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Anton S. Galaev
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Brno, Kotlarskd 2, 611 37 Brno, Czech Republic

E-mail: galaev@math.muni.cz

Dedicated to Mark Volfovich Losik on his 75th birthday

Abstract. The classification of all possible holonomy algebras of Einstein and
vacuum Einstein Lorentzian manifolds is obtained. It is shown that each such algebra
appears as the holonomy algebra of an Einstein (resp., vacuum Einstein) Lorentzian
manifold, the direct constructions are given. Also the holonomy algebras of totally
Ricci-isotropic Lorentzian manifolds are classified. The classification of the holonomy
algebras of Lorentzian manifolds is reviewed and a complete description of the spaces
of curvature tensors for these holonomies is given.

PACS numbers: 04.20.Jb, 04.40.Nr

1. Introduction

In contrast to the case of Riemannian manifolds, where the classification of holonomy
algebras is a classical result, which has a lot of consequences and applications both
in geometry and physics (e.g. Riemannian manifolds with most of holonomy algebras
are automatically Einstein or vacuum Einstein), see [1, 3, 4, 22, 23] and the references
therein, the classification of the holonomy algebras of Lorentzian manifolds is achieved
only recently [2, 26, 14, 15] (we recall it in Section 2). The most interesting case is
when a Lorentzian manifold (M, g) admits a parallel distribution of isotropic lines and
the manifold is locally indecomposable, i.e. locally it is not a product of a Lorentzian
and a Riemannian manifold. In this case the holonomy algebra is contained in the
maximal subalgebra sim(n) = (R @ so(n)) x R™ of the Lorentzian algebra so(1,n + 1)
preserving an isotropic line (the dimension of M is n + 2). There is a number of recent
physics literature dealing with these manifolds, see e.g. [5, 6, 8,9, 10, 11, 17, 18, 21]. In
particular, in [5, 6, 18] expressed the hope that Lorentzian manifolds with the holonomy
algebras contained in sim(n) will find many applications in physics, e.g. they are of
interest in M-theory and string theory.

The fundamental equation of General Relativity is the Einstein equation. In the

absence of matter it has the form
Ric = Ag, (1)
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where ¢ is a Lorentzian metric on a manifold M, Ric is the Ricci tensor of the metric
g and A € R is the cosmological constant. If the metric of a Lorentzian manifold
(M, g) satisfies this equation, then (M, g) is called an FEinstein manifold. If moreover
A = 0, then it is called vacuum Finstein or Ricci-flat. In dimension 4 the solutions of
this equation are obtained in [27, 19, 20, 24, 25]. In [7, 11] are found the holonomy
algebras of vacuum Einstein Lorentzian spin manifolds up to dimension 11 admitting
parallel spinors and some methods of construction of such manifolds are introduced. In
dimension 11 these manifolds are purely gravitational supersymmetric solutions of 11-
dimensional supergravity. Other constructions are provided in [21]. Recently in [17] the
Einstein equation on Lorentzian manifolds with holonomy algebras contained in sim(n)
is studied and in some cases solutions are obtained. See [17] for the discussion of the
importance of this problem and the references there.

In the present paper we classify all possible holonomy algebras of Einstein and
vacuum Einstein Lorentzian manifolds. First, in [15] it is proved that if (M,g) is
Finstein, then its holonomy algebra coincides either with (R@®b) x R™ C sim(n), or with
h x R™ C sim(n). Here h C so(n) is the holonomy algebra of a Riemannian manifold.
In general for such h C so(n) there is an orthogonal decomposition

R"=R" @---@R" @R"* (2)
and the corresponding decomposition into the direct sum of ideals

h=b1 @ - ®bh,®{0} (3)

such that b annihilates R™+1, h;(R™) = 0 for ¢ # j, and h; C so(n;) is an irreducible
subalgebra for 1 < i < s. Moreover, the Lie subalgebras b; C so(n;) are the holonomy
algebras of Riemannian manifolds. Consequently, each h; C so(n;) is either one of the
Lie algebras so(n;), u(’s), su(%), sp(5), sp(55) ©sp(1), Gy C s0(7), spin(7) C s0(8), or
it is a symmetric Berger algebra (the last are the Riemannian holonomy algebras such
that any manifold with such holonomy is locally symmetric, these Lie algebras are listed
e.g. in [4]). In Section 4 we prove the following two theorems
Theorem 4. If (M, g) is vacuum Einstein, then one of the following holds:

(1) The holonomy algebra of (M, g) coincides with (R®H)XR™, and in the decomposition
(3) of h C so(n) at least one subalgebra by; C so(n;) coincides with one of the Lie
algebras so(n;), (%), sp(5) © sp(l) or with a symmetric Berger algebra.

(2) The holonomy algebra of (M, g) coincides with h x R™, and in the decomposition
(3) of b C so(n) each subalgebra b; C so(n;) coincides with one of the Lie algebras
so(n;), su(%), sp(5), G2 C s0(7), spin(7) C s0(8).

Theorem 5. If (M, g) is Einstein and not vacuum Einstein, then the holonomy
algebra of (M, g) coincides with (R@®h) x R™, and in the decomposition (3) of h C so(n)
each subalgebras b; C so(n;) coincides with one of the Lie algebras so(n;), u(%),
sp(F) @ sp(l) or with a symmetric Berger algebra. Moreover, in the decomposition

(2) it holds ngq = 0.
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In Section 5 we construct local Einstein metrics having holonomy algebras from
Theorems 4 and 5. We consider metrics written in Walker coordinates of the form

g = 2dz%dx™ " + Z hij(z', ..., a™)da'dx? + f(2°, ..., 2" ) (da™ )2, (4)

i,j=1

and

g= 2d:c0d:c"+l+2(d:ci)2+2 Z u' (', . 2" da' da" T+ f (20 2" (da TR (5)

i=1 i=1

Here h = 377, hij(2',...,2")da'da’ is a Riemannian metric. For the metric (4) we
choose h to be an Einstein Riemannian metric with a cosmological constant A # 0
(resp., A = 0) and holonomy algebra h C so(n) as in Theorem 5 (resp., (2) of Theorem
4). Choosing an appropriate function f, we get that the metric g is Einstein with the
cosmological constant A and the holonomy algebra (R @ b) x R™ (resp., h x R™). Next,
for a given holonomy algebra h C so(n) as in (1) (resp., (2)) of Theorem 4 we give an
algorithm how to choose the functions u’ and f in (5) to make the metric g vacuum
Einstein with the holonomy algebra (R@®h) xR™ (resp., hix R™). As examples, we provide
vacuum Einstein Lorentzian metrics with the holonomy algebras G x R” C s0(1, 8) and
spin(7) x R® C s0(1,9).

If (M,g) is a spin Lorentzian manifold and it admits a parallel spinor, then it is
totally Ricci-isotropic (but not necessary vacuum Einstein, unlike in the Riemannian
case), i.e. the image of its Ricci operator is isotropic [7, 11]. We prove the following two
theorems

Theorem 7. If (M, g) is totally Ricci-isotropic, then its holonomy algebra is the
same as in Theorem 4.

Theorem 8. If the holonomy algebra of (M, g) is h x R™ and in the decomposition
(3) of b C so(n) each subalgebra b; C so(n;) coincides with one of the Lie algebras
su(s), sp(g), G2 Cs0(7), spin(7) C s50(8), then (M, g) is totally Ricci-isotropic.

Recall that an indecomposable Riemannian manifold with the holonomy algebra
different from so(n) and u(%) is automatically Einstein or vacuum Einstein [4]. This is
not the case for Lorentzian manifolds. Indeed, using results of Section 5 it is easy to
construct non-Einstein metrics having all holonomy algebras as in Theorems 4 and 5.
On the other hand, Theorem 8 shows that Lorentzian manifolds with some holonomy
algebras are automatically totally Ricci-isotropic.

To prove the above theorems we need the complete description of the space of
curvature tensors for Lorentzian holonomy algebras, i.e. the space of values of the
curvature tensor of a Lorentzian manifold, we provide it in Section 3. The study of
these spaces is begun in [12] and finished recently in [16].

Necessary facts from the holonomy theory can be found e.g. in [4, 6, 15, 22, 23].
Remark that by a Riemannian (resp., Lorentzian) manifold we understand a manifold
with a field g of positive definite (resp., of signature (—,+,...,+)) symmetric bilinear
forms on the tangent spaces.
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2. Classification of the Lorentzian holonomy algebras

Let (RY™1 n) be the Minkowski space of dimension n + 2, where 7 is a metric on R"*2
of signature (1,n + 1). We consider (R'™! n) as the tangent space (T, M,g,) to a
Lorentzian manifold (M, g) at a point x. We fix a basis p, ey, ..., ,, ¢ of RV ™! such that
the only non-zero values of n are n(p, q) = n(q,p) = 1 and 7n(e;, e;) = 1. We will denote
by R® C RY"+! the Euclidean subspace spanned by the vectors ey, ..., e,.

Recall that a subalgebra g C so(l,n + 1) is called irreducible if it does not
preserve any proper subspace of Rl g is called weakly-irreducible if it does not
preserve any non-degenerate proper subspace of R+, Obviously, if g C so(1,n + 1)
is irreducible, then it is weakly-irreducible. From the Wu Theorem [29] it follows
that any Lorentzian manifold (M, g) is either locally a product of the manifold
(R, —(dt)?) and of a Riemannian manifold, or of a Lorentzian manifold with weakly-
irreducible holonomy algebra and of a Riemannian manifold. The Riemannian manifold
can be further decomposed into the product of a flat Riemannian manifold and of
Riemannian manifolds with irreducible holonomy algebras. If the manifold (M, g) is
simply connected and geodesically complete, then these decompositions are global. This
allow us to consider locally indecomposable Lorentzian manifolds, i.e. manifolds with
weakly-irreducible holonomy algebras. For example, a locally decomposable Lorentzian
manifold (M, g) is Einstein if and only if locally it is a product of Einstein manifolds with
the same cosmological constants as (M, g). The only irreducible Lorentzian holonomy
algebra is the whole Lie algebra so(1,n+ 1) ([3]), so we consider weakly-irreducible not
irreducible holonomy algebras.

Denote by sim(n) the subalgebra of so(1,n + 1) that preserves the isotropic line
Rp. The Lie algebra sim(n) can be identified with the following matrix algebra:

a Xt 0
sim(n) = 0 A —X ||laeR, XeR" Aeso(n) . (6)
0 0 -—a

The above matrix can be identified with the triple (a, A, X). We get the decomposition
sim(n) = (R @ so(n)) x R",

which means that R @ so(n) C sim(n) is a subalgebra and R" C sim(n) is an ideal,
and the Lie brackets of R @ so(n) with R™ are given by the standard representation
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of R @ so(n) in R™. We see that sim(n) is isomorphic to the Lie algebra of the Lie
group of similarity transformations of R"”. The explicit isomorphism on the group level
is constructed in [13].

If a weakly-irreducible subalgebra g C so(1,n + 1) preserves a degenerate proper
subspace U C RV then it preserves the isotropic line U NU*, and g is conjugated to
a weakly-irreducible subalgebra of sim(n). Let h C so(n) be a subalgebra. Recall that
h is a compact Lie algebra and we have the decomposition h = b’ @ 3(h), where b’ is the
commutant of h and 3(h) is the center of b.

The next theorem gives the classification of weakly-irreducible not irreducible
holonomy algebras of Lorentzian manifolds.

Theorem 1 A subalgebra g C sim(n) is the weakly-irreducible holonomy algebra of a
Lorentzian manifold if and only if it is conjugated to one of the following subalgebras:

type 1. g = (R@h) x R", where b C s0(n) is the holonomy algebra of a Riemannian
manifold;

type 2. g»" = h x R", where h C so(n) is the holonomy algebra of a Riemannian
manifold;

type 3. g3 = {(¢(A), A,0)|]A € b} x R™, where h C so(n) is the holonomy algebra of
a Riemannian manifold with 3(h) # {0}, and ¢ : h — R is a non-zero linear map
with ¢|y = 0;

type 4. gthm¥ = (0, A, X + ¥(A))|A € h, X € R™}, where 0 < m < n is an integer,
h C so(m) is the holonomy algebra of a Riemannian manifold with dim 3(h) > n—m,
a decomposition R™ = R™ @R ™ is fized, and 1 : h — R"™™ is a surjective linear
map with ¢|y = 0.

The subalgebra fh C so(n) associated to a weakly-irreducible Lorentzian holonomy
algebra g C sim(n) is called the orthogonal part of g. Recall that for the subalgebra
h C so(n) there are the decompositions (2) and (3). This theorem is the result of the
papers [2, 26, 14], see [15] for the whole history.

3. The spaces of curvature tensors

Let W be a vector space and f C gl(WW) a subalgebra. The vector space
R(f) = {R € *°W* @ §|R(u,v)w + R(v, w)u + R(w,u)v = 0 for all u,v,w € W}

is called the space of curvature tensors of type f. A subalgebra §f C gl(W) is called a
Berger algebra if
g= Span{R(uv U)|R € R(f)> u,v € W}>

i.e. g is spanned by the images of the elements R € R(f).
If there is a pseudo-Euclidean metric n on W such that §f C so(W), then any
R € R(f) satisfies
n(R(U>U)Z>w) = n(R(Z’w)%U) (7)
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for all u,v,z,w € W. We identify so(W) with AW such that it holds (u A v)(z) =
n(u, z)v —n(v, z)u for all u,v, z € W. E.g. under this identification the matrix from (6)
corresponds to the bivector —apAq+A—pA X, A € so(n) ~ A’R". Equality (7) shows
that the map R : A°W — § C A2W is symmetric with respect to the metric on A?V.
In particular, R is zero on the orthogonal complement f+ C A2W. Thus, R € ®%.

In [12] the following theorem is proved.

Theorem 2 [12] It holds:
(1) each R € R(g"") is uniquely given by

AeR, veR", PeP(h), Ry € R(h), and T € End(R") with T* =T
in the following way

R(p,q) =(A,0,v), R(z,y) = (0, Ro(z,y), P(y)x — P(z)y),
R(z,q) =(n(v,z), P(x), T(r)),  R(p,x)=0

for all x,y € R";

(2) R e R(g*") if and only if R € R(g""), A\=0 and v =0;

(3) R € R(g*>"%) if and only if R € R(g""), A = 0, Ry € R(keryp), and n(x,v) =
Q(P(x)) for all x € R™;

(4) R € R(g*»™¥) if and only if R € R(g""), A =0, v = 0, Ry € R(kerv), and
Prpan-—m o1 =1 o P.

Remark that the decomposition R(g'?) = R&R" @ @*R" @ R(h) ®P(h) is R bh-
invariant, but not g*-invariant. Recall that for the subalgebra b C so(n) there are the
decompositions (2) and (3). In addition we have the decompositions

P(b) =Pb1) & - & P(bs)

and

R(b) =R(b1) @ - ®R(bs).

The spaces R(h) for the holonomy algebras of Riemannian manifolds b C so(n) are
computed by D. V. Alekseevsky in [1]. Let h C so(n) be an irreducible subalgebra. The
space R(h) admits the following decomposition into h-modules

R(h) = Ro(h) ® Ri(h) @ R'(h), (8)

where Ro(h) consists of the curvature tensors with zero Ricci tensor, Rq(h) consists of
tensors annihilated by b (this space is zero or one-dimensional), R'(h) is the complement
to these two spaces. Any element of R'(h) has zero scalar curvature and non-zero
Ricci tensor. If R(h) = Ri(h), then any Riemannian manifold with the holonomy
algebra b is locally symmetric (such b C so(n) is called a symmetric Berger algebra).
Remark that any locally symmetric Riemannian manifold is Einstein and not vacuum
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Einstein. Note that R(h) = Ro(h) if b is any of the algebras: su(%), sp(%), G2 C s0(7),
spin(7) C s0(8). This implies that each Riemannian manifold with any of these
holonomy algebras is vacuum Einstein. Next, R(u(})) = R @ R'(u(3)) & R(su(%))
and R(sp(%) @ sp(1)) = R ® R(sp(%)). Hence any Riemannian manifold with the
holonomy algebra sp(%) @ sp(1) is Einstein and not vacuum Einstein, and a Riemannian
manifold with the holonomy algebra u(%) can not be vacuum Einstein. Finally, if
an indecomposable n-dimensional Riemannian manifold is vacuum Einstein, then its
holonomy algebra is one of so(n), su(5), sp(%), G2 C s0(7), spin(7) C 50(8).

Now we turn to the space P(h), where h C so(n) is an irreducible subalgebra.
Consider the h-equivariant map

Ric: P(h) =R,  Ric(P) =Y P(e))e:.
=1

This definition does not depend on the choice of the orthogonal basis ey, ..., e, of R™.
Denote by Py(h) the kernel of Ric and let P1(h) be its orthogonal complement in P(h).
Thus,

P(h) = Po(h) & Pi(h).

Since h C so(n) is irreducible and the map Ric is h-equivariant, P1(h) is either trivial
or isomorphic to R™. The spaces P(h) for irreducible Riemannian holonomy algebra
h C so(n) are computed recently in [16]. In particular, Py(h) # 0 and Pi(h) = 0
exactly for the holonomy algebras su(%), sp(%), spin(7) and Go. Next, Pi(h) ~ R" and
Po(h) # 0 exactly for the holonomy algebras so(n), u(%) and sp() ®sp(1). For the rest
of the Riemannian holonomy algebras (i.e. for the symmetric Berger algebras) it holds
Pi(h) ~ R"™ and Py(h) = 0.

To make the exposition complete, we give a description of the space R(so(1,n+1))
that follows immediately from [1]. The space R(so(1,n+ 1)) admits the decomposition
(8). The complexification Ry(s0(1,n + 1)) ® C of Ry(s0(1,n + 1)) is isomorphic to
the so(n + 2,C)-module Var, (if n > 3). Similarly, Ro(s0(1,3)) @ C =~ Vir, @ Vigr,
Ro(s0(1,2)) = 0, and Ro(s0(1,1)) = 0. It holds R'(so(1,n + 1)) =~ (@*R'"*), =
O*RM /Ry, any R € R/(s0(1,n+1)) is of the form R = Rg, where S : Rb2+ — R+
is a symmetric linear map with zero trace and

Rs(u,v) = SuNv+uNSv.

Similarly, R(so(1,n + 1)) is spanned by the element R = R, ie. R(u,v) = u A wv.
This shows that an (n+ 2)-dimensional Lorentzian manifold (n > 2) with the holonomy
algebra so(1,n+1) may be either vacuum Einstein, or Einstein and not vacuum Einstein,
or not Kinstein. Finally, there are no vacuum Einstein indecomposable Lorentzian
manifolds of dimensions 2 or 3.

4. Applications to Einstein and vacuum Einstein Lorentzian manifolds

Now we are able to find all holonomy algebras of Einstein and vacuum Einstein
Lorentzian manifolds.
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Let R € R(g"") be as in Theorem 2, then its Ricci tensor Ric = Ric(R) satisfies

Ric(p,q) == A, Ric(z,y) = Ric(Ro)(z,y), (9)
Ric(z, q) =n(z, R\{C(P) —v), Ric(q,q) =trT, (10)

where z,y € R" (recall that Ric(u,v) = tr(z — R(u, 2)v)).

Obviously, these equations imply that there is no three-dimensional indecomposable
Einstein Lorentzian manifolds with holonomy algebras contained in sim(1) = R x R.
Thus we may assume that n > 2.

Here is a result from [15].

Theorem 3 [15] Let (M, g) be a locally indecomposable Lorentzian Einstein manifold
admitting a parallel distribution of isotropic lines. Then the holonomy of (M, g) is either
of type 1 or 2. If the cosmological constant of (M, g) is non-zero, then the holonomy
algebra of (M, g) is of type 1. If (M, g) admits locally a parallel isotropic vector field,
then (M, g) is vacuum Einstein.

The classification completes the following two theorems.

Theorem 4 Let (M,g) be a locally indecomposable n + 2-dimensional Lorentzian
manifold admitting a parallel distribution of isotropic lines. If (M,g) is vacuum
FEinstein, then one of the following holds:

(1) The holonomy algebra g of (M, g) is of type 1, and in the decomposition (3) of the
orthogonal part h C so(n) at least one subalgebra by; C so(n;) coincides with one of
the Lie algebras so(n;), u(%), sp(5t) @ sp(1) or with a symmetric Berger algebra.

(2) The holonomy algebra g of (M, g) is of type 2, and in the decomposition (3) of the
orthogonal part h C so(n) each subalgebra b; C so(n;) coincides with one of the Lie
algebras so(n;), su(%), sp(5), Go C s0(7), spin(7) C s0(8).

Theorem 5 Let (M,g) be a locally indecomposable n + 2-dimensional Lorentzian
manifold admitting a parallel distribution of isotropic lines. If (M,g) is Einstein and
not vacuum Einstein, then the holonomy algebra g of (M,g) is of type 1, and in the
decomposition (3) of the orthogonal partty C so(n) each subalgebrasby; C so(n;) coincides
with one of the Lie algebras so(n;), u(%), sp(5t) @ sp(1) or with a symmetric Berger
algebra. Moreover, i C so(n) does not annihilate any proper subspace of R, i.e. in the
decomposition (2) it holds ngy1 = 0.

Recall that the list of irreducible symmetric Berger algebras h C so(n) can be
obtained from the list of the holonomy algebras of irreducible Riemannian symmetric
spaces (this list is given e.g. in [4]) amiting so(n), u(5) and sp(§) © sp(1).

Proof of Theorems 4 and 5. Fix a point x € M and let g be the holonomy
algebra of (M, g) at this point. We identify (T, M, g,) with (R*"*! n). By the Ambrose-
Singer Theorem [4], g is spanned by the images of the elements R, = 7o R, (-, 7,-)oT,
where v is a piecewise smooth curve in M starting at the point # and with an end-point
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y € M, and 7, : T,M — T,M is the parallel transport along 7. All these elements
belong to the space R(g) and they can be given as in Theorem 2. Suppose that (M, g)
is vacuum Einstein. By Theorem 3, g is either of type 1 or 2. If g is of type 2, then from
(9) and (10) it follows that each R, satisfies A =0, v = 0, Ric(Ry) = 0, Ric(P) = 0, and
tr’T" = 0. Hence the orthogonal part h C so(n) of g is spanned by the images of elements
of Ro(h) and Py(h). From [16] it follows that h C so(n) is spanned by the images of
elements of Ro(h). Thus b is the holonomy algebra of a vacuum Einstein Riemannian
manifold. If g is of type 1, then each R, satisfies A =0, v = ISLivc(P), Ric(Rp) = 0, and
tr 7" = 0. Hence for some element R, it holds Ric(P) # 0, i.e. at list for one b; C so(n,)
in the decomposition (3) it holds Py (b;) # 0. If (M, g) is Einstein with the cosmological
constant A # 0, then by Theorem 3, g is of type 1. We get that the curvature tensor
R, at the point x given by (2) satisfies A = —A, v = Ii\i/C(P), and Ric(Ry) = An|grrgrn-
Hence for each h; C so(n;) in the decomposition (3) it holds R;(h;) # 0, and ns; = 0.
O

Remark. A simple version of Theorem 4 for Lorentzian manifolds with holonomy
algebras of type 2 is proved in [15], where the possibility for h; C so(n;) to coincide
with the holonomy algebra of a symmetric Riemannian non-Kéhlerian space was not
excluded.

5. Examples of Einstein and vacuum Einstein Lorentzian metrics

On an n + 2-dimensional Lorentzian manifold (M, g) admitting a parallel distribution
of isotropic lines there exist local coordinates (the Walker coordinates) z°, ..., 2! such
that the metric g has the form

g = 2da°dz"t + Z hij(z', ..., 2" da'da?

ij=1
+2) (et e datde ™ f (20, ) (da" (1)

i=1
where h(z"*') = 7' hy(al, . 2" )da'da’ is a family of Riemannian metrics

depending on the coordinate z"™! [28]. The parallel distribution of isotropic lines is

defined by the vector field dy (we denote aia by 0,).

In [17] the Einstein equations for the general metric (11) are written down and

some solutions of this system under some assumptions on the coefficients are found. Of
course, it is not possible to solve such system in general.

In this section we show the existence of a local metric for each holonomy algebra
obtained in the previous section. It is easy to see that if the metric (11) is Einstein, then
each Riemannian metric in the family h(2x"*!) is Einstein with the same cosmological
constant.

We will take some special h;; and u’ in (11), then the condition on the metric g to
be Einstein will be equivalent to a system of equations on the function f. In each case
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we will show the existence of a proper function f satisfying these equations. This will
imply the existence of an Einstein metric with each holonomy algebra obtained above.

First consider the metric (11) with h;; independent of ™! and u'(z!, ..., z"*!) =0
for all i« = 1,...,mn. The holonomy algebras of such metrics are found in [2]. If f is
sufficiently general, e.g. its Hessian is non-zero, then the holonomy algebra g of this
metric is weakly-irreducible. If dyf = 0, then g = h x R", where § is the holonomy
algebra of the Riemannian metric h; if dof # 0, then g = (R @ ) x R™. In addition we
need to choose h and f to make g Einstein or vacuum Einstein. The Ricci tensor Ric(g)
for such metric has the following non-zero components:

. 1
Ricon41 = 5(50)2f> (12)
R,iCZ‘j = R,IC”(h), ’L,j = 1, ceey 1 (13)

1
RiCin+1 = 58082_]0, 1= 1, ey Ny (14)

. 1
Ricos1ni = 5 (F(80)2f = AF)), (15)

where Af = Y7 h¥ (8:0;f — >4_1 5,0, f) is the Laplace-Beltrami operator of the
metric h applied to f. Suppose that g is vacuum Einstein, then the metric A should be
vacuum Einstein as well. Next, 9yf = 0 and Af = 0. Let f be any harmonic function
with non-zero Hessian, locally such functions always exist. E.g. if h is flat, then we may
take f = (z')? + -+ (2" 1?2 — (n — 1)(z™)% Thus, the metric g is vacuum Einstein
and g = h x R".

Suppose that ¢ is Einstein with the cosmological constant A # 0, then h is
Einstein with the same cosmological constant A. Next, %(80)2 f=A, 000;f =0 and
L(f(00)2f — Af) = Af. We get that f = A (2°)? + 2°f1(2") + fo(z!, ..., 2"F!) such
that A fy = 0. Taking fy to be harmonic with non-zero Hessian, and f; = 0, we get that
the metric g is Einstein with the cosmological constant A and g = (R ® h) x R™.

It is impossible to construct in this way vacuum Einstein metrics with the holonomy
algebras of type 1.

In [14] for each weakly-irreducible not irreducible holonomy algebra is constructed
a metric of the form (11) with h;;(a',...,2"™!) = §;;, i.e. each Riemannian metric in
the family h(z"™!) is flat. The Ricci tensor Ric(g) for such metric has the following
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components:
. 1 9
Ricon 1 25(30) /s (16)
Ric;; =0, 4,57 =1,...,n, (17)
Ric; iy — (808f Za i —auﬂ)) i=1, ..., (18)
) 1
Ricp41ns1 :§< f— Z 80 ) f— Z )V f+ 2Zaan+1u (19)

+Z dyu’ — 0)? + (Do) Z@u +22u’808f)

i,j=1

Now we recall the algorithm of the construction from [14].

Let h C so(n) be the holonomy algebra of a Riemannian manifold. We get the
decompositions (2) and (3). We will assume that the basis ey, ..., e, of R™ is compatible
with the decomposition of R"™. Let ng = ni+---+ns =n—ns.1. We see that h C so(ng)
and b does not annihilate any proper subspace of R™. We will always assume that the

indices 4, 7, k run from 1 to n, the indices i, J, k run from 1 to no, and the indices i, J, k:
run from ng + 1 to n. We will use the Einstein rule for sums.
Let (P,)Y_, be linearly independent elements of P(h) such that the subset

{Pa(u)]l < a < N,u € R"} C b generates the Lie algebra . For example, it can
be any basis of the vector space P(h). For each P, define the numbers P(fﬁ such that

P.(e;)e; = Pfﬁe,%. Since P, € P(h), we have

aks

It holds Ric(P,) = Ric(P,)* e;, where Ric(P,)* => Pk Define the following numbers

~ 1 N ”
B k_ k
= = (P Pi) (1)
We have ) )
From (20) it follows that
Pfﬁ = (a—1)! (aiﬁ — af;]%i> and a* it a’ s+ a =0. (23)
Define the functions
i _ i ik n+1lya—1
ut = ag st (") (24)

and set u§ = 0. We choose the function f to make the holonomy algebra g of the metric
g to be weakly-irreducible. If Jyf = 0, then g is either of type 2 or type 4; if dyf # 0,



Holonomy of Einstein Lorentzian manifolds 12

then g is either of type 1 or type 3. We will make g to be vacuum Einstein, then g will
be either of type 2 or type 1, i.e. it will equal either to h x R™ or to (R @ h) x R™.
Note that
2

i 7 o i k n+lya—1 . 2_ n+1 a—1
dyu'—du’ = = 1)!Pa5kx ("), o' = a—l ZRlc )T

(25)
Suppose that g is vacuum Einstein. Then, first of all, the equality (16) implies that
f =21 + fo, where f, and f; are functions of z!, ..., 2"+
First suppose that g is of type 2, i.e. dyf = 0 and f; = 0. Substituting this and
(25) into the equation Ric = 0, we get the following equations

. . 2
YEE=0 X016 =Y (ot @)
J ¢ ]
The first equation is equivalent to the condition P;(h) = 0. Clearly, the function
) ) 2
2¥)

satisfies the second equation. In order to make g weakly-irreducible we add to the
obtained fy the harmonic function (2')?+-- -+ (2"71)2 — (n—1)(z™)? (it is not necessary
to do this if ng = n).

Thus we get a new example of the vacuum FEinstein metric with the holonomy
algebra h x R™, where b is the (not necessary irreducible) holonomy algebra of a vacuum
Einstein Riemannian manifold.

Suppose now that g is of type 1. The equation Ric = 0 is equivalent to the following
system of equations:

2
R

k(o ntlya-1) 4 o i nt1)o—2
Z ’f = Z( T )—Zmelc(a)x@ )

i

Ric(P.) (z"*1)*~,  8:fy =0,

2 zz n+lya—1 ul
—f1ZWR1C(P) (@")* + 2u'0; f1.

7

We may take f; = ﬁ Ric(P,)iz (z"+1)2=1. Substituting it into the last equation,
we obtain the equation of the form

where G is a polynomlal of the variables z* and 2" 1 and it is of degree at most 2 in
the variables z¢ and of degree at most 2(N — 1) in :E”“ Let fo = Zg Y fog - (a8,
then each fys satisfies the equation

> (0. fos = G,

i
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where G is a polynomial of 2t of degree at most 2. Thus we need to find solutions of
a number of the Poisson equations

Y (@)F =4, (27)

where H is a polynomial of 2t of degree at most 2. Let us show a simple way
to find a polynomial solution of such equation. Let H, = H — (2%)%(8;)?H, then
H=H + %(:)3%)2(8;)21[[ and (9;)2H, = 0 for each i. Next, let Hy = H, — 2'0, H,, then
Hy = Hy + 2'0,Hy, 01Hy = 0, and (9;)*H; = 0 for each 7. Now it is obvious that the
function L L U
F= 5(1’ ) Hy + 6(:17 )0 Hy + ﬂ(x’) (0:)°H

is a solution of the equation (27). In order to make g weakly-irreducible we add to the
obtained fy the harmonic function (z')? 4 --- + (z" 1) — (n — 1)(z™)%

Thus we get an example of the vacuum Einstein metric with the holonomy algebra
(Rah)xR", where b is the (not necessary irreducible) holonomy algebra of a Riemannian
manifold such that P;(h) # 0, in other words, in the decomposition (3) at least one b;
is the holonomy algebra of a not vacuum Einstein Riemannian manifold.

We have proved the following theorem.

Theorem 6 Let g be any algebra as in Theorem 4 or 5, then there exists an n + 2-
dimensional Finstein (resp., vacuum Einstein) Lorentzian manifold with the holonomy
algebra g.

Example 1 In [14, 15] we constructed metrics with the holonomy algebras g2 C
50(1,8) and g>**™") C 50(1,9). In these constructions N = 1 and f = 0. Choosing in

these constructions f = 53" (Pj(x%)%)?, we obtain vacuum Einstein metrics with

the holonomy algebras g>%2 C so(1,8) and g>*™") C so(1,9).

6. Lorentzian manifolds with totally isotropic Ricci operator

Let R € R(g"") be as in Theorem 2. Consider its Ricci operator Ric = Ric(R) :
RUnHL 5 REHL defined by
n(Ric(z), y) = Ric(z, y),

where z,y € R"*! and on the right hand side Ric denotes the Ricci tensor of R. It is
easy to check that
Ric(p) = — Ap, Ric(x) = n(z, Ric(P) —v)p + Ric(Ro)(x), (28)
Ric(q) =(tr T)p + R\{C(P) — v — g, (29)
where z € R".

A Lorentzian manifold (M, g) is called totally Ricci-isotropic if the image of its
Ricci operator is isotropic, equivalently, n(Ric(z),Ric(y)) = 0 for all z,y € RY"L
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Obviously, any vacuum Einstein Lorentzian manifold is totally Ricci-isotropic. If (M, g)
is a spin manifold and it admits a parallel spinor, then it is totally Ricci-isotropic (but
not necessary vacuum Einstein, unlike in the Riemannian case) [7, 11].

Theorem 7 Let (M,qg) be a locally indecomposable n + 2-dimensional Lorentzian
manifold admitting a parallel distribution of isotropic lines. If (M, g) is totally Ricci-
1sotropic, then its holonomy algebra is the same as in Theorem 4.

The proof of this theorem is similar to the proofs of the above Theorem 3 from [15]
and Theorems 4 and 5. [J
Using results of Section 3 it is easy to prove the following theorem.

Theorem 8 Let (M,qg) be a locally indecomposable n + 2-dimensional Lorentzian
manifold admitting a parallel distribution of isotropic lines. If the holonomy algebra
of (M, g) is of type 2 and in the decomposition (3) of the orthogonal part h C so(n) each
subalgebra b; C so(n;) coincides with one of the Lie algebras su(%), sp(5), G2 C 50(7),
spin(7) C s0(8), then (M, g) is totally Ricci-isotropic.

Note that this theorem can be also proved by the following argument. Locally
(M, g) admits a spin structure. From [15, 26] it follows that any manifold (M, g) with
the holonomy algebra as in the theorem admits locally a parallel spinor, hence (M, g)
is totally Ricci-isotropic.
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