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Abstract
This paper provides a simple approach for the consideration of
quadratic BSDEs with bounded terminal We prove the existence of
a weak solution to a backward stochastic differential equation (BSDE)

T T
Y;ng—f—/ f(S,Xs,Y;,Zs)dS—/ Zs dWy
t t

in a finite-dimensional space, where f(t,x,y, z) is affine with respect to
z, and satisfies a sublinear growth condition and a continuity condition.
This solution takes the form of a triplet (Y, Z, L) of processes defined
on an extended probability space and satisfying

T T
Yt:§+/ f(s,Xs,Ys,Zs)dsf/ Z,dW, — (Ly — L)
t t

where L is a martingale with possible jumps which is orthogonal to
W. The solution is constructed on an extended probability space,
using Young measures on the space of trajectories. One component of
this space is the Skorokhod space D endowed with the topology S of
Jakubowski.

Keywords: Backward stochastic differential equation, weak solution,
martingale solution, joint solution measure, Young measure, Skorokhod
space, Jakubowski’s topology S, condition UT, Meyer-Zheng, pathwise unique-
ness, Yamada-Watanabe-Engelbert.

MSC: 60H10

1 Introduction

Aim of the paper Let (2, F,(F)icpo1),P) be a complete probability
space, where (F;)¢>0 is the natural filtration of a standard Brownian motion

W = (Wi)eepo,r) on R™ and F = Fr.



In this paper, we prove the existence of a weak solution (more precisely,
a solution defined on an extended probability space) to the equation

T T
(1) Y, =€+ /t Fs, X4, Yy, Zs) ds — /t ZgdW, — (L — L)

where f(t,x,y, z) is affine with respect to z, and satisfies a sublinear growth
condition and a continuity condition, W is an R™-valued standard Brownian
motion, Y and Z and L are unknown processes, Y and L take their values
in R?, Z takes its values in the space L of linear mappings from R™ to R,
£ e Léd is the terminal condition, and L is a martingale orthogonal to W,
with Ly = 0 and with cadlag trajectories (i.e. right continuous trajectories
with left limits at every point). The process X = (X;)o<t<7 is (F¢)-adapted
and continuous with values in a separable metric space M. This process
represents the random part of the generator f and plays a very small role in
our construction. The space M can be, for example, some space of trajecto-
ries, and X; can be, for example, the history until time ¢ of some process (,
ie. Xy = (Csnt)o<s<T

Such a weak solution to (1) can be considered as a generalized weak
solution to the more classical equation

T T
) Y=+ / F(5, Xo, Yo, Z5) ds — / Z,dw,
t t

Historical comments Existence and uniqueness of the solution (Y, Z) to
a nonlinear BSDE of the form

T T
Yt=5+/ f(s,Ys,Zs)ds—/ Z,dW,
t t

have been proved in the seminal paper [30] by E. Pardoux and S. Peng, in
the case when the generator f is random with f(.,0,0) € L%(Q x [0,T]), and
f(t,y, z) is Lipschitz with respect to (y, z), uniformly in the other variables.
In [26], J.P. Lepeltier and J. San Martin proved in the one dimensional case
the existence of a solution when f is random, continuous with respect to
(y,2) and satisfies a linear growth condition || f(¢,y, 2)|| < C(1+ |ly]| + ||z])-

Equations of the form (2), with f depending on some other process
X, appear in forward-backward stochastic differential equations (FBSDEs),
where X is a solution of a (forward) stochastic differential equation.

As in the case of stochastic differential equations, one might expect that
BSDEs with continuous generator always admit at least a weak solution, that



is, a solution defined on a different probability space (generally with a larger
filtration than the original one). A work in this direction but for forward-
backward stochastic differential equations (FBSDEs) is that of K. Bahlali,
B. Mezerdi, M. N’zi and Y. Ouknine [3], where the original probability is
changed using Girsanov’s theorem. Let us also mention the works on weak
solutions to FBSDEs by Antonelli and Ma [2], and Delarue and Guatteri
[13], where the change of probability space comes from the construction of
the forward component.

Weak solutions where the filtration is enlarged have been studied by
R. Buckdahn, H.J. Engelbert and A. Ragcanu in [11] (see also [9, 10]), using
pseudopaths and the Meyer-Zheng topology [29]. Pseudopaths were invented
by Dellacherie and Meyer [14], actually they are Young measures on the
state space (see Subsection 3.4 for the definition of Young measures). The
success of Meyer-Zheng topology comes from a tightness criterion which
is easily satisfied and ensures that all limits have their trajectories in the
Skorokhod space D. We use here the fact that Meyer-Zheng’s criterion also
yields tightness for Jakubowski’s stronger topology S on D [21]. Note that
the result of Buckdahn, Engelbert and Rascanu [11, Theorem 4.6] is more
general than ours in the sense that f in [11] depends functionally on Y, more
precisely, their generator f(¢,z,y) is defined on [0,7] x D x D. Furthermore,
in [11], W is only supposed to be a cadlag martingale. On the other hand, it
is assumed in [11] that f is bounded and does not depend on Z (but possibly
on the martingale W). In the present paper, f satisfies only a linear growth
condition, but the main novelty (and the main difficulty) is that f depends
(linearly) on Z. As our final setup is not Brownian, the process Z we
construct is not directly obtained by the martingale representation theorem,
but as a limit of processes Z(™ which are obtained from the martingale
representation theorem.

The existence of the orthogonal component L in our work comes from
the fact that our approximating sequence (Z (")) does not converge in L2:
Actually it converges to Z only in distribution in Li [0, T] endowed with its
weak topology, thus the stochastic integrals fg Z(™) W, need not converge

in distribution to fg Z dWy. Let us mention here the work of Ma, Zhang and
Zheng [27], on the much more intricate problem of existence and uniqueness
of weak solutions (in the classical sense) for forward-backward stochastic
differential equations. Among other results, they prove existence of weak
solutions with different methods and hypothesis (in particular the generator
is assumed to be uniformly continuous in the space of variables) which ensure
that the approximating sequence Z(™ constructed in their paper converges



in L2 to Z.

Let us also mention the recent paper [4] on the existence of an optimal
control for a FBSDE. This optimal control and the corresponding solutions
are obtained by taking weak limits of minimizing controls and the corre-
sponding strong solutions. The limit BSDE with the optimal control also
contains an orthogonal martingale component similar to ours.

In the case where the Brownian filtration needs to be enlarged, weak
solutions are solutions which cannot be constructed as functionals of the
sole Brownian motion W. It is natural for this construction to add some
randomness to W by considering Young measures on the space of trajectories
of the solutions we want to construct (let us denote momentarily I' this
space), i.e. random measures w — i, on I' which depend in a measurable
way on the Brownian motion. The weak solution is then constructed in the
extended probability space Q =  x I' with the probability pu, ® dP(w).
Young measures have been invented many times under different names for
different purposes. In the case of the construction of weak solutions of SDEs
with trajectories in the Skorokhod space D, they have been (re-)invented by
Pellaumail [31] under the name of rules. In the present paper, we also
construct a weak solution with the help of Young measures on a suitable
space of trajectories.

Organization of the paper In Section 2, we give the main definitions
and hypothesis, in particular we discuss and compare possible definitions of
weak solutions. Using the techniques of T.G. Kurtz, we also give a Yamada-
Watanabe-Engelbert type result on pathwise uniqueness and existence of
strong solutions.

Section 3 is devoted to the main result, that is, the construction of a weak
solution: First, we construct a sequence (Y (™), Z(") of strong solutions to
approximating BSDEs using a Tonelli type scheme (Subsection 3.1), then we
prove uniform boudedness in L? of these solutions (Subsection 3.2) and com-
pactness properties in the spaces of trajectories (Subsection 3.3). Here the
space of trajectories is Dga([0, T]) x L2[0, T] x Dga([0, T]), where Dga ([0, T7])
is endowed with Jakubowski’s topology S and L2[0, T with its weak topol-
ogy. Finally, we obtain the solution by passing to the limit of an extracted
sequence, in Young measures topology (Subsection 3.4). The proof of the
main result, Theorem 3.1, is completed in Subsection 3.5.



2 General setting, weak and strong solutions

2.1 Generalities, equivalent definitions of weak solutions

Notations and hypothesis For any separable metric space E, we denote
by Cg[0,T] (respectively Dg[0,T]) the space of continuous (resp. cadlag)
mappings on [0,7] with values in E. (The space Da[0, 7] will sometimes
be denoted for short by D.) Similarly, for any ¢ > 1, if E is a Banach space,
and if (X, G, Q) is a measure space, we denote by L{ (X) the Banach space of
measurable mappings ¢ : ¥ — E such that H(p”i[% = fOT le(s)|T dQ(s) <
+00.

The law of a random element X of a topological space E is denoted by
L (X). The conditional expectation of X with respect to a o-algebra G, if
it exists, is denoted by EY (X). The indicator function of a set A is denoted
by 14.

In the sequel, we are given a stochastic basis (2, F, (Ft):ejo,77, P), the
filtration (F;) is the filtration generated by an R™-valued standard Brownian
motion W, augmented with the P-negligible sets, and F = Fr. We are
also given an R-valued random variable ¢ € L2,(Q,F,P) (the terminal
condition). The space of linear mappings from R™ to R? is denoted by L.
We denote by M a separable metric space and by X a given (F;)-adapted
M-valued continuous process. Finally we are given a measurable mapping
f:[0,T] x M x R* x L. - R? which satisfies the following growth and
continuity conditions (H;) and (Hsz) (which will be needed only in Section
3 for the construction of a solution):

(H1) There exists a constant Cy > 0 such that V(¢,z,y,2) € [0,T] x M x
R x L, | f(t,2,y,2)| < Cp(1+||2])).

(Ha) f(t,x,y, z) is continuous with respect to (x,y) and affine with respect
to z.

Weak and strong solutions

Definition 2.1 A strong solution to (2) is an (F;)-adapted, R? x L-valued
process (Y, Z) (defined on § x [0,7]) which satisfies

T
(3) / |1 Zs||” ds < oo P-a.c.
0

T
(4) / Hf(saX&YSa ZS)” ds < oo P-a.e.
0



and such that the BSDE (2) holds true.

Remark 2.2 Similarly, a strong solution to (1) should be a triplet (Y, Z, L)
defined on € x [0, T) satisfying (3), (4), and (1), and such that L is a cadlag
martingale orthogonal to W and Ly = 0, but this notion coincides with that
of a strong solution to (2), because then L would be an (F;)-martingale,
hence L = 0.

Remark 2.3 The process X is given and (F;)-adapted, and the final con-
dition £ is given and Fr-measurable. By a well known result due to Doob
(see [15, page 603] or [14, page 18]), there exists thus a Borel-measurable
mapping I : Cgrm[0,T] — Cm[0,7T] x R? such that (X,£) = F(W) a.e. In
other words, the law £ (W, X, &) of (W, X,§) is supported by the graph of
F. The fact that X is (F;)-adapted is a property of F': it means that, for
every t € [0,7T], the restriction of X to [0,t] only depends on the restriction
of W to [0,¢].

We now give three equivalent definitions of a weak solution:

Definition 2.4
1) A weak solution to (1) is a stochastic basis (2, F, (F;)o<t<T, it) along

to (F;), and a random variable £ defined on £, such that:

(W1) The processes W and X are continuous with values in R™ and M
respectively, £ takes its values in RY, and the law of (W, X, §) on
Crm[0,T] x Cy[0,T] x R is that of (W, X, &).

(W2) W is a standard Brownian motion with respect to the filtration (F,).

(W3) The processes Y and L are R?-valued and cadlag, and Z is L-valued,
with EfOT 1Z,|I* ds < oo, the process L is a square integrable mar-
tingale with Ly = 0, and L is orthogonal to W.

(W4) Condition (4) and the BSDE (1) hold true, replacing Y, Z, L, W, X, ¢



of DRa[0,T] are generated by the projection mappings m; : = — x(t) for
t € [0,T7]; we shall see later that these sets are the Borel sets of the topology
S of A. Jakubowski [21].)

3) An extended solution to (1) consists of a stochastic basis (Q, F, (F,)o<t<T, 1t)
along with a triplet (Y, Z, L) of processes defined on £ such that:

(E1) There exists a measurable space (I',G), and a filtration (G;) on (T, G)
such that

Q=0xTI', F=F®G§g, F, =F &G foreveryt,

and there exists a probability measure p on (£2, F) such that p(AxI') =
P(A) for every A € F.

Note that every random variable ¢ defined on €2 can then be identi-
fied with a random variable defined on 2, by setting ((w,7) = ((w).
Furthermore, F can be viewed as a sub-g-algebra of F by identifying
each A € F with the set A x I'. Similarly, each F; can be considered
as a sub-c-algebra of F,. We say that (Q,F, (F;):, it) is an extension
of (Q, ]:, (]:t)t, P)

(E2) The process (Wi)o<t<7 is a Brownian motion on (2, F, (F,)¢, i) (where
W(w,7) := W(w) for all (w,v) € ),

(E3) The processes Y, Z and L are (F,)-adapted, Y and L are R%valued
and cadlag, and Z is L-valued, with EfOT |1 Z||* ds < oo, and L is a
square integrable martingale with Ly = 0, and L is orthogonal to W.

(E4) Condition (4) and the BSDE (1) hold true.

Obviously, an extended solution is a weak solution, and a weak solution
generates a joint solution measure. Actually, these concepts are equivalent
in the sense that:

Proposition 2.5 Given a joint solution measure v to (1), there exists an
extended solution to (1) which generates v.

Before we give the proof of Proposition 2.5, let us give an intrinsic charac-
terization of joint solution measures. Let us first observe that:

1. It is easy to check (see the proof of Lemma 3.3) that, if Y, Z, L, W, X, £
are defined on a stochastic basis (@, F, (F,), 1), then (1) is equivalent to

(5) Y, — B5 (g + /T (s, X, Ve, 22) ds)
t

7



t T
/ ZSdWS—i—Lt:Eft <§+/ f(s,XS,Y;,ZS)ds>
0 0

T
(6) g5 <g+/ f(s,Xs,Y;,Zs)ds> .
0

2. If (Y, Z,L, W, X,¢§) is a weak solution defined on a stochastic basis

(Q,F,(F,),p), it is still a weak solution if we reduce the filtration (F,)
remains adapted to (F}). Furthermore, conditions (W1) to | (\Xﬁg remain
unchanged if we augment (F}) with the p-negligible sets. So, if v is a joint
solution measure, there exists (Y, Z, L, W, X, {) defined on a stochastic basis

(W0) v = L(Y,Z,L,W,X,¢) and (F,) = (F-%2™), where (F257)

is the filtration generated by (Y, Z,L,W), augmented with the pu-
negligible sets.

Now, Condition (W1) is clearly a condition on v. Let us rewrite Condi-
’X? §) and (Q? £’

(Fi)o<t<t, pt) . We use here techniques of Kurtz [25].
e By Lévy’s characterization of Brownian motion, (W2) is satisfied if and
only if W is an (F,)-martingale and [w[i],wm} = 0,5t for all ¢t € [0,T7,
t

where 4;; is the Kronecker symbol and w[i] is the 7th coordinate of W. The
latter condition is satisfied if W has the same law as W, thus it is implied
by (W1). We can thus replace (W2) by

(W2) W is an (FZ"")-martingale.
But (W2’) is equivalent to
(7) E((KT -W,) h(X_/mZ,/\t,L,/mK,M)) =0
for every t € [0,T] and every bounded Borel measurable function h defined
on Dgal0,T] x L2[0,T] x Dga[0, T] x Crm [0, T).

e By (W0), Y and L have their trajectories in Dga[0,T] and Z in L [0, T7,
and we have Ly = 0. Thus we can replace (W3) by
(W3’) L is a square integrable (.EX’Z’L’w)—martingale and L is orthogonal to
w.



The second part of (W3’) means that LOWO) s a martingale for every
i€ {1,...,d} and every j € {1,...,m}, where L) and W\ denote the
coordinate processes. Thus (W3’) can be expressed as

(8) E((LT - Lt) h(X./\t’Z./\t’L./\t’w./\t)> =0
(9) E(@M - Lw) h(x.mz.mgmmm) =0

for every t € [0,T] and every bounded Borel measurable function h defined
on Dgal0,T] x LE[0,T] x Dga[0, T] x Crm [0, T).

e Under (W0), Equations (5) and (6) amount to
(¥.2,L,W) T
Y, =E% <§ + / f(s, X, Y. Z,) dS)
¢

¢ FYZLW) T
/zsdmwt:Et §+/ F(5, XY Z,) ds
0 . t

FZLW) T
—E% o §—|—/ f(s, X, Y, Z,)ds ).
¢

Thus Condition (W4) is equivalent to

T
(10) / If(s, XY, Z,)| ds < oo P-a.e.

0
T
(11) E [ (Xt - § - f(‘s?ststZs) dS) h(X./\hZ./\t?L./\t?w./\t)] =0
t

(12) E[(/OtstEs+Lt

T T
_5_/ f(S,XS,XS,ZS)dS‘FE(g—F/ f(S,Xs,XS,ZS)dS>>
- 0 . 0
X h(X.AtaZ.AtaL.AtaE.At)] =0

for every bounded measurable function h defined on Dga[0,T] x L2[0,T] x
]D)Rd [O, T] X CRm [O, T]



Clearly, Equations (7), (8), (9), (10), (11), and (12) only depend on
the probability measure v = L (X, Z, LW, X, §) We have thus proved

the following lemma, which is actually a characterization of joint solution
measures:

tic basis (Q, F, (leog_tg;,,u_), with trajectories respectively in Dga[0, T], L]0, T],
Dga[0,T], Crm[0,T], and Cu[0,T], and let & be an R%-valued random vari-
able defined on Q. Assume that (F,) is the filtration generated by (Y, Z, L, W),
solution to (1) defined on (R, F, (Fy)o<t<T, it) if a;d_mz?yE(WZ) and Equa-
tions (7), (8), (9), (10), (11), and (12) are satisfied.

In particular, if v is a joint solution measure to (1), the canonical process
on the space Dga[0,T] x L2[0,T] x Dga[0,T] x Crm[0,T] x Cy[0,T] x R?
endowed with the probability v is a weak solution to (1).

Before we give the proof of Proposition 2.5, let us give a definition which
will be used several times. Let p be a probability measure on a product
(2 xTI', F ® G) of measurable spaces such that I' is a Polish space (or more
generally, a Radon space) and G is its Borel o-algebra. Let P denote the
marginal measure of p on Q, that is, P(A) = u(A xT') for all A € F.
Then there exists a unique (up to equality P-a.e.) family (i, ),eq such that
w — 1, (B) is measurable for every B € G, and

(13) u(p) = /Q o ((0, ) d P (w)

for every F®G-measurable nonnegative function ¢ : QxI' — R, see e.g. [36].

Definition 2.8 The family (u,,) in (13) is called the disintegration of p with
respect to P. It is convenient to denote

p= o ® dP(w).
Proof of Proposition 2.5 Let I' = Dga[0,7] x L[0,7] x Dga[0,T]. Let

G be the Borel o-algebra of T, and, for each t € [0,7T], let G; be the o-
algebra generated by the projection of I onto Dga[0, ] x L2 [0,#] x Dga[0,t].

10



Let F : Cgm[0,T] = Cpm[0,T] x R? be as in Remark 2.3. Then, with
slight abuses of notations, v is the image of a probability measure A on
I' x Crm[0,T] x Cpm[0,T] x R? by the mapping

[ x Cgm[0,T] — T x Cgm[0,7T] x Cy[0,T] x R?
(Y, 2,1, W) = (Y, 2, 1w, F(w)).

Let (Aw)wecgm[o,r] be the disintegration of A with respect to £ (W), that is,
(Aw)wecpm(o,r] is a family of probability measures on (I',G) such that, for
every bounded measurable ¢ : I' x Crm[0,T] — R,

Ao = [ . ([ ot 2t drotyz.0)) a2 ) ),

Now, let

Q=0QxT, F=F®G, F=F®G (tcl0,T)),

and let = Ay () ® dP(w), i.e. p is the probability measure on (2, .F) such
that

1) :/Q</F<P(w,y,z,l) dAW(m(y,z,l)) dP(w)

for every bounded measurable ¢ : @ — R. We define the random variables

Y, Z, L,W, X and £ on by

Y(w’ y’ Z’ l) = y? Z(w’ y’ Z’ l) = Z’ L(w? y? Z? l) = l?
W(w,y,z,1) =W(w), Xw,y,zl)=Xw), &w,uy,zl)=~EWw).

Then F, = .E(Y’Z’L’W) for every t € [0,T], where (F%"") is the filtration
generated by (Y, Z, L,W) augmented with the P-negligible sets. Further-
more, we have £ (Y, Z, L, W, X, &) = v, thus, by Corollary 2.7, as v is a joint
solution measure to (1), (Y, Z, L, W, X,§) is a weak solution to (1) defined
on (Qv £7 (zt)7 :U')' D

Remark 2.9 The extension which generates v in Proposition 2.5 is not
unique. The one we construct in Section 3 is based on a different construc-
tion of the auxiliary space I'.

We now give a criterion for an extended probability space to preserve
martingales. The equivalence (ii)<(iii) in the following lemma is contained
in Lemma 2.17 of [19].

11



Lemma 2.10 Let (Q,F,(F,),pn) = (QxT, FRG, (F:®@Gy), ) be an exten-
sion of (0, F, (Ft),P). Let () be the disintegration of p with respect to P.
The following are equivalent:

(i) W is an (F,)-Brownian motion under p,
(i) Every (F;)-martingale is an (F,)-martingale under u*,

(iii) For every t € [0,T] and every B € G, the mapping w — pu,(B) is
Fi-measurable.

Proof Assume (i). Let M be an (F;)-martingale with values in R¥ for
some integer k. Assume first that M is square integrable. By the martin-
gale representation theorem, there exists an (F;)-adapted process H with
EfOT H2ds < +oo such that My = My + fg HsdWs. By (i), M is an (F,)-
martingale. In the general case, denote, for every integer N > 1,

M .
ay = o A IMr] >N
My if |Mr] <N,

and set MY = E (M%V) for 0 <t < T. Then, for any A € F,, using
Lebesgue’s dominated convergence theorem, we have

E (14 (Mp — M,)) zNhglooE(]lA (M = M) =0

which proves that M; = EZ+ (My). Thus (i) is satisfied.

Assume (ii), and let B € G;. For u: @ - R and v : I' = R we denote
by u ® v the function defined on Q x I' by u ® v(w, z) = u(w)v(x). For each
bounded F-measurable random variable K, we have

E(K p(B) = p(K® 1) = p (BX (K ® 1)) = u (B (K) ® 1p)
E (E7* (K) p.(B)) = E (E7 (K) E™* (u.(B)))
E (K E™ (u.(B))),

which yields pu.(B) = E”* (u.(B)). Thus u (B) is Fi;-measurable, which
proves (iii).

! According to Jacod and Mémin’s terminology [19, Definition 1.7], this means that
(Q, F, (F,)t, 1) is a very good extension of (Q, F,(Ft)t,P). A similar condition is called
compatibility in [25].

12



Assume (iii). To prove (i), we only need to check that W has independent
increments under p. Let ¢t € [0,7], and let s > 0 such that ¢t + s € [0,T].
Let us prove that, for any A € F, and any Borel subset C' of R, we have

(14) p(AN{Wiys =Wy € C}) = p(A) p{Wiys — Wi € C}

Let B = {w € Q; Wiys(w) — Wi(w) € C}. We have

p(AN(BxT)) = 1p(w) dp(w, )

Q><F

_ / o () d P(w)
Q

= [ ))dP(w) P(B)
Q

— u(A) (B X T),

which proves (14). Thus W;ys — W, is independent of F,. ]

2.2 Pathwise uniqueness and strong solutions

One easily sees that, under hypothesis (H;) and (Hz), Equation (2) may
have infinitely many strong solutions. For example, let d =m =1, £ = 0,
and f(s,z,y,2) = /|y|. Then, for any ¢, € [0,T], we get a solution by
setting Z = 0 and
v Tt —1)? H0<t<t
"o iftg<t<T.

Following the usual terminology, let us say that pathwise uniqueness
holds for Equation (1) if two weak solutions defined on the same probability
space, and with respect to the same (W, X, &), necessarily coincide. Thus,
in our setting, pathwise uniqueness does not necessarily hold.

T. G. Kurtz [25] has proved a very general version of the Yamada-
Watanabe and Engelbert theorems on uniqueness and existence of strong
solutions to stochastic equations, which includes SDEs, BSDEs and FBS-
DEs, but without z in the generator. His results are based on the convexity
of the set of joint solution-measures when the trajectories lie in a Polish
space.

We can consider here that Dga[0, T is equipped with Skorokhod’s topol-
ogy Ji, which is Polish (actually, in Section 3, we will use Jakubowski’s
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topology S on Dpa[0, 7], which is not Polish, but this topology has the same
Borel subsets as .J;). Thus the space T' = Dga[0, T] x L2 [0, T] x Dga[0,T] is
Polish. In particular, Theorem 3.15 of [25] applies to our framework.

Proposition 2.11 (Yamada-Watanabe-Engelbert a la Kurtz) Assume
that pathwise uniqueness holds for Equation (1). Then every weak solution

to (1) is a strong solution. Conversely, if every solution to (2) is strong,

(equivalently, by Remark 2.2, if every solution to (1) is strong), then path-

wise uniqueness holds for Equation (1).

Proof In order to apply [25, Theorem 3.15], we only need to check that
the set of joint solution measures to (1) is convex. (Theorem 3.15 in [25]
supposes that @ € St ¢, in the notations of [25], but a joint solution measure
is exactly an element of St ¢ ,.) We check this convexity by an adaptation
of [25, Example 3.17].

The set M of laws of joint solution measures to (1) is the set of proba-
bility laws of random variables (Y, Z, L, W, X, {) with values in Dga[0, 7] x
L2[0,T] x Dga[0, T] x Crm [0, T] x Cy[0, T] x RY, satisfying the conditions of
Lemma 2.6. But each of these conditions is a convex constraint on M.

For example, to show that Equation (12) is a convex constraint on M,
let us prove that the map £(Z, M) — L (fo Zs dMS) preserves convex com-
binations of probability laws. More precisely, let MY (X) denote the set
of all probability laws on a measurable space X. Let C be the subset of
MBT(LE[0,T] x Crm[0,T7]) consisting of laws of processes (Z, M) such that
M is a standard R™-valued Brownian motion and 7 is L-valued and M-
adapted. We show that the mapping

c — M (Cgal0, 1)
{E(Z,M) — L (f; Z,dM,)

preserves convex combinations of probability laws. Indeed, Let 1, uo € C,
and let p € [0,1]. Let (Z, M) and (Z2, M?) be adapted processes defined
on stochastic bases (21, F', (F1),P1) and (Qo, F2, (F?),Pa) with laws pu;
and pg respectively, such that M?! (respectively M?) is an (F})-Brownian
motion (resp. (F7?)-Brownian motion). Let A be a random variable taking
the values 1 with probability p and —1 with probability 1 — p, defined on a
probability space (€9, F°,Pg). We define a stochastic basis (Q, F, (F;),P)
by

Q:QQXleng, ﬁ:fo®f1®f2, ﬁt:./—'{)@f.tl@fg,
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ﬁ = P0®P1®P2.
For (wo,w1,ws) € §~2, set

(Zl,Ml)(wl) if A(WQ) =1

(Z, M)(wo, w1, w2) = {(szMz)(wg) if A(wg) = —1.

Then £ (Z, M) = pu1 + (1 — p)ua € C, the process M is (F;)-Brownian, and

/. ZsdMg = ]I{A:I} / Zs1 (1]\451 + ]I{Azfl} / Za? de,
0 0 0
thus

c(/O'ZSdMs> :pc</0'zsldM;>+(1—p)£</O'Z§dM3>.

The same technique can be applied to show that Equations (7), (8), (9),
(10), (11), and (12) are convex constraints on M. Thus M is convex.

]

3 Construction of a weak solution

Theorem 3.1 Assume that f satisfies hypotheses (Hy) and (Hz). Then
Equation (1) admits a weak solution.

This section is entirely devoted to the proof of Theorem 3.1, by con-
structing an extended solution to (1) in the terminology of Definition 2.4.

In Subsections 3.1 to 3.4, we only assume that f is measurable and
satisfies the growth condition (H;). Condition (Hz) will be needed only in
Subsection 3.5, for the final part of the proof of Theorem 3.1.

Note that the counterexample given by Buckdahn and Engelbert in [9]
does not fit in our framework, and we do not know any example of a BSDE
of the form (2) or (1) under hypothesis (H;) and (Hz) which has no strong
solution.

3.1 Construction of an approximating sequence of solutions

Approximating equations The proof of Lemma 3.3 will show that (2)
amounts to the following equations (15) and (16):

(15) Y, = EF (g " /T F(5. X, Ys, Z5) ds)
t

15



t T
/ ZsdWs = E7 <§ +/ f(saX&Yt%Zs)dS)
0

0

(16) -E <£ + /OTf(s,Xs,Ys,Zs) ds> .

We can now write the approximating equations for (15) and (16):

T ~
(17) v\ = g7 <§ + / f(s, X, Y Z{n) ds)
t

+1/n

t T -
/ ZM aw, = % <§+ / f(s,XS,Y;"),Zg"))ds)
0 0
T ~
(18) —E<§+ / f(s,XS,}/S("),Zén))ds>.
0

Here and in the sequel,

e f is extended by setting f(¢,z,y,2z) = 0 for t > T'; similarly, for any
function or process v defined on [0, 7], we set v(t) =0 for t > T,

e we denote Zs(n) = E7s (Zs(i)l/n>.

Proposition 3.2 The system (17)-(18) admits a unique strong solution

(Y™ Z()) . Purthermore, for everyn > 1, Y;(n) € L2.(Q) for each t € [0,T]

and Z € L2 (Q x [0,T)).

Proof Let Ty =T — £, k = 0,..., [nT], where [nT] is the integer part of
nT'. Observe first that for each k, (18) amounts on the interval [Ty, %] to

T

t
(19) / ZM aw, = E* (5 +

Tyt1

f(S,XS,KS("),Zgn)) ds
Tyt
T

— E T <§ + f(s,Xs,Ys("), ZS(")) ds) .

Tyt1

Now, the construction of (Y("), Z (")) is easy by backward induction: For
Ty <t <T =T, we have Y;(n) = E7t (¢) and (Zt(n))Tlgth is the unique

2
predictable process such that E f;‘q <Zt(n)) ds < 400 and
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t T
/ ZM aw, = E* (5 + [ f(s, X, Y, 0) ds)

T1 Tl
T
—~E'n ({ +

f(s, X5, Y™, 0) ds> .
T1

Suppose (Y™, Z(™) is defined on the time interval |T;, T], with k < [nT7],
then Y is defined in a unique way on Ty 1, k] by (17) and then Z(™ on
the same interval by (19). Furthermore, we get by induction from (19) that
Z™ € L2(Q x [0,T]). Then, using this latter result in (17), we deduce that

Yt(n) € L2,(Q) for each ¢ € [0,T]. W
The following result links (17) and (18) to an approximate version of (2):

Lemma 3.3 Equations (17) and (18) are equivalent to
T ~ T

(200 v =c+ / (s, X0, Y, Z{V) ds — / Zm aw, - v
t t

with Y ") adapted and

t+1/n _
v =B ( [ sex v 20 ds) -
t

Proof Assume (17) and (18). Denoting

T " t
Mt(n) — Rl <§+/O f(S’XS’YS(n)’ZS(n))dS> _ Mo(n) +/0 Zs(n) dWs,

we get

T ~
M =B (s [ Xy, 2 ds)
t+1/n
t ~
4 [ p XY, 20y ds + U
0
By (17), this yields

t ~
M™ =y 4 /0 Fls, X5, Y, Z0) ds + U™,
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that is,
t ~
Y;(n) = Mt(n) - / f(sa Xsa Y;(n), Zgn)) ds — Ut(n)
0
t t ~
= M +/ Z™M dw, —/ F(s, X, Y ZMyds — U™,
0 0
In particular,
T T ~
YY(’n) =¢{= MO(n) +/ Zs(n) dWs — / f(s, X, Ys(n)7 Zs(n)) ds
0 0
thus
T T ~
vy = / ZM aw, + / F(s, X, YW, Z0yas — U™,
t t

which proves (20).
Conversely, assume (20) and that Y™ is adapted. Denote Vt(n) =
JE 28 aw,. We have

T _ T
— g5 <§+/ f(s,XS,YS("),ZS("))ds—/ ZM dw,
t t
t+1/n _
- / f(s,Xs,Ys("%Z,S"’)ds)
t

T ~
=5 (e [ XY, 20 as ) - BT (v - v
t+1/n

+1/n

T ~
— R (5 +/ f(s, X, YW ZM) ds) ,
t

which proves (17).
Now, using (17) and (20), we have

T o~
EF (g + / f(s, X, YW ZM) ds)
0
T -
== Eft 5 + / f(87 XS? Ys(n)7 Zén)) ds
t+1/n

t o~
+ / F(5, X0, YW, Z0) ds + U™
0
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t ~
=y + / (s, X5, YW, Z{M) ds + U™
0
T _ T
=§+/ f(s,Xs,Ys("’,Zs(”))ds—/ Zm aw, — u™
t t
t ~
+ / F(s, X, Y™, Z0) s + U™
0
T ~ T
=&+ / f(s, X4, Y, Z(M) ds — / ZM aw,.
0 t
In particular,
T ~
E<£+/ f(s,Xs,Ys("),Zs(”))ds>
0

T N T
=&+ / Fs, X, Y, Z(M) ds — / Z™ aw,.
0 0

Thus
t T T
/ Z™ dw, = / zZ™ dw, — / zZ™ dw,
0 0 t
T " T "
= (s+ / o, X, YW, Z{M) ds — E (s+ / f(s,Xs,w"),Zs(”’)ds))
0 0
T _ T _
0 0
T _ T .
= E7 <g+/ f(s,XS,Y'S("),ZS(”))ds> ~-E <g+/ f(s,Xs,y}"),Zg"))ds)
0 0
which proves (18). ]

3.2 Boundedness and continuity results

In this part, we show some results that will be useful to prove the relative
compactness in distribution of the sequence (Y("), f r f(s, Xs, Ys(n), A ,S")) ds,
f_ T Zg") dWs, Z (”)) in some properly chosen state space.

Lemma 3.4 Let

B T _ T
v W =vM™4u™ = ey / F(s, X, YW Z() ds — / Z™ aws.
t t
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There exist constants a,b > 0 such that, for all t such that 0 <t < T,
T 2 T, .

(21) E/ HZ,@ dsgaE/ ( g
¢ t

Proof Using Proposition 3.2, we have, for each n > 1,

(22) E(sup HY H >
tel0,T

< 3E\|g\|2+3c;E/ (
0

2
N ds + b.

T
) )2d5—|—3E < sup / AR
tel0,T] I/t

n)2

2
><+oo.

Applying It6’s formula to the semi-martingale Hi( , taking expectation of

both sides and using the fact that ¢ — ftt/ <1~/8(n), Zs(n) dW5> is a martingale
(thanks to (22) and Proposition 3.2), we get

~ 2
E HYt(") ds.

2 T _ " T

=Bl 28 [ T, X v, 20— [ |2
t t

Thus

T 2 9
E/ HZ§”> ds < E || +2E/ (
t

From (H), this entails

T
E/ HZ§">
t
Using that, for a > 0,b > 0, and \ # 0, we have 2ab < a?)\? 4 b2 /)2, we get
T ~
2E/ HYS(”)
t
T 2 T, -
SAQE/ ( ds+2(T—t)/)\2+2/)\2E/ ‘ (
t ¢
T\, 2
S)\QE/ HYS(")
t
Thus, taking A > 20y,

(1—204/22) / HZ("

which yields (21). W

[ o0, 20

2 T,
ds <E€]* + 2CfE/ () ) ds.
t

) ds

(1+ HZ@

yo |17 as

s

ds.

2
ds)

T 2
ds+2(T—t)/)\2+2/)\2E/ ‘ (Q
t

T ~
ds < Bl + C; <2T/>\2+>\2 / HY}"’

20



Proposition 3.5 Let fft(n) = Yt(n) + Ut(n) be as in Lemma 3.4. The fam-

ilies (i(n))OStST, n>1, (Y;(n))ogtgﬂ n>1 and (Ut(n))OStST, n>1 are bounded in
L2.(Q).

Proof We have

T _ t+1/n B
- E]:t 5 * / f(S, Xs’ }/;(n)’ Zgn)) + E]:t / f(S, Xs’ Y:S(n), Z§N)) ds
t t

+1/n
T ~

— 7 <g+/ f(s,Xs,y;<">,Z§">)ds>.
t

We deduce the following inequalities, where C denotes some constant which
is not necessarily the same at each line but does not depend on n:

e[ |

T
i :EHEﬂ <£+/ f(s,Xs,lé("),Zs("))d8>
t
T 2
<o (e + [ a+200])as)

T 2
§C<1+/ E‘ ds>.
t

The last inequality is a consequence of Lemma 3.4. Let g(t) = E Hf/r}@t

AL

f/s(n)

’ 2

The preceding inequalities yield

g(t) < C (1 + /Otg(s) d5> .

Thus, by Gronwall’s Lemma,

t T
glt) <C (1 + C/ e t=) ds> <C (1 + C/ C(T—3) d5>
0 0

which proves that (i(n))ogtgﬂ n>1 is bounded in L2,(9).
Now, we have, using again Lemma 3.4,

o(() -

2

T o~
ET <§+ / f(s,XS,Y;"),Zs("))ds)
t

+1/n
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T
<CE <\|5||2+/t (1+]|z6m 2)d5>

+1/n
T - 2
<C 1+/ E‘Ys(”) ds
t+1/n

which proves that (Y;(n))ogth, n>1 is bounded in L2,(9).

The boundedness in L2, (€2) of (Ut(n))ogtgrn n>1 follows immediately from

that of (V" )o<i<r, nz1 and (Y,")o<r<r, n>1. ]

Corollary 3.6 The sequences (Z™),>1 and (Z("))nzl are bounded in L2 (Qx
[0,77]), and we have

2

) < 4-o00.

Proof The boundedness of (Z(™),,>1 and (Z("))nzl is a direct consequence
of Lemma 3.4 and Proposition 3.5. Then (23) follows by Itd’s isometry,
Doob’s inequality, and the fact that
t
/ zn) dWSH :
0

T T
‘ / ZS(")dWsug‘ / z™ daw,
t 0
]

Lemma 3.7 Let 1 < g < 2. We have

T
(23) supE ( sup / ZM aw,
t

n>1 0<t<T

_|_

(24) lim E( sup HUt(n)

n—o0 OStST

)0

Proof For each n, we can find an Fp-measurable time 7, such that

OiltlfT /tHl/n <1 + ‘ >qu = /Tnﬂ/n (1 + ‘ )qu.

2
Let My = suanfOT (1 + Zs(n) ) ds. By Corollary 3.6, we have s <
+o0o. Let ¢’ such that ¢ < ¢ < 2. Using the growth condition (H;) and
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Doob’s inequality applied to the martingale E”* < | Tntl/n (1 + ‘ Zs(n)

Tn

t+1/n
q)SCJ‘%E<Sup EE</ <1+‘
0<t<T t
Tn+1/n
SCJ'%E sup E”* / (1—|—HZS(")
0<t<T n
Tnt+1/n
SC} E| sup E” / <1+‘
0<t<T Tn
a/q
q/ . Tnt+1/n q
Sq,_qu<E</Tn (1+[z]])" as
(2—-4')/2 T
¢ (1 /
Q’—qcf<n> ((Eo (H—‘
(2-4")/2 T
_q gL
_q’—qcf<n> (E/o <1+‘

d C}I gﬁg/Q <l> (2—-4")/2

n

we get

E( sup HUt(") Zm
0<t<T

+))
+))

Zm

!

Zm

IN

AL

Zm

IN

which proves (24). ]
Lemma 3.8 We have

2
sup E| sup HY;(n)H < +o00.
n>1 0<t<T

Proof Using (20), we get

2
sup HYt(n)H < Ap+Bp+Cy

0<t<T
where
. 2
A, =3 sup §+/ F(s, X5, Y™, ZM)ds||
0<t<T t+1/n

23

)'s)

)

/

d/2\ 99
) ’ ds> )
> ’ ds> "



2

B, =3 sup
0<t<T

)

T
/ ZM aw,
t

2

Cp =3 sup HUt(n)
0<t<T

By Corollary 3.6, (Z(™),>; is bounded in L2(Q x [0,T]), thus using the
growth condition (Hp), we get
2
> d8>> < 400

T
supF < sup <H£||2+C?/ (1+z¢
which entails sup,, E(4,,) < +00. On the other hand, Vt(") = fg z™ aw,

0<i<T t+1/n
is a martingale, so, using again Corollary 3.6,

2
supE (B,) < CsupE HVF}H) < +o0.
n n

Finally from (H;) and the boundedness of (Z(™),>; in L2 (Q x [0,T]) (see
Corollary 3.6), we have

zm

>2 ds> < 400.

[]

T
supE (Cy,) <3 sup C?E (/ <1 + ‘
n 0<t<T 0

3.3 Compactness results

Lemma 3.9 The sequence (fT f(s, Xs, v, ZS(")) ds)n>1 is tight in Cra[0,T1.

Proof Let us denote (" = IT f(s,Xs,Yg(n),ngn))ds. By a criterion of
Aldous [1, 18], we only need to prove that

(A) Ve>0, 3R> 0,¥n > 1, P<sup Hz,ﬁ’”“ 2R> <e
0<t<T

(B) Ye>0,Y7>0,36>0:Yn>1, sup P (Hz@ _xm
o,TET
0S|T760"S5

Zn)ée
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where T denotes the set of stopping times with values in [0, 7]. We are going
to prove the slightly stronger properties

(25) sup E ( sup HEgn)‘D < +o0,
n>1 0<t<T
(26) Ve>0, 36> 0:sup sup E Hz@ — x| < e
n>1 o,7€X
|[T—o|<é
As

T
2 =y e 4 / ZM aw, + o™,
t

we can, for example, deduce (25) from Corollary 3.6, Lemma 3.7, and Lemma
3.8.

Now, let o,7 € ¥, with |7 —0| < 6. We have E ES”) —E((,n)

E H E((,nv)T — E((,nA)T . Thus we can assume without loss of generality that o < 7.
Then

E Hz@ x|l =g

/ F(s, X0, YD, Z00) ds

< (e -o) (5 [ e w0, 200 is) "
0

T 1/2
< §2c; (E/ (1+ HZ§”> )2d5>
0

and (26) follows from Corollary 3.6. ]

The topology S and Condition UT In order to prove the tightness of
(Y(™),51, we will use Meyer-Zheng criterion [29] and Jakubowski’s topology
S [21] on the space D := Dpa[0,T]. First, we need some definitions.

Let V C D be the subspace of elements of D which have finite variation.
The topology S on D is defined by its convergent sequences: A sequence (x,)
in D converges for S to a limit € D if, from any subsequence of (z,,), one
can extract a further subsequence () such that, for every e > 0, there exist
a sequence (vp ¢) of elements of V and ve € V (depending on the subsequence
(2],)) such that

(i) supy, supsepo7] [|77,(t) — vn,c(B)]| < € and supyepo 7y [|2(t) — ve(t)]| < e,
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(i) limp—eo fOT t) dop, ( fo t) dve(t) for every continuous function
f defined on [0 T].

We denote Dg the space D endowed with S. The topology S is coarser than
Skorokhod’s topology Ji, which is Polish, thus S is Lusin (see [33] on prop-
erties of Lusin spaces). In particular, by [33, Corollary 2 page 101], S has
the same Borel sets as Jj, thus the Borel subsets of S are generated by
the projection mappings m; : « +— x(t) for ¢ € [0,7]). Furthermore, S is
finer than the Meyer-Zheng topology [29], which is the topology on Vpa in-
duced by L2,([0,7],dt). In particular, S is (separably) submetrizable, that
is, there exists a (separable) metrizable topology which is coarser than S.
Equivalently, one can find a countable set of S-continuous real-valued func-
tions which separate the points of . This implies that S is Hausdorff and
that the compact subsets of Dy are metrizable.

Another important feature of S is that the addition (z,y) — = + y is
S-sequentially continuous on Dg x Dyg.

A criterion of tightness on Dg is the so-called condition UT (see [21,
Theorem 4.2]): Let H denote the set of elementary real valued predictable
processes bounded by 1, i.e. processes of the form

Hy = ]l[to,tl](t)HO + ]l]tl,tﬂ (t)Hl +ot ]l]tn—l,tn](t)thfl

where 0 = ¢y < --- < t, < T and each H; is bounded by 1 and F,-
measurable. Let (K®)naeca be a family of D-valued processes. We say that
(K®) satisfies Condition UT if the family of all stochastic integrals [ H dK®,
where @ € A and H € H, is uniformly tight. Condition UT was considered
for the first time by Stricker [35], to prove compactness in the Meyer-Zheng
topology. Discussions on this condition can be found in [22, 28].

We now consider a stronger condition, proposed by Meyer and Zheng
[29]: Let K be an adapted process defined on the time interval [0, 7], with
values in R?. For any finite partition 7 = (o, ...,t,) of [0,T], let us denote

n—1
N (K) =E HKTH + Z HE}—% (Kti+1 - Kt,) >
=0

and define the conditional variation M (K) of K by
N(K) =supN, (K).

By [35, Théoréme 3], if a family (K®) of adapted D-valued processes satisfies
supMN (K%) < oo,
«
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then Condition UT holds for (K¢).

An adapted stochastic process K such that 9 (K) < oo is called a
quasimartingale. Let us mention that, if the quasimartingale K is right-
continuous in probability, then it has a cadlag adapted version (assuming
the right-continuity of (F;)), see [8, Theorem 4.1].

Proposition 3.10 The sequences (Y("))nzl and (fT Zén) dWs)n>1 are tight
sequences of D-valued random variables, for the topology S.

Proof First, we need to check that, for each integer n > 1, the process
T ~
(27) v, =E" ¢+ / Fs, Xo, Y, Z0V) ds
t+1/n

has a D-valued version. Let us prove that it is continuous in L' and a
quasimartingale. As (F;) is a Brownian filtration, the martingale

T o~
[ BF <5+ / f<s,x5,;;<n>,zgn>>ds>
r+1/n

has a continuous version for each fixed r € [0,7 — 1/n], thus it is continuous
in L', i.e. the mapping

0,7] x [0, —1/n] — L!
e { (o) B (e 0 ) )

is continuous in the variable t. On the other hand, we have, for fixed ¢t €
[0,7] and for 0 <7 <ry <T —1/n such that ro —r < 1/n,

ro+1/n .
E7 / f(s, X, YW, ZM) ds
)ds)

1+1/n
ro+1/n _
< OB / (1+ 26
ri+1/n
T 1/2
§(T2—T1)1/2Cf (Eft (/ (1—|—‘ )2d8>> .
0
Therefore, by Corollary 3.6, the mapping (28) is continuous in r uniformly

with respect to ¢, thus it is jointly continuous, which proves the continuity
in L! of the process (27) for each n > 1.

7
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Now, we have, for any subdivision 7 = (g, ..., %) of [0,T],

S%pmw(y<n>)_supE<||£u+ZHEE( " Y“)H)

SsupE(
n j—

§s1rllpE<H§H+ / | s X0, 20 | a )

This estimation does not depend on m, thus, using Corollary 3.6,

sup () <B(Jel) +w & ([ ot )

T ~
E(/|¢])) + sup Cy (T 4 T2 <E (/ HZ§”>
n 0

< + 0.

tiv1+1/n ~
/ f(s, X, YW Z0W) ds
ti+1 /n

)

1))

This proves that each Y is a quasimartingale, and that the sequence

(Y(™),>1 satisfies Condition UT. Furthermore, for each n > 1, as Y™ is

right-continuous in L!, it has a cadlag version, thanks to [8, Theorem 4.1].

Thus, by [21, Theorem 4.2], the sequence (Y(™),,>1 is tight in Ds.
Similarly,

sup N, ( / Zm dW8>
n 0

m—

= sup E<‘/ AL Z E7% (/ ZS(")dWS>H>
n 0 —0 t;
T
—sup E / ZM aw ||,
n 0

thus

< 4o00.

. T
sup ‘.Tt(/ zm dWs> =sup E ‘ / z)
n 0 n 0

Thus ( fo dWS)n>1 satisfies Condition UT. Again by [21, Theorem 4.2],
this proves that ( fo Z,S" dWys)p>1 is tight in Dg. Finaly, it is straightforward

28



to check that the mapping

Lo 2 -

is sequentially continuous for the topology S, thus ( f T Zs(n) dWy)p>1 is tight
in Dg. ]

3.4 Construction of a weak limit process

This part of the construction of a weak solution follows the same lines as in
[23], with some complications due to the processes Z (n),

Young measures Let us recall the definition and main properties of
Young measures, see [37, 7] for introductions to the topic, and [12] for the
setting of nonnecessarily regular topological spaces, which we need here. Let
E be a Suslin topological space (i.e. E is a Hausdorff topological space and
there exists a Polish space S and a continuous surjective mapping from S
onto E, see [33] for the properties of Suslin spaces, or [12, Chapter 1] for
a survey without proofs). Let B (E) be the Borel o-algebra of E. A Young
measure | with basis P on E is a probability measure on 2 x E, such that
for any set A € F, u(A x E) = P(A). The space of Young measures with
basis P is denoted by Y(Q, F,P;E). It is very useful to describe a Young
measure p by its disintegration (p,,) with respect to P (see Definition 2.8).
The space L2(Q, F,P; E) of measurable functions from  to E is embedded
in Y(Q, F,P;E) in the following way: we identify every u € LO(Q, F,P;E)
with the Young measure 6,y ® dP(w), where d,,, denotes the Dirac mass
at u(w). In other words, u is identified with the unique Young measure p
whose support is the graph of u. The set Y(Q2, F,P;E) is endowed with a
topology defined as follows: A generalized sequence? (1) of Young mea-
sures converges to a Young measure p if, for each bounded measurable
®: Q xE — R such that ®(w,.) is continuous for all w € €2, the gener-
alized sequence (u®(®)) converges to p(®). In this case, we say that (u®)
converges stably, or F-stably, to u (this terminology stems from Rényi [32]).

Note that the restriction of the topology of stable convergence to L°(; E)
is the topology of convergence in probability, see [37, 12].

%see [24] on generalized sequences, also called nets, however we do not need them in
the sequel, because we use sequential compactness results. Note also that, when E is
metrizable, the space Y (2, F, P;E) is metrizable too, and we can characterize its topology
using convergent sequences instead of convergent generalized sequences.
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We say that a subset IC of Y(Q2, F,P;E) is tight if, for each € > 0, there
exists a compact subset K of E such that inf,cxpu(2 x K) > 1 —e In
the case when K c L%(Q,F,P;E), this is the usual tightness notion for
random variables. By [12, Theorem 4.3.5], if the compact subsets of E are
metrizable, and if IC is tight, then I is relatively compact and relatively
sequentially compact in Y(Q2, F,P;E). The converse is true if E has the
Prohorov property.

We will need a result on convergence of Young measures with respect to
sequentially continuous integrands:

Lemma 3.11 Assume that E is a Suslin submetrizable topological space.
Let (u™) be a tight sequence in Y(Q, F,P;E) which stably converges to a
Young measure p. Let f: QxXIE — R be a bounded measurable function such
that f(w,.) is sequentially continuous for each w € Q. Then lim, u"(f) =

u(f)-

Proof By Balder’s extension of Komlés Theorem for Young measures [5, 6]
which is valid for Hausdorff spaces with metrizable compact subsets [12,
Lemma 4.5.4], we can extract from every subsequence of (u™) a further
subsequence (which we still denote by (u™) for simplicity of notations), which
K—converges to p, that is, for each subsequence (v™) of (1), we have

NN
(29) hrILn - ]; vl =, a.e.

where the limit is taken in the narrow convergence, i.e. lim,, % S vi(g) =
tw(g) for every bounded continuous g : E — R. Let us denote \" =
LS, v", and let us prove that

(30) hm/fwxd)\" /fw:vd,uw)

Let w be in the almost sure set on which the convergence in (29) holds. As E
admits a coarser separable metrizable topology, we can apply Jakubowski’s
extension of Skorokhod’s representation theorem [20]: for every subsequence
of (A\'), we can find a further subsequence (A”¢) (which depends on w), a
probability space (€', ', P’), and random E-valued variables X1, ..., X, ..
and X defined on such that the law of X} is A\]’* for each k, the law of
X is piw, and (Xj) converges P'-a.e. to X. For such an w, we have, by the
dominated convergence theorem,
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lillgrn/]Ef(w,:c) ANk () :h,ﬁn Q,f(w,Xk)dP'
= f(w,X)dP/:/f(w,x)dpw(x).
Qf E

Thus, for w in the almost sure set of (29), every subsequence of (A\’*) has
a further subsequence for which the convergence in (30) holds. This proves
(30). We deduce that, for any subsequence of (") we can extract a further
subsequence (™) such that

(31) tin =37 0"(f) = (),
k=1

which proves the lemma. ]

The following technical lemma will be useful for limits of integrals of
unbounded integrands with respect to Young measures.

Lemma 3.12 LetE be a Suslin submetrizable topological space, and let (X))
be a sequence of E-valued random variables defined on Q. Assume that (X,,)
stably converges to a Young measure p € Y(Q, F,P;E) (where each X, is
identified with the Young measure 6x,, () ® dP(w)). Let ®: Q xE — R be
measurable such that

(i) ®(w,.) is sequentially continuous for all w € €,
(ii) The sequence (®(., X)) is uniformly integrable.

Then ® is u-integrable, and
ImE®(, X,) = / D dp.
n QOxE

Proof We only need to prove Lemma 3.12 in the case when ® > 0, the
general result comes from ® = &, — d_.
For each N > 0, we have

(32) lim supE (®(., X,) Lia(,x,)>n}) = 0

N—+o0o pn

Set

oy _|® if® <N
N ifd> N
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From the definition of stable convergence and Lemma 3.11, we have, for each

N

)

. N _ N
(33) Jm EOT(, Xp) = p(@T).
Furthermore, by (32), the convergence in (33) is uniform with respect to N.
We thus have, with the help of Beppo Levi’s lemma:

(@) = sup (@) = lim p(@V)
N N
= limlimE®" (., X,,)
N n
=limlimE®Y (., X,)
n N
=1limE®(., X,,).
n

]

Construction of the extended probability space: the processes Y, V/
and Z Recall that V(™ = fo Z,S") dWs. By Proposition 3.10, the sequence
(Y("), V(")), seen as a sequence of random variables with values in Dg x Dy,
is tight. Let us denote H = L2([0,T]), and let H, be the space H endowed
with its weak topology (note that this topology has the same Borel sets as
the strong topology). Each Z (") can be considered as a random variable
with values in H,. Furthermore, by Corollary 3.6, the sequence (Z (")) is
tight in H,: Indeed, the closed balls are compact in H,, and we have

>RY < 1E TZ<">2
2R} <o [

o ds
L2[0,T]

supP{HZ(")

— 0 when R — oo.

Thus (Y, V(™) Z() is a tight sequence of Dg x Dg x H,-valued variables.

We now consider the space Y(Q2, F,P;Dg x Dg x H,), which we de-
note for simplicity by ). By Prohorov’s sequential compactness criterion
for Young measures [12, Theorem 4.3.5], we can extract a subsequence
of (Y™ V() Z(M) (for simplicity, we denote this extracted sequence by
(Y™ v ZM)) which converges stably to some p € ), that is, for ev-
ery measurable bounded mapping ® : 2 x Dg x Dg x H, +— R such that
®(w,.,.,.) is continuous for all w, we have
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(34) lim <1>(w,Y(")(w),V(")(w),Z(")(w)> dP(w)
Q

n—oo
:// D(w,y,v,z)duy, (y,v,2z) dP(w).
Q JDxDxH

In particular, (Y("), v, 7 (")) converges in law to the image of p by the
canonical projection of 2 x Dg x Dg x H, on Dg x Dg x H,.

Let us denote by D the Borel o-algebra of D (recall that S has the
same Borel subsets as Skorokhod’s J; topology), and, for each ¢ € [0, 7], let
D; be the sub-o-algebra of D generated by the projection onto Dga([0,t]).
Similarly, let H denote the Borel o-algebra of H,, and, for each ¢t € [0,7T],
let H; be the sub-o-algebra of H generated by the projection onto L2 ([0, t]).
We define a stochastic basis (2, .F, (F,)t, 1) by

Q=QxDxDxH, F=FRDRXDH, F,=F D D Hy,
and we define a process (Y, V, Z) on Q by
Y(w,y,v,z) =Y, V(wayav7z) =71, Z(wvyvv7z) =z

Clearly, (Y,V, Z) is (F,)—adapted. Furthermore, the law of (Y,V, Z) is the
marginal measure of p on D xID xH, in particular (Y("), 17420 Z(")) converges
in law to (Y, V, Z) on Dg x Dg x H,,. By [21, Theorem 3.11], we can (and will)
furthermore choose the extracted sequence such that, there exists a countable
set N' C [0,T[ such that, for every t € [0,T]\ N, the sequence (Y;(n), Vt(n))
converges in law to (Y, V).

Now, the random variables (Y("), v z (")) can be seen as random el-
ements defined on §2, using the notations, for n > 1:

y () (w,y,v,2) = y (™) (w),
y () (w,y,v,2) = 14 (w),
ZM (w,y,v,2) = ZM (w).

Furthermore, (Y™, V(™ Z(M)is (F,)-adapted for each n. Likewise, we set
W(w,y,v,2) = W(w).

Lemma 3.13 The process W is an (F,)-standard Brownian motion under
the probability p.

Proof By Balder’s result on K-convergence [5, 6], which is valid for Haus-
dorff spaces with metrizable compact subsets [12, Lemma 4.5.4], each subse-
quence of (Y™, V() 7)) contains a further subsequence (Y (%), V() Z(7))
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which K—converges to p, that is, for each subsequence (Y("Z), V), z ("2))
of (Y) V() 7)) e have

o 1C
fim = kz O ) )V ) ), 280 () = Hoo 8-
=1

where 4y, .y denotes the Dirac measure on (y,v, z) and the limit is taken
in the narrow convergence. This entails that, for every B € D; ® Dy ® Hq,
the mapping w — p,(B) is Fy—measurable. The result follows from Lemma

2.10. ]

Properties of the processes Y and V

Lemma 3.14 Let H and K be R%-valued random variables defined on .
Let t € [0, T]. In order that H and K have the same conditional expectation
with respect to F,, it is sufficient that

69 [ [ o) H w02 iy, 0.0 dP)
Q JDxDxH
:// O (w,y,v,2)K(w,y,v, 2) duy, (y,v, 2) dP(w)
Q JDxDxH

for every bounded F,-measurable function ® : Q — R such that ®(w,.,.,.)
is continuous for all w € ).

Proof Let C be the set of functions ® :  — R which are F;-measurable
and such that ®(w,.,.,.) is continuous for all w € Q. The set C is stable by
multiplication of two functions and generates F,. Assume that (35) holds
for every ® € C, and let £ be the vector space of bounded JF,-measurable
functions ¢ defined on §2 such that

/ / p(w,y,v,2)H(w,y,v, 2) dptw (y, v, 2) dP(w)
Q JDxDxH
— [ [ e K@) (v 2) AP ().
Q JDxDxH
The space £ contains C. Furthermore, £ contains the constant functions
and is stable under monotone limits of uniformly bounded sequences. By

the monotone class theorem (see [34, Appendix A0O] and [14, Theoréme 21,
page 20]), £ contains all bounded F,-measurable functions. ]
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Lemma 3.15 The process V is a martingale with respect to (Q, F, (F4)t, 1t)-

Proof Let ¢t € [0,7], and let s € [0,7 — t]. By Lemma 3.14, in order to
prove that EXt (V;,4) = Vi, we only need to show that, for each bounded

F,-measurable ® : Q — R such that ®(w, ., .,.) is continuous for all w € Q,
we have
(36) E(® x Viyy) = B(® x V7).

Let us denote, for any r € [0,7], any v € D and any § > 0

r+6
(37) m(v) =v(r) and m s(v) = %/ v(s)ds.

The mapping 7, : D — R is not continuous for the topology S, but 5 18
S-continuous, and we have

li = 7. (v).
61—I>I(1) 777’,5(2}) ™ (’U)

Let § > 0. Let

¢(w7 Y, v, Z) = (I)(w7 Y, v, Z) (7Tt+s,5(v) - ﬂ't,é(v)) :

By Corollary 3.6, the sequence (¢(w, Y™, V(™ Z(M)) is bounded in L2,(92),
thus it is uniformly integrable. We can thus apply Lemma 3.12 to the
integrand ¢. Using the definition of V and the fact that each V() is a
martingale, we get

1 [tHs+d 1 [t+e
E(@X(—/ Vudu——/ Vudu>>
0 t+s 0 t

— [ ] Bn02) (s = mea) (0) dis (9:0,2) dP()
Q JDxDxH

— fim Q<I><w,Y(")(w),V(")(w),Z(")(w)> ! /t " (V@) ~ ViP(W)) dudP(w)

n—00 ) v
() VO () 20w 55 (L [T (™ _
= lim | o <w,Y (w), VW (), Z (w)> E (5/t (Vu+s v ) du> dP
= 0.

We deduce that
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E ((I) X (V;Hrs - Vt))

1 t+s+0 1 t+0
:limE<<I>><<—/ Vudu——/ Vudu>>:0
6—0 5 t+s 5 t

by boundedness in L2,(Q, F, p1) of (V;)o<r<r- ]

Lemma 3.16 Let 17,5 = fot ZsdWs. The martingale L = V-V is orthogonal
to W.

Proof Let us denote the coordinates processes as in the following examples:

V= (VIigica, 2 = (20" ) 1cicaranem: Z = (2 1<icanciam,
Wy = (W) cpc.

Let i € {1,...,m} and j € {1,...,d}. Let us denote by [P,Q] the
quadratic cross variation of two semimartingales P and (). For each n, let

Nl pplily 6] _ [W[il, V(nxmL

t
_WMZ / mLi] guy k] / 204 gy
0

Nl = Wmvm [ va]
_WMZ/ ZIH aw K — / ZA dr.

As W is continuous, the processes N[l and Nid) are continuous mar-
tingales. Let ® : & — R be a bounded F,-measurable function such that
®(w, ., .,.) is continuous for all w € Q. Observe that, from the stable con-
vergence of V(") to V, we have, for any 7 € [0,7] and any § > 0,

(38) lmE (7TT75(W[i}V(n)7[j])(p (.’ y® v Z(n)>>
—E (WT,g(W[i}Vm)@)
using Lemma 3.12 with the integrand ¢(w, y,v,z) = WT,J(WM (w)v(n),[j])q)(w’ Y0, 2),

where 7, 5 is defined as in (37). Similarly, from the stable convergence of
(V). ZzM) to (V, Z), and applying Lemma 3.12 with the integrand

b, 0, 2) = ( e dr) (w0, 7).
0
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we get

(39) lLmE < [ / Z(m):.d dr] o <.,Y<"),V<"),Z<">)>
n 0
:E<[/ Z,Uﬂdr] q>>.
0

Let t € [0,7], and let s € [0,T —t]. Using (38), (39), and the fact that
NIl and N3] are martingales, we get, for any 6 > 0,

e (L (v - VL) @)
t

:% /t+6 - [ (W£18V15+?9 Ul (.’ Y("), V("), Z(”)>>
t

n

~E (WL Ve (v, v, Zzm)) ] du

:% /t " lim [E <<N§’_?;”’ﬂ + /0 o AR dr) o (.,Y<">, v, Z("))>
—E <<N3’jl + /Hs AR dr) o (.,Y<">, v, Z("))> ] du
0
=5 /H(S limE ( HS[W zﬁfl)@ ( ym o), Z(">>> du
_/MhmE((N il - {5 (v, 10, 200)) du
5/t+6 V[ﬂ > >

Passing to the limit when § — 0 yields
<Wt[£s (V;[J} Vt[J] > > ) <Wt[i] (Vt[j] _ "}t[j]) q)> .

By Lemma 3.14, this shows that W (VU] — YA/U]> is a martingale.
[]
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3.5 Proof of the main result

In this part, we use the special form of f with respect to Z: By hypothesis
(H3), f has the form

(40) f(87 x? y? Z) = a(s7x7y)z +/8(S7x7y)7

where a and /3 are bounded and continuous in (x,y), and « takes its values
in the space L(LL, R?) of linear mappings from L to RY.
We first prove a technical lemma.

Lemma 3.17 Let K be the space of linear mappings from R?® to R for some
I >1. Letb: [0,T] — K be a continuous function. For each t € [0,T], the

mapping

o { Ds x H, — R
(W.2) = fybls)-f(sx(s)y(s), 2(s)) ds

is sequentially continuous. Furthermore, if y, — y in Dy and z, — z in H,,
then, for every t € [0,T], we have

lim (/0 b(s).f(s,2(8),yn(s),zn(s+1/n))ds

n

- /Ot b(S)-f(sw(S),yn(s),zn(s))ds) —0

Proof We only need to prove the lemma for f(s,z,y,2) = a(s,z,y)z. Asz
does not play any role in our reasoning, we write for simplicity f(s,z,y,z) =

a(s,y)z.
First, for every z € L2[0,T], we have

(41) Tim (|2 = 2+ 1/n) 20,1y = 0.

Indeed, for every e > 0, there exists a continuous function u : [0,7] — L
such that ||z — uHLE[O 71 < €. Then we have, for every n > 1,

20 +1/n) = u(. +1/n) 207y <€

But the family u(. + 1/n) is uniformly integrable because it is bounded in
L2[0,T), thus, by Vitali’s theorem and the continuity of u,

Jim flu —u(. 4+ 1/n)l[21077 = 0-
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We conclude by the triangular inequality that

limsup ||z — 2(. + 1/”)‘|LE[O,T} < 2e,
n—oo

which proves (41).

Now, let y, — y in Dg and z, — z in H,. We have in particular

yn(s) = y(s) for a.e. s € [0,T] and sup ||z, ||y < +o0,
n

thus

1@ (Yn, 20)(t) — @(y, 2) (D)

/0 b(s). (0(5, 4 (5)) — (5, y(3))) 2n(5) ds
" /0 b(s)-(5,4(5)) (2n(s) — 2(s)) ds

t 1/2
<supllalls ([ 166)] oo, n(s) — oo a5
[ 66 o) — (61 s

— 0 when n — oo,

which proves the first part of Lemma 3.17. Furthermore, we have

/0 b(s).c(s,Yn(s)) (2n(s + 1/n) — 2n(s)) ds

[ 661,105 = 5 w(6D) s+ 1/) = ) s
+ /Ot b(s).au(s, y(5)) (zn(s + 1/n) — 2n(s)) ds
<o ol { [/ 106 oo oo,y ds)
+ H/Ot b(s).0(s, y(5)) (2n(s + 1/n) — 2n(s)) ds]|.

The term fg 16(s)|| lae(s, yn(s)) — (s, y(s))||* ds converges to 0 by the dom-
inated convergence theorem. On the other hand, since b and « are bounded
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and (z,) is uniformly bounded in LZ[0,7], we have (with the convention
that b(s) = «a(s) =0 for s < 0):

/0 b(s).o(s,y(5)) (zn(s + 1/n) — z,(s)) ds

=lim
n

/0 (b(s —1/n).afs — 1/n,y(s — 1/n)) — b(s).a(s,y(s))zn(s)) ds||.

This term vanishes by (41) with z(s) = b(s).a(s,y(s)), using again the
uniform boundedness of (z,) in L]0, T]. Thus

lim =0.
n

/0 b(s).a(s,yn(s)) (zn(s + 1/n) — zn(s)) ds

]

In order to check that (Y, Z) is a solution to (2), we prove in the next
lemma that we can replace Z™ by Z (") in the limit of ftT f(s, X, YS("), Z s(n)) ds.

Lemma 3.18 For each t € [0,T], the sequence
T _ T
[ H6 XY 20 s~ [ 5, XY, 200) ds
t t

converges to 0 in p-probability.
Proof With the notations of (40), we only need to check that

T ~

[ als. XY (20 = 24) s
t

converges to 0 in probability.

Now, by Lemma 3.4 and Proposition 3.5, the sequence (Z (”)) is bounded
in LZ(Q x [0,7T]), thus it can be viewed as a tight sequence of H,-valued
random variables. Enlarging the space Q to QxDxDxH xH, we can assume
that (Y("), 142 ADR Z(")) converges to a Young measure, still denoted by
w, in Y(Q, F,P;Dg x Dg x H, x H,). We set

Z(w,y,v,2,2) =2

and we extend Y, V, Z, and the o-algebra F, in the obvious way.
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Let K be an F,-adapted process with cadlag trajectories in R%, and
assume that K is continuous with respect to y, v, z, and z, and that the
sequence

T ~
(/ Ks-a(SaXS,}/;)(Zgn) _Z§N))d5)
0
is uniformly integrable. We have
T ~
E/ Ks.a(s, Xs,Ys)(Zs — Zs) ds
0
T ~
—limE / Ko.o(s, X, YY) (2 — Z(M) ds
" 0
by Lemma 3.17 and Lemma 3.12, with
T
®(w,y,v,%,2) =/ Ks(w,y,v,2,2).a(s, 35, ys) (25 — Z5) ds.
0

Thus, by Lemma 3.17,
T ~
E/ Koa(s, Xo, Vo) (Zs — ) ds
0

T ~
:hrl;nE/O KS.Q(S,XsaY;(n))(Zii)l/n_ S

T ~
zliranE/O 7 (Koals, X, V)20, — Z87)) ds

T

—tmB [ Koo, X, YO Z - Z0) ds
" 0

=0.

In particular, one can take
K _ a(87X87 }G)(ZS - Zs)
s — — PR
1+ (a(s, X0, V)2 - Z2))

Thus a(s, Xs,Y;)(Zs — Zs) = 0, p-a.c., for almost every s € [0, T].
Let ¥ : RY — R be a bounded continuous function. Let

Dg xDg x Hy, x H, — R
(r,9,2,2) — W <ftT (s, xs,Ys)(zs — Zs) d8> .
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By Hypothesis (Hz) and Lemma 3.17, ® is sequentially continuous, thus,
from the F-stable convergence of (X, Yy z0) z (”)),

T ~ ~
T(0)=EW (/ (s, X, Y:)(Zs — Zs) ds> =lmE®(X, Y™, zM zM)
t n

T ~
=limE¥ (/ a(s, X, Y™ (ZM — z{M) d5> .
n t

This shows that the sequence

T ~
</ O‘(S, Xsa sz(n))(ZLgn) - Zs(n)) d5>
t

converges to 0 in law, thus in probability. ]

Lemma 3.19 The sequence (f_Tf(s,Xs,Ys(n), Zs(n)) ds) converges in law to
ST f(s, X, Vs, Z,) ds.

Proof By Lemma 3.9, we know that the sequence (fT f(s, Xs, Ys(n), ZS(")) ds)
is relatively compact in law, thus we only need to show that it has only one
possible limit in law, and that this limit is the law of IT f(s, Xs,Ys, Zs) ds.

By Lemma 3.18, it suffices to prove that (ftT f(s,XS,Ys(n),Zgn))ds) con-

verges in law to LTf(s,XS,YS,ZS) ds for each t € [0,T].
Let ¥ : RY — R be a bounded continuous function. Let

DgxDg xH, — R
@ .
(z,y,2) — U <ftT f(s,2s,9s, 25) d8> .

By Hypothesis (Hz2) and Lemma 3.17, ® is sequentially continuous, thus,
from the F-stable convergence of (X,Y ™ Z(®)

T
EU (/ f(s,Xs,Ys,Zs)ds> = u(®) =limE®(X, Y™, z()
t n

T
=limE W (/ f(s, X, YW z{n) ds> .
n t

]

Proof of Theorem 3.1 By Lemma 3.13, W is a Brownian motion on
(Q,F, (F)e,p). Let L=V, —Vy—V,,0<t <T. We have Ly =0 and L is
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a cadlag martingale by Lemma 3.15, furthermore L is orthogonal to W by
Lemma 3.16. Thus there only remains to prove that (Y, Z, L) satisfies (1).
Thanks to Proposition 3.10 and Lemma 3.9, we know that the sequence

T _ T
(42) (X,Y(”), / f(s, X, YW, Z0My ds, / Zs(")dWs>

n>1

is tight in Cy[0,T] x Dg x Cgra[0, 7] x Ds. Furthermore, <fT AR dWS>
n>1

converges in law to V—V | and, by Lemma 3.19, (fT f(s, Xs, Y;(n), ZS(")) ds)
n>1

converges in law to f r f(s, X, Ys, Zs)ds. Extracting if necessary a further
subsequence, we can thus assume that the sequence (42) jointly converges
in law on Cy[0, 7] x Dg x Cral0,T] x Dg to

T
<X,Y,/ f(s, X, Ys, Zs)ds, Vp —V>.
Then the process
T T
00 =y e [ 0,5, ¥, 2 as+ [ 70 aw,
converges in law in Dy to
T
U~ 6= [ f6 XY Z)ds + Ve -V,

T T
=Y.—§—/ f(87X57Y87Zs)dS+/ ZydWs+ Ly — L,

But, by Lemma 3.7, (supg<;<r Ut(n)) converges to 0 in probability, thus
U =0 a.e., which proves Theorem 3.1. ]

Acknowledgements We thank Adam Jakubowski for introducing us to
the topology S.

We are also greatly indebted to the referees, who detected several er-
rors and gaps in previous versions, and helped improve the correct parts.
We thank them for their thorough reading, their contributions, and their
patience.

43



References

1]

[2]

David J. Aldous. Stopping times and tightness. Ann. Probab., 6:335—
340, 1978.

Fabio Antonelli and Jin Ma. Weak solutions of forward-backward
SDE’s. Stochastic Anal. Appl., 21(3):493-514, 2003.

K. Bahlali, B. Mezerdi, M. N’zi, and Y. Ouknine. Weak solutions and a
Yamada-Watanabe theorem for FBSDEs. Random Oper. Stoch. Equ.,
15(3):271-285, 2007.

Khaled Bahlali, Boulekhrass Gherbal, and Brahim Mezerdi. Existence
of optimal controls for systems driven by FBSDEs. Systems Control
Lett., 60:344-349, 2011.

E. J. Balder. On Prohorov’s theorem for transition probabilities. Sém.
Anal. Conveze, 19:9.1-9.11, 1989.

E. J. Balder. New sequential compactness results for spaces of scalarly
integrable functions. J. Math. Anal. Appl., 151:1-16, 1990.

E. J. Balder. Lectures on Young measure theory and its applications
in economics. Rend. Istit. Mat. Univ. Trieste, 31, suppl.:1-69, 2000.
Workshop di Teoria della Misura et Analisi Reale Grado, 1997 (Italia).

J. K. Brooks and N. Dinculeanu. Regularity and the Doob-Meyer de-
composition of abstract quasimartingales. In Seminar on Stochastic
Processes, 1987 (Princeton, NJ, 1987), volume 15 of Progr. Probab.
Statist., pages 21-63. Birkhauser Boston, Boston, MA, 1988.

R. Buckdahn and H.-J. Engelbert. A backward stochastic differential
equation without strong solution. Teor. Veroyatn. Primen., 50(2):390—
396, 2005.

R. Buckdahn and H.-J. Engelbert. On the continuity of weak solutions

of backward stochastic differential equations. Teor. Veroyatn. Primen.,
52(1):190-199, 2007.

R. Buckdahn, H.-J. Engelbert, and A. Ragcanu. On weak solutions of
backward stochastic differential equations. Teor. Veroyatn. Primen.,
49(1):70-108, 2004.

44



[12]

[20]

[21]

[22]

Charles Castaing, Paul Raynaud de Fitte, and Michel Valadier. Young
measures on Topological Spaces. With Applications in Control Theory
and Probability Theory, volume 571 of Mathematics and its Applica-
tions. Kluwer Academic Publishers, Dordrecht, 2004.

F. Delarue and G. Guatteri. Weak existence and uniqueness for forward-
backward SDEs. Stochastic Process. Appl., 116(12):1712-1742, 2006.

Claude Dellacherie and Paul André Meyer. Probabilités et Potentiel.
Chapitres I a IV. Hermann, Paris, 1975.

J. L. Doob. Stochastic processes. John Wiley & Sons Inc., New York,
1953.

H. J. Engelbert. On the theorem of T. Yamada and S. Watanabe.
Stochastics Stochastics Rep., 36(3-4):205-216, 1991.

Jean Jacod. Weak and strong solutions of stochastic differential equa-
tions. Stochastics, 3(3):171-191, 1980.

Jean Jacod. Théoremes limite pour les processus. In P. L. Hennequin,
editor, Ecole d’Eté de Probabilités de Saint-Flour XIII-1983, number
1117 in Lecture Notes in Math., pages 298-409, Berlin, 1985. Springer
Verlag.

Jean Jacod and Jean Mémin. Weak and strong solutions of stochastic
differential equations: existence and stability. In Stochastic integrals
(Proc. Sympos., Univ. Durham, Durham, 1980), volume 851 of Lecture
Notes in Math., pages 169-212. Springer, Berlin, 1981.

A. Jakubowski. The almost sure Skorokhod representation for sub-
sequences in nonmetric spaces. Theory Proba. Appl., 42(1):209-216,
1997.

A. Jakubowski. A non—Skorohod topology on the Skorohod space. Elec-
tron. J. Probab., 2, 1997. Paper 4, 21 pages.

A. Jakubowski, J. Mémin, and G. Pages. Convergence en loi des suites
d’intégrales stochastiques sur 'espace D' de Skorokhod. Probab. Theory
Relat. Fields, 81(1):111-137, 1989.

Adam Jakubowski, Mikhail I. Kamenskii, and Paul Raynaud de Fitte.
Existence of weak solutions to stochastic differential inclusions. Stoch.
Anal. Appl., 23(4):723-749, 2005.

45



[24]
[25]

[26]

[27]

28]

John L. Kelley. General Topology. Springer Verlag, Berlin, 1955.

Thomas G. Kurtz. The Yamada-Watanabe-Engelbert theorem for gen-
eral stochastic equations and inequalities. Electron. J. Probab., 12:951—
965 (electronic), 2007.

J. P. Lepeltier and J. San Martin. Backward stochastic differential
equations with continuous coefficient. Statist. Probab. Lett., 32(4):425—
430, 1997.

Jin Ma, Jianfeng Zhang, and Ziyu Zheng. Weak solutions for forward-
backward SDEs—a martingale problem approach. Ann. Probab.,
36(6):2092-2125, 2008.

Jean Mémin and Leszek Slominski. Condition UT et stabilité en loi
des solutions d’équations différentielles stochastiques. In Séminaire de
Probabilités, XXV, volume 1485 of Lecture Notes in Math., pages 162—
177. Springer, Berlin, 1991.

P.-A. Meyer and W. A. Zheng. Tightness criteria for laws of semi-
martingales. Ann. Inst. H. Poincaré Probab. Statist., 20(4):353-372,
1984.

E. Pardoux and S. G. Peng. Adapted solution of a backward stochastic
differential equation. Systems Control Lett., 14(1):55-61, 1990.

J. Pellaumail. Weak solutions for semimartingales. Canad. J. Math.,
33(5):1165-1181, 1981.

Alfred Rényi. On stable sequences of events. Sankhya Ser. A, 25:293—
302, 1963.

Laurent Schwartz. Radon Measures on Arbitrary Topological Spaces and
Cylindrical Measures. Tata Institute of Fundamental Research Studies
in Mathematics. Oxford University Press, London, 1973.

Michael Sharpe. General Theory of Markov Processes. Number 133 in
Pure and Applied Math. Academic Press, Boston, MA, 1988.

Christophe Stricker. Lois de semimartingales et critéres de compacité.
In Séminaire de probabilités, XIX, 1983/84, volume 1123 of Lecture
Notes in Math., pages 209-217. Springer, Berlin, 1985.

Michel Valadier. Désintégration d’une mesure sur un produit. C. R.

Acad. Sci. Paris Sér. I, 276:A33-A35, 1973.

46



[37] Michel Valadier. A course on Young measures. Rendiconti dell’istituto
di matematica dell’Universita di Trieste, 26, suppl.:349-394, 1994.
Workshop di Teoria della Misura et Analisi Reale Grado, 1993 (Italia).

47



