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ADAPTIVE POINTWISE ESTIMATION FOR PURE JUMP LEVY
PROCESSES

MELINA BEC*, CLAIRE LACOUR**

ABSTRACT. This paper is concerned with adaptive kernel estimation of the Lévy density
N (z) for bounded-variation pure-jump Lévy processes. The sample path is observed at n
discrete instants in the ”high frequency” context (A = A(n) tends to zero while nA tends
to infinity). We construct a collection of kernel estimators of the function g(z) = xN(z)
and propose a method of local adaptive selection of the bandwidth. We provide an oracle
inequality and a rate of convergence for the quadratic pointwise risk. This rate is proved
to be the optimal minimax rate. We give examples and simulation results for processes
fitting in our framework. We also consider the case of irregular sampling.

KEYWORDS. Adaptive Estimation; High frequency; Pure jump Lévy process; Nonpara-
metric Kernel Estimator.

March 9, 2015

1. INTRODUCTION

Consider (L, t > 0) a real-valued Lévy process with characteristic function given by:

(1) P (u) = E(expiuly) = exp (t/(ei“x — 1)N(x)dz).
R

We assume that the Lévy measure admits a density N and that the function g(x) = xN(x)
is integrable. Under these assumptions, (L, t > 0) is a pure jump Lévy process without
drift and with finite variation on compact sets. Moreover E(|L;|) < oo (see Bertoin
(1996)). Suppose that we have discrete observations (Lga,k =1,...,n) with sampling
interval A. Our aim in this paper is the nonparametric adaptive kernel estimation of the
function g(x) = 2N (x) based on these observations under the asymptotic framework n
tends to co. This subject has been recently investigated by several authors. Figueroa-
Lépez and Houdré (2006) use a penalized projection method to estimate the Lévy density
on a compact set separated from 0. Other authors develop an estimation procedure based
on empirical estimations of the characteristic function ¥a(u) of the increments (ZkA =
Lin = Lg—1yask=1,... ,n) and its derivatives followed by a Fourier inversion to recover
the Lévy density. For low frequency data (A is fixed), we can quote Watteel and Kulperger
(2003), or Jongbloed and van der Meulen (2006) for a parametric study. Still in the low
frequency framework, Neumann and Reifl (2009) estimate v(x) = x2N(z) in the more
general case with drift and volatility, and Comte and Genon-Catalot (2010b) use model
selection to build an adaptive estimator. An adaptive method to estimate linear functionals
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is also given in Kappus (2012). Belomestny (2011) addresses the issue of inference for time-
changed Lévy processes with results in term of uniform and pointwise distance. One can
also cite Gugushvili (2012) or Nickl and Reif§ (2012) for recent works at fixed A.

In the high frequency context, which is our concern in this paper, the problem is simpler
since, for any fixed u, ¥a(u) — 1 when A — 0. This implies that 1A (u) need not to be
estimated and can simply be replaced by 1 in the estimation procedures. This is what is
done in Comte and Genon-Catalot (2009). These authors start from the equality:

2) B[ 206 | = —iv/p(u) = Ava(u)g*(u),

obtained by differentiating (1). Here g*(u) = [e™®g(z)dz is the Fourier transform of
g, well defined since we assume ¢ integrable. Then, as 1¥a(u) ~ 1, equation (2) writes

E [Zﬁeiuzlﬂ ~ Ag*(u). This gives an estimator of g*(u) as follows:

1 n
A iuzZd
& D 2R
k=1

Now, to recover g, the authors apply Fourier inversion with cutoff parameter m. Here, we
rather introduce a kernel to make inversion possible:

1 - A 7% uZ2
M Z Zk‘ K (Uh)ezuzk
k=1
which is in fact the Fourier transform of 1/(nhA) > p_, ZEK ((x — Z&)/h). At the end,
in the high frequency context, a direct method without Fourier inversion can be applied.
Indeed, a consequence of (2) is that the empirical measure:

. 1 = oa
fin(dz) = A kzl Z; 5zﬁ(dz)

weakly converges to g(z)dz (note that the idea of exploiting this weak convergence is
already present in Figueroa-Lépez (2009b)). This suggests to consider kernel estimators
of g of the form

n

n
(3) G1(w) = Kiox in() = 0 S° ZRK(e — 29)
k=1

where Kj,(z) = (1/h)K(z/h) and K is a kernel such that [ K = 1. Below, we study the
quadratic pointwise risk of the estimators g, (x) and evaluate the rate of convergence of this
risk as n tends to infinity, A = A(n) tends to 0 and h = h(n) tends to 0. This is done under
Holder regularity assumptions for the function g. Note that a pointwise study involving a
kernel estimator can be found in van Es et al. (2007) for more specific compound Poisson
processes, but the estimator is different from ours, as well as the observation scheme. In
Figueroa-Lépez (2011) a pointwise central limit theorem is given for the estimation of the
Lévy density, as well as confidence intervals. Still in the high frequency context, but for
integrated distance, we can cite Ueltzhofer and Kliippelberg (2011), and Duval (2012) for
the estimation of a compound Poisson process with low conditions on A. Biicher and
Vetter (2013) deal with the multivariate case.
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In this paper, we study local adaptive bandwidth selection (which the previous au-
thors do not consider). For a given non-zero real xg, we select a bandwidth ﬁ(xo) such
that the resulting adaptive estimator gﬁ(zo)(xo) automatically reaches the optimal rate of
convergence corresponding to the unknown regularity of the function g. The method of
bandwidth selection follows the scheme developped by Goldenshluger and Lepski (2011)
for density estimation. The advantage of our kernel method is that it allows us to estimate
the Lévy density at a fixed point, with a local adaptive choice. This method is easy to
implement, and we show its good numerical performance on different examples. Moreover
our contribution includes an alternative proof for a lower bound result (see Figueroa-Lépez
(2009a)) which proves the optimality of the rate for this pointwise estimation. We also
study the framework of irregular sampling.

In Section 2, we give notations and assumptions. In Section 3, we study the pointwise
mean square error (MSE) of gp(zo) given in (3) for g belonging to a Holder class of
regularity 8 and we present the bandwidth selection method together with both lower
and upper risk bound for our adaptive estimator. The rate of convergence of the risk
is (log(nA)/nA)B/(28+1) which is expected in adaptive pointwise context. Examples and
simulations in our framework are discussed in Section 4. The case of irregular sampling is
addressed in Section 5 and proofs are gathered in Section 6.

2. NOTATIONS AND ASSUMPTIONS

We present the assumptions on the kernel K and on the function g required to study
the estimator given by (3). First, we set some notations. For any functions u, v, we denote

by u* the Fourier transform of u, u*(y) = [ e¥*u(x)dz and by |ull2, < u,v >, u*v the
quantities
1/2
Jull2 = ( [luwpa)
< u,v >= /u(m)v(m)dw with 2%z = |2|> and u % v(z /u y)dy.

We shall also use ||ul1 = [ |u(z)|dx and ||uls = supeg |u(z)|. For a positive real 3,
| 3] denotes the largest integer strictly smaller than §. Let us also define the following
functional space:

Definition 2.1. (Hélder class) Let § > 0, L > 0 and let | = |B]. The Hélder class
H(B, L) on R is the set of all functions f : R — R such that derivative fO exists and
verifies:

[fO(z) = D) < Llz —y|°!, Va,y eR.
We can now define the assumptions concerning the target function g, defined by g(z) =

xN(x), where N is the Lévy density.
Gl: gcL?
G2: ¢* is differentiable almost everywhere and its derivative belongs to L
G3(p): For p integer, [ |z[P~tg(z)|dz < oo
G4(B): g € H(B, L

G5: ¢ exists and is uniformly bounded
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The first assumption is natural to use Fourier analysis, as well as G3(1). Assumption
G3(p) ensures that E|Z2 P < co. G4 is a classical regularity assumption in nonparametric
estimation; it allows to quantify the bias (see Tsybakov (2009)). Note that G5 and G3(2)
imply G1. Moreover G5 implies that g € H(1, L) so we can assume [ > 1.

Now let us describe which kind of kernel we choose for our estimator. For m > 1 an
integer, we say that K : R — R is a kernel of order m if functions u — w/ K(u),j =
0,1,...,m are integrable and satisfy

/K(u)du =1, /qu(u)du =0, je{l,..,m}.

Let us define the following conditions

K1: K belongs to L'NL2NL* and K* € L
K2(3): The kernel K is of order |3] and [ |z|°|K (z)|dz < +oo

These assumptions are standard when working on problems of estimation by kernel
methods. Note that there is a way to build a kernel of order /. Indeed, let u be a bounded
integrable function such that v € L2, u* € L' and [wu(y)dy = 1, and set for any given
integer [,

!
l 1 [t
4 K(t) = —DF ().
0 () kz(k)< i(5)
The kernel K defined by (4) is a kernel of order [ which also satisfies K1 (see Kerkyacharian
et al. (2001) and Goldenshluger and Lepski (2011)). As usual, we define K}, by

VeeR  Kp(z) = %K (%) .

In all the following we fix g € R, ¢ # 0.
3. RISK BOUND

3.1. Risk bound for a fixed bandwidth. In this subsection, the bandwidth A is fixed,
thus we omit the subscript h for the sake of simplicity: we denote § = gy, defined in (3).
The usual bias variance decomposition of the Mean Squared Error yields:

MSE(wo, h) := E[(g(z0) — 9(20))’] = E[(d(x0) — E[g(z0)])*] + (E[g(w0)] — g(0))*.
But the bias needs further decomposition:
b(ao)® = (E[g(w0)] — g(w0))* < 2b1(w0)” + 2ba(a0)?
with the usual bias,
bi(zo) = Kp* g(z0) — g(x0),
and the bias resulting from the approximation of ¥ (u) by 1,
ba(z0) = E[g(z0)] — K * g(o).
We can provide the following bias bound:
Lemma 3.1. Under G3(1), G4(B), G5 and if the kernel K satisfies K1 and K2(j3)
b(zo)|? < e1h® + 1A
with ¢ = 2 (L/[B]! [ 1K )[[v]*dv)” and ¢/ = 2(2llg’ oo llglly [ K ,)2.
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Moreover, the variance is controlled as follows:
Lemma 3.2. Under G1, G2, G3(2) and if the kernel satisfies K1, we have

1 1
Var[g(zg)] < cznhA +c 2+

with cs = | (g*) 1| K5/ (27) and &2 = | K|3]|g][3-
Lemmas 3.1 and 3.2 lead us to the following risk bound:
Proposition 3.1. Under G2, G3(2), G4(8), G5 and if K satifies K1 and K2(53), we have

1
/o= / AQ.
N +c2 h +c1
Recall that A = A(n) is such that lim,_. A = 0, thus 1/nh is negligible compared
1
to 1/nhA. For the two first terms the optimal choice of h is hgy o< ((RA) 23+17) and

—_28_
the associated rate has classical order O ((nA) 23“). Next, a sufficient condition for

(5) MSE(xo,h) < c1h® + ¢,

_ 28
A? < (nA)” 28+ for all B is
(C*) A=0n3).
Proposition 3.2. Under the assumptions of Proposition 3.1 and under condition (C*),

the choice hop ((nA)_Tlﬂ) minimizes the risk bound (5) and gives MSE(xo, hopt) =
28 28
O((nA)~2+1). As a consequence E[(§(zo)/z0 — N(z0))*] = O((nA)~25+1),

We can link this result to the one of Figueroa-Lépez (2011) who proves that his pro-
jection estimator N is such that (N(xg) — N(zp))(nA)® tends to a normal distribution
for any 0 < a < /(28 4+ 1). Note that when condition (C*) is not satisfied, the rate
of convergence is spoiled. For example, if A ~ n™7 with 0 < v < 1, then the rate of

convergence becomes (nA)fzmm(W’ﬁ).

The rate obtained in Proposition 3.2 turns out to be the optimal minimax rate of
convergence over the class H (8, L). This result is proved in Figueroa-Lépez (2009a) in the
more general case of estimators based on the whole path of the process up to time nA.
In our case of discrete sampling, another proof is given in Section 6.3, where we prove the
following result:

Theorem 3.1. Assume A = O(1) and A=t = O(n). Let wg # 0. There exists C > 0 such

that for any estimator g, (xo) based on observations ZIA, e ,ZnA, and for n large enough,
~ __28
sup By [(gn(x0) — g(0))?] > C(nA) 2541,
gEH(B,L)

Obviously, the result is also true replacing g by the Lévy density N.

3.2. Bandwidth selection. As § is unknown, we need a data-driven selection of the
bandwidth. We follow ideas given in Goldenshluger and Lepski (2011) for density esti-
mation. We introduce a set of bandwidth of the form H = {ﬁ, 1 <j < M} with M an
integer to be specified later. Actually it is sufficient to control ), h™" for some w so
that more general set of bandwiths are possible. We set:

() V() = o)
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with Cp to be specified later. Note that V' (h) has the same order as the variance multiplied
by log(nA). We also define gp, p/(z0) = Kpxgn(xo) = Kp*gp(z0). This auxiliary estimator
can also be written

) 1 & oA A
Gn,w (z0) = A kZle K x Kp(xo — Z;).

Lastly we set, as an estimator of the bias,
A(h, o) = sup (gm0 (0) = gnr (o) | = V/(B)] .
‘e

Heuristically, this term has the same order as supyicpy [E(gnn (20) — gnr (:130))]2 because
the distance to the expectation is canceled by V(h’). And, if b’ tends to 0, E(gnn (z0)) —
E(gn (x0)) tends to E(gn(xo)) — g(zo). The precise link with the bias is detailed in the
proofs. Then, the adaptive bandwidth A is chosen as follows:

h = h(zg) € arg min{A(h, zo) + V (h)}.

This can be seen as a bias-variance trade-off since V' (h) is close to the variance.

Before to study the performance of our final estimator g; (o), let us clarify the obser-
vation context. We still work in the high frequency framework, and we have seen that we
need conditon (C*). Thus, the assumption on the observation step is the following

S: A — 0 and nA — co. Moreover A < 1 and A = O(n~1/?)
We can now state the following oracle inequality.

Theorem 3.2. We use a kernel satisfying K1 and a set of bandwidth H = {ﬁ, 1<5<

M} with M = O((nA)'/3). Assume that g satisfies G1, G2, G3(5) and take V(h) such
that

c « *
(7) Co = Co(e) = oK (I1(g™) Il + 197112)
with ¢ > 16 max(1, | K||so). Then, under scheme S,

Ellg(ao) ~ g5(e0)] < € { juf {esssuplg — Bl + V) + 2EG

nA

Thus our estimator g; has a risk as good as any of the collection (gn)nen, up to a
logarithmic term. The pointwise control of the bias has been replaced by an uniform
control. Actually, it is possible to keep the pointwise risk in the right term at the cost of a
supplementary term supy, ¢y | Kp *bp(70)|?. Although our estimator is not linear (we have
an extra bias), it is exactly the same situation as in Goldenshluger and Lepski (2013), and
we can conjecture it is in some sense unavoidable.

Note that the theorem is valid for ¢ large enough, say ¢ > ¢y. In the proof, we obtain
the upper bound 16 max(1, || K ||« ) for ¢p, unfortunately we can conjecture that this bound
is not the optimal one. To obtain a sharper bound we have tuned ¢y in the simulation
study.

The definition of the estimator uses ||(¢g*)'|1 and ||g*||3, but these quantities can be
estimated with a preliminar estimator of g*. More precisely, we set K = 1|_; ;) and

1t = /

1 & ,
= S (2P K (uhy)e R | du with hy = (nA)”Y3,
k=1
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n 2
> ZAKE (uho)e™Zi | du  with hy = (nA) Y3,
k=1

1
2 _
B = 17,13 = | |-

We introduce the following smoothness condition: a function ¢ belongs to the Sobolev
space Sob(1) if [ [¢*(u)|*|ul*du < oo (this means that ¢ has a derivative which is square-
1ntegrable) Then reinforcing the conditions on g, we obtain a similar theorem with an
empirical Cj.

Theorem 3.3. We use a kernel satisfying K1 and K2(1) and M = O((nA)Y/3). Assume
that g satisfies G2, G3(32), G4(1), G5. Assume also that g and xg(x) belong to Sob(1).

In, the definition of h, replace V (h) by V(h) = a’\olog(nA)/(nhA) where
Co= o= IK12 (G )T + T°13)

with ¢ > 32max(1, ||K||«). Then, under scheme S,

Ellg(oo) — d3a0)] < € { inf {esssuplg — Sanll* + V(1)) +

where V (h) is defined by (6) and (7).

Let us now conclude with the consequence of this theorem in term of rate of convergence.
As already explained, as we need assumption G5 to control the bias, we can assume 5 > 1.
Then Aoy o< (log(nA)/nA)Y 281 > (nA)~1/3 belongs to H as soon as M is larger than

a constant times (nA)'/3. Hence we can state the following corollary.

Corollary 3.1. Assume that g satisfies G2, G3(5), G4() with B > 1 and G5. We choose
a kernel satisfying K1 and K2(B), and M = |(nA)Y3]. Take Cy as in Theorem 3.2 (or
as in Theorem 3.3 with assumptions of this latter theorem). Then, under scheme S,

Ellg(zo) — 93($0)|2] =0 ((log(nA)/nA) 2ﬁ+1) .

Then the price to pay to adaptivity is a logarithmic loss in the rate. Nevertheless this
phenomenon is known to be unavoidable in pointwise estimation (see Butucea (2001)).
Thus g; (zo) (resp. §;,(z0)/z0) is an adaptive estimator for g(xq) (resp. N(zg)).

4. EXAMPLES AND SIMULATIONS

We have implemented the estimation method for four different processes (listed in Exam-
ples 1-4 below). As usual in nonparemetric estimation, to obtain the rate of convergence,
the kernel has to be of order larger than (3, or, equivalently, the smoothness has to be
smaller than the order of the kernel. In practice this does not play a big role, so we use
the kernel described in (4) with [ = 2 and u the Gaussian density.

The bandwidth set has been fixed to H = {ﬁ, 1 <j <M} with M = [2(nA)'/3]. For
the implementation, a difficulty is the proper calibration of the constant ¢ in (7). This
is usually done by a large number of preliminary simulations. We have chosen ¢ = 0.1
as the adequate value for a variety of models and number of observations (as previously
announced, this practical ¢ is different from the theoretical one). The estimation and
adaptation are done for 50 points xg on the abscissa interval. For clarity, we have computed
the Mean Integrated Square Error (MISE) of the estimators. We also give the M SE(xy) =
MSE(x, fL) in some points xy, by way of example. Illustratively, Figures 1 and 2 plot
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ten estimated curves corresponding to our four examples with in the first column A =
0.2,n = 5.10%, and in the second A = 0.05,n = 5.10%.

Example 1. Let L; = Zf\;t1 Y;, where (V) is a Poisson process with constant intensity
A and (Y;) is a sequence of i.i.d random variables with density f independent of the process
(N¢). Then, (L) is a Lévy process with characteristic function

(®) ) = exp (At - 1)f<3:)dw) .

Its Lévy density is N(z) = Af(z) and thus g(x) = Axf(x). For our first example, we
choose A = 2 and f such that g(z) = zf(x) = (1/2)y/z/2 for 0 < x < 2. Then assump-
tion G4(1/2) holds (on (0,2)), but not G4(8) for other 5. Since f is small, the rate of
convergence is slow. The discontinuity in 2 damages the estimation as it can be seen in
Figure 1.

Example 2. Let a > 0, v > 0. The Lévy-Gamma process (L;) with parameters (7, a)
is such that, for all ¢ > 0, L; has Gamma distribution with parameters (yt,a), i.e the
density:

att

L(t)
The Lévy density is N (z) = yz~le 1,0 so that g(x) = ye ™1 ,~¢ satisfies assumptions
G1, G2 and G3(p). Here we choose « = v = 1. This example allows to study the role of
the discontinuity in 0, which invalidates assumptions G4-G5. It is simulated in Ueltzhofer
and Kliippelberg (2011) who obtain a better MISE (for N) than ours because of this
singularity. Nevertheless we can observe that the estimation become very good if we move
away from 0.

Example 3. For our third example, we also choose a compound Poisson process, but
with f the Gaussian density with variance 2. Thus g(z) = Az f(z) = Aze=*"/(25%) /(§y/27)
and ¢g*(u) = iNSue /2, Assumptions G1, G2, G3(p),G5 hold for g. Moreover g belongs
to a Holder class of regularity 3 for all 3 > 0. Thus the rate is close to (nA/log(nA))~t,
and the good performance of our estimator is visible on Figure 2. Note that is the jump
part of the so-called Merton model used for describing the log price in financial modeling.
Here we choose A = 0.1 and § = 0.05.

Example 4. Our last example is the Variance Gamma process, as described in Madan
et al. (1998). It is used for modeling the dynamics of the logarithm of stock prices. The
process is obtained in evaluating a Brownian motion at a time given by a Lévy-Gamma
process. Denoting (B;) a standard Brownian motion, and (X;) a Lévy-Gamma process
with parameters (1/v,1,v) independent of (B;), we set Ly = X, + 0Bx,. Then L; is a

Lévy process, with
zexp(fx /o> 1 /2 62
o) = TP o (—a St ekl ).

Zl,"yt_le_ax]lmzo.

Vx| o2
As in example 2, there is a discontinuity in 0. Here we choose 6 = 0.1, 62 = 0.1, v = 0.5.

5. IRREGULAR SAMPLING

For high frequency data, it is frequent that the sampling is irregular, i.e. the interval A is
not necessarily the same at each time. In this section we consider the following framework.



function (1).

ADAPTIVE POINTWISE ESTIMATION FOR PURE JUMP LEVY PROCESSES 9

Ex 1 (nA = 1000)
MISE= 0.032
MSE(0.1)=0.006 , MSE(1.6)=0.014

05 -

Ex 2 (nA = 1000)
MISE= 0.089
MSE(0.5)=0.001, MSE(4)= 0.12 x 1073

08\
ITISEEY
0.4

0.2

-0.2
0

-0.2
0

Ex 1 (nA = 2500)
MISE= 0.014
MSE(0.1)=0.001 , MSE(1.6)=0.002

L L L L L L L L L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 18 2

Ex 2 (nA = 2500)
MISE= 0.057
MSE(0.5)= 0.93 x 103 |, MSE(4)= 0.87 x 10~*

1.2

FIGURE 1. Function g (solid line) and estimators g; (dotted lines).

1 " ,
Bl Y ZpeZr :(
S

The observations are (L, , k = 1, ...,n) where (L;) is still a Lévy process with characteristic
For each k > 1, we denote Ay = ti — tr_1 the sampling intervals. Notice
that it includes the previous case when for each k, Ap = A. The increments are denoted
by Zy = L, — L, ,. In this context of irregular sampling, they are still independent but
with non-identical distribution: Zj has the same law than La,. To define an estimator,
we observe that E [Z,e™%] = Appa, (u)g*(u), and then

Dbt Axtha, (w)\
ST Ay >g (u).
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Ex 3 (nA = 1000)
MISE= 0.76 x 10~2

MSE(0)= 0.13 x 10~5, MSE(0.1)= 0.15 x 10~4

0.04
0.03- 4
0.02 ’/\\ 4
/N
/ \
0.011- / X 4
| N\
o1 o — / —
001} \\\ f‘f‘ i
\:.
—0.02 \/ E
-0.031- =
004 —Ov‘25 —0.‘2 —0.‘15 —0‘.1 —0.‘05 (; 0,2]5 0‘1 0.‘15 0‘.2 0‘25
Ex 4 (nA = 1000)
MISE= 0.023
MSE(0.1)=0.159, MSE(0.4)=0.006
2 :
V\
15F “\\\
1 | \
s | \
\ i,
[ e e ‘ .
\ ‘
-0.5 |
\
-1
\
\ |
—15} \|
\
2 08 06 04 02 0 o2 04 06 08

Ex 3 (nA = 2500)
MISE= 0.24 x 1072
MSE(0)= 0.22 x 10~% , MSE(0.1)= 0.11 x 104

-0.01- \

-0.02 \ \/

_0.03 L L L L L L L L L L L
-025 -02 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25

Ex 4 (nA = 2500)
MISE= 0.022
MSE(0.1)=0.014 , MSE(0.4)= 0.26 x 103

. . . . . . . . .
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8

FIGURE 2. Function g (solid line) and estimators g; (dotted lines).

Thus, denoting A

(9) gn(u) =

= L5 1 Ay, we introduce

1 & :
7A Z ZkezquK*(hU),
k=1

1 n
jZZkKh T — Zy).

Additionally, for all real d, we denote AY = % Py Ag. We can bound the Mean Squared

Error of this estimate:
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Proposition 5.1. Under G2, G3(2), G4(8), G5 and if K satifies K1 and K2(53), we have

— o\ 2
1 A2 A2

10 MSE(zo,h) < e1h*? — s [ =

(10) (zo, 1) < 1 +02nhA+C2nhA2+cl<A>

. 2 *
with ey =2 (L/[8)! [ 1K (w)|[v|%dv)”, ¢1 = 2(2)|¢'llscllgll 1K 111)?, c2 = [1(g*) L IIK 115/ (27),
/ 2 2
¢2 = K3l

The proof is similar to the case of regular sampling, therefore it is omitted.

In this section, we are still interested in the high frequency context: the asymptotic
framework is

S’: A — 0 and nA — oo when n — co. We shall also assume that (A2)%/A < 1 and

(1) B _ o,

Condition (11) is verified for instance if Ay = Ck™* with o € [1/3,1]. Then we find
the same rate of convergence replacing A by A:

Proposition 5.2. Under the assumptions of Proposition 5.1 and under condition (11),
_ 1
the choice hop o< ((nA) ™ 28+1) minimizes the risk bound (10) and gives M SE(xo, hopt) =
_ . __2B
O((nA) 27+1).

As already noticed in Comte and Genon-Catalot (2010a), other estimation strategies
than (9) are possible. For each real §, we obtain an estimator by setting

. 1\
gh(x) = ) Z AiZkKh(:): — Zk)
nAOt i —

——2
Under suitable conditions, this estimate has a MSE bounded by a constant times (nA%+1"/

A25+1)_2§%. But, for all §, by the Schwarz inequality, A5+12/A25+1 < A. That is why
we prefer estimator (9).

To build an adaptive estimator, we use the same method of bandwidth selection. The
set of bandwidth is still H = {{;,1 < j < M}. We also define

X X RS
Gnw (x0) = Kp x gn(z0) = —< > ZeKw * Kn(wo — Zi)
k=1

and we set as previously A(h,z0) = supprep [|gnn (x0) — gnr (z0)]* — V(h’)]+ with

log(nA)
nhA
Then the estimator is g; (zo) with h = h(zg) € argminpeg{A(h, z0) + V(h)}.

We can state the following oracle inequality (the proof is very similar to the one of
Theorem 3.2 and is therefore omitted).

V(h) = Cy
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Theorem 5.1. We use a kernel satisfying K1 and M = O((nA)Y3). Assume that g
satisfies G1, G2, G3(5) and take

C * *
(12) Co = o IKIz (1) 11 + llg712)
with ¢ > 16 max(1, || K||s). Then, under scheme S’,

R ) . log(nA)
E[lg(x0) — g;,(w0)[’] < C {h%fq {esssuplg — E[gn]|* + V(h)} + nA} :
Moreover, if g satisfies G5, G4(B) with 8 > 1 and the kernel satisfying K1 and K2(3) ,
and M = | (nA)Y3], then
28

Eflg(zo) — g;}(mo)m =0 ((log(nﬁ)/nﬁ)*wﬂ) .

_ _ 28
Thus the rate of convergence in this case of irregular sampling is (log(nA)/nA) ™ 25+

provided that (A2)2/A = O(n™').

6. PROOFS

Let us first state two classical propositions (see for instance Proposition 2.1 in Comte
and Genon-Catalot (2009) for a proof).

Proposition 6.1. Denote by Pa the distribution of Z{ and define ua(dx) = A~z Pa(dz).
If [ |2|N(z) < oo, the distribution ua has a density ha given by
ha(e) = [ gl — »)Pa(y) =By(o - 2).

Proposition 6.2. Letp > 1 an integer such that [, |2|P~g(z)|dx < co. Then E(|Z{P) <
oo and E[(Z£)P] = A [gaP~lg(z)dx + o(A). Moreover, if g is integrable, E(|Z{]) <
2A|gllx-

6.1. Proof of Lemma 3.1. First, we study bs(xg) using Proposition 6.1:

ba(zo) = hAIE [ZIAK (m—thAﬂ - }IL/K <x°h_“> g(w)du
= 4 [ () Elata - 22) - gtwdu

Now, applying the mean value theorem to g, we get

1 To— U
)l =[5 [ 5 () B2
< g oo 1K |HE | 2] -
From the results of Proposition 6.2 we obtain

(13) [ba(z0)| < 2[|g[locl K I1[lgll A-

To study b1(z9) = Kp, *g(xo) — g(x0), it is sufficient to use Taylor’s theorem and G4([3)
(this is a classic computation, see Tsybakov (2009) for details) and we obtain

with uyz, € [u—Zf u]

(14) by (0] < /|K J[olPdo.
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Gathering (13) and (14) completes the proof of Lemma 3.1. O
6.2. Proof of Lemma 3.2. As the ZkA are i.i.d., we have:

i 70 () | = e 0 (2555
Valgloo)] < o [(pw? (A0

oA (wo—2zByu |2
K <x0 th > N ;/K*(u)e’( S du
T
nA2

we obtain with v = u/h
1

——E [// ZlAeiZIA”K*(vh)e_izOUZlAeizlA“K*(uh)e*iffoudvdu )
nA2(2m)

Using Fubini and E[(Z)%e 23 (v “)] = —¢
Var[g(zo)] / / | — A" (v — u) K* (vh) K*(uh)|dvdu.
Now the following formula

le” _ ZAwA/g* + ZAwAg*/ _ _A2¢Ag*2 + ZAwAg*/
gives Var[g(zo)] < T1 + T with

Var[g(zo)] = Var

Thus,

Writing

)

Var([g(zo)] o

IN

(Z1)?

/ K*(vh)e~i(w0= 28 |

Y (v —u) we find

T = W / A2 (0 — u)(g")2(0 — w)K* (vh) K™ (uh)|dvda,

Ty = / |AYA (v —u)(g*) (v — u) K*(vh) K* (uh)|dvdu.
nA2
We first bound T5:

T, < Méww [ s = wliltgy o = wlir(om v
\/ [ st = wlieyw = wlireswh) v

< /|K* o) 2o [ [0a(2)l(9") (2)1ds

R — du dz because <1

< mzﬁ/' w)l? /| )| ha(2)] <
KB /

< d

- 2mnhA | | i
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where (¢*)" exists and is integrable by G2. Following the same line for the study of T}, we

get
Hz/ 1K 12 l9ll>
dz < ——22°2
(g7)7(2)|d= -

This completes the proof of Lemma 3.2. [J

6.3. Proof of the lower bound. Here we prove Theorem 3.1 The essence of the proof
is to build two functions ggp and g; which are far in term of pointwise distance but with
close associated distribution. Let

1 Az

go(z) = zfa(z) = Wm

where f) is the density of the Cauchy distribution C(0, ) with scale parameter \. Here A
is a positive and small enough real (it will be made precise later). Now let K a infinitely
differentiable and even function such that [ K =0, K(0) # 0 and |K® ()| < |z[~27* for
|x| large enough (say for |z| > B) and for all k¥ > 0. We shall also use that the Fourier
transform K* exists, is differentiable almost everywhere with K* and (K*)' € L'NL2NL%.
Take for instance K equals to the difference between the Cauchy density and the normal
density. Using this auxiliary function K, we can define

g1(2) = golz) + chPK <“””;7”°> x

n

where c is a constant to be specified later and
1
hp = (nA) 25+1,

We denote No(z) = go(x)/x and Ni(z) = ¢g1(z)/xz. Remark that if Lo, = ZzNztlYl is a
compound Poisson process with Ny a Poisson process of intensity 1 and Y; Cauchy C(0, \)
variables, then its characteristic function is

o,t(u) = exp (t/(ei“x — 1)Ny(z)dx)
R
and Z,g’A = Loka — Lo (k—1)a has distribution Po(dzv) = e 260 (dx) + po(x)dr with

Z A *k

(where * denotes the convolution). Moreover Nj is a density if ¢ small enough. Indeed
the definition of K guarantees that [ Ni(z)dx = [ Np(z)dz + chl [ K (w zU) dr = 1.
And to ensure the positivity of Ny, it is sufficient to prove that [Ny — Np| < Np. But, if
‘Jf| > ‘l’o’ + Bh,, ,
Ny (2)|Ny(x) — No(z)| < Cehbt2a?|z — o2 < 1
for ¢ small enough, and if |x| < |zg| + Bhy,
Ny (@) N1(z) = No(x)| < Cehi(1+ (A(|o| + Bhn))?) || K |00 < 1

for ¢ small enough. Then, if L; ; = vaztl Y; with V; a Poisson process of intensity 1 and Y;
random variables with density Ni, it is a Lévy process with Lévy measure Nj(x)dx. We
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denote 11 A the characteristic function of L1 o with distribution Pi, and ¢ the function
such that Py (dz) = e"26o(dx) + o1 (z)dz.

Now let us denote for two probability measures P and @, x*(P, Q) = [ (dP/dQ — 1)2 dQ.
We shall use the following result stated in Tsybakov (2009) (section 2.2 and Theorem 2.2):

Theorem. Let © be a nonparametric class of functions containing the function 0 to esti-
mate, and {Py,0 € ©} be a family of probability measures on a measurable space (X, A)
associated with the data. Let d be a distance on ©. Let 6y and 01 be two functions in ©
such that d(0,01) > 2. If x*(P1, Py) < a < oo then

A 1 -/ a/2
inf sup Eg [¢52d2(9n,9)} > max e—, L= va/2
6, 0cO 4 2
Then it is sufficient to show that
]') 90, g1 belong to H(/BaL)a
__B

2) |g1(zo) — go(wo)| = C(nA) 27T,

3) X3P, PY) < C < oo where P (resp. Pg) is the distribution of a sample
ZlA,...,Zﬁ s.t the associated Lévy process Ly (resp. Lji) has Lévy measure
No(z)dz (resp. Ni(x)dx).

In the following we denote all constants by C, even if it changes from line to line.

Proof of 1). Belonging to the Hélder space
To prove that our hypotheses belong to H(3, L), it is sufficient to show that, for i = 0, 1,

Hgi(kH)Hp < L where k = |8] and p~! = 1 + k — 3. Indeed Holder inequality gives

9 (@) — 9P ()| = ’/95“ ) (0) 1y (v) v

k+1 _
< Hgl( )Hp\x —y|?*  for all z,y.

When z goes to infinity, g(()kﬂ)(x) = CA\ 'z %2 4 o(x7%72) so0 it belongs to LP since

p(k+2) = (k+2)/(k+1—p) > 1. Choosing A small enough ensures ||g(()k+1)||p <L/2<L.
Now to study g1, we can write

(91— 90)*+(z) = cx K+ <$‘x°

n

> W31 4 ek + 1)EW (T) hB=F.

Let us see if this two terms are in LP. Writing * = x — 29 + ¢ and changing variables
/ picrn) (220 [
b,

In the same way
/’K’“) (5”_”3(’)‘ dz < hy, /\K’“) (v)|Pdv.
(v

These integrals are finite since |K®)(v)| < v=3+%) 5o that [vK*+HD) (v)| < v~k for v
large enough and p(k +2) = (k+2)/(k+1— ) > 1. Thus

k41 —k—1 —k 1/p+B—k—1
(g1 — g0) )||§ < CP(hy,hP? ) 4 hphPP=R)Y < O (/P8 ) < CcP < (L)2)P
for suitable c¢. Then g; — go belongs to H(53, L/2) and g; belongs to H (S, L).

do < 2P~ 1pptt / loK D (0)|Pdv + 2P~ ao[Phy, / | K *+D) () [Pd.
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Proof of 2). Rate

By assumption, z¢ # 0 and we can see that |g1(xo) —go(zo)| = chﬁ]K(O)a:(ﬂ with K(0) # 0.
1

Since hy, = (nA) 23+1 this quantity has the announced order of the rate: (nA) 25+1 |

Proof of 3). Chi-square divergence

Since the observations are i.i.d., x2(P, P}) = (1 + x*(P1, Py))™ — 1. Thus, it is sufficient
to prove that x2(Py, Py) = O(n~!) where

2
(P, Py) = /7&0 (i;gi; - 1> vo(x)dz.
Indeed P;({0}) = e=® = Py({0}). Now let us remark that

Z e_AA *k e_AAf)\(-TJ) > Ae_c)\ﬂ_l/(l + (/\37)2)

since A is bounded. Then ¢q(z) > C~1Ax~2 for |z large enough, say |z| > A and @g(z) >
C~!Afor |x| < A. Next we write x?(Py, Py) = fx;ﬁo (p1(x) — @o(x))? (po(z))'dz = 1 +1,
where I; is the integral for |x| < A and Iy for |z| > A. We will bound these two terms

separately.
Since ¢o(z) > C7LA for |z| small

L = / (p1(2) = ¢o(2))* (o(x)) 'dz < CATH (p1(2) = po(x))* da.
|z|<A

|z|<A
For i = 0, 1, the Fourier tranform of ¢; is ¢; a(u) — P;({0}). Thus Parseval equality gives

B <CA [ st — voa )] du

In order to get a bound on |1 A — ¥9 al, we apply the mean value theorem:

1(0) = dofw)] < sup ]| / e 1)(Ny(z) — No(a))da

where I, is the segment in C between a, = A [(e™® — 1)Ny(z)dx and b, = A [(e™* —
1)Ni(x)dz. But

/ (€™ — 1)(N1(z) — No(z))dz = ch? / (e — 1)K (‘”"2“) dz = chB1e™™ K* (hyu).
Thus
1(u) = o(w)] < (sup,ep, ) Achy T K (hyu)]

where 9i(x) means the real part of z. We can compute R(a,) = a, = A(Nj(u) — 1) =
A(exp(—|u/Al) — 1) <0 and

R(bu) = RAWNG (u) = 1+ (N1 = No)*(u))) = A(NG (u) = 1+ chiy W R(E (hyu)e™™)).
Since K is even,
R(by) = Alexp(—|u/A|) — 1 + chPTLK* (hyu) cos(uzg)) < cARPT|K*||oo < C
so that
(15) [a(w) = Yo(u)| < eAchn K" (hyu).
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Then
2
(16) L=oa™ / AR (h)| du < AR,

Let us now bound the term I, using that og(z) > C~*Az~2 for |z| large enough

I, = / (901(513) - @O($))2dl‘ < CA—I / (901(1‘) o 900(1:))2 LL‘2dl'.
|z|> A vo(x)
But F' = 1 — g has Fourier transform
F* =91 A —thon = exp(A(e"“//\l + chPPU K (hu) et — 1)) — exp(A(e"“/’\‘ - 1))
and this function is differentiable everywhere except at u = 0, with derivative

= Av1Y1.A — Ayotbo A

where
Yo(u) = —sign(u).e /N, 1 (u) = qo(u) + hTT O (iwg K (o) + ho K ().

Let us now prove that the Fourier transform of F* is —2mizF(—x). Let us write the
factorization

(17) ATV = i a — 00,8 = (11 —70)¢1.a +70(Y1.a — o.a)

with |¢1 o] < 1. Since K* and K* are uniformly bounded, v1 — 7o is bounded as well.
In the same way, the inequality (15) entails that ||t A — Yo.Allec < 00, so that F* is
bounded. Thus F* is Lipschitz and absolutely continuous. Moreover, using again (17),
we can see that F* is integrable. Then, according to Rudin (1987), the Fourier transform
of F* is —izF**(x) (it is in fact a simple integration by parts). Since F* is integrable,
F**(x) = 2rF(—x) almost everywhere, and we have proved that (F*’) ( ) = —2mizF(—x)
a.e.. Next, the Parseval equality provides [ |zF(z)|?dz = (2r)~" [ |F* (u)|?du. Thus

Iy <CA™![|aF(z)Pde < CAQRT)™ [|myra — y0voal”

Hence, using the factorization (17) we can split Iy < 7 'CA(Ia + I22) with

L =[]y -l
Ls = [|v(1,a —voa)*

Using the definition of 1, we compute

Ly = 02h2ﬂ+2/|ix0K*(hnu)+hnK*/(hnU)|2du

< 27t <w%/\K*!2+hn/!K*’2>
(18) < 4wt <x3/|K|2+hn/ny(x)|2> < Ch2PHL,

Now, in order to deal with I 2, we use the previous bound (15) on |11 A — oA

Ip < C’CQAzhiﬁH/\’yg(u)K*(hnu)\Qdu

A

(19)

since A is bounded.

CAN P2 K oo lyoll3 < ORP
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Finally, by gathering (16), (18) and (19), since h, = (nA)Y/ A+ we get
(P, Ry) < CARZPFL=0(m™).
This ends the proof of Theorem 3.1. [

6.4. Proof of Theorem 3.2. The goal is to bound E[|g(x0) — §;,(x0)|?]. To do this, we
fix h € H. We write

l9(x0) — g5, (z0)| <15 (w0) — ﬁhﬁ(:ro)! + |gh,h($0) — gnl(xo)| + |9n(x0) — g(z0)].
So we have
l9(20) — §;,(20)|> < 3R} + 3R3 + 3R}

with Ry = |g;,(x0) — gy, ,(w0)], Rz = 13y, j,(x0) — gn(z0)|, B3 = |gn(w0) — g(z0)|. According
to the definition of A(h):

A(h) > |g5,(x0) = Gy 1 (z0)* = V(h) = R} = V(h).
So R} < A(h) + V(). In the same way, A(h) > |, (z0) = dn(z0)[* =V (h) = R§ = V(h).
So R3 < A(h) + V (h). Therefore,
l9(z0) = 3, (z0) [ < 3(A(R) + V(h)) + 3(A(h) + V (k) + 3|4 (x0) — g(o)[*.
Now, by definition of h, A(h) 4+ V(h) < A(h) 4+ V (k). This allows us to write
|9(20) = G, (x0)[* < 6A(h) + 6V (h) + 3|gn(w0) — g(x0)[*.

Let us denote by (z0) = E[gn(z0)] — g(x0) and by 2(x0) = E[gn(z0)] — Kp * g(xo) (these are
the same notation as in Lemma 3.1, but with subscript #). Thus

E[lg(x0) — ;,(x0)’] < 6E[A(R)] + 6V (h) + 30}, (w0) + 3Var(gn(x0))
< 6E[A(R)] + 3b% (x0) + (6 + 3/c)V(h).

It remains to bound E[A(h)]. Let us denote by gp n» = E[gn /] and gn, = E[gs]. We write
(20) Inh' = Gr = Gnr — Gnh' — iy + g + Gnw — 9ir,s

and we study the last term of the above decomposition. We have
gna (o) — g (o) = E[gnn (z0) — g (z0)] = E[Kp * gn(2o) — gn (20)]
= Ky *E[gn(zo) — g(z0)] + Kn' * g(z0) — E[gn (w0)]-
This can be written:
g (T0) = gn(w0) = Ky * bp(wo) — bpr 2(x0).
Now, using inequality (13), |bp 2(x0)| < 2[|¢/|loc | K ||1]|g][14A, so that

|9 (z0) = g (z0)[? < 2[Kps % bu(wo)|* + O(A?)
(21) < 2| K3 esssup |bp|? + O(A?).
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Then by inserting (21) in decomposition (20), we find:
A(h) = Sup {19, (x0) — gn(wo)|* = V/(K')}
< 33}11,13 {1gnn (x0) = g (o) = V(R')/6}
(22) +3sup {19 (20) — g (o) — V(') /6} . + 6|| K[| ess sup [bp|* + O(A?).
We can prove the following concentration result:

Proposition 6.3. Assume that g satisfies G1, G2, G3(5) , K satisfies K1, M = O((nA)'/3),
A <1 and take c in (7) such that ¢ > 16 max(1, || K||oo). Then

(23) E {s;lllp {19n (20) — g (w0)[* — V(h')/6}+] =0 <10g7EZA)> ’
(24) E |:S}Ll/p {1gn.p (z0) — gnp (z0)|* — V(h/)/G}J =0 (%) '

This proposition is proved in Section 6.6 page 23. Inequalities (23) et (24) together
with (22) imply
log(nA)

Ellg(xo) — gh(azo)\Q] < Cyesssup |by|? + CoV (R) + C3 A

This completes the proof of Theorem 3.2. [J

6.5. Proof of Theorem 3.3. In all this proof, we shall use the following notation:

R 1 <& . 1< )
Oa(u) =~ ZPe 70, qalu) = =3 (Z0) e,
k=1 k=1

3

and 0 (u) = Efa(u), na(u) = Eia(u). We also denote f(z) = zg(z), so that f*(u) =
—i(g*)'(u) is estimated by fy = fa(u)K*(uh1)/A. We shall use the following Lemma.

Lemma 6.1 (Proposition 2.3 in Comte and Genon-Catalot (2009)). Assume that g is
integrable, then we have:

(25) [a(u) — 1] < [ulAllg]ls-
Moreover under G3(2p), forp > 1,

(26) APE |5 (v) — 0a(0)| " < C(na) .

Now, let
Q=A{llg*" = gi,lla < llg*l2(0 = 1/v2) and || f* = fir,[h < If*[h/2},

where hy = (nA)~Y/3 = hy, as defined page 7. The proof is decomposed in three steps.
First we shall prove that the inequality is true on 2, i.e.

E[|g(zo) — gﬁ(xo)P]lQ] <C {}%gﬁl {ess sup |g — E[Qh]|2 + V(h)} + IO%EZA)} )
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The second step is to show the rough upper bound
E[|g(x0) — §;,(x0)|"] < C(nA)*?.
Finally we will show that P(Q¢) < C(nA)~3/3. Consequently
Ellg(z0) — 35,(z0)"ac] < \/Ellg(wo) — (o) () < C(nAd) ™!

and the theorem is proved.

o First step:
Following the proof of Theorem 3.2, we can obtain

l9(z0) — §;(z0)|* 1 < 6A(h) 1o + 6V (h)1q + 3|g(z0) — gn(x0)|*.

Now, let us remark that on €2
1 * A * 1 * fk 3 *

2 llg 15 < 135,113 < (2= 1/V2)*|lg"[|3  and Sl < 1w, e < I

with || /*[[1 = [|(g)'||1. so that on ©, 1Cy < Co < 2Co and
1 ~

(27) 5V ()lo < V(h)lg < 2V(h)
We thus get

E [|g(z0) — g;,(0)[*1a] < 6E [A(h)La] + 12V (h) + 3E|g(x0) — gn(x0) [,
which leads to

E [|g(z0) — §;,(x0)[*1a] < 6E[A(R)La] + 3bj(z0) + (12 + 3/c) V(h).

Using the definition of A(h), it is then sufficient to prove

(28) E {szl/p {19 (20) — gnr (o) |* — V(h/)/6}+19} =0 (%) ’

(29) £ [S}Llfp {gn.p (x0) — gn,pw (900)\2 - V(h’)/6}+]19} —¢ (logn(ZA)>

to obtain the result. Using (27) and Proposition 6.3, since ¢/2 > 16 max(1, || K|/~),

. [S}ip{igh, (z0) — g (x0)|* — V(h')/ﬁ}ﬂﬂ]

< B [sup {1 (ao) — gnan) = § LRI (167 1+ 1971) 25 |
_ (lognA)
-0 ("5

and we prove (29) in the same way.

e Second step:

First, using Lemma 3.1, |g; (z0) — g(x0)|* < supycy (c1h® + ¢{A?) < C. Then the bias
term is uniformly bounded. Let us now study the “variance” term. We can write

~ 1 —izou J* 15
gn(xo) = by e o K(uh)KHA(u)du
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and, since all h € H is larger than 1/M,

0 0
1G5 (z0) — g; (z0)] < ngg/w ()| | 94 )A NOIFY
< Z/|K* QA u/h)AQA(u/h) dus.
hEH

With a convex inequality

1G5, (0) — g;,(z0)|* < o Z (/ |K™ (u

heH

HA (u/h) — Oa(u/h)
A

4
du)

Next, we use the following inequality (obtained with two uses of the Schwarz inequality):

e[ oty - //// ol
////E1/4 (u)*] .. EY4 [p(ug)*] dus ... dug = (/E1/4 [p(u)?] du>4

with ¢(u) = |K*(u))| ‘M‘ Thus,
4

< C(nA)—2

GA(u/h) —0a( u/h)
A

E [|§7,;(x0) —g;l(:vo)]‘l] < ( i Z (/K* E1/4 !

heH

R 4
But, according to (26) in Lemma 6.1, under G3(4), A™E ‘GA(U) —6a(v)

Hence, under G3(4),
4
CM™y < / |K* (u)](nA)~ 1/2du>
heH

ClIK*[1M®(nA) > < C K™ [[1(nA)*>.

IN

Elg;, (z0) — gj,(zo)|*

IN

o Third step:

P(Q) P(lg* = g, ll2 > g ll2(1 = 1/v/2) or 1 = fir ln > 1/*]11/2)
(lg*ll2(1 = 1/v/2))°Ellgr, — ¢*1I3 + (1f*11/2) " ElLfi, — f*I1°
< C(Elgi, — g4, +Elgi, — g"I5 + EIf, — finI1° + Bl £, — 74I1°).
Thus we have four terms to upperbound.
First term: Since g; (u) = K (uhg)0a(u)/A,

IN

2| 0a(u/hs) — 0a(ufho) [

A du.

I97, — 9ialB = 5 [ 1Kt
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Then, according to (26) in Lemma 6.1, under G3(8),

A~k * 1
Ellgr, — gr,l5 < o (/E1/4
2

g 4
1 NT a0\ %18 7 4 4 —8/3

< | Eo@)P(rA) " du ) < [[Kgl2MT(nA)T < 16(nA) 7
2

Oa(u/ha) — Oa(u/hy)

K* 8
155 (w)| R

Second term: Since gy = Kg(uh2)g*(u)pa(u), we can decompose the bias into

9" (u) = gp, (u) = " (u)(1 — Ko (uh2)) + g% (u) Ko (uh2)(1 = Pa(u)) = b1 + ba.

Using that g € Sob(1) ([ |g*(u)|*u?du < 00),

o = [ 19" = K(uho)Pdu = [ 19" (0)PLjungpord
< [ 19" @PluboPdu < 15,
On the other hand, using (25) in Lemma 6.1,
o213 = /lg*(U)KS(Uh2)(1 —ya(u))]’du < CA? / 9" (wul*du
< CA? < C(nA)~L

Thus, taking hy = (nA)*l/S gives [|g* — g,"jj2||8 < Ch§ + C(nA)~* < C(nA)*S/?).

Third term: Since f;:l (u) = K§(uhy)na(u)/A,

fia(u/h1) —na(u/hy)

A du.

£ * 1 *
i = il < o [ 1K)

Next, we use the following inequality

([ otwmn®] < (57 [0 ) "

Exactly as Lemma 6.1, using the Rosenthal inequality, we can prove under G3(4p),
for p > 1, A=%E |a(v) — na(v)[* < C(nA)~P. Then, under G3(32),

16 16

1 16
= m(/ |Ka‘<u>|<nA>1/2du) < ClIK" [ (nd) =7
1

Aa(u/h1) = na(u/ha)
A

' * 1 *
Ellfr, = i li® < 76 (/El/m [lKo(U)l16

1
1

>

since hy = (nA)~1/3.
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Fourth term: Since na = —¢X = Af*1ha + A2(g*)?1ha, we can decompose the bias
into

Fr) = fi,(w) = () = Kg(uhy) f*(u)ipa(u) — AKG (uh)(g" (w)*a(u)
= [T (u)(1 = Kq(uh1)) + [ (u) Kq(uh1)(1 = ta(u))
—AKG (ub1)(g" (w))*a(u)
= by + bs + b3.

Since zg(z) € Sob(1) ([ |f*(w)|*u’du < o),

[baflr < /!f*(U)(l—KS(uh1))!dU=/!f*(U)!11|uh1>1du

1/2
</|f*(u)|2|uh1|2du/\uh1|_2]l|uh1|>1du) < chi,

On the other hand, using (25) in Lemma 6.1,

IN

bl < / () I by ) (1 — o (w))|du < CA / P () uk (uhy) du

ca ([ 15 wudu [ 1K5m)Pau) v

CARY? < C(hynA) 12,

IA

IN

and

l1b3]]1

IN

A / LG (uh ) (9" (1)) 20 ()| s

A/y )2du < CA < C(nA)~Y2.

IN

Thus || f* = fi [11® < ChY + C(hinA) =8 + C(nA)=8 < C(nA)~8/3,
This completes the proof of Theorem 3.3. [J

6.6. Proof of Proposition 6.3. Note that
(30)  gw(xo) — g (x0) = Z ZLKh/ (v0 — Z4*) —E ZLKh/ (z0 — Z12) )| -
n A A

In order to apply a Bernstein inequality, since the ZkA’s are not bounded, we truncate
these variables and consider the following decomposition:

{1212 < pn} and {1242 > pin}

131 Co™) Ml + llg™113)

o = ) = K |/ VOIS
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We then decompose (30) as follows

gn (o) — gn(wo) =

where S, (X) means (1/n) Y " | [X; — E(X;)] and

7B
(32) Wi(h) = =~ Kn (20 = Z™) 12,8 <)y
Zp

Thus
E [sup{mh/ (20) — ) = V),
< 2) E V()/12], +2 ) E (h))?] .

h'eH h'eH
Then we use the two following lemmas
Lemma 6.2. Assume that g satisfies G1, G2, K satisfies K1, and ¢ > 16, M = O((nA)'/?),
A < 1. Then there exists C' > 0 only depending on K and g such that

> E[S;(W(h) - V(k)/12], Clogn(ZA)
heH

Lemma 6.3. Under assumptions K1, G3(5) and if M = O((nA)Y/?),

> E[SHT(h)] < c’niA.
heH

Lemmas 6.2 and 6.3 yield

" S}ll,pﬂgh/(xo) — g (xo)|* — V(h/)/6}+:| <" <n1A n logTEZA)> .

Inegality (24) is obtained by following the same lines as for inequality (23) with K},
replaced by Kjs x Kj. This ends the proof of Proposition 6.3. [J

6.7. Proof of lemma 6.2. First, note that
E [S:(W(h)) = V(h)/12], < /Oo P(S2(W(h)) > V(h)/12 + z)dx
0
< [T ver (is.ve = VBT ) dn

Next, we recall the classical Bernstein inequality (see e.g. Birgé and Massart (1998) for a
proof):
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Lemma 6.4. Let W1y, ...,W,, n independent and identically distributed random variables
and Sp,(W) = (1/n) 3" [W; — E(W;)]. Then, forn >0,

2 2
—nn /2 —nn —nn
> < <
P(|S,(W)| > n) 2exp <y2 5 ) 2 max <exp( 2 ) ,exp( b )) ,

where Var(Wy) < v? and |[Wq| < b.

We apply this form of Bernstein inequality to W;(h) defined by (32) and n = 1/(1/12 + y)V (h).
Using Lemma 3.2 and A < 1, it is easy to see that

Var(Wi) < 2 o ||KH%<|<92212 19 B) g Wi < b ||K||Zzn< )
We find
—nn? m(1/12)V (h)nAh myV (h)nAh
P ( 12 > - (‘2\|K||%<||<g*>ful + Hg*!%)) P <_2HK|!%(II(9*>’|!1 T ug*\%>>
= (nA)"/* x (nA)~v/
and

exp <_47;;77> < (nA)_C/48 > (nA)—c\/y/192'

Then we deduce

E [Sh(W(h)) - V(h)/12]+ < /00 V (h)(nA)~¢* max ((nA)_Cy/4, (nA)_c\/m> dy
0
< V(h)nA)/ ( | maytay [ Oo(nA)_c\/mdy>

0 0

4 e 1 96
= EV(h)(nA) i <log(nA) + clog(nA)z)

using that [ e ¥/* = X and I e~V¥/A = 2)\2. Replacing V() by its value, it gives

AC, e
Y E[S;(W(h) - V(R)/12], < TO(nA) tel <1 clog nA ) Z B

heH

Recall that H = {%, 1<k < M}. Then

1 L p 1
- 1/3
}h: 7= k§:1: — Slog(M)M < Slog(nd)(nd) /3,

Finally
S B[S0V - vz, < ey (logina) + )
heH
< Shma) (logtna) + %)

as soon as c¢ > 16. This completes the proof of lemma 6.2. [
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6.8. Proof of lemma 6.3. For a fixed bandwidth h in H, we can establish the following

bound:
L ~Z5 (20— Zp
- MK(h L2815}
k=1

1[IE|2

E[|S.(T(h))|*] = Var

00 AN2
< o @n) P Nz ]
w2
o 1K E(Z? /A
- nA h? pn

for any w > 0. Recall that, according to Proposition 6.2, E[|ZlA\w+2/A] is bounded under
G3(w + 2). We search conditions for >, h=2u, ™ < constant. The following equalities
hold up to constants:

r V(h)w/? B log(nA)®/? 1
Z h2 i, o Z h2 o (nA)WQ Z h2tw/2"

heH h h
Since h = k/M, this provides
M 2+w/2 M
1 _ M _ 24w/2 1 _ 24w /2
S (F) =M g = 00
—1 =1

Finally, as M = O((nA)Y/?), we have

24w/2 w/2 oy w
3 7}121 _ o M og AT g (A ) ()b
Hn
h

(nA)w/Q

We need that (2 + w/2) x 1/3 —w/2 < 0, so we need the Z; admit a moment of order
w 4+ 2 > 5. This completes the proof of lemma 6.3. [
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