B - Vw: +2(p — 1) wézﬂ’)/z
— Cy K2a7P)/2 4)(3Fa)/2 _ (¢ 2+ Cy ) w. <0
in Qo with pi. defined by (6.2§). We next observe that the function
(20-p)/2\ /(P9 2/p
—_~n\2/p CQKg 2 —2/
W.(t)= (Cp p24+Cy et NP 4 [ 2= +<7> t2p
0= (C1 ke ) p—1 pp—1)

is a supersolution for the differential operator L. in (), and deduce from the comparison
principle and (B.23) that
Ve (t )] ue(t, ) O ([lug o +£7)~ G720

6.30
<C (ui/p 4 @D/ 4 (|lugl|oo + £7)ZPV/PP=D) 4 t—l/p) (6.30)

for any (t,z) € Q.

6.3 A gradient estimate related to the Hamilton-Jacobi term

We prove, using the same approximation as before, the gradient estimates ([.2§) and
([:29) formally established in Section R.6. As already mentioned, we assume for simplicity
P> pse = 2(N 4+ 1)/(N + 3) and divide the proof into two cases.

6.3.1 ¢e(0,1).

We set o(z) = —2(M,. — 2)/2 for z € [0, M.], where M, := ||ug||oo +2¢7. On the one hand,
we have

Ri: = (k + 1) 9572 (Ma - ua)il >0,
(N +3)(2-p)? o

1)
1n = 1 A

(M. — )"t >0.
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On the other hand, by (B.7), we have

1 — _
Swe = §(Mg —ue) (1 - q)g? + gl — €] w.
> 1-q M. — u)"L (2 2. \4/2. g M. — u )
=75 (M: — uc) (5 + o(ue) ws) we — €1 (Me —ue)™ we
l—q - -
> 9 (Mz-: - uz—:) ! |Q(u6)|q w§2+q)/2 — 7w,

> 29711 — q) (M. — ue)972/2 PHa/2 _ o0y,

> 29711 — q) (€7 + |Juolloo) 7P/ wEHD/2 07y,
where we have used the bounds &7 < M, — u. < &” + ||up||so. Therefore
L.w, := Oywe — Acwe — B - Vw, + C1 (67 + ||uoHoo)(q_2)/2 w£2+q>/2 -7 w, <0

in Q. Now, the following function

2
v @2-q)/q [ 21 ge1/? " —2/q
We(t) :== (€7 + |luolloo) O t , >0,

is a supersolution for the differential operator L. in (0,?7~9/2) x RY. We then deduce
from the comparison principle that

1
Vuelt.2)| < O (M~ uelt.e)? (& + ugll) 0/ (14 e02) 7" 71

1
O (& + luolloo) 7 (140/2)"" 178

IN

for any (¢,x) € (0,e279/2) x RN,

6.3.2 g¢g>1.

We set o(z) = 214 for z > 0. Owing to (F.13), we have

(2—q)/2
~ U
R > = 2 [(p—D(k+q—1) g2 2+ (2—-p)(g—1) —k(p—1)) gZ*]
(2—q)/2
2 Ue p—4
> € 7 (p—D(k+q—1)+2-p)g—1)—k(p—-1)] ¢
oy (2-g)/2
> &2 (q 1)(;216 @i >0.

Since we are interested only in the effect of the Hamilton-Jacobi part, we omit this term.
Next, arguing as in [f] and using (B.7), we obtain

(92 — &%) we

- 1 _ min{1l,q — 1}
RE - = —1)d? q __ 2 q—2 > ’
2 We que [(q )gs te qge ge ] We Z que

> Oy ugt o(ue)? w02 gty >y w@TD/2 g0 g,

€

We obtain that

L.w,: := Qw, — Acwe — B - Vw: + Cy w§2+‘1)/2 — e w. <0
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in Qu. Following the same computations as in Section .9, we notice that the function

2/q
9 q/2
W.(t) == (%) 21 >0,

is a supersolution for the differential operator L. in (0, -9/ 2) x RN. We then infer from
the comparison principle that

-1 (24 ng/Q 1/q
vule—D/a(¢ <1 1 31

for any (¢,x) € (0,e27=9/2) x RN,

6.4 Existence

We have to pass to the limit as e — 0, and to this aim we follow the lines of [J, Section 3].
The uniform gradient bound (B.11) ensures that the family wu. is equicontinuous with
respect to the space variable and we next argue as in [[4, Lemma 5] to establish the time
equicontinuity. As a consequence, we are in a position to apply the Arzela-Ascoli theorem
and conclude that there exists a limit

u(t, ) = ill)% ue(t, ),

with uniform convergence in compact subsets of [0,00) x RY. By the stability result for
viscosity solutions [R4, Theorem 6.1], we conclude that u is a viscosity solution for the
equation ([[.1)) with initial condition ug, satisfying moreover that

0 <u(t,z) < fuolloo-

Finally, the dependence on ¢ in the right-hand side of the approximate gradient estimates
(b-19)-(6-3(Q) (depending on the range of the exponents p and ¢) and in the time interval
validity of these estimates allow us to pass to the limit in an uniform way, while in the
left-hand side we can pass to the limit in the gradient terms in the weak sense. We thus
end the proof of the gradient estimates in Theorems .4, [L.§ and [L7. In addition, using
[Ld, Theorem 4.1], it can be shown (as in [{]) that

Vus: - Vu a.e. in Q,
so that u is also a weak solution to ([[.]) and satisfies (p.9) and also (f.J). Finally, the
uniqueness assertion follows from [R4, Theorem 3.1].
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