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In [Anza Hafsa, O., Mandallena, J.-P., The nonlinear membrane energy: variational derivation under the
constraint “det Vu # 07, J. Math. Pures Appl. 86 (2006) 100-115] we gave a variational definition of the
nonlinear membrane energy under the constraint “det Vu # 0”. In this paper we obtain the nonlinear
membrane energy under the more realistic constraint “det Vu > 0”.
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1. Introduction

Consider an elastic material occupying in a reference configuration the bounded open set
¥, C R? given by
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where & > 0 is very small and X C R? is Lipschitz, open and bounded. A point of X is denoted
by (x,x3) with x € X and x3 € ]—%, %[. Let W :M3*3 — [0, +00] be the stored-energy function
supposed to be continuous and coercive, i.e., W(F) > C|F|? for all F € M?*3 and some C > 0.
In order to take into account the important physical properties that the interpenetration of matter
does not occur and that an infinite amount of energy is required to compress a finite volume into
zero volume, i.e.,

W(F)— 400 as detF — 0,

where det F' denotes the determinant of the 3 x 3 matrix F, we assume that:

W (F) = +oo if and only if det F < 0; (D
for every § > 0, there exists cs > 0 such that for all F € M3, 2)
if det F >3 then W(F) <cs(1+|F|?).

Our goal is to show that as ¢ — 0 the three-dimensional free energy functional E, : W7 (Z,; R3)
— [0, +o00] (with p > 1) defined by

E.(u) = é/ W(Vu(x,x3)) dx dx3 3)
e

converges in a variational sense (see Definition 2.1) to the two-dimensional free energy functional
Emem: WP (X, RS) — [0, +00] given by

Emem(v) = f Wonem (Vo)) dx 4
)

with Wem : M3*2 — [0, 4+00]. Usually, Epen is called the nonlinear membrane energy asso-
ciated with the two-dimensional elastic material with respect to the reference configuration X.
Furthermore we wish to give a representation formula for Wyem.

To our knowledge, the problem of giving a variational definition of the nonlinear membrane
energy was studied for the first time by Percivale in [15]. His paper deals with the constraint
“det Vu > 0” but seems to contain some mistakes (it never was published). Nevertheless, Per-
civale introduced the “good” formula for Wiem, i.€., Wpem = QWo where Wy is given by (5)
and QW denotes the quasiconvex envelope of Wy. Then, in [14] Le Dret and Raoult gave
a complete proof of Percivale’s conjecture in the simpler case where W is of p-polynomial
growth, i.e., W(F) < c(1+|F|P) for all F € M**3 and some ¢ > 0. Although the p-polynomial
growth case is not compatible with (1) and (2) their paper established a suitable framework
to deal with dimensional reduction problems (it is the point of departure of many works on
the subject). After Percivale, Ben Belgacem also considered the constraint “det Vu > 0”. In [7,
Theorem 1] he announced to have succeed to handle (1) and (2). In [8], which is the paper
corresponding to the note [7], the statement [7, Theorem 1] is partly proved (however, a more
detailed proof, but not fully complete, can be found in his thesis [6]). Moreover, for Ben Bel-
gacem Wypem = QRWy where RWj denotes the rank one convex envelope of Wy (in fact, as
we proved in [2,3], QR Wy = QW)). Nevertheless, Ben Belgacem’s thesis highlighted the role
of approximation theorems for Sobolev functions by smooth immersions in the studying of the
passage 3D-2D in presence of (1) and (2). Recently, in [3] we gave a variational definition of
the nonlinear membrane energy under the constraint “det Vi # 0. In the present paper, using
the same method as in [3] and some results of Ben Belgacem’s thesis (mainly, Theorem A.1



and Lemma 5.4), we obtain the nonlinear membrane energy under the more realistic constraint
“detVu > 0”.

An outline of the paper is as follows. The variational convergence of E, to Epyem as € — 0 as
well as a representation formula for Wy,en, are given by Corollary 2.9 in Section 2.4. Corollary 2.9
is a consequence of Theorems 2.5, 2.6 and 2.8. Roughly, Theorems 2.5 and 2.6 establish the
existence of the variational limit of E, as ¢ — 0 (see Section 2.2), and Theorem 2.8 gives an
integral representation for the corresponding variational limit, and so a representation formula
for Wiem (see Section 2.3). In fact, Theorem 2.8 is obtained from Theorem 2.6 which furnishes
a “simplified” formula for the variational limit.

Theorem 2.5 is proved in Section 4. The principal ingredients are Theorems 2.6 and 3.4 whose
proof (given in Section 3) uses an interchange theorem of infimum and integral that we obtained
in [1]. (Note that the techniques used to prove Theorems 2.5 and 3.4 are the same as in [3,
Sections 3 and 4].)

Theorem 2.6 is proved is Section 5. The main arguments are two approximation theorems
developed by Ben Belgacem—Bennequin (see [6]) and Gromov—Eliashberg (see [11]). These the-
orems are stated in Appendix A.

Theorem 2.8 is proved in [3, Appendix A] (see also [2]).

2. Results
2.1. Variational convergence

To accomplish our asymptotic analysis, we use the notion of convergence introduced by
Anzellotti, Baldo and Percivale in [4] in order to deal with dimension reduction problems in
mechanics. Let 7 = {7}, be the family of maps 7. : WP (Z,; R3) —> WlP(x; R?) defined by

e/2

7T (1) :=§ / u(-, x3)dxs.

—&/2

Definition 2.1. We say that E, I ()-converges to Epem as € — 0, and we write Epem =
I’ (m)-limg_¢ E;, if the following two assertions hold:

(i) forallve WhP(X;R3) and all {u,}, c WhP(X,; R3),

if 7o (us) — v in LP (2; R?) then Emem(v) < limi(I)leg(ug);
E—>

(i) for all v e Wh-P(X; R3), there exists {uy}, C WP (X,; R3) such that:

e (ug) = vin LP (X R3) and  Emem(v) = limsup E, (u,).

e—0

In fact, Definition 2.1 is a variant of De Giorgi’s I'-convergence. This is made clear by
Lemma 2.3. Consider & : WP (X; R3) — [0, +00] defined by

E(v) = inf{Ea(u): e (1) = v}.



Definition 2.2. We say that & I -converges to Epem as € — 0, and we write Epen =
I-lim,_, &, if for every v e WHP(Z; RY),

(F—liggffg)(v) — (r-nm sup 58)(1)) — Emem(v),

e—0

where
(F—liminfé'g)(v) = inf[liminf&g(vg) ‘v, — vin LP (3 R3)}
e—0 e—0
and

(F— limsupé'g)(v) = inf{limsupé'g(vg) (v, —> vin L”(Z‘; IR{3)}.

e—0 e—0

For a deeper discussion of the I"-convergence theory we refer to the book [9]. Clearly, Defi-
nition 2.2 is equivalent to assertions (i) and (ii) in Definition 2.1 with “m (u,) — v” replaced by
“ve — v”. It is then obvious that

Lemma 2.3. Epney = ' (1)-limg— 0 E¢ if and only if Epem = I'-limg_.o &;.

The I'(m)-convergence of E; in (3) to Emem in (4) as € — 0 as well as a representation
formula for Wyen, are given by Corollary 2.9. It is a consequence of Theorems 2.5, 2.6 and 2.8.
Roughly, Theorems 2.5 and 2.6 establish the existence of the I"(;)-limit of E, as ¢ — 0 (see
Section 2.2), and Theorem 2.8 gives an integral representation for the corresponding I” (7 )-limit,
and so a representation formula for Wy,er, (see Section 2.3).

2.2. I'-convergence of E; as € — 0
Denote by C!(X; R?) the space of all restrictions to X of C!-differentiable functions from
R2 to R3, and set
CHZ;RY) :={v e CY(Z:R?): d1v(x) Adyu(x) #0forallx € T},

where djv(x) (resp. dv(x)) denotes the partial derivative of v at x = (x,x2) with respect
to xp (resp. x2). (In fact, Ci(Z; R3) is the set of all C!-immersions from ¥ to R3.) Let
E:Whr(2;R3) — [0, +00] be defined by

[x Wo(Vu(x))dx ifveCL(Z;RY),

+00 otherwise,

E(v) :={

where Wy : MP*2 — [0, +00] is given by
Wo(§) := inf W) 5)
ceR3
with (£ | ¢) denoting the element of M3x3 corresponding to (§,¢) € M3*2 x R3. (As W is
coercive, it is easy to see that Wy is coercive, i.e., Wy(§) > C|&|? for all £ € M?3*2 and some

C > 0.) The following lemma gives three elementary properties of Wy (the proof is left to the
reader). Note that conditions (1) and (2) imply Wy is not of p-polynomial growth.

Lemma 2.4. Denote by &) A & the cross product of vectors &, & € R3.



(i) Wy is continuous.
(i) If (1) holds then Wy(&1 | &2) = +oo if and only if €1 A & = 0.
(iii) If (2) holds then:

forall § > 0, there exists cs > 0 such that for all € = (&1 | &) € M>*2, (6)
if |E1 A &2] > 8 then Wo(§) < cs(1 + [£]7).

Taking Lemma 2.3 into account, we see that the existence of the I"(7)-limit of E; as ¢ — 0
follows from Theorem 2.5.

Theorem 2.5. Let assumptions (1) and (2) hold. Then I'-lim,_0 & = E withE : WP (X2, R3) —
[0, +00] given by
E(w) = inf{liminf € w,): W' (£:R) 30, > vin L7 (:RY)].

n——+o00

The proof of Theorem 2.5 is established in Section 4. It uses Theorem 3.4 (see Section 3) and
Theorem 2.6.

Theorem 2.6. If (6) holds then E(v) = Z(v) forallv e WP (Z; R3), where T: WP (X; R3) —
[0, +00] is given by

Z():= inf{liminf/ Wo(an(x)) dx: Wl”’(Z‘; IR{3) Sv,—vin LP(E;R3)}.
n—+400
x

Theorem 2.6 is proved in Section 6 by using two approximation theorems developed by Ben
Belgacem—Bennequin (see [6]) and Gromov—Eliashberg (see [11]). These theorems are stated in
Appendix A.

2.3. Integral representation of T

From now on, given a bounded open set D C R? with |3 D| = 0, we denote by Aff(D; R?) the
space of all continuous piecewise affine functions from D to R3, i.e., v € Aff(D; R3) if and only
if v is continuous and there exists a finite family (D;)ic1 of open disjoint subsets of D such that
|0D;| =0foralli €I, |D\U;c; Dil =0 and for everyi € I, Vv(x) =& in D; with & € M>*?
(where | - | denotes the Lebesgue measure in R?). Define Z Wy : M>*2 — [0, +00] by

ZWy(§) = inf{/ Wo(€ + Ve (y))dy: ¢ € Affy(Y; ]R3)} (7
Y

where ¥ :=10, 1[% and Affy(Y; R3) := {¢ € Aff(Y;R3): ¢ =0o0ndY}. (As Wy is coercive, it
is easy to see that ZWy is coercive.) Recall the definitions of quasiconvexity and quasiconvex
envelope:

Definition 2.7. Let f: M3*2 — [0, +00] be a Borel measurable function.



(i) We say that f is quasiconvex if for every £ € M>*2, every bounded open set D C R? with
|dD| =0 and every ¢ € W01’°°(D; R3),

1
f&) < ﬁfo(s + Vo (x)) dx.

(i) By the quasiconvex envelope of f, we mean the unique function (when it exists)
of: M3*2 - [0, +00] such that:
— Qf is Borel measurable, quasiconvex and Q f < f;
— for all g:M>*? — [0, +o0], if g is Borel measurable, quasiconvex and g < f, then
g§<Qf.
(Usually, for simplicity, we say that Q f is the greatest quasiconvex function which less than
or equal to f.)

Under (6), we proved that ZW is of p-polynomial growth and so continuous (see [3, Propo-
sitions A.3 and A.1(iii)]) and that ZW, is the quasiconvex envelope of Wy, i.e., ZWy = QW)
(see [3, Proposition A.5]). Taking Theorems 2.5 and 2.6 together with Lemmas 2.3 and 2.4(iii)

into account, we see that Theorem 2.8 gives an integral representation for the I"(7r)-limit of E,
as ¢ — 0 as well as a representation formula for Wyep.

Theorem 2.8. If (6) holds then for every v e WhP(Z; R3),

Iwﬁifgwavmmyu.
X

Theorem 2.8 is proved in [3, Appendix A] (see also [2]).
2.4. I'(m)-convergence of E; to Emem as € — 0

According to Lemmas 2.3 and 2.4(iii), a direct consequence of Theorems 2.5, 2.6 and 2.8 is
the following.

Corollary 2.9. Let assumptions (1) and (2) hold. Then as ¢ — 0, E. in (3) I (;t)-converge to
Erem in (4) with Wiem = OW.

Remark 2.10. Corollary 2.9 can be applied when W : M>*3 — [0, +-00] is given by
W(F):=h(detF) + |F|?,

where i : R — [0, +00] is a continuous function such that:

— h(t) = +ooif and only if r < 0;
— for every 6 > 0, there exists rs > 0 such that h(¢) <rs forall r > 4.

3. Representation of £

The goal of this section is to show Theorem 3.4. To this end, we begin by proving two lemmas.



For every v € C (Z;R% and j > 1, we define the multifunction A/ YR by

j 1
Al (x) = {; eR%: det(Vu(x) | ¢) > ;}
Lemma 3.1. Let v € CL(Z; R?). Then:

(i) forevery j > 1, A{} is a nonempty convex closed-valued lower semicontinuous' multifunc-
tion; ' _

(ii) foreveryx € X, Al(x)c---c Al(x)c---C Ujsi Al (x) = Ay(x), where Ay(x) :={C €
R3: det(Vu(x) | ¢) > O}

Proof. (ii) is obvious. Prove then (i). Let j > 1. It is easy to see that for every x € X, A} (x) is
nonempty, convex and closed. Let X be a closed subset of R3, let x € X, and let {x,},>1 C y

such that |x, — x| — 0 as n — 400 and Al(xp) € X for all n > 1. Let ¢ € A)(x) and let
{Cmim>1C R3 be given by ¢, :=¢ + m{. Then, for every m > 1,

1 1 1
det(Vo(x) | &m) = det(Vo(x) [ £) + — det(Vv(x) 1¢) > ; + s (8)

Fix any m > 1. Smce det(Vu(x,) | &m) — det(Vv(x) | {m) as n — +o00, using (8) we see that
det(Vvu(xy,) | &m) > = 7 L for some ng > 1, so that im € A v(Xny). Thus &, € X forallm > 1. As X

is closed we have ¢ =limy, 400 & € X. O
In the sequel, given A: ¥ —ZR> we set
C(Z;A):={peC(Z;R): ¢(x) € A(x) forall x € T},

where C(X; R?) denotes the space of all continuous functions from ¥ to R3.
Lemma 3.2. Given v e CH(Z;R3) and j > 1, if (2) holds, then

/W Vu(x) | ¢(x))dx / inf  W(Vu(x)|¢)dx

¢ec reAy(x)
To prove Lemma 3.2 we need the following interchange theorem of infimum and integral (that
we proved in [1, Corollary 5.4]).

Theorem 3.3. Let I' : ¥ —=R3 and let f:¥ x R3 — [0, +00]. Assume that:

Hy1) f is a Carathéodory integrand,
(H2) I' is a nonempty convex closed-valued lower semicontinuous multifunction;
(H3) C(X; I') # 0 and for every ¢, ¢ € C(X; T'),

/ max f x,a¢p(x)+ (1 — a)¢(x)) dx < 4+o0.

ael0,1]

' A multifunction 4 : ¥ — R3 is said to be lower semicontinuous if for every closed subset X of R3, every x € X and
every {xn},>1 C X such that |x, — x| - 0 as n — +00 and A(x,) C X forall n > 1, we have A(x) C X (see [5] for
more details).



Then,

inf /f(x,qb(x))dx:/ inf f(x,¢)dx.
¢el(x)

peC(X;I)
b x

Proof of Lemma 3.2. Since W is continuous, (Hi) hplds with f(x, {) = WVu(x) | ¢).
Lemma 3.1 shows that (H,) is satisfied with I'= A}, and C(Z; A)) 7 ¢ (for example
@:Y — R3 defined by (12) belongs to C(X; A})). Given ¢, ¢> € C(E A}), it is clear that
det(Vv(x) | agp(x) + (1 — ot)q)(x)) > l/] for all @ €[0,1] and all x € X. By (2) there exists
¢ > 0 depending only on j, v, ¢ and ¢ such that W(Vv(x) | a¢p(x) + (1 — a)zj:(x)) < ¢ for all
x € ¥. Thus (H3) is verified with f(x,7) = W(Vu(x) | ¢) and I" = A}, and Lemma 3.2 follows
from Lemma 3.3. ]
Here is our (non-integral) representation theorem for £.

Theorem 3.4. If (1) and (2) hold, then for every v € C1(Z; R3),

EWw) = 1nf inf / W Vv(x) | (p(x)) )

izl $eC(Z; Af

Proof. Fix v e Ci (X; R3) and denote by é (v) the right-hand side of (9). It is easy to verify that
E(v) < E(v). We are thus reduced to prove that

E() < EW). (10

Using Lemma 3.2, we obtain

é(v)ginf/ inf  W(Vou(x)|¢)dx. (11)

f'>12 reA))

Consider the continuous function @ : ¥ — R3 defined by

di1v(x) A dhv(x)

PO =500 A bR

12)

Then, det(Vv(x) | ®(x)) =1 forall x € X. Using (2) we deduce that there exists ¢ > 0 depend-
ing only on p such that

/ inf W (Vo) [£)dx (1214 1V0I], g + 191, ps)-
ceAlx)
P

It follows that inf;eA,{(-) W) | ¢) € L'(¥). From Lemma 3.1(i) and (ii), we see that

{inf

reAl() W(Vv(-) | ¢)}j>1 is non-increasing, and that for every x € ¥,

inf inf W(Vv(x)|§) Wo(Vu(x)), (13)
IZl el

and (23) follows from (11) and (13) by using Lebesgue’s dominated convergence theorem. O



4. Existence of I'-lim,_, ¢ &,

In this section we prove Theorem 2.5. Since I'-liminf, &, < I'-limsup,_, (&, we only
need to show that:

(a) €< I-liminf,0&;
(b) I'-limsup,_, (& < €.

In the sequel, we follow the notation used in Section 3.
4.1. Proof of (a)

Let ve WhP(X; R?) and let {v.}, ¢ WP (X; R3) be such that v, — v in L?(X; R3). We
have to prove that

limigfga(vg) > E(v). (14)
E—>

Without loss of generality we can assume that sup,. o & (vs) < +00. To every & > 0 there corre-
sponds u, € 775_1 (ve) such that
Ee(ve) 2 Ec(ue) —e. (15)

Defining &I, : ¥ — R> by fie(x, x3) := u, (x, £x3) we have

Ec(ue) = / W<alﬁ8(-xs x3) | d2te (x, x3) | 283128()57)63)) dx dxs. (16)
2
Using the coercivity of W, we deduce that || 93z, lLr(x,:r3) < ce? forall ¢ > 0 and some ¢ > 0,
and so [|ite — ve |l Lp(5,.r3) < ¢’e” by Poincaré-Wirtinger’s inequality, where ¢’ > 0 is a constant
which does not depend on ¢. It follows that &i, — v in L?(X;; R3). For x3 € -1, %[, let w}?® €
whr(x;R3) given by w;® (x) := il (x, x3). Then (up to a subsequence) w;> — v in LP(X; R3)
fora.e. x3 € -1, %[. Taking (15) and (16) into account and using Fatou’s lemma, we obtain

172
liminf & (ve) > / (liminf/ WO(wa(x)) dx) dxs,
e—0 e—0
—1/2 z

and so liminf, ¢ & (ve) = Z(v), and (14) follows by using Theorem 2.6. O
4.2. Proof of (b)

As I'-limsup,_, & is lower semicontinuous with respect to the strong topology of
LP(X;R3) (see [9, Proposition 6.8 p. 57]), it is sufficient to prove that for every v € Ci (T R3),

limsup & (v) < EW). 17

e—0

Given v € Ci (Z;R3), fix any j > 1, and any n > 1. Using Theorem 3.4 we obtain the existence
of p € C(X; A)) such that

[wEum sw)ar<ew + . ()
X



By Stone—Weierstrass’s approximation theorem, there exists {¢y}x>1 C C °(X; R3) such that
¢r — ¢ uniformly as k — +o0. (19)

We claim that:

(cp) det(Vu(x) | gr(x)) = % forall x € X, all k > k, and some k, > 1;
(c2) limg—s 100 f5 W(VU(x) | 1 (x)) dx = [ W(Vu(x) | ¢(x)) dx.

Indeed, setting py 1= sup, .5 [31v(x) A D2v(x)| (1 > 0) and using (19), we deduce that there
exists ky, > 1 such that for every k > k,,

1
sup | (x) — p(x)| < ——. (20)
xex J Ky

Letx € X, and let k > k,. As ¢ € c(x; A{;) we have
1
det(Vu(x) | ¢r(x)) = 7T det(Vu(x) | gr(x) — ¢ (x)). (21)

Noticing that det(Vv(x) | ¢ (x) — ¢ (x)) < |91v(x) A d2v(x) ]|k (x) — ¢ (x)[, from (20) and (21)
we deduce that det(Vv(x) | ¢ (x)) > zij, and (cy) is proved. Combining (cy) with (2) we see that

SUPg >, W) | o () € L1(X). As W is continuous we have limg_s 400 W(VVU(X) | pr(x)) =
W(Vv(x) | ¢(x)) for all x € V, and (c;) follows by using Lebesgue’s dominated convergence
theorem, which completes the claim.

Fix any k > k, and define : ]-3, 3[— Rby 0(x3) := inf, . 5 det(Vv(x) +x3 Vi (x) | ¢ (x)).
Clearly 0 is continuous. By (c1) we have 6(0) > zlj, and so there exists 71, €]0, %[ such that

0(x3) > 4%. for all x3 €] — ny, nyl. Let ux : X1 — R be given by uy(x, x3) := v(x) + x3¢% (x).
From the above it follows that

(c3) det Vug(x, ex3) > % for all £ €10, n,[ and all (x, x3) € ¥ x -1, 1.
As in the proof of (c1), from (c3) together with (2) and the continuity of W, we obtain

lim E¢ (ur) = lirr(l)/ W (Vug(x, ex3)) dx dxz = / W (Vo(x) | ¢x(x)) dx. (22)
E—> E—>
bl b
For every ¢ > 0 and every k > k,, since 7, (1) = v we have & (v) < E¢(uy). Using (22), (c2)
and (18), we deduce that
1
limsup & (v) < EW) + —,
e—0 n

and (17) follows by letting n — +o0. 0
5. A simplified formula for £
In this section, we prove of Theorem 2.6. It is based upon two approximation theorems by

Ben Belgacem—Bennequin (see Section A.1) and Gromov-Eliashberg (see Section A.2).
Recall the definition of rank one convexity and rank one convex envelope:

10



Definition 5.1. Let f : M>*? — [0, 4+o0c] be a Borel measurable function.

(i) We say that f is rank one convex if for every a €]0, 1[ and every &,& € M3*? with
rank(§ — &) =1,

fleg+ (1 —E) <afE) + 1 —a)fE).

(i1) By the rank one convex envelope of f, that we denote by R f, we mean the greatest rank
one convex function which less than or equal to f.

In [6, Proposition 7 p. 32 and Lemma 8 p. 34] (see also [8, Section 5.1], [16, Proposition 3.4.4
p. 112] and [17, Lemma 6.5]) Ben Belgacem proved the following lemma that we will use in the
proof of Theorem 2.6. (As Wy is coercive, it is easy to see that R W) is coercive.)

Lemma 5.2. If (6) holds then:

1) RWo(&) < c(1 + |€|P) for all £ € MP*2 and some ¢ > 0;
(i) RWy is continuous.

Define 1 : W?(X; R3) — [0, +00] by
[(W):= inf{lim inf/ Wo(Vua(x)) dx: Affyi(Z;R?) 3 v, — vin LP(Z; R3)}
n——+00
xz
with Affi;(2; R3) := {v € Aff(Z;R?): v islocally injective} (Aff(X; R?) is defined in Sec-
tion 2.3). To prove Theorem 2.6 we will use Proposition 5.3.
Proposition 5.3. I = J with J: Wh7(2; R3) — [0, +00] given by

n—-+o00

J(v) == inf{limin /RWO(an(x))dx: Affii(Z;RY) 3 v, — vin LP(2; R3)}.
)

To prove Proposition 5.3 we need Lemma 5.4 whose proof is contained in the thesis of Ben
Belgacem [6]. Since it is difficult to lay hands on this thesis (which is written in French), we give
the proof of Lemma 5.4 in Appendix B.

Lemma 5.4. I (v) < [ RWo(Vv(x)) dx for all v € Aff};(X; R3).

Proof of Proposition 5.3. Clearly J < I. We are thus reduced to prove that
I1<J. (23)

Fixany v € whr(x;R3) and any sequence v, — v in LP(X; R3) with v, € Aff;;(Z; R3). Using
Lemma 5.4 we have I (v,) < [z RWo(Vv,(x)) dx for all n > 1. Thus,

1(v) < liminf 7 (v,) < liminf/ RWO(Vv,,(x)) dx,
n—-+00 n—-+00
)

and (23) follows. 0O
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Proof of Theorem 2.6. We first prove that
ELI (24)

As in the proof of Proposition 5.3, it suffices to show that if v € Aff;;(X; R3) then

Ew) < / Wo(Vu(x)) dx. (25)
)

Let v € Aff;i(X; RY). By Theorem A.1-bis (and Lemma A.2), there exists {v, },>1 C Ci (Z:R?)
such that (28) and (29) holds and Vuv,(x) — Vuv(x) ae. in X. As Wy is continuous (see
Lemma 2.4(i)), we have

Jim Wo(Vua(x)) = Wo(Vo(x)) ae.in X.

Using (6) together with (29), we deduce that there exists ¢ > 0 such that for every n > 1 and
every measurable set A C X,

/Wo(an(x))dx <c(|A|+/|Vv,,(x)—Vv(x)|”dx+/|w(x)|”dx>.
A A A

But Vv, — Vv in L?(X; M>?*2) by (28), hence {Wy(Vv,(:))},>1 is absolutely uniformly inte-
grable. Using Vitali’s theorem, we obtain

Jim Wo(Vua(x)) dx / Wo(Vu(x)) dx
x
and (25) follows.
We now prove that
J <, (26)

with J: WhP(3; R3) — [0, +-00] given by

J(v) = inf{liminf/RWo(an(x)) dx: WP (2 R%) 5 v, — vin LP(Z; R3)}.
n——+00
p))

It is sufficient to show that

J(v) < /RWO(Vv(x)) dx. (27)
X

Let v e WLr(X; R3). By Corollary A.6, there exists {v,},>1 C Aff};(X; R3) such that Vv, —
Vvin L?(X; R3) and Vv, (x) — Vu(x) a.e.in X. Taking Lemma 5.2 into account, from Vitali’s
lemma, we see that

11m RWo(Vua(x)) dx / RWo(Vv(x)) dx

n—+
E

and (27) follows. B B
Noticing that Z < £ and J < Z, and combining Proposition 5.3 with (24) and (26), we con-
cludethat E=7Z. 0O
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Appendix A. Approximation theorems
A.l. Ben Belgacem—Bennequin’s theorem

Denote by AffE7 (X; R3) the space of Ekeland—Temam continuous piecewise affine functions
from X to R3, i.e., u € AffET (2 R3) if and only if v is continuous and there exists a finite
family (V;)ie of open disjoint subsets of X such that | X \ |J;c; Vil =0 and for every i € I, the
restriction of v to V; is affine. Note that from Ekeland—Temam [10], we know that Afff7 (3; R3)
is strongly dense in W17 (X; R3). Set

AFEET (2 R?) == {v € AffET(2; R?): v is locally injective}.
In [6, Lemma 8 p. 114] (see also [16, Proposition C.0.4 p. 127] and [17, Lemma 1.3]) Ben

Belgacem and Bennequin proved the following result.

Theorem A.1. For every v € AffET(Z‘; R3), there exists {va)nz1 C Ci (XZ: R3) such that:
v, — v in W“’(E;R3); (28)

|01v2(X) A dpup(x)| =8 forallx € X, alln > 1 and some § > 0. (29)

Denote by AffY (X; R3) the space of Vitali continuous piecewise affine functions from X to
R3 (introduced by Ben Belgacem in [6,8]), i.e., v € AffV(Z‘; R3) if and only if v is continuous
and there exists a finite or countable family (O;);c; of disjoint open subsets of X such that
00| =0 foralli el, |2\ |Ujc; 0il =0, and v(x) =& - x + a; if x € O;, where a; € R3,
& € M3*2 and Card{&; : i € I} is finite. In [16, Lemma 3.1.5 p. 99] Trabelsi remarked that
Theorem A.1 can be generalized replacing the space AffﬁT(Z‘ :R3) by

Affl‘i/ (Z‘; R3) = {v € AffV(Z‘; R3): v is locally injective}.

Theorem A.1-bis. For every v € Affl‘i/ (X: R3), there exists {Un}n>1 C Ci (Z; R3) satisfying (28)
and (29).

Here we consider the space Aff(X; R?) defined in Section 2.3. It is clear that Afff7 (X; R3)
Aff(X; R?), and so Aff(X; R?) is strongly dense in W17 (X; R3). Moreover, we have

Lemma A.2. AffV (X; R?) = Aff(X; R?).

Proof. Setting D; := {x € | J;; O;: Vv(x) =&} with v € Aff (X; R?), we see that Card{D; :
i € I} is finite. Thus Aff¥ (X; R?) C Aff(X; R?). Given v € Aff(X; R3?), let (0}) ey, be the
connected components of D; with i € I (where [ is finite). Since D; is open, O; is open for all
J € Ji, hence J; is finite or countable because (@2 is dense in R2. Moreover, for each j € Ji, the
restriction of v to O is affine. Thus Aff(X; R®) C Aff(Z;R%). O

A.2. Gromov—Eliashberg’s theorem

In [11, Theorem 1.3.4B] (see also [12, Theorem B’1 p. 20]) Gromov and Eliashberg proved
the following result.
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Theorem A.3. Let 1 < N < m be two integers and let M be a compact N -dimensional manifold
which can be immersed in R™. Then, for each C'-differentiable function v from M to R™ there
exists a sequence {v,}, of C'-immersions from M to R™ such that v, — v in WhP (M; R™).

In our context, we have

Theorem A.4. For every v € C1(X; R?) there exists {vntn>1 C Ci(f; R?) such that v, — v in
Whr(Z; R3).

Moreover, from [16, Proposition 3.1.7 p. 100], we have

Proposition A.5. For every v € Ci (XZ; R3) there exists {vn)nz1 C AffﬁT(E; R3) such that v, —
vin WhP(Z; RY).

Thus, as a consequence of Theorem A.4 and Proposition A.5, we obtain
Corollary A.6. AffﬁT(E; R3) is strongly dense in WP (X; R3).
Appendix B. Ben Belgacem’s lemma

In this appendix we prove Ben Belgacem’s lemma, i.e., Lemma 5.4.
B.1. Preliminaries

Define the sequence {R; Wo}i>0 by RoWo = Wy and for every i > 1 and every & € M3%2,
Ris1Wo(§) == inf {1=DRWo(6 —ta®b) + 1R Wo(§ + (1 —1)a®b)}.

aeR
beR3
t€l0,1]

Recall that Wy is coercive and continuous (see Lemma 2.4(i)). The following lemma is due to
Kohn and Strang [13].

Lemma B.1. R; 11 Wy < R; Wy for all i > 0 and RWy = inf;»o R; Wo.
Fix any i > 0 and any v € Affj;(X; R3) = {v € Aff(X; R3): v is locally injective} (with

Aff(X; R?) defined in Section 2.3). By definition, there exists a finite family (V) ;e of open
disjoint subsets of X' such that [0V;|=0forall j € J, | X\ UjEJ Vil =0 and, for every j € J,

Vuv(x)=§&;in V; with&; € M3*2 (As v is locally injective we have rank(§;) =2 forall j € J.)
Fix any j € J. For a proof of Lemmas B.2 and B.3 we refer to [16, Proposition 3.1.2 p. 96].

Lemma B.2. R; Wy is continuous.

Lemma B.3. There exista e R, beR3 and 1 € [0, 1] such that

RiviWoEj) =0 —-DRiWo(§j —ta®b) +1R;Wo(§; + (1 —1)a ®b).
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Without loss of generality we can assume that a = (1, 0). Foreach n > 3 and each k € {0, ...

n — 1}, consider A,:n, A,:“n, Bi.n, By s B,:“n, Ck.ns C,:n, C,jn C Y given by:

_ k k 1—1t 1 1
A, =10Lx)eY: —<x < -+ and —<xx <1——4%;
' n n n n

n

kK 1—t¢ k+1 1 1
A,j'nzz (x1,x)€Y: —+ —<x1 < + and — < x < 1——}
’ n n

k k+1 k+1
Bin:i=1(x1,x)€Y: —<x1 < + + }
n

and0<xy < —x1+——
n

k+1 k+1
B, ,=1(x1,x2) €Y. —X2+L<x1<—tx2+ +
’ n

k+1 k+1 1
B, =1(x1,x)€Y: —tx2+L<x1< T and0<x2<—};
’ n n
k k+1 k+1
Crni=1(1,x)€Y: —<x1 < and x; +1 — —— <xp < 1
n n n
k+1 k+1
C.,=11,x)€Y: 2—1+L<x1 <t —1D+ + and 0 <
’ n
k+1 k+1
C,:'n:z (x1,x) €Y: t(x2—1)+—§x1< and0<xp < — 4,
’ n
and define {0, },>1 C Affy(Y; R) by
—t(x1 — %) if (x1,x2) € Ap .
(1—1)(x — & if (x1,x2) € A}, UB}, UG/,
On (X1, %2) 1= —1(x1 +xp — ) if (x1.x2) € By,
—1(x— x4+ 1 -5 if (v, 0) € G,
0 if (x1,x2) € Brn UCyp
(see Fig. B.1).
Set
b if b ¢ Imé;,
b o—
T o+ ifbelmg

(withImé&; :={&; - x: x € R?}) where £ > 1 and v € R? is a normal vector to Imé;.

Lemma B.4. Define {6, ¢}n.¢>1 C Affo(Y; R?) by
On,e(x) := 0n (x)byg.

Then:

() forevery =1, 6, — 0in LP(Y;R%);
(i) limgs 4oolim, oo [y RiWo(§j + VO, e(x)) dx = R 11 Wo(§)).

15

1
and0<xz<—};
n

1
X2<—};
n



T2
1
Ck,n —>
- +
Ck:,n Ck,n
n—1
n
- +
Akn Apn
1
n - +
Bk,n Bk n
Brn—»
0 1—t1 2-t2 k k+1—tk+1 n=1 m—t 1 T k k+1—tk+l
n n k3 n n n n T n n n n

Fig. B.1. The function o;, and the sets Ak s A+n, By ns By o B]:rn, Crons Cp s C;’".

Proof. (i) It suffices to prove that o, — 0 in L?(Y; R). For every k € {0, ...,n — 1}, it is clear
that |0, (x)]? < U207 for all x elX, B0, 1, and so

/ |Un(x)|pdx<ﬂ.

nP+
15, 250,11

n

/|an(x)| dx_z / | () [P dx
Ok, L ix)0,1
it follows that

/|an(x)|de < M’

npP
Y
which gives the desired conclusion.
(i1) Recalling that a = (1, 0) we see that
§i—ta®by ifxeint(A]:n)
Ei+(—na®by ifxein(Af, UBS, UCT),
§j+VOuex) =& —t(a+at) @by ifx eint(B,),
gj—tla—at) @by ifxeint(Cp,),
&; if x € int(By ) Uint(Ck )

with a = (0, 1) (and int(E) denotes the interior of the set E). Moreover, we have:
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/ RiWo(§j —ta® by)dx = (1 —t)(l - %)Riwo(éj —ta ® by);
Uio 4ica
/ RiWo(&j + (1 —1)a ® by) dx =t(1 — %)R,Wo(s,- +(1—1a®by);
UiSo AL,
/ RiWo(§j+(1—t)a®bg)dx:%RiW0(§j+(1 —1)a ®by);
UrZo(BE,UCE)
/ RiWO(";:j —ta+ab) ®bz)dx = I—;tRl-Wo(éj —ta+ah) ®b@);
UiZo Bin
/ RiWo(&5 —t(a —at) ® be)dx = %RiWo(éj —t@—ab) ® by);
UiZo Cen
[ Riwea= LR Wo(E)).
UpZ0 (BinUCkn)

Hence

/Ri Wo(&j + Ve (x)) dx
Y

- (1 - %)[(1 — R Wo(&; — ta ® by) + 1R Wol&) + (1 — a ® by)]
+ %[[RiWO(Sj + (1 —1t)a ®b(z) + %(RiWO(Sj — t(a +aJ') ®b£)

+ RiWo(&j—1(a —at) ® be)) + R Wo(éj)}

for all n, £ > 1. It follows that for every £ > 1,

n—-+00

lim /R,- Wo(&j + V6, ¢(x)) dx = (1 — YR Wo (&} — ta ® by)
Y

+1RiWo (& + (1 — a @ by).

Taking Lemma B.2 into account and noticing that b, — b, we deduce that

lim lim [ RiWo(& 4+ VOue(x))dx = (1 —)R;Wo(§j — ta ® b)
£L— 400 n——+00
Y

+1RiWo(&j + (1 —1)a ®b),
and (ii) follows by using Lemma B.3. O

Consider qu C V; given by v/ .= {x € V;: dist(x, V) > %} with ¢ > 1 large enough. By
Vitali’s covering theorem, there exists a finite or countable family (r,,, + p Y)menm of disjoint
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subsets of V;/, with r,, € R? and p,, €10, 1[, such that [V, \ U,,cps(m + pm¥)| =0 (and so

Y menmt P = Vi D Let {fn e.q)n,e.4>1 C Affo(V;; R?) be given by

Pmbn e (X —rm)/pm) fx €ryp+pnY C Vq],

bn,e,q(x) == . ;
ifxeV;\Vy.

Lemma B.5. Define {®) , V1451 C Aff(Vj; R?) by

n,t,q
n g q(x) =v(x) + Pn 0,4 (%)
Then:

(i) foreveryn,t,q > 1, <D lS locally injective;
(ii) foreveryt,q > 1, <D g v in LP(Vj; RY);

(m)mwﬁ+mmme+mmmaﬁmh7zwmvazgnnu=nmRHn%@»

(30)

Proof. (i) Letx € V; and let W C V; be the connected component of V; such that x € W (as V;
is open, so is W). Since Vv =§; in W, there exists ¢ € R3 such that v(x') = ;- x" 4 c for all

x’ € W. We claim that @’
n ‘ q(x/ ). One the three possibilities holds:

n,l,q

(@) ¢,{gq(x) §j- X+C+pman(x rm)bf and (Dngq(x/)—gj x’ +C+pm’0n(
(b) QD”(q(x) £ - x—l—c—}-pmang(x r’")bg and d)neq(x/)zéij +c;

(@) d’n,e,q(x) £j-x +cand @’ (x’):"g‘] x'+ec.

n,t,q

X—I'm

Setting o := 05 (

when (a) is satisfied;

Ei(x'—x)=0 ifaa=0,
by=1t;(x'—x) ifa#0
Ei(x'—x)=0 if =0,
be :%gi(x/—x) if B£0

£;(x’ — x) =0 when (c) is satisfied.

when (b) is satisfied;

S2) = P 0 (1525 and B 1= 0 (S572) we have:

Lw is injective. Indeed, let x’ € W be such that qu{e q(x) =

rm’ )bf

It follows that if x # x’ then either rank(§;) < 2 or by € Im&; which is impossible. Hence x = x/,

and the claim is proved. Thus @’ , is locally injective.

n,t,q )
(i) As pm €10, 1[ forallm € M and Y, ., p2 =V, | we have

/|¢n2q(x)|pdx |Vq |/|9n g(x)|pdx

V/
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Using Lemma B.4(i) we deduce that for every £,q > 1,
Jim /|¢n tg@|Pdx =0,
v)

and (ii) follows. '
(iii) Recalling that Y, ., p2 = |V | we see that

/RiWO vq{gq(x)) dx :fRiWo(Ej + Vépn,0,q(x)) dx
Vi
=fRiWo(s,- b Vg () dr + [V \ V][R Wo&))
vi

- |qu|/RiW0(s,» + V0,0(0) dx + | Vi \ V] | RiWo(&)).

Using Lemma B.4(ii) we deduce that for every g > 1,

Jim i [ RWo(V7,, 060) e = |V [Ris Wole) + V) \ VR Wae),
Vi

and (iii) follows by noticing that |V;/ | — |V;| and |V; \ V]| > 0. O
B.2. Proof of Lemma 5.4
According to Lemma B.1, it is sufficient to show that for every i > 0,

I1(v) < /R,- Wo(Vu(x)) dx for all v € Aff; (; R?).

The proof is by induction on i. As RyWy = Wy it is clear that (Pp) is true. Assume that (P;) is
true, and prove that (P;41) is true. Let v € Aff};(X; ]R3). By definition, there exists a finite family
(V) jes of open disjoint subsets of X such that [0V;|=0forall j € J, |X\ U <7 Vil=0and,

forevery j € J,Vv(x) =§;in V; with§; M3*2, Define {¥, n,0,qIn,6,g>1 C Aff(X; R?) by

Uq(X) = @), (x) ifxeV;

with CD,{ ta given by (30). Taking Lemma B.5(i) into account (and recalling that v is locally

injective), it is easy to see that ¥, ¢ 4 is locally injective. Using (P;) we can assert that

I (Wp,e,q) < / RiWo(VW,.0,4(x))dx foralln, £,q > 1.
by

By Lemma B.5(ii) it is clear that for every £, > 1, ¥, ; , — v in LP (X} R3). It follows that

1)< Tim 1W< lim / RiWo(V¥0q(0)dr forall £.q > 1.
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Moreover, from Lemma B.5(iii) we see that

q—>+00 {—+o0 n—>—+00
P )

Iim lim lim R; W()(V‘I/n’g’q(x)) dx :/Ri+1W0(Vv(x))dx.

Hence

1)< [ RisiWo(Vo(w)ar.
X

and the proof is complete. O
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