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Abstract

We consider pure-jump transaction-level models for asset prices in continuous
time, driven by point processes. In a bivariate model that admits cointegration, we
allow for time deformations to account for such effects as intraday seasonal patterns
in volatility, and non-trading periods that may be different for the two assets. We
also allow for asymmetries (leverage effects). We obtain the asymptotic distribution
of the log-price process. We also obtain the asymptotic distribution of the ordinary
least-squares estimator of the cointegrating parameter based on data sampled from
an equally-spaced discretization of calendar time, in the case of weak fractional coin-
tegration. For this same case, we obtain the asymptotic distribution for a tapered
estimator under more general assumptions. In the strong fractional cointegration
case, we obtain the limiting distribution of a continuously-averaged tapered estima-
tor as well as other estimators of the cointegrating parameter, and find that the rate
of convergence can be affected by properties of intertrade durations. In particular,
the persistence of durations (hence of volatility) can affect the degree of cointegration.
We also obtain the rate of convergence of several estimators of the cointegrating pa-
rameter in the standard cointegration case. Finally, we consider the properties of the
ordinary least squares estimator of the regression parameter in a spurious regression,
i.e., in the absence of cointegration.
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1 Introduction

The increasingly widespread availability of transaction-level financial price data motivates
the development of models to describe such data, as well as theory for widely-used statistics
of interest under the assumption of a given transaction-level generating mechanism. We
focus here on a bivariate pure-jump model in continuous time for log prices proposed
by Hurvich and Wang (2009, 2010) which yields fractional or standard cointegration. The
motivation for using a pure-jump model is that observed price series are step functions, since
no change is possible in observed prices during time periods when there are no transactions.
Examples of data sets that would fit into the framework of this model include: buy prices
and sell prices of a single stock; prices of two different stocks within the same industry;
stock and option prices of a given company; option prices on a given stock with different
degrees of maturity or moneyness; corporate bond prices at different maturities for a given
company; Treasury bond prices at different maturities.

Though our paper is not entirely focused on the case of fractional cointegration, we
present here some evidence that this case may arise in practice in financial econometrics.
We considered option and underlying best-available bid prices for 69 different options on
IBM at 390 one-minute intervals from 9:30 AM to 4 PM on May 31, 2007. Using a log-
periodogram estimator based on 390%° frequencies, we found that the logs of the original
series had estimated memory parameters close to 1, while the residuals from the OLS re-
gression of the log stock price on the log option price had estimated memory parameters
that were typically less than 1. Specifically, of the 69 estimated memory parameters based
on these residuals, the values ranged from 0.05 to 1.14 with a mean of 0.55 and a stan-
dard deviation of 0.28, with 30 of these estimates lying between 0.5 and 1, while 32 were
between 0 and 0.5. Thus, there is evidence for cointegration in most of the series studied,
and often the evidence points towards fractional rather than standard cointegration. Fur-
thermore, the OLS estimate of the cointegrating parameter (assuming that cointegration
exists) ranged from —0.21 to 0.39, with a mean of 0.04 and a standard deviation of 0.13.
This provides evidence that the cointegrating parameter is in general not equal to one in
the present context, so it is of interest to study properties of estimates of this parameter.

Two basic questions that we address in this paper are the asymptotic distribution of
the log prices as time ¢t — oo, and of the usual OLS estimator of the cointegrating param-
eter based on n observations of the log prices at equally-spaced time intervals as n — oc.
Most of the existing methods for deriving such limit laws (see Robinson and Marinucci
(2001)) cannot be applied here because the continuous-time log-price series are not diffu-
sions and because the discretized log-price series are not linear in either an 7id sequence, a
martingale difference sequence or a strong mixing sequence. Nevertheless, it is of interest
to know whether and under what conditions the existing limit laws, based, say, on lin-
earity assumptions in discrete time, continue to hold under a transaction-level generating
mechanism.

In the model of Hurvich and Wang (2010, 2009) the price process in continuous time is



specified by a counting process giving the cumulative number of transactions up to time ¢,
together with the process of changes in log price at the transaction times. This structure
corresponds to the fact that most transaction-level data consists of a time stamp giving
the transaction time as well as a price at that time. In such a setting, another observable
quantity of interest is the durations, i.e., the waiting times between successive transactions
of a given asset. There is a growing literature on univariate models for durations, including
the seminal paper of Fngle and Russell (1998) on the autoregressive conditional duration
models (ACD), as well as Bauwens and Veredas (2004) on the stochastic duration model
(SCD), and Deo et al. (2010) on the long-memory stochastic duration model (LMSD).

Deo et al. (2009) showed that, subject to regularity conditions, if partial sums of cen-
tered durations, scaled by n~(4*1/2) with d € [0,1/2), satisfy a functional central limit
theorem then the counting process N(t) has long or short memory (for d > 0, d = 0,
respectively) in the sense that VarN(t) ~ Ct***! as t — oo (with C' > 0), and they gave
conditions under which this scaling would lead to long memory in volatility. In particular,
LMSD durations with d > 0 lead to long memory in volatility. The latter property has
been widely observed in the econometrics literature, while evidence for long memory in
durations was found in Deo et al. (2010).

Hurvich and Wang (2010, 2009) did not derive limit laws for the log price series or
the OLS estimator of the cointegrating parameter, but focused instead on properties of
variances and covariances for log price series and returns, and on lower bounds on the rate
of convergence for the OLS estimator.

In this paper, for a slightly modified version of the model of Hurvich and Wang (2010,
2009), but under assumptions that are more general than theirs, we obtain the limit law
for the log prices, and for the OLS and tapered estimators of the cointegrating parameter.
In our result on the limit law for log prices, Theorem 3.1, we allow for a stochastic time-
varying intensity function in the counting processes. This allows for such effects as dynamic
intraday seasonality in volatility (as observed, for example, in Deo et al. (2000), as well
as fixed nontrading intervals such as holidays and overnight periods. We also allow in
most of our results for asymmetries (leverage effects), and show that this opens up the
possibility that long memory in durations may affect the rate of convergence of estimators
of the cointegrating parameter. This raises some heretofore unrecognized ambiguities in
the choice of a definition of standard cointegration. Finally, we consider the properties
of the ordinary least squares estimator in a spurious regression, i.e., in the absence of
cointegration.

The remainder of this paper is organized as follows. In Section 2 we write the model for
the log price series and state our assumptions on the counting process, the time-deformation
functions, and the return shocks. In Section 3, we provide our main results on: the long-run
behavior of the log-price process (Subsection 3.1), the OLS estimator for the cointegrat-
ing parameter under weak fractional, strong fractional and standard cointegration (Sub-
section 3.2), a tapered estimator under weak fractional, strong fractional and standard
cointegration (Subsection 3.3), a continuously-averaged tapered estimator under strong



fractional and standard cointegration (Subsection 3.4) and the ordinary least squares esti-
mator in the spurious regression case (Subsection 3.5). Section 4 provides proofs.

2 Transaction level model

As in Hurvich and Wang (2010, 2009), we consider a bivariate pure-jump transaction-level
price model that enables cointegration. We define the log-price process y = (y1,92) =

(y(t): t = 0) by

Ni(t) Na(t1,ny (1))

yl(t) = (617k + 7717k) + 60 Z €2,k (2.1)
k=1 k=1
Na(t) Ni(t2,ny (1))

yg(t) = (627k + 7727k) + =t Z €1,k (2.2)
k=1 k=1

where for i = 1,2, N;(-) are counting processes on the real line (see Daley and Vere-Jones
(2003, page 43)) such that, for ¢ > 0, N;(t) := N;(0, t] gives the total number of transactions
of Asset i in (0, ¢, and ¢; 4 is the clock time (calendar time) for the kth transaction of Asset
i, with ---t; 1 <t;0 <0 <t;; <tjo---. The quantity Na(t1 n,«)) denotes the number of
transactions of Asset 2 between time 0 and the time ¢, y, () of the most recent transaction
of Asset 1, with an analogous interpretation for Ni(t2 n,). The efficient shock sequences
{eir}72, model the permanent component and the microstructure noise sequences {n; x }32,
model the transitory component of the log-price process. Efficient shock spillover effects
are weighted by 6 and 0~!, thus yielding cointegration with cointegrating parameter 6,
assumed nonzero. A detailed economic justification for this model, derivation of a common-
components representation, as well as a comparison with certain discrete-time models, is
given in Hurvich and Wang (2010, 2009).

Following Daley and Vere-Jones (2003, page 47), a point process is said to be simple if
the probability is zero that there exists a time ¢ at which more than one event occurs. We
do not assume that the counting processes are simple. Thus we allow for the possibility
that several transactions may occur at the same time. The transaction times ¢; ; are related
to the point process by the following duality.

Nl(t) =k<e ti,k <t< ti,k—l—l .
The durations are then defined for £ > 1 by
Tit =tin, Tig = tix — tig—1 -

If the process is simple, then N;(t; ) = k. Otherwise, it only holds that N;(t;x) > k. We
need the following ergodicity-type assumptions.



Assumption 2.1. The sequences {t;} are nondecreasing and there exists \; € (0,00)
such that

tie/k D1/ (2.3)

When the counting processes are simple, this is equivalent to N;(¢)/t KR Ai. Since we
do not assume simplicity, we must introduce an additional assumption.

Assumption 2.2. N;(t)/t LW

If the counting processes are defined from stationary ergodic durations, then Assump-
tion 2.1 holds. If the couting processes are moreover simple, then Assumption 2.2 also
holds. Thwo such examples where both Assumptions 2.1 and 2.2 hold are LMSD processes
and ACD processes, under conditions specified presently. Here and elsewhere, we omit the
1 subscript when this does not cause confusion.

e For the LMSD process, suppose that 7, = €,e”* where ¢ is a positive constant,
{er} is an iid sequence of almost surely positive random variables with finite mean
and {Y;} is a stationary standard Gaussian process, independent of {¢;}, such that
limy, oo cov(Yp, i) = 0. It follows from the latter assumption and Guassianity that
the process {Y}} is ergodic Ihragimov and Rozanov (1978), hence so is {73}. Thus
Assumption 2.1 holds with A™' = E[e;]e””/2 and since the durations are almost surely
positive, so does Assumption 2.2. Henceforth, we will further assume that either
S ore leov(Yo, Yi)| < oo or cov(Yy, Vi) ~ ck*H7=2 for some ¢ > 0 and H, € (1/2,1).

e The ACD model proposed in Engle and Russell (1998) is
Tk = Vker, Yy = w + atp_1 + fp-1, kelZ, (2.4)

where w > 0 and «, § > 0, {€;}32_ is an iid sequence with €y > 0 almost surely, and
Eleg] = 1. The sequence {73} is then strictly stationary provided such a solution
to (2.4) exists. From Grimmett and Stirzaker (2001, Section 9.5), it follows that
stationary ACD durations are ergodic if E[ry] < oo. The strictly stationary solution
is then determined by ¢ = w > 2, [T= (avep_; + B) and exists if E[ln(aey + 3)] < 0,
following arguments given in Bougerol and Picard (1992). As in Aue et al. (2000),
one can derive that now E[r] is finite if & + § < 1 which, on account of Jensen’s
inequality, is also sufficient for E[ln(aey + )] < 0 to hold. Thus, {7} is ergodic as
long as o+ 3 < 1. In that case, Assumptions 2.1 and 2.2 hold with A\ = (E[r])~! =

(1—a-p)/w.

We now give an example (which is allowed as a special case of our theorems) of how time
deformations can be used to obtain a nonstationary, possibly non simple point process from
a stationary simple one. Let N;(-) be a simple, stationary and ergodic counting process on



R with intensity \; € (0,00) and let f; be deterministic or random functions such that f;
is nondecreasing and has cadlag paths with probability one. For ¢ = 1,2, define then

Ni(t) = Ni(fi(t)) .

If the functions f; are random, we assume moreover that they are independent of the
counting processes N;.

The functions f; are used to speed up or slow down the trading clock. To incorporate
dynamic intraday seasonality in volatility, the same time deformation can be used in each
trading period (of length, say, T'), assuming that f;(t¢) has a periodic derivative (with period
T and with probability one), for example, f;(t) = t + .5sin(27t/T). Fixed nontrading
intervals, say, t € [11,T3), could be accommodated by taking f;(t) = f;(T1) for t € [11,T3)
so that f;(¢) remains constant for ¢ in this interval, and then taking f;(7%) > fi(73) so that
fi(t) jumps upward when trading resumes at time 75. The jump allows for the possibility of
one or more transactions at time 75, potentially reflecting information from other markets
or assets that did trade in the period [T7,75).

If the values of series i are only recorded at specific time points (e.g., quarterly in the
case of certain macroeconomic series) this could be handled by taking f;(¢) to be a pure-
jump function. This provides scope for considering two (or more) series, some of which are
observed continuously, others at specific times, though not necessarily contemporaneously.
In future work, we hope to explore this scenario in detail, and its possible connections with
the MIDAS methodology, see Ghysels et al. (2006).

The use of the time-varying intensity function f; renders the counting process N; non-
stationary. Since it is possible that f; has (upward) jumps, the N; may also not be simple
even though the N; are simple. We now show, however, that Assumptions 2.1 and 2.2 hold
under the present assumptions.

Lemma 2.1. Assume that f is a nondecreasing (random) function such that t='f(t) Ei

v € (0,00) and

sup [f(1) — f(t7)| < C

>0
with probability one, where C' € (0,00) is a deterministic constant. Let N be a stationary
ergodic simple point process, so that Assumptions 2.1 and 2.2 hold for some A > 0. Let N
be the counting process defined by N(-) = N(f(-)). Then Assumptions 2.1 and 2.2 hold for
N with A = \y.

In order to show that our results on estimation of the cointegrating parameter (under
weak fractional and standard cointegration) hold in this time deformation framework, we
will in Lemma 4.7 make further assumptions on the f;. These assumptions mathematically
embody natural economic constraints, viz. minimum duration of trading and nontrading
periods, maximum duration of nontrading periods and non stoppage of trading time during
trading periods.

We now state our assumptions on the return shocks.



Assumption 2.3. The efficient shocks {e;} are mutually independent i.i.d. sequences
with zero mean and variance o7,

Although many of our results would continue to hold if the 7id part of Assumption 2.3
were replaced by a weak-dependence assumption, we maintain the 7zd assumption here in
keeping with the economic motivation for the model as provided by Hurvich and Wang
(2010) that in the absence of the microstructure shocks and in the absence of any depen-
dence of the efficient shocks on the counting processes, each of the log price series would
be a martingale with respect to its own past. Since the trades of Asset 1 are not synchro-
nized in calendar time or in transaction time with those of Asset 2, it seems reasonable to
assume that the two efficient shock series are mutually independent, as we have done in
Assumption 2.3.

The following assumption implies that the microstructure noise does not affect the
limiting distribution of the log prices. We use = to denote weak convergence in the space
D([0,00)) of left-limited, right-continuous (cadlag) functions, endowed with Skorohod’s J;
topology. See Billingsley (1968) or Whitt (2002) for details about weak convergence in
D([0,00)). Whenever the limiting process is continuous, this topology can be replaced by
the topology of uniform convergence on compact sets.

Assumption 2.4 (Microstructure Noise). The microstructure noise sequences {n; } sat-
isfy =1/ quz]l ik = 0.

Dependence between the counting processes and return shocks allows for leverage effects
(for example, a correlation between a return in one time period and a squared return in a
subsequent time period). A transaction-level model yielding a leverage effect was proposed
(but justified only with simulations) in Hurvich and Wang (2009). Models where the point
process need not be independent of the return shocks were discussed in Prigent (2001) in
the context of option pricing with marked point processes.

We do not make any assumption of independence between the counting processes and
the microsctucture shocks, unless explicitly noted otherwise. We will, however, assume
that the counting processes are independent of the efficient shocks except in Theorem 3.1
and in Section 3.5.

Assumption 2.4 is all we need to assume about the microstructure noise in order to
obtain a limit law for the log price series (such as Theorem 3.1 below). However, in order
to discuss properties of estimators of the cointegrating parameter it is necessary to make
more specific assumptions on the degree of cointegration. In Hurvich and Wang (2009,
2010), three different cases were considered, according to the strength of the memory of the
microstructure noise sequences. These cases were labeled as weak fractional cointegration,
strong fractional cointegration and standard cointegration. In the current context, where
there may be a dependence between return shocks and counting processes, special care is
needed in defining the strong fractional and standard cointegration cases, as long memory
in durations may affect the rate of convergence of estimators of the cointegrating parameter

7



in these cases. On the other hand, we will define weak fractional cointegration essentially
as in Hurvich and Wang (2010).

Assumption 2.5. The shocks {e1x}72 s {€2k}0_oos {Mitie_o and {m}ee_. are
mutually independent.

Mutual independence of the efficient and microstructure shock series of a given asset
can be justified on economic grounds, and is often made in the econometric literature for
calendar-time models. See, e.g., Barndorfl-Nielsen et al. (2008). Mutual independence of
the two microstructure series is justified by the lack of synchronization of the trading times
of the two assets.

We now discuss the weak fractional cointegration case. For H € (0,1), let By denote
the standard fractional Brownian motion (FBM) with Hurst index H, i.e. the zero mean
Gaussian process with almost surely continuous sample paths and covariance function

cov(By(s), Bu(t)) = % {20 |t — sy Y

For H=1/2, B, /2 is the standard Brownian motion.

Assumption 2.6 (Weak Fractional Cointegration). There exists H € (0,1/2) such that
n) |
n~ ! Z ik = c:BY
k=1

where ¢y, co are nonnegative constants, not both zero and Bg) and Bg) are independent
standard fractional Brownian motions with common Hurst index H .

Under Assumption 2.5, the independence of all the noise series implies that all the
previous convergences hold jointly. The situation where one of the constants c¢; or ¢y is
zero could arise naturally if the memory in one of the microstructure noise series is weaker
than for the other.

In the case of weak fractional cointegration, we can define the memory parameter of
the microstructure noise series as d,, = H —1/2 € (—1/2,0), and the degree of fractional
cointegration (i.e. the rate of convergence of partial sums of the cointegrating error) is
completely determined by d,. More precisely, in this case the difference between the
memory parameters of the series of log prices and the cointegrating error (observed, say,
at equally-spaced intervals of calendar time) y1(j) — 6y2(j), is —d,. This holds regardless
of any dependence between the counting processes and the microstructure shocks.

Next we discuss strong fractional and standard cointegration. We start with the as-
sumption that, for i = 1,2, n;, = & — & x—1 where {; } satisfy sup, E| fk] < 0o. It then
follows that the cointegrating error at time j is



y1(J) — Oy2(4)

N1(35) Na(j)
= Z el — 0 Z eak + &N ) — §1,0 — 9(527N2(j) —&0)- (25)
k:Nl(t2,N2(j))+l k?:N2(t1,N1(j))+1

Under the assumptions we will make in this paper, and also under the assumptions made
in Hurvich and Wang (2010, 2009), the first two terms on the righthand side of (2.5) are
weakly dependent, so the degree of cointegration is determined by the rate of convergence
of partial sums of & y,(;).

Thus we will need to study the sequence §; y,;). We do not assume that the microstruc-
ture shocks are independent of the counting processes. Thus, even if the microstructure
shocks have zero mean, it may hold that E[&; v, ;)] # 0.

Assumption 2.7 (Strong fractional and standard cointegration). The microstucture noise
sequences {n; x} can be expressed as n;p = &k — & k—1. There exist H € [1/2,1), constants
Wy, ph and nonnegative constants cy, co, not both zero, such that

]
n > {&ng — 1} = aBY
k=1

where Bg) and Bg) are independent fractional Brownian motions with Hurst index H.

The case H > 1/2 corresponds to strong fractional cointegration whereas the case
H = 1/2 corresponds to standard cointegration.

It might be hard to verify Assumption 2.7 unless the durations are integer valued. Since
commonly-used duration models do not have integer-valued durations, we will introduce a
modification of the estimators which involves integrals instead of sums, thus allowing us to
avoid this restriction. This change requires a corresponding modification of Assumption 2.7.

Assumption 2.8 (Strong fractional and standard cointegration). The microstucture noise
sequences {n;x} can be expressed as n; = &k — §ix—1. There exist H € [1/2,1), constants
W1y, w5 and nonnegative constants cy, co, not both zero, such that

n_H/O (&) — i} ds = B .

In their strong fractional cointegration case, Hurvich and Wang (2010) assumed, for
d, € (—1,-1/2), that cov(&,&ikyj) ~ Kj*% ' as j — oo where K > 0 and d¢ =
d, +1 € (0,1/2). They then showed (in their Lemma 3), under the assumptions made
there, that cov(&; n, ). ini(ktg)) ~ K'j?% 1 as j — oo where K’ > 0, so that the degree of
fractional cointegration was completely determined by the rate of decay of cov(&; x, & k+j)-
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However, the proof of this result relied on the assumption that the microstructure shocks
are independent of the counting processes, an assumption which we do not make here.

We next provide an example showing that under dependence between the microstruc-
ture shocks and the counting processes, it is possible for {; .} to be weakly dependent, and
yet the rate of convergence of suitably normalzed integrals of the process (& v, : ¢ > 0)
is determined by the degree of long memory in durations. Suppressing the i subscript, we
have the following lemma.

Lemma 2.2. Suppose that {7} is given by the LMSD model 7, = epe¥*, {e} are i.i.d.
standard exponential, independent of the stationary standard Gaussian series {Yy}, which
satisfies cov (Y, Yy,) ~ en*==2 where ¢ > 0, and H, € (1/2,3/4). Define & = Y&, — 1.
Then the autocovariance function of {&} is summable and there exists ¢ > 0 such that

[n]
n~ 12 Z &= B (2.6)
k=1

Nevertheless, the randomly-indexzed continuous-time process {n(y has long memory in the
sense that there exists a constant p*, as well as a constant ¢, such that

n”fr / {&n) — ' ds = "By, . (2.7)
0

Lemma 2.2 shows that long memory in durations can induce the same degree of long
memory in the cointegrating error (2.5) in calendar-time, even though the microstructure
shocks, which are the source of the cointegration, have short memory as a sequence in
transaction time. In Lemma 2.2, this phenomenon was achieved by imposing a particular
functional relationship between the (zero mean) microstructure noise and the persistent
component of the durations, & = Y2, — 1. This relationship implies a leverage effect,
since corr(&g, Tke1) = 1/4/2(e — 1) &= .539 > 0. In other words, a strongly negative mi-
crostructure shock to the return leads to a tendency of the next observed duration, as well
as subsequent durations, to be shorter than average. Such a string of short durations in-
creases the volatility, e.g., the expectation of squared calendar-time returns, as shown, for
example, under a particular return model in Deo et al. (2009). Furthermore, evidence that
stock market intertrade durations have long memory was provided in Deo et al. (2010).

In the absence of dependence between the counting processes and microstructure noise
series, in both cases of strong fractional and standard cointegration, the memory of du-
rations cannot affect the memory of the cointegrating error. See Lemma 4.9 for strong
fractional cointegration and Lemma 4.10 for standard cointegration.

10



3 Main results

3.1 The long-run behavior of the bivariate log-price process

With the assumptions made in Section 2, the long-run behavior of the bivariate process
y = (y1,y2) can be determined. The following theorem shows that the log-prices are
approximately integrated. Even though independence is assumed between the various
shock series, the log-price process y = (y(t): t > 0) exhibits a nontrivial variance-covariance
structure which is determined by a complex interplay of the model parameters.

Theorem 3.1. Under Assumptions 2.1, 2.2, 2.3, 2.4, n=?(y1(n-), y2(n-)) = B, where

B = (Ul,e\/rlBl + 902,5\/)\7232 ; 9_101,6\/)\7131 + Uz,e\/r232> . (3.1)

and By and By are independent standard Brownian motions.

In Theorem 3.1, we have not assumed that the counting processes are independent of
either the efficient shocks or the microstructure shocks.

Hurvich and Wang (2010, 2009) have in their Theorem 1 computed the long-run vari-
ances of y1(t) and y,(t) which are given as (07 A + 6°03 Ao)t and (07 A1 /6% + 03 Aot
respectively. Our theorem yields the variances as well as the covariances in the limiting
distribution of (¢~'/2y(t): ¢ > 0). More importantly, our theorem provides the limiting
distribution itself for the (normalized) log-price process y which, in turn, can be used for
asymptotic statistical inference. Indeed, most of the subsequent results in this paper use
Theorem 3.1 and its proof as a building block. In particular, a slightly generalized ver-
sion of this theorem directly yields asymptotics for estimators in spurious regressions and
therefore can be used to motivate tests for the null hypothesis of no cointegration, as we
describe in Section 3.5.

3.2 OLS estimator of the cointegrating parameter

In this section, we derive the asymptotic behavior of the ordinary least-squares estimator
(OLS) of the cointegrating parameter 6. To do so, we assume that the log-price series are
observed at integer multiples of At. We will work here, without loss of generality, with
At =1 in order to keep the notation simple. Then (2.1) and (2.2) become

Ni(j5) Na(ti,ny ()
() = (e1k + 11k) + 0 Z €2,k
k=1 k=1
Na(5) Ni(ta, Ny ()
Y2(j) = (€2 + N2k) + 6! Z €1,k
k=1 k=1

11



Regressing y1(1),...,yi1(n) on y2(1),...,y2(n) without intercept, we obtain the OLS esti-
mator of # as

jors _ > =12y ()

" > -1 v30)

Hurvich and Wang (2010, 2009) have shown in their Theorem 6 (under conditions that are
for the most part stronger than the ones we assume here) that éSLS is weakly consistent
for # and obtained a lower bound on the rate of convergence in the case of weak fractional,
strong fractional and standard cointegration. The exact limit distributions, however, were
not given. We fill in this gap next for weak fractional cointegration.

(3.2)

3.2.1 OLS under weak fractional cointegration

Theorem 3.2. Let Assumptions 2.1, 2.2, 2.3, 2.5 and 2.6 hold. Assume in addition that
the counting processes N1 and Ny are mutually independent and independent of the efficient
shocks and there exists a constant C' such that

sup E[ti,Ni(s)—i-l - 8] < C. (33)

Then _
Jo B(t)By () dt
[ B2(t) dt

n1/2—H(ésLs . 9) i> 3,
where B is a standard Brownian motion, By is a fractional Brownian motion, independent
of B, and

2\2H 2\2H
CIATT F 35

—2 2 2
9 )\10-176 _'_ )\20-2,6

N

The result in Theorem 3.2 is similar to that obtained in Robinson and Marinucei (2001,
Proposition 6.5, formula (6.8)), under their Assumption 6.1, for which a sufficient condition
(their formula (6.5)) was verified in Marinucci and Robinson (2000) to hold for weak (but
not strong) fractional cointegration in the case where the process is linear with respect to
12d innovations.

Remark 3.1. For the LMSD model described in the previous section, it is proved in
Lemma 4.8 that (3.3) holds under the assumptions of Lemma 2.2 that pertain to the
durations. For the ACD model described in the previous section, Lemma 4.6 shows
that (3.3) holds as long as E[r7] < oco. Carrasco and Chen (2002, Corollary 6) prove
that if E[(8 + a¢)?] < 1 then E[rf] < oo. For the LMSD or ACD models, or for any
duration model such that the corresponding counting process N satisfies (3.3), the time
deformed process N also satisfies (3.3), provided the time deformation function f satisfes
the assumptions of Lemma 4.7. Therefore Theorem 3.2 holds for LMSD or ACD durations
with deformation functions satisfying the assumptions of Lemmas 2.1 and 4.7.

12



3.2.2 OLS under strong fractional and standard cointegration

We now consider the case where the microstructure noise series {n;;} are differences of
strongly or weakly dependent processes {&; 1}

Theorem 3.3. Let Assumptions 2.1, 2.2, 2.3, 2.5, and 2.7 hold. Assume moreover that

e the efficient shocks are i.i.d. Gaussian,

e the counting processes N1 and Ny are independent of each other and independent
of the microstructure noise sequences and of the efficient shocks and there exists a
constant C' such that

sup E[(t; v, 41 — 8)°] < C. (3.4)

>0
o El¢ 1] =0, SquE[gz’z,k] < 00, and & = 0.
Then,

o if1/2< H <1,

) 2 4 22 ' B(s)dB
n3/2—H(92LS ) i> _ 1 ;L 0%c; . fo ’ (s)dBr(s) ’ (3.5)
072Moi .+ X053, [ B2(s)ds

where B is standard Brownian motion independent of the standard fractional Brow-
nian motion By,

o if H=1/2, n(6 —0) = Op(1).

The rate of convergence obtained in the standard cointegration case improves on the
one obtained by Hurvich and Wang (2010).

The assumptions in Theorem 3.3 are quite strong, ruling out leverage effects and pro-
viding one motivation for our subsequent consideration of tapered estimators.

Remark 3.2. For the LMSD model described in the previous section, it is proved in
Lemma 4.8 that (3.4) holds under the assumptions of Lemma 2.2 pertaining to the du-
rations. Similarly, for the ACD durations, Lemma 4.6 and Carrasco and Chen (2002,
Corollary 6) imply that if E[(3 + ae;)?] < oo then (3.4) holds. However, we are unable to
show that Assumption 2.7 holds except in certain cases of integer-valued durations. We
do not pursue this further here.

13



3.3 A Tapered Estimator of the Cointegrating parameter

Even in existing discrete-time models for cointegration the OLS estimator lacks any par-
ticular optimality properties. Here we consider an estimator based on discrete Fourier
transforms of the tapered differences of y1(j), y2(j), 1 < j < n. It was shown in
Chen and Hurvich (2003a) that this estimator can have a faster rate of convergence than
OLS in certain cases of fractional cointegration. In the weak fractional cointegration case,
our limit results for the tapered estimator (Theorem 3.4) are obtained under identical
conditions as those assumed in Theorem 3.2 for OLS. However, under strong fractional
and standard cointegration, the conditions for our results on the tapered estimator (The-
orem 3.5) allow for leverage, unlike the corresponding theorem for OLS.

We introduce all relevant notation using a generic time series {z;}52_ . Let h: I — R
be a general continuous taper function on an open interval I containing [0, 1] such that
h(0) = h(1) = 0. For ¢ = 1,2,..., denote by w, = 2w¢/n the Fourier frequencies. The

tapered DFT of {z;}52__ with taper function A is defined by

j=—o0

dyy = Z h(%)xj eliwe — Z he (%)xj
j=1 j=1

where hy(t) = h(t)e>™. Denote by {Az;}2 _ the first difference of the series {x;}, where
Axj =x; —xj_;. We define the tapered DFT of the first difference {Ax;} with taper

function A by

oo
j=—o0

dppe = i h(%)AIj gl — i h5<%>A:¢j. (3.6)
=1 =1

In our setting, we observe the cointegrated component processes y; and y, at equidis-
tant sample points. Defining the cointegrating error z; = vy;; — 0y; and following
Chen and Hurvich (2003b), we can now introduce the estimator

07" — Re(6,)

where Re(z) signifies the real part of a complex number z = a + ib and, letting z = a — ib
be the complex conjugate of z,

j ZT:l N JAyz,Z
! ZZL:I |dAy2,f‘2

Therein, any tapered DF'T of differenced sequences is defined according to (3.6). Note that
6Tar is the real part of the ratio of the averaged tapered cross-periodogram between the
series y; and ys and the averaged tapered periodogram of the series ys».

14



3.3.1 Discrete tapered estimator under weak fractional cointegration

Theorem 3.4. Let Assumptions 2.1, 2.2, 2.3, 2.5 and 2.6 hold. Assume moreover that
the counting processes are mutually independent and independent of the efficient shocks
and (3.3) holds. Then

ot e _ gy \/ N L gt i Re () he(s) dB(s) [ ha(t) dBu(1))
n n - ) 2 2 2
0= hot At dodi, S [fy hels) AB(s)

where B is a standard Brownian motion, By is a standard fractional Brownian motion
and B and By are independent.

Since the assumptions of Theorem 3.4 are the same as in Theorem 3.2, Remark 3.1 also
applies here.

3.3.2 Discrete tapered estimator under strong fractional and standard coin-
tegration

Theorem 3.5. Let Assumptions 2.1, 2.2, 2.3 2.5 and 2.7 hold. Assume morover that
the counting processes are mutually independent and independent of the efficient shocks
and (3.4) holds.

e [f1/2< H <1, then

3/2=H (gTap _ g) d ci +6°c 2t Re (fol hu(s) dB(s) fol i s) dBH(S))
/)’L J—
' 0720t + Aa0s, S| S he(s) dB(s)|2

where By is a standard fractional Brownian motion independent of the standard
Brownian motion B.

o If H=1/2, n(07% —0) = Op(1).

The assumptions of this theorem are weaker than those of Theorem 3.3 on the OLS
estimator. The microstructure shocks are not assumed to be independent of the count-
ing processes and the efficient shocks are not assumed to be Gaussian. Theorem 3.3 can
presumably be proved without the Gaussian assumption. It might be much more diffi-
cult in the proof of Theorem 3.3 to avoid the assumption of independence between the
microstructure shocks and the counting processes.

Remark 3.2 remains relevant here. In particular, we are currently unable to show that
Assumption 2.7 holds except in certain cases of integer-valued durations. This motivates
our consideration of a continuous-time tapered estimator in the following section.

15



3.4 A Continuous-Time Tapered Estimator

The estimators of § we have considered so far are based on equally-spaced observations
of the log price series. However, under the model (2.1), (2.2), a continuous-time record
is available, and it is of interest to consider using all of the available data to estimate 0.
Here, for the sake of theoretical tractability, we consider a tapered estimator ¢ based on
continuously-averaged log prices on adjacent non-overlapping time intervals. Since the
problems with discretization appear only in the strong fractional and standard cointegra-
tion cases, we only consider them in this section. There is no difference in the case of weak
fractional cointegration.

We first establish some notation. Let {X(¢)} be any time series defined for all ¢ > 0,
and suppose that we have data on {X,} for ¢t € [0,T]. Let § > 0 be fixed. In practice, we

might take d to be 5 minutes, but the choice of § does not affect the asymptotic distribution
we derive below. Define n = |7'/§], X(0) =0, and

ks
X(k):/ Xwdu, k=1,--- ,n.
u=(k—1)8

Then we can define an estimator 65 based on these averaged observations by

é,{;ﬁ = Re(B,4)
with

6 — St dagyedagse
n,o —
> iy |dagye?

3.4.1 Continuous-time tapered estimator under strong fractional and stan-
dard cointegration

Theorem 3.6. Let Assumptions 2.1, 2.2, 2.3, 2.5 and 2.8 hold. Assume morover that
the counting processes are mutually independent and independent of the efficient shocks
and (3.4) holds.

o [f1/2 < H <1, then

(2 1 023) L Re ( I ho(s)dB(s) [ h;(s)dBH(s))
“hote + Mool S0y | Jo he(s) dB(s)[?

e (i ) \/ ;
where By 1s a standard FBM independent of the standard Brownian motion B.
o IfH=1/2,n(0,% —0)=0p(1).
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Because Assumption 2.8 involves an integral rather than a sum, we are able to verify
that it holds for certain models with noninteger durations such as ACD and LMSD under
certain relationships with the microstructure shocks.

In Theorem 3.6, we allow for leverage effects, and therefore care is required in defining
standard cointegration. As demonstrated in Lemma 2.2 (which assumes LMSD durations)
if there is a leverage effect, even when the microstructure shocks are the differences of a
weakly-dependent sequence, the cointegrating error need not be I(0). In such a case we
have strong fractional cointegration rather than the standard cointegration which might
have been anticipated.

It is also possible that even though a leverage effect exists, the memory of durations
has no effect on the degree of cointegration. Specifically, if in Lemma 2.2 we replace
& =Y, —1by & = Ho(Yis1) — .75 H3(Yiq1), where Ho(y) = y* — 1 and Hs(y) = y* — 3y
(the second and third Hermite polynomials, respectively), then there is a leverage effect
with corr(7ii1, &) = .082. Nevertheless it follows from an argument similar to the proof
of Lemma 2.2 that Assumption 2.8 holds in this example with H = 1/2, so that we have
standard cointegration and Theorem 3.6 holds with H = 1/2.

Lemma 4.10 provides an example of standard cointegration allowing for both time
deformation and dependence between the counting processes and microstructure shocks.
Theorem 3.6 would hold for this example with H = 1/2.

3.5 Spurious Regressions

In this subsection only, we consider a non-cointegrated version of the model defined by
(2.1) and (2.2),

Ni(t) Na(t1,n (1))

yi(t) = (e +mk) + O Z €2,k (3.7)
k=1 k=1
Na(t) Ni(ta,ny (1))

ya(t) = (ear + Mak) + O Z €1,k (3.8)
k=1 k=1

where 615 # 05'. We examine here the properties of the OLS estimator in the (spurious)
regression of y; on ¥y, in discrete time and then briefly discuss corresponding tests for the
null hypothesis of cointegration. Corollary 3.1 below follows directly from the proof of
Theorem 3.1.

Corollary 3.1. If Assumptions 2.1, 2.2, 2.3 and 2.4 are satisfied and y = (y1,y2) is given
by (3.7) and (3.8) with 015 # 05, then as n — 0o,

(%ymu): we o, 11) = B, = (By(u): u e [0.1)),
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where By, is a bivariate Brownian motion with 2x2 covariance matriz 3 = (3, ;: 4,7 = 1,2)
giwen by the entries

_ 2 2 2 _ 2 2 2
g = Moy + 050005, , Yoo = OM01, + Aoy

2 2
Y19 =612\ Ol T 021 Ao 03¢ = 2o

Next, we consider the discretization of y;(¢) and y»(t) given by (3.7) and (3.8) at integer
time values,

N1(5) Na(ti Ny ()
Yij = Z (er +mg) + O Z €2k, (3.9)
k=1 k=1
Na(j) Ni(ta, Ny ()
Y25 = Z (€2, + M2,k) + b1z Z €1,k (3.10)
k=1 k=1
Regressing y1.1,...,Y1,, O Y21, ..., Y2, Without intercept, we obtain the OLS estimator
5 i1 Y2l (3.11)
! Z;'L:1 y%,j

Corollary 3.2 below follows directly from Corollary 3.1 and the Continuous Mapping The-
orem.

Corollary 3.2. If Assumptions 2.1, 2.2, 2.3 and 2.4 are satisfied and y = (y1,ys) is given
by (3.7) and (3.8) with 015 # 05, then as n — 0o,

5 i) fol B27y(u)Bl7y(u) du
" fol Biy(u) du

Y

where By = (B, Ba,) is the bivariate Brownian motion given in Corollary 3.1.

Corollary 3.2 together with Corollary 3.1 can be used to motivate tests for the null
hypothesis of no cointegration. We do not pursue the details here, but it seems clear
that the null distribution for unit root tests based on the residuals {y; ; — Snyzj};‘:l can
be derived from Corollaries 3.1 and 3.2, and that these null distributions will have form
similar to the distributions listed, for example, in Hamilton (1994, Proposition 19.4).

4 Proofs

Proof of Lemma 2.1. Since N is stationary and ergodic, there exists \ € (,00) such that
N(t)/t B Nast — 00, a. s. See Daley and Vere-Jones (2003, diplays (12.2.3) and (12.2.4)).
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Now,

N(t) _ N(f(1) _ N(f() f(t)
t t )y ot
Since by assumption f(t) — oo (in probability if f is random), the assumption implies
that the first term on the righthand side converges to A. By assumption, the second term

satisfies t=1f(t) £ ~. Thus, @ L\, so that Assumption 2.2 holds with \ = My, We
note that N (¢, ) < k, thus
LN N =k | N = NG)
ko k K )
1 MU - S | B~ M) =0

using the definition of N and the boundedness requirement on the jumps of f. Since the
process N is stationary, taking expectations, we have

E[N(f(t)) = N(f(tx) = O)] = E[N((0,C])] < 0 .

(In the case where f is random and independent of N this holds by taking conditional
expectation first). Thus it follows that

N1

= 1+ O0p(1/k) .

Now, this implies that N (tx)/t; converges in probability to 1. Thus

et Nt p 1
k N(ty) k A

O

Proof of Lemma 2.2. Denote H, by H to simplify the notation. Define & = Y2, —
1. Then & is centered, has finite variance summable autocovariance function, since
cov (o, &) = 2cov?(Yy, Yiyr1). Thus {&} has a summable autocovariance function because
H € (1/2,3/4). By Arcones (1994, Theorem 4), this implies that {£;} is in the domain of
attraction of the standard Brownian motion, i.e.

]
2y g =B,
k=1

with ¢* = var(&) + 2 52, cov(&, &). This proves (2.6).

Assume now that 7, = €.’ (with ¢ = 1 in the statement of the Lemma). The
properties of Hermite polynomials yield that E[e¥0 H;(Y)] = o7 e*/2 for all j > 1. Denote
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now A\~

Gly) = (4 —

T
/0 (Engs) — Am)ds

E[n] = E[e?"] = /2, m = E[§_17] = E[(Y,f — 1)e¥*] = 027/2 and
1)e?Y — m. We now prove that (2.7) holds with p* = Am. Write

N(T)
= Z Tip 18k — AT + (tnry 41 — TN 11
k=0
N(T) N(T)
= (&1 — D&e™ ™ + > G(Yig) + m(N(T) = AT) = (tyeryer — T)énerys
k=0 k=0

(4.1)

By Lemma 4.8 and applying Hélder’s inequality, it can be shown that (¢ y(7)+1—1")({n(r)+1—
p) = Op(1). Since the sequence {¢;} is independent of the Gaussian process {Y}}, the first
term in the righthand side of (4.1) is in the domain of attraction of the standard Brownian
motion, and the normalizing sequence is y/n. Thus we must obtain the joint asymptotic

behaviour of ), NI G(Yy) and N(T't) — ATt

The durations are in the domain of attraction of the fractional Brownian motion with
Hurst index H, since

n

Y= = Z(k_l UY"+Z =T

k=1 k=1

The first term in the righthand side is Op(y/n) and the second sum, suitably normalized
converges to the fractional Brownian motion with Hurst index H because the function
r — e°® — A\7! has Hermite rank 1. See e.g. Arcones (1994). More precisely, let ¢, =
E[Y;e?1] = 0e*/2 and define g(y) = "V — A! — ¢1y. The function g has Hermite rank 2,
and since H € (1/2,3/4), this implies that

ar (Z g(Yk)> =0(n) .
k=1

Thus > _, (7x — A71) is asymptotically equivalent to ¢; >, _, Yj. Let By denote the stan-
dard fractional Brownian motion with hurst index H. The assumption on the covariance
of the Gaussian process {y;} implies that

[n]

n_H Z Yk = QOBH
k=1

with ¢? = ¢/{H(2H — 1)}. Denote now ¢; = E[Y1G(Y1)] = o(02? 4+ 2)e*/? and define
h(y) = G(y) — coy. Then h has Hermite rank 2 and thus by similar arguments as above,
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> iy G(Y%) is asymptotically equivalent to c2 Y ,_, Y. Thus we obtain

] [nt)
S (=AY G | = (cipBu(t), capBu(t)) -
k=1 k=1
By Vervaat’s Lemma (see Vervaat (1972) or Resnick (2007, Proposition 3.3)), the previous

convergence implies that

[nt]

n" [ N(nt) — ant, Y " G(V) | = (=AeipBu(M), capBu(t)) -

k=1

By the continuity of the composition map, this yields

n~ — Ant, Z (=Ac1p By (At), copBr(At)) .

Next we obtain that
N (nt)
n YT GV) +m(N(nt) — Ant) b = p(ca — Amer) Bu(Mt)

k=1

with ¢y — Mme; = 20¢°°/2 > 0. We conclude that n—H fon'{fN(s) — Am}lds = (e —
)\mcl)BH. O

4.1 Proof of Theorem 3.1 and Corollary 3.1

We first need the following Lemma.

Lemma 4.1. Under Assumption 2.1 and 2.2, Ni(t;n,ne))/n converges in probability uni-
formly on compact sets to \;it, where {i,7} = {1,2}.

Proof of Lemma 4.1. The sequence of (random) functions N;(n-)/n is nondecreasing and
converges pointwise in probability to \;t by ergodicity. A sequence of nondecreasing func-
tion converging to a continuous function converges uniformly on compact sets. This results
is known as Dini’s Theorem. Cf. Resnick (1987, page 3). Thus the convergence of N;(n-)/n

is uniform on compact sets. Assumptions 2.1 and 2.2 imply that N;(t) £ 50 and tin £ .
Thus

n tj,Nj(nu) Nj(nu) n )‘j J

Applying again Dini’s lemma, we also have that N;(t; n;mu))/n converges uniformly on
compact sets to A\;u. O
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Proof of Theorem 3.1. Denote S7, (t) = L L ek and S7 (t) = ZLM]I Mik, @ = 1,2. Under

Assumptions 2.3 and 2.4, n 1/2(51 1355y STy SY,) converges weakly to (01,0 B, 02,.B2,0,0),
where By and B, are 1ndependent standard Brownian motions. This follows from the in-

dependence of e; and e, and the local uniform convergence to 0 in probability of n=/ 25271’

With the previous notation, (3.7) and (3.8) become

yi(nt) = S7,,(N1(nt)) + 02155, (Na(t1 ny(nr))) + 57, (Ni(nt))
ya2(nt) = 93, (Na(nt)) + 01257 ,,(N1(t2,ny(nr))) + S5, (Na(nt)) .

By Lemma 4.1 and the continuity of the composition map on C x C endowed with the
metric of uniform convergence on compact sets (see e.g. Billingsley (1968, Chapter 3,
Section 17)), we obtain the joint convergence of

n 2 (S5, (N1(ns)), S5 (N1 (t2,np(n)
Sze,n(Nz(n'))a Sg,n(Nz(tl,Nl(n-)))a Sin(Nl (n)), Sgn(NQ(n)))

to (1.6 A1 B1, 017V A2B1, 02,67/ A2 Ba, 02..7/ A2 B, 0,0). This yields Corollary 3.1 and The-
orem 3.1 by setting 0y = 6 and 01, = 671 O

4.2 Proof of Theorems 3.2 and 3.3

Proof of Theorem 5.2. Write

Z?:l{yl (J) = 0y2(5) }ya(5)
251 v30) '

Assumptions 2.1, 2.2, 2.3, 2.5 and 2.6 imply those of Theorem 3.1. Thus we can apply the
Continuous Mapping Theorem and obtain

0, =0+

n 1
N UK GOV R Y (SO (42)
i=1 0

where B is a standard Brownian motion. Thus, in order to study the convergence of 6, — 0
suitably renormalized, it suffices to study the sum

Z{yl — 0y2(4) }y2(J) -
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We further decompose the cointegrating error. Denote

Na(ti, Ny ()

N1 (7) N1(j)

J) = Z erk +0 Z e, Y1(j) = Z Mk 5

k=1 k=1 k=1
Na(t2,vz())

Na(j) Na(j)
j) = Z ea + 07 Z ere, Ys(j) = Z M2k 5
k=1 k=1

k=1
N1(5) Na(7)
Mg = Z €Lk, T2 = Z €2k -
k:Nl(tZ,NQ(J))JFl k:Nz(tl,Nl(j))Jrl

With this notation, we can write

Z{yl — 0y2(7) ty2()) Z{le Ora,i}y2(J +Z{y1 2 ye() - (43)

Applying Theorem 3.1, Assumption 2.6 and the Continuous Mapping Theorem, we obtain

= Hz{y 2 (7)}y2(5)

i) / {9_1\/2017631(1‘/) + \/>\720-2,eB2(t>}{clBl,H(>\1t) - GCQBQ’H()\QT/>} dt
< Z/lB(t)BH(t) dt

where B is a standard Brownian motion, By is a fractional Brownian motion, independent
of B and

32 = (072 Mot + Aos ) (AT + 23N (4.4)

There only remains to prove that, for i =1, 2,

n=3/2 Zﬁ,ﬂn(j) =0Op(1). (4.5)

The convergence of n='/2y, is uniform on [0, 1], so n™2 max;<j<, |y2(j)| = Op(1). There-

fore, it suffices to prove that

n! Z ri ;| = Op(1) . (4.6)

Recall that N;(s) < k < t;x > s. Thus, for k& < Ny(n),

N(t2N2 )<]€<N1()<:>t2N2()<t1k<j

23



The first inequality on the righthand side means that there is no point of Ny between ¢; j
and j, i.e. j <ty Ny, )+1- Let Ax(t) = to ny)+1 — t denote the forward recurrence time of
Ns, i.e. the time between ¢ and the next event of Ny after £. Thus,

N1(35) Ni(n)

Z il < Z > level = D lensl{Aa(tin) +1} .

J=1 k=N1(ta, Ny (j))+1

We thus get the bound for the conditional expectation given the sigma-field N generated
by the counting processes N; and Ns:

n Ni(n)
E > |yl |N] <O Asltig) -
j=1 k=1

Conditioning on N; and applying (3.3) yields

E | [ril | J\G] < CNy(n) = Op(n) .

J=1

This proves (4.6) and concludes the proof of Theorem 3.2. O

Proof of Theorem 3.3. The proof is a consequence of the convergence (4.2), the decompo-
sition (4.3), and Lemmas 4.2 and 4.3, whose assumptions are those of the Theorem. [

Lemma 4.2. Under the assumptions of Theorem 3.3,
1
et Z{y ~ 0930) ) > o [ Bls) dB(s) (@7)
0

where By is a standard fmctzonal Brownian motion independent of B and
20 = (9_2>\10'ie + >\2U§,e)(C% + ‘9203) .

Proof of Lemma 4.2. Denote S, = > 7 {y{(j) — Hyz( )}yg( ) and write yo = y5 + y4 with
obvious notation. Denote (; = y{(j) — 0y5(J) = &1 3,¢) — 0&,na(j)- Then

Sn _ZCJ% +ZCJ§2N2 : (4.8)

By the last part of Assumption 2.7, the last term in the righthand side of (4.8) is Op(n).
Consider the first term in the righthand side of (4.8), say S ,. Write

Ni(t2,n, (7))

=Y ¢ me ch > e
j=1 k=1
Na( Ni(ta, Ny (n))
= Z €2,k Z G+o! Z €1,k Z G
k=1 {3 <n: Na(j) 2k} k=1 {3<n: N1(ta, vy () 2K}

= Tl,n + 0_1T2,n .
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Denote W, (t) = Z]"tl ;. Since Ny(j) < k iff j < to, we obtain

Na(n)

Tl,n = y§2(n)Wn(1) - Z 62,kWn(t2,k/n) .

By Assumption 2.7 and Theorem 3.1, n= Y2~ HyS ()W, (1) -5 v/AsoaBa(1)Z(1) with Z =
e1BY — 0, B L\ /T 022 By. Let the last term be denoted by U,. Since the shocks
e are i.i.d. Gaussian, we can compute the characteristic function of U,,.

24 Na(n)

n

%E[exp{—)\zgg’eﬁ /0 Z2(s) dsH .

The convergence is actually joint with that of n="/2=yS?(n)W,, thus we have

n_1/2_HT1,n i) \/ )\20'2’632 \/ 0'26/ dBQ( ) .

Elexp{itn />~ H#U,}] = E |exp n~ W, ( t2k/”))

The limit can also be written as v/Asos . fo Bs(s)dZ(s). Consider now the term T5,,. Note
that Nl(tg’NQ(] ) <k lffj < t2,N2(t17k +1- Thus

Ni(t2,Ny(n)) Ni(ta, Ny (n))
15, = Z e1Wh(1l) — Z e1 kW (ta,Ny(ty ) +1/7) -
k=1 k=1

By similar arguments as previously, we obtain

n_H_1/2T27n i) \/ )\10’131( \/ 0'1/ dBl( )

All convergences hold jointly, thus (4.7) holds. O

Lemma 4.3. Under the assumptions of Theorem 3.3,

n

Z{Tu — Ora;}y2(j) = Op(n) , (4.9)

J=1

Proof of Lemma 4.5. We first study the term with r; ; and split it into three parts.

n n

Z Tl,jy2(j) = Z T1iYs (J) + Z T1iYs (J) + Zﬁ,jyg(j)
j=1 j=1

j=1 j=1
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We start with the last one. Recall that Ni(ton,(j)) <k < Ni(j) iff t1p <5 < tip+As(tin).
Thus

n

Zﬁ]% ZSZ Na(j) Z €Lk - (4.10)

j=1 Ni(t2, Ny (5)) <k<N1(j)

If the microstructure shocks are independent of the counting processes, then

2
E Z €1,k Z v | TN
Jj=1 t1,6<j<t1r+A2(t1,k)
Ni(n) 2 Ni(n)
—oi, Y E Yoo Gmp | N <C D (Asltix) +1)*sup B[]
k=1 1,k <j <ty r+Az2(t1,k) k=1 ¢

Conditioning on /Ny and then taking expectation yields

B[(Lew X )] < CBNGISDEI + A0 swpEEl] = O(n)

Jj=1 ty,,<j<ti p+Az(t1,k)

Consider now R, ,, = Z?:l r15Y52(7)-

n N1(j) Ni(n)
Ry = 2952(j) Z ek = Z €1,k Z y2*(J) -
J=1 Ni(ta, Ny () +1 k=1 b1, <j<t1,k+A2(t1,1)

By independence of the efficient shocks and the counting processes, we have

n

Ni(n)
B[RS, | N1 < CNi(n) Y (As(ti) +1)% = Op(n?) .
k=1

This proves that Ry, = Op(n). Consider finally Ry, = >°7 71 ;y5'(j). By definition,
e1r, is independent of y5'(j) for j such that Ni(ty n,¢;)) < k. Thus, we can compute the
conditional variance given N .

Ni(n) 2

E[R n|N_UleZE > ys'(4) | IN
t1 p<j<tip+A2(t1 )
Ni(n)

< CNy(n) D (As(tin) +1)° = Op(n)
k=1
by (3.4). This concludes the proof of Lemma 4.3. O
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4.3 Proof of Theorems 3.4 and 3.5

Write
i _ gy i danedape 3 dayedan
E:Zi1|dﬁymdz 2:?;1|dAy%ZP
with y"(5) = y{(j) — 0y3(5), 7(5) = r1(j) — Or2(j) and
Ni(y) Na(j)
r(J) = Z erk, 120)) = Z €2k -
k:Nl(t2,N2(]))+l k:Nz(tlle(J))-‘rl

By summation by parts, since h(0) = h(1) = 0, for any time series {z;}, we can write
n—1 1 n—1
daze =Y {he(i/n) = he((§ +1)/n)}x; = — > wilj,n)z; (4.11)
=0 =0
with we(j,n) = n{he((j + 1)/n) — he(j/n)}. Applying (4.11) to y, yields
1 n—1
dAyQ,Z = _E ng(ju n)y2(.]) :
=0

Since the assumptions of Theorems 3.4 and 3.5 imply those of Theorem 3.1, the Continuous
Mapping Theorem yields

1
(st < e<my S {on [ neBeas < esmy )
0

where B is a standard Brownian motion and ¥? = 67?X\107, + A\y03 . By integration by
parts, the integral can also be expressed as

- /01 hy(s)B(s) ds = /01 he(s)dB(s) .

This in turn implies

2

/0 he(s) dB(s) (4.13)

m m
-1 2 d 2
n Y ldago® 5 2
(=1 /=1

Applying now (4.11) to y”7 we obtain

1 | |
dayre === wi(jm){u}(j) — 0u3(5)}
=0
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In the case of weak fractional cointegration, we apply Assumption 2.6, the Continuous
Mapping Theorem and integration by parts to obtain

W)y = =17 S w)0) ~ 030}~ [l aZut) (10

where, by independence of BS) and Bg)

Zu(t) = a1 BY (\it) — 02 B2 (at) "2 (/33 1 X302 B

and By is a standard fractional Brownian motion. The first part of Lemma 4.4 shows that
dar e is negligible under the assumptions of Theorem 3.4. This, and the convergences (4.12),
(4.13) and (4.14) conclude the proof of Theorem 3.4. O

We now prove Theorem 3.5. Since hy(0) = hy(1) = 0, we have Z;:& we(j,n) = 0, hence

n—1 n—1 n—1
Yo wel )yl () = Y weGn) (&g — o) = D weln) (Engy — 17) -
=0 =0

=0

Denote S;o = 0 and for k > 1, S, = 25:1(@'%(]‘) —u¥). Define wy(j,n) = n{w,(j+1,n)—
we(j,n)}. Applying again summation by parts, we have

Zwe Jsn)yi(j) = —= sz 3,m)Sij + we(n,n)Sin1+we(0,n) (&0 — 17)
Under Assumptlon 2.7, by the Continuous Mapping Theorem, we obtain

nl_W( )dAynz =N Fyf Zwé ]a yz

—>/ B (t)dt — h'(1)BY (1) i—/l hy(s)dBW(s).  (4.15)

0

The second part of Lemma 4.4 implies that the term da,, does not contribute to the
limit under the Assumptions of Theorem 3.5. This, and the convergences (4.12), (4.13)
and (4.15) conclude the proof of Theorem 3.5. O

Lemma 4.4. Under the assumptions of Theorem 3.4, then da,, = Op(1l). Under the
assumptions of Theorem 3.5, then da, o = Op(n=1/?).

Proof. Applying (4.11) to r, we see that we only need to prove that the independence be-
tween the counting processes and the efficient shocks and (3.3) implies that 3 -7, w(j, n)r; j =

Op(n) and (3.4) implies that Y7, we(j,n)ri; = Oy(n'/?). We start with r;.

Ni(n)

ZwZ ]7 Tl]_ Zelk Z 'LUg(j,n).

ty e <j<tir+A2(t1x)
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Taking conditional expectation yields, for ¢ = 1, 2,

E Y wejn)r, |N] <C Y (Aso(tig) +1)7.
j=1 k=1

Applying (3.3) if ¢ = 1 and (3.4) if ¢ = 2 shows that the last term is Op(n). This proves
that >°7_ we(j,n)r1; = Op(n) under the assumptions of Theorem 3.4 and Op(y/n) under
the assumptions of Theorem 3.5. The term » 7, w(j,n)ry; is dealt with similarly. O

4.4 Proof of Theorem 3.6

Write

i—04 Sorey daredagee | Yoyt dagnedagy.e
’I’L, -
> it |dagsel? > i |dagsel?

with §(j) = 7/(5) = 09 (), 7(j) = 71(j) — 072(j) and

N1 (s) NQ(S)
ri(s) = > erk, Ta(s)= > Cak -
k:Nl(t2,N2(s))+1 k:NZ(tl,Nl(s))+1

and the DFT is defined as in (3.6). Applying summation by parts as in (4.11), we obtain

dagua == S wiliomiai) =~ [ /81, w)uals) ds == [Tt 5] myatns) .

n
with we(j,n) = n{he((j+1)/n) — he(j/n)} as before, and [t] is the smallest integer larger
than or equal to ¢. This yields

1 1
n2dg, S —ze/ hy(s)B(6s) ds < 26/ he(s) dB(s) .
0 0

Since n; = & — &1, we have

76

?J?(j) = / gi,Ni(s) ds — 5&,0 .
(J—1)s

Differencing cancels the term 6&y. Applying (4.11) and summation by parts and the prop-

erty that Z;L:_g we(j,n) = 0, we obtain

7o

n—1
1 .
dagre=—— > wi(j,n) /(
=0

7j—1

n—1 i
1 ) J *
i ds == Y i) [ g - uias
=0

(-1

1 n—1 . 36 1 (n—1)5
3 S wnlin) [ A& —sibds = Suntnm) [T (o - u)ds.
j=1 0 0
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Under Assumption 2.8, we thus have, with Z = Bg) — HBI(;),

1
nl_H{dAg;?’g — edAgg7g} i) / hg(S)Z(éS) dS — h/(l)Z((S) .
0

We must now deal with the remaining terms of the cointegrating error. If H > 1/2
Lemma 4.5 implies that the term daz, does not contribute to the limit. If H = 1/2, both
terms are of the same order. This concludes the proof of Theorem 2.8. O

Lemma 4.5. Under the assumptions of Theorem 3.6
dAfi’g = Op(n_1/2) .

Proof. Applying as usual summation by parts, we obtain

N1 (no)

daf 0= —— Z €Lk ng Jsn / : Lty p<s<ty ot Aa(ty 1)} 45
i—1)5
Nl(né
— Z €1k/ we([s/07], 1)1, <s<tr ot Aa(ty )y A5
Nl("5 {t1,x+A2(t1,1)}A(nd)
_— Z / wy([5/5],m) ds
t1, kA1
Nl(né {(t1, k- +A2(t1 1)) /n}INE
== 3 e / wy([nt /8], n) dt (4.16)
(t1,6/n)A

Taking conditional expectation and applying (3.4), we obtain

N(n

E [ldas, 6* |N] < ZA2 tix) = Op(n~").

4.5 Additional Lemmas

Lemma 4.6. If the durations t;;, — t; x—1 form a stationary ergodic sequence with finite
moment of order 2p + 1, if P(t;; > 0) = 1 and if the associated point process has finite
intensity, then

SggE[(ti,Ni(s)H — )] <oo.
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Proof of Lemma /.6. We omit the index i. Let 6, denote the shift operator and let A(t)
be the forward recurrence time. Then A(s) = ty()11 — s = t1 0 0,. Since the sequence
{7} is stationary under PP, there exists a probability law P* such that N is a stationary
ergodic point process under P*, see Baccelli and Brémaud (2003, Section 1.3.5). Applying
Baccelli and Brémaud (2003, Formula 1.3.3), we obtain

(V@) N(1)
E[AP(s)] = N'E* | thob.00, | = AT'ET | > AP(s+ 1)
k=1 k=1
:N(l) N(1)
= \T'E Z{tN(Sthk)Jrl —s—t}7| <ATIE Z{tN(erl)H — s}”
k=1 k=1
= ANE N ({1 — s3] < ATHE NP E [t — )32

(4.17)
Since N is stationary under P*, the last term does not depend on s, and by the Ryll-
Nardzewski inversion formula (Baccelli and Brémaud (2003, Formula 1.2.25)), we have

E*[(tn(sr1)+1 — )] = E*[(t1 + 1)) = )‘E[/Otl (ti+1—5)*ds < AE[(14t)*"]

By Baccelli and Brémaud (2003, Property 1.6.3), the point process N is stationary and
ergodic under P* since the sequence of durations 73 is stationary and ergodic. Thus, By
Daley and Vere-Jones (2003, Theorem 3.5.11T), E*[N(0,1)?] < oo. Plugging the last two
bounds into (4.17), we obtain that E[AP(s)] is uniformly bounded. O

Lemma 4.7. Assume that there exists an increasing sequence {s,,n > 0} such that sy =0
and

(a) [ is either constant or strictly increasing and differentiable on (s, Sn+1) and the jumps
of [ occur at some (but not necessarily all) of the s,;

(b) if f is eiter constant or increasing on both intervals (S,, Sp+1) and (Spa1, Spaz), then f
has a jump at Spi1.

Assume moreover that

e (minimum duration of trading and nontrading periods) there exists 6y > 0 such that
Spi1 — Sp = 0g for alln > 0;

e (maximum duration of nontrading periods) there ezists Cy such that for alln > 0, if
f is constant on (S, Spi1), then s, — $, < Cp;

e (non stoppage of time during trading periods) there exists 1 > 0 such that for all
n >0, f is either constant on (S, Spy1), or f'(t) > &1 for allt € (s, Spi1)-
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Let N be a point process with event times {t;} and let N be the point process de-
fined by N(-) = N(f(-)) with event times {ty}. If SUPSZOE[(EN(S)H — $)P] < oo, then
sup,>o E[(En(s)+1 — 8)7] < o0

Proof of Lemma 4.7. Define the nondecreasing left-continuous inverse f* of a nondecreas-
ing cadlag function f by

ST (u) = inf{t | f(t) = uj .
Note first that f(u) <t if only if u < f(¢) and f(f(t)) <t. Thus we see that
folt) <t e t, < (1)
& N(f(t) zn
< N(t) >n.

This characterizes the sequence {¢,}, thus we obtain that ¢, = f<(f,). The assumptions
on f imply the following properties of f<.

e The jumps of f correspond to the intervals (s,,s,1) where f is constant. More
precisely, if f is constant on (s, S,41), then f< has a jump at f(s,) of size $,,411 — S,.
Since f* is left continuous, it holds that

“ Sn)) = Sn lim = Sntl -
f (f( )) u—f(sn),u>f(sn) o

Thus the jumps of f< are of size Cj at most.

e If f is increasing on an interval (s,, S,41), then f< is differentiable on (f(s,), f(s;))
and (<) (t) < 07! for all t € (f(sn), f(s5)).

e The jumps of f create no singularity in f<. If f(s,) > f(s;), then f is constant
on the interval (f(s,,), f(sn))-

Let [z] denote the smallest integer greater than or equal to the real number x. Then, for
0<s<t,

t—s

0<FTN~ () < Co| 5

1 (A
Thus, there exits constants ¢y, ¢y such that for all s <'t,

0 S f(t) —f(S) S C1 +02(t—8) .

Consider now the forward recurrence time of the point process N. Then

0 <t — 5 = F () = f(F) + F7(f(s) — s
< f<_(£]\7(f(s))+1> —f(f(s) e+ CQ{EN(f(s))+1 —f(s)}-
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Thus, there exists constants c3 and ¢4 such that

sggE[(tN(s)H — 8P <cg+ey SggE[(fl\?(s)H — 5]

O

Lemma 4.8. Let {ex} be a sequence of i.i.d. positive random variables with finite mean
te. Let {Yy} be a stationary standard Gaussian process such that

cov(Yy, Vi) = £(n)n*" 2 (4.18)
for H € (1/2,1) and ¢ a slowly varying function. For k > 1, define

T = exe’

Then the sequence {7,} is ergodic and Assumption 2.1 holds with X" = pe” /2. If P(e; >
0) = 1 the Assumption 2.2 holds with p = X\ = p='e~""/2. If moreover E[¢!] < oo for all
q>1, then (3.3) and (3.4) hold.

Remark 4.1. If instead of (4.18) we assume that

> Jeov(Yp, Yi)| < o0,
k=1

then the moment requirement can be relaxed to E[e}] < co to obtain (3.3) and E[€}] < oo
to obtain (3.4).

Proof of Lemma 4.8. Note first that E[7]] < oo as long as E[¢]] < co. By Lemma 4.6, in
order to check condition (3.3), we must only prove that the induced point process has finite
intensiy, i.e. there exists ¢t > 0 such that E[N(¢)] < co. See Baccelli and Brémaud (2003,
Section 1.3.5). Note that

EN()] =Y P(N@)>k) => Pty <a).
k=1 k=1

Thus, it suffices to prove that the series on the righthand side is summable. Denote
= E[r] and p, = cov(Yp,Y,,). Applying Deo et al. (2009, Proposition 1), we have

n
E T — N
k=1

with v, = nfll(n). If E[é]] < oo for p such that p(1 — H) > 1, for n such that nu > z, it
holds that

E

] = O(uvy)

Pty < z) = Oz~ of)

and this series is summable. O
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Lemma 4.9. Assume that {7} and {&} are mutually independent stationary sequences
such that E[&] = 0, E[t?] < co and E[¢}] < co. Assume that the sequence of durations is
weakly stationary and that cov(ry, 7,,) = 0(n™") for some § > 0 and sup,q Eltn(s+1 — 5] <

0o. Assume that cov(£1, &) ~ en® 172 with H € (1/2,1) and ¢ > 0, and that
[n]
nH ng = By
k=1

for some ¢ > 0. Then

Tt
n | &y ds = "By(t)
0

for some " > 0.

Proof of Lemma /.9. Denote E[r] = p > 0.

=z

(T

T
/ Engs) ds = Z T 18k — (En+1 — TN )11
0 k=0
N(T) N(T)
= (= W&+ 1Y &~ (tvme — Ténery -
k=0 k=0

By independence of {7} and {{}, we have (assuming without loss of generality that
2H -6 > 1),

<Z<ml - mgk) = 0(*)

Thus, n=# an:'}o(rkﬂ — )& = 0. Hence by the continuous mapping theorem, it also
holds that n=# ij:(g')(fkﬂ — )& = 0. By independence and by assumption, (ty@)41 —
T)énery = Op(1). By the continuous mapping theorem, n~ SOV ¢ = ¢ By (p't). O

Lemma 4.10. Let {7}, {Vi} and {{} be sequences of random variables such that

o {(i} is an i.i.d. sequence of zero-mean and unit variance random variables; {7} and
{Vi} are sequences of positive random variables;

the sequences {(1x, Vi)} and {(x} are mutually independent;

. P
there exists s > 0 such that n™' Y ;_ 72, V;Z = s

SUPg>0 E[T]fikazﬁ] < o for some e > 0;

sup,so Eltn(s)+1 — 8] < 00,
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Define &, = (1Vi. Then T—1/? fOT' En(s) ds = ¢B for some ¢ > 0.

Proof. Let Fj, be the sigma-field generated by random variables {7,41,(;,V;,j < k}. Then
El¢emie1 | Fro1] = mes1VEE[(] = 0. Thus, {mx11&} is a martingale difference sequence.
Under the stated assumptions, the martingale invariance principle Hall and Heyde (1980,
Theorem 4.1) yields that n=!/2 Zglz}l Ter1&e = B for some ¢ > 0. As in the proof of
Lemma 4.9, denote E[7;] = 1 > 0 and write

N(T

T )
/ En(s) ds = Z Trp1&k + (v — T)énr) -
0 k=0

By the continuous mapping theorem, we have that 7~'/2 Z]kvz(:f) €1 = AcB. As previ-
ously, the last term is a negligible edge effect. This concludes the proof. O
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