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MODELING TURBULENT MIXING AND SAND DISTRIBUTION IN THE
BOTTOM BOUNDARY LAYER

Rafik Absi*

1 EBI, 32 Bd du Port, 95094 Cergy-Pontoise cedeanée.
E-Mail : r.absi@ebi-edu.com

Abstract : For the calculation of turbulent mixing in the tooh boundary
layer, we present simple analytical tools for thring velocityw,, and the
mixing length I, Based on observations of turbulence intensity
measurements, the mixing velocity, is represented by an exponential
function decaying witle. We suggest two theoretical functions for the
mixing length, a first,; obtained from th&equation written as a constant
modeled fluctuating kinetic energy flux and a setbp based on von
Kéarman’s similarity hypothesis. These analyticallsowere used in the
finite-mixing-length model of Nielsen and Teakl®(2). The modeling of
time-mean sediment concentration profd&g) over wave ripples shows
that at the opposite of the second equdtjgmvhich increases the upward
convexity ofC(2), the first equatiom,, increases the upward concavity of
C(2) and is able to reproduce the shape of the measareentrations for
coarse sand.

INTRODUCTION

The prediction of coastal sediment transport depenainly on the turbulence model
used in the bottom boundary layer. The mechanistrbiilence is of an extremely
complicated nature. In the turbulent bottom bountigrer, the turbulent mixing motion
is responsible for an exchange of momentum, amthhiances the transfer of mass.
Under waves, the turbulent mixing which generategtavertical flux of suspended
sediment can be modeled using realistic turbulgrazameters together with simple
analytical methods. Indeed, the development of rétemal and semi-theoretical
analytical methods for turbulent flows is of graatportance in both practical
engineering applications and basic turbulence rekea
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In this paper, we will present simple analyticadlgofor the calculation of turbulent
mixing. The turbulent mixing can be described sirpl a mixing velocity,, and a
mixing lengthl . We will first present an analytical expressiontfte mixing velocity
(Absi 2000, Nielsen and Teakle 2004, and Absi 20@%h is based on observations of
turbulence intensity measurements and confirmeat#tieally. We will present, on the
other hand, two theoretical algebraic equationgHermixing length, a first equation
obtained from the turbulent kinetic enekggquation (Nezu and Nakagawa 1993, Absi
2005) with some basic assumptions (steady flowgllequilibrium and the proposed
equation for the mixing velocity), and a second aiun based on the similarity
hypothesis (Absi 2002) with some assumptions (lecglilibrium and the proposed
eqguation for the mixing velocity). We will finalgpply the proposed analytical methods
to the finite-mixing-length model of Nielsen andaké (2004) for the modeling of
time-mean suspended sediment concentration prdifilas oscillatory boundary layer
over wave ripples. The numerical solutions willdeenpared with measurements from
McFetridge and Nielsen (1985).

THE MIXING VELOCITY

The mixing velocityw, profile could be obtained from observations obtuence
intensity measurements. From turbulence measuresmgwtijetunge and Sleath (1998)

(figure 1), we noticed (Absi, 2000) that turbulenggensity @)% decreases

exponentially withz for mobile beds (plane and with ripples) and tfe¥ee can be
expressed by

U

) =exp(—Q E) 1)

whereé= [ h = the scale of the flow can represent either thendary layer thickness

or the turbulent flow depth (m)), = the maximum value of the free stream velocity
(m/s), andC, = constant. Or as

(2)2=u. extf-c, &) @

whereU. = the friction velocity (m/s). This expressionvialid only for mobile beds
(plane and with ripples). We can write therefore thixing velocity in the form

Wa=pU. exf{-G, ) (3)

wherey = constant. Or in the formm =wn(zo)ex;:{—}{ ) where\/\/rn(zo):yu* , 2o = the
hydrodynamic roughness (m) arlml=Pél (Nielsen and Teakle 2004). If we assume

that v =C, u'andw =C,u ; with C, andC,, are constants in the energy equilibrium
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. - 1
region (see Nezu and Nakagawa 1993), we can white (PF and therefore

Jk=U. exd-C, &), (4)

where k = the turbulent kinetic energy (m?/s?).

(a)

(mm)

4o} %.

(mm)

0

Fig. 1. Vertical distribution of dimensionless turbulent intensity: (a) Measurements of
Wijetunge and Sleath (1998) for fixed bed: ‘s’; and mobile beds: ‘A’ '+ * * ‘x’ ‘0’; (b) The dash-
dot line given by equation (1) reproduces mobile beds measurements (while the solid line
reproduces fixed bed measurements, see Absi 2006).

On the other hand, equation (4) represents agnolatithe modelek-equation when the
flow is steady and in local equilibrium. Indeed)acal equilibrium region, where the
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energy production is balanced by the dissipatiazuNand Nakagawa (1993) wrote for
steady open-channel flows the modéteghjuation as a constant modeled fluctuating
kinetic energy flux

Vi %:const (5)

where v, = the eddy viscosity (m?#/s). They wrote an appration forv; as

S U2
v :?:IE k.)gz (T)(U* h)z% (6)

wheree = the energy dissipation (m¥snd| = a length scale. For local equilibrium,
an explicit relation between the length scabknd the mixing length, is given by

1
Imz(Cy) 4| ; whereC, = the empirical constant in the-& model. By replacing (6) into

(5)

%)(g—?j:constz -2C,, (7)

and by integrating (7), Nezu and Nakagawa propassshmi-theoretical function fér
&:D exf-2C, &) (8)

whereD = a constant. We can write (8) in the form

k=l exit-C (66 (©)
where k0=k(Zo)-

THE MIXING LENGTH

Near the bottom, the turbulent length scale isrestted to be proportional to the size of
the large eddies, those that contain the most gnang thus the most momentum. From
a certain distance, if we assume that the most effective eddies tHierixing are
precisely those of size we can writel /7 zwhich gives the Prandtl mixing length

equation
Im=kz (10)

wherek = 0.4 (the von Karman constant). In a turbulenirmtary layer, the largest
eddies are limited by the transverse dimensiom@fflow namely the boundary layer
thickness, we are able therefore to write
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Im 7 h (11)

The linear mixing length profile seems not reatisbecause physically the mixing
length cannot increase linearly over the entireniawy layer or flow depth. We will
suggest two theoretical equations fpbased onvy,.

A first mixing length equation

Weakness of Nezu and Nakagawa's demonstration

Even if the shape fdxis realistic and seems correspond to experimamakurements,
the demonstration of Nezu and Nakagawa presentsakness and does not allow
justifying this form theoretically. Indeed, the gbn (8) allows to write (12) and not

7).

(MJ ( : Ej const=—-2C, (12)

k

Equation (12) shows therefore a contradiction ia tdemonstration of Nezu and
Nakagawa.

Proposed demonstration
If we assume a shap&(¢) as kU2=D f(£f and u'/U. =D, f(£), a more coherent

approximation is (Absi 2005)

h=—= 'E(KF KQU f(é) (13)

u

We can therefore write (7) as

(é——)j[d\/_j const=-C, (24)

where g(€)=1(¢) f(£)* andC, = a constant. By integrating (14) betwegrrz,/h and
&=z/h, we obtain

\/E=\/gexp( J'{ dfj (15)

From this equation, we find equation (8) only ie ttase wherg(¢)=1(£) f(¢)=const,

and this is possible only for one formloWith f (£)=exd-C, &) (hereC, =C,/const),
the sole expression possible fas given by (Absi 2005)

1(£)=const exp(3C, ¢) (16)
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From this equation and (8), we hagl¥)=const and therefore (8) is a solution for (5).
If we take a boundary condition fby at z, (lm)o :|m(20)=K z,, we can write for rough
mobile beds, a mixing length equationlal§)=xh& exd3C, (-&)) or

In(2)=K zoex;{ 3%} (17)

whereh=C, Lw. We refer to this first mixing length profile &s. This vertical profile is

concave downward (figure 2). We notice that, tlk@slat the origing equal tq3 A z)
/ Ly , increases with roughness In figure 2, we havd instead ofk=0.4. We wrote

=4 Z%(L _Zo) in order to represent a dimensionless mixing lepgofile which is

valid for any value ofl.

1

[IR=NJ
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0, -hzf AL, -z

Lw
(L,=0.044m) , dashed line I, for z,/L,,=0.1 (L,=0.05m) , dotted line: |,=1 z.

Fig. 2. Mixing length profile | _(7)=4 ZoeXF{3 Z‘ZOJ , solid line: I, for zo/L,=0.1136

A second mixing length equation based on an extensi on of von Karman similarity
hypothesis

On the other hand, the von K&arman'’s similarity Higesis, which assumes that turbulent
fluctuations are similar at all points of the fieddl flow (similarity rule), gives the
mixing length in the form
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ou
_ 0z
="K m (18)

0z

For local equilibrium, the energy production isdraded by the dissipation. This allows

writing 0u/62~«/E/| m» Wherek is the turbulent kinetic energy. An extension ofv
Ké&rman’s similarity hypothesis allows us thereftrevrite

—_ Im

, with f :ﬁ; applying the condition

i i =K
We can write (19) in the form- 77 L

z f z
In(z=2)=«2, and by integratinq;o—ﬁ dZ:%—%:KLO}f/EdZ, we obtain
0

In =Kk UZO /V&dz+ %ﬂ (20)

Equation (20) can be integrated if the turbulenekc energy is given by an algebraic
equation. We write (8) as

ME):/B U. exr{—%vj (21)

Inserting (21) into (20) and by integrating (A2002), we obtain

D)=k fLdilLdutlizdit] g,

This equation is in the forn|'m ~ Lw . In fact, when the two last terms in (22) becomes

smaller than the first term, we finth=« Lw. This equation, which confirms the

hypothesis (11), shows that an increase in the denynlayer thickness implies an
increase in the mixing length. We can write thiging length equation (22) in the form
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_=zz)
Im(Z):K LW_(LW_Z())[E[ b J (23)

We refer to this second mixing length profild gs For a smooth wallZ,= }) we write

equation (23) as
Im(Z E%] -

This mixing length profile, which is non-linear dgferent from Prandtl’s profile. From
a same (imposed) valuez, in z, our mixing length (equation 23) increases more

slowly with z, the gradientl/dz, which is equal tO(E(&—ZO/LW)x;(—(z—zo)/LW), is
everywhere (since=z,) smaller thark. Moreover, the slope at the origi, equal to

k(1-z,/Ly) , decreases with the roughnegs(figure 3); this involves the introduction
of an effective kappa* as

/(kzl(m_ZO/Lw) (25)

i ,’J
a9t R A
08} C -

o7t Iy ]

I

06k s -
/ -
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~
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Fig. 3. Mixing length profile lmz(Z):A{Lw—(Lw—zo)exr{— (Z—Zo)ﬂ , dashed line: |, for z/L,,=0.1136
Lw

(L,=0.044m) , dash-dot line: I, for zo/L,,=0.2272 (L,,=0.022m) , dotted line: I,,=1 z.
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The differencex* 2 « shows that even at the first ordinearization on the parameter
(z—z,)/Lw which is assumed to be small, near the bottonmpmfile is different from
the Prandtl’s profilex(z. It is written as:

Im(z)=/(*ﬁ+/(%i (26)

The two profiles are different even near the bottdmy will be identical in the sole
case of low roughness (smooth bottom). Only here;« and In(2=«[Z. We can

conclude that the equationz is able to describe the vertical profile of mixileggth
near the bottom and only for smooth bottom. Asfigure 2, in figure 3 we havé

instead ofx=0.4. We wrote(lm_" z%(L —Zo) in order to represent a dimensionless

mixing length profile which is valid for any valué A.

SUSPENDED SEDIMENT PROFILES OVER WAVE RIPPLES

The Finite-mixing-length model

The main idea of the finite-mixing-length model éiéien and Teakle 2004) is that the
Fickian diffusion is not the right theoretical framork for sediment suspension. The
swapping of fluid parcels (including suspended sedit) between different levels can
generate a net vertical flux. If the parcels travettically with equal and opposite

velocities, the resulting sediment flux densitysse Teakle and Nielsen 2004)

=Wl (2 2)~C(2Hmy/2)] (27)

and by Taylor expansion

dc 1.2 d%c }
(28)

qm:_WnIm |:E+ﬂﬁ +---

This theory contains Fickian diffusion as the limgt case since the Fickian
approximation is obtained by retaining only thatfierm in the [ ].

Time averaged concentrations of suspended sediesarit from the balance between an
upward mixing flux and a downward settling flux

gm—Wsc(2)=0 (29)

With (28), equation (29) becomes
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dc |m2 dsc

“Weln| 22207

+-+ [Fec(2)=0 (30)

By including only the first two terms of the Taylexpansion, we obtain

2
lm d3C_dc, w
———+—+—lz)=

24dz2 dz Wnlmc(z) 0 (31)
The third-order Ordinary Differential Equation (31)hich approximates the finite-

mixing-length model, needs vertical profiles foiximg velocityw,, and mixing length
Im. The simulations of Nielsen and Teakle preseméditbure (4) are obtained with a

mixing velocity profile given byam :Wn(zo)ex;{—}{ ) and a mixing length dg=A1z

(with A=1). In figure (4), the numerical solutions (Tealdad Nielsen 2004) are
compared with measurements from McFetridge andsBie{1985). These simulations
show that the finite-mixing-length solution is siamito the Fickian solution for fine

sand, whereas the finite-mixing-length solution destrates enhanced mixing
efficiency compared to the corresponding Fickialtsan for coarse sand.

0.08

T T T T
s ™ a O d=0.06-0.11mm
\%D mmm Finite mixing model
n.08 ;gx K A — Fickian H
o % 5 d=0.42-0.60mm
mm Finite mixing model
— Fickian

0.07

0.04

0.02

0011

10 10° 107 10 10 10
cizpel0.005) [volivel]

Fig. 4. Concentration profiles over wave ripples. O: Fine sand, ws=0.65cm/s, X: coarse sand,
ws=6.1cm/s (measurements from McFetridge and Nielsen, 1985). Solid lines: The numerical
solution to the third-order ODE (31) with I,,=1 z (A=1) and z,=0.005m, wy,(z,)=0.025m/s,
L,=0.022m. Dash-dot lines show the Fickian approximations, corresponding to dropping the
first term in (31). (Figure: Teakle and Nielsen, 2004).
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The upward convex profile for fine sand versus uphzmncave for the coarse sand is
reproduced by the model (Nielsen and Teakle 20B¢g¢n if the upward concave
concentration profile for coarse sand (figure 4deisroduced with,=A z, there is a
difference with experimental data (McFetridge anel$én 1985) at the top between
0.04 and 0.09m) which seems to become more imgoftan z>0.09m. This
imperfection could be related to the linear mixieggth profile. In fact, the linear
mixing length profile seems not realistic, becapisgsically the mixing length cannot
increase linearly over the entire boundary laydioov depth. In figure 4, the parameters
Wim(20)=0.025m/s and,,=0.022m correspond better to a fit for fine sarttk $olution is
perfect for fine sand but under-estimates the eogend concentrations. A more
appropriate fit, which represents a better compsengan correspond to a valud.gf
which is approximately equal to twice the Nielserd al'eakle's value. In order to
evaluate the proposdg equations, we will apply them in the modeling efripd-
averaged sediment concentration profiles.

Results and discussion

We will study the influence of the two proposed mglengthl,, equations on the shape
of concentration profile€(z). Our main question is: Are the propodedprofiles
capable of changing the shapedgf) and improving the computec(2)?

Even if Iy has been established for steady flows, it seente ta good tool for the
computation of time-mean concentration profiles.

0.os

0.08

0.07 -

0.06 -

0.05

z [m]

0.04

0.03r

0.02r

0.01

D I L1y I r ool I Loy o1 L RN I AT N
10 10 10 10! 10 10
c(z)'c0.005) [volival]

Fig. 5. Time-averaged concentration profiles over wave ripples. Curves: numerical solution to
the third-order ODE (31) with | 1(2):/120ex;{3z_20)  (A=1) , L,=0.044m, z,=0.005m;
" Lw

Wp(20)=0.025m/s for fine and coarse (bold line) sand. Measurements: O Fine sand
(ws=0.65cm/s); and X coarse sand, (ws=6.1cm/s).
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Fig. 6. Time-averaged concentration profiles over wave ripples. Curves: numerical solution to
the third-order ODE (31) with Im(z):/l{Lw—(Lw—zo)ex;{— (z;Nzo)ﬂ , (A=1) ; L,=0.044m ; for fine (bold)

and coarse sand. Measurements: O Fine sand and X coarse sand.
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Fig. 7. Time-averaged concentration profile over wave ripples for fine sand (ws=0.65cm/s).
Curve: numerical solution to the third-order ODE (31) with Im(z):/{l_w_(l_w_zo)ex[{_ (Z[jO)j:| 1 (A=) ;

L,=0.022m. O: measurements.
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Fig. 8. Time-averaged concentration profile over wave ripples for coarse sand (ws=6.1cm/s).
Curve: numerical solution to the third-order ODE (31) with l(2) =1 ZoexL(3%j s (A=1) ;

L,=0.05m , z,=0.005m; wy,(20)=0.025m/s. X: measurements.

With z,=0.005mw(20)=0.025m/s andl,,=0.044m, figure (5) shows thiagh improves
the solution for coarse sarigl increases the upward concavityGif) (bold solid line
for coarse sand) while figure (6) shows thiatncreases the upward convexityG{k)
(bold dashed line for fine sand).

As we can see in figures (7) and (8), the fit cdaddmproved by changing the value of
L. . The solution for fine sand needs a decreakg jthe curve in figure 7 corresponds
to Im with L,=0.022m (Nielsen and Teakle's value), while thetsah for coarse sand
needs an increaseliy , the curve in figure 8 corresponddtowith L,,=0.05m. These
simulations show that for a same settling veloattyxing length profiles change the
shape ofC(2). It shows particularly the capacity f; to reproduce the shape of the
measured concentrations for coarse sand (figure 8).

CONCLUSION

In this paper, we presented an analytical expradsiothe mixing velocity, and two
theoretical mixing length equations. The two praubmixing length equations are of
different nature since the first mixing length pleis upward concave and increases
with roughness while the second mixing length pea$ upward convex and decreases
with roughness. These differences are probablyaities related assumptions. The two
mixing length equations are based on an exponed&aftease fok and a local
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equilibrium between energy production and dissgratiin addition to these two
assumptions, the second mixing length equatioased on the similarity hypothesis.

The proposed equations were used in the modelitimefmean sediment concentration
profiles in an oscillatory boundary layer over wanpples. The first theoretical mixing
length equation seems to be able to improve thdigiren of the concentration profile
for coarse sand.

Finally, the simulations presented here suggesthied, profile varies with grain sizes.
One final question remains. Could grain sizes chahng shape of mixing length profile
Im? (m concave downward for coarse sand and downwardecoliov fine sand). To be
able to answer to this question, we need to cautynwore investigations. Our two
proposed,, equations and the related assumptions need malgsas.
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