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Logarithmic stability estimates for a Robin coefficient in the
two-dimensional Stokes system

Muriel Boulakia, Anne-Claire Egloffe and Céline Grandmont.

February 6, 2012

Abstract

In this paper, we consider the Stokes equations and we are concerned with the inverse problem of
identifying a Robin coefficient on some non accessible part of the boundary from available data on the
other part of the boundary. We first study the identifiability of the Robin coefficient and then we establish
a stability estimate of logarithm type thanks to a Carleman inequality due to Bukhgeim [9].

Keywords: Inverse boundary coefficient problem, Stokes system, Robin boundary condition, Identifiability,
Carleman inequality, Logarithmic stability estimate.

1 Introduction

Let us consider some open Lipschitz bounded connected set domain € of R?, d > 2. We assume that the
boundary T' = 92 is composed of two parts 'y and T, such that T, UTy =T and T'. NTy = 0 (Figure 1 gives
an example of such a geometry). We introduce the following boundary problem:

ug(t, ) — Au(t, z) + Vp(t, x) = 0, Vo e Q,Vt >0,
V- u(t, x) = 0, Ve Q,Vt >0,
Vu(t, z) - n(x) — p(t, x)n(z) = g(t,z), Yrel,Vt>D0, (1.1)
Vu(t,z) - n(z) — p(t, x)n(z) + q(x)u(t,z) = 0, Vo € Ty, Vt >0,
u(0, ) = wo(x), Vxe.

Notice that we assume that the Robin coefficient ¢ defined on I'g only depends on the space variable. Our
objective is to determine the coefficient ¢ from the values of v and p on T'..

Such kinds of systems naturally appear in the modeling of biological problems like, for example,
blood flow in the cardiovascular system (see [20] and [23]) or airflow in the lungs (see [3]). The part of
the boundary I', represents a physical boundary on which measurements are available and I'g represents an
artificial boundary on which Robin boundary conditions or mixed boundary conditions involving the fluid
stress tensor and its flux at the outlet are prescribed.

Similar inverse problems have been widely studied for the Laplace equation [2], [4], [10], [11], [12]
and [22]. This kind of problems arises in general in corrosion detection which consists in determining a Robin
coefficient on the inaccessible portion of the boundary thanks to electrostatic measurements performed on
the accessible boundary. Most of these papers prove a logarithmic stability estimate ( [2], [4], [10] and [12]).
S. Chaabane and M. Jaoua obtained in [11] both local and monotone global Lipschitz stability for regular
Robin coefficient and under the assumption that the flux g is non negative. Relaxing this constraint, they
obtained in [2] a logarithmic stability estimate. More recently, E. Sincich has obtained in [22] a Lipschitz
stability estimate under the further a priori assumption that the Robin coefficient is piecewise constant. To
prove the stability estimates, different approaches are developped in these papers. A first approach consists
in using the harmonic functions properties (see [2], [10]). A characteristic of this method is that it is only
valid in dimension 2. Another classical approach is based on Carleman estimates (see [4] and [12]). In [4],
the authors use a result proved by K.D. Phung in [19] to obtain a logarithmic stability estimate which is
valid in any dimension for an open set ) of class C*°. This result has been generalized in [5] and [6] to C1!



Figure 1: Example of an open set 2 such that I', UTy =T and I, N Ty = 0.

and Lipschitz domains. Moreover, in [4], the authors use semigroup theory to obtain a stability estimate in
long time for the heat equation from the stability estimate for the Laplace equation.

In this article, we prove an identifiability result and a logarithmic stability estimate for the Stokes equations
with Robin boundary conditions (1.1). The paper is organized as follows.

The second section contains preliminary results on the regularity of the solution. For this purpose,
we introduce Besov spaces: they appear as the natural space to which the Robin coefficient ¢ belongs.

In the third section, we are interested in the identifiability of the Robin coefficient q. Under some
regularity hypotheses and using the theorem of unique continuation for the Stokes equations proved in [15],
we prove that if two measurements of the velocity are equal on the boundary (0,7) x T'., then the two
corresponding Robin coefficients are also equal.

Section 4 corresponds to the main part of our article. The results of this section are only valid
in dimension 2. We prove a logarithmic stability estimate, first for the stationary problem and then for
the evolution problem. To do this, we use a Carleman inequality due to Bukhgeim which is only valid in
dimension 2 (see [9]). The stability estimate for the unsteady problem is deduced from the stability estimate
for the stationary problem thanks to the semigroup theory. We end Section 4 by concluding remarks and
perspectives to this work.

When we are not more specific, C' is a generic constant, whose value may change and which only
depends on the geometry of the open set 2 and of the boundaries ', and T'y.

We are going to start with some preliminary results which will be useful in the subsequent sections.

2 Preliminary results

2.1 Besov spaces

We introduce the following functional spaces:
V={ve H'(Q)?/V-v=0o0n Q},

and )
H=7""



We also need to introduce the space to which the Robin coefficient ¢ belongs: we are going to assume enough
regularity on ¢ in order to give a sense in suitable spaces to the trace product qu. We refer to [16] for more
general spaces. Let s € R, 1 < p < oo and:

By p(RY) = {w € S'(RY) /(1 + [¢[*) 2 Fw € LP(R¢?)},

where &'(R%) is the space of tempered distribution on R and Fw is the Fourier transform of w. Equipped
with the norm
[[w]

B, @) = (L4 €%)F Fwl| o gy,

Bs »(R?) is a Banach space. We observe that Bs o(R?) = H*(R?). In the following, we will need the following
properties:

Proposition 2.1. Let s > 0. We have By 1(RY) — C°(R?).

Proof of Proposition 2.1. Let u € B 1(RY). We start by proving that Fu € L'(R?):
1

Fu(@lde = [ (L+IER)HF O] e
[ 1Pl = [ (18RO
and from the Cauchy-Schwarz inequality, we have:
s 1
Fu(€)|dé < [|(1 4+ [€]7)2 Ful 1 ‘ < Cllullg, , &) 2.1
/Rdl €3] (14 [€7) 2 Full L1 (re) EATEE N [ull B, . (&) (2.1)

Since for almost every = € R?,
1 .
- - 293-5]: d
R e T

we deduce the continuity of u from the Lebesgue continuity theorem and according to (2.1), we have:

[ulleoway < Cllull s, , (re)-

O

Using a local map and partition of unity, we build Bs ,(T) from B ,(R?!) in the same way that
H*(T) is built from H*(R%"!) (see [17]). From the above proposition, we deduce the following corollary:

Corollary 2.2. Let s > 0. We have B; 1(T') < C%(T) and the injection is continuous.
Proposition 2.3. Let s € RT, u € H*(T') and v € B, 1(I"). Then uwv € H*(T') and

s

sy < gy Il P,
We refer to [13] for a proof of this proposition.
2.2 Regularity of the stationary problem
First, we are interested in the stationary case:
—Au+ Vp = f, in{,
Vuvn 3pn z 2: i)rlll%e, (2.2)
Vu-n—pn+qu = 0, only.

Let g € H 2 ([,)% and v € H2(T'.)%, we denote < g,v >_1 1 1 the image of v by the linear form g.

11
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Proposition 2.4. Let a > 0, f € L2(Q)%, g € H 2(T,)% and q € L> () such that ¢ > a on T'y. System
(2.2) admits a unique solution (u,p) € V x L (). Moreover, there exists a constant C(a) > 0 such that

lull 2 @ya < C@)lgll -3 1 ya + 1 Fllz20)2)- (2.3)

Proof of Proposition 2.4. The variational formulation of the problem is: find v € V such that for every

vevV,
/VU:VUJr/ qu-v:<g,]lpev>_;;pe+/f'v.
Q To 22 Ja

We note V(u,v) € V¢,
and Yv € V|

We easily verify that a, is a continuous symmetric bilinear form. Since ¢ > a > 0, according to the
generalized Poincaré inequality, the bilinear form a, is coercive. On the other hand, L, is a continuous
linear form on V. Thus we prove the existence and uniqueness of u € V solution of equations (2.2) using the
Lax-Milgram Theorem. We obtain simultaneously estimate (2.3). We prove the existence and uniqueness of
p € L*(Q) in a classical way, using De Rham Theorem (we refer to [7] for the case of Neumann boundary
condition). O

Let us recall existence and regularity results for the Stokes problem with Neumann boundary
condition proved in [7].

Proposition 2.5. Let k € N. Assume that Q is a bounded and connected open set in R? of class CF+11.
We assume that:

(f,h) € H*(Q)? x H"" 3 ()%
Then the solution (u,p) of the problem:

—Au+Vp = f inQ,
V-u = 0 inQ,
Vu-n—pn = h onl.

belongs to H*2(Q)4 x H**1(Q) and there exists a constant C > 0 such that:

6l esaqys + ol zrss iy < OO 3as s + 1 rnceye)

From the previous proposition we deduce the following result:
Proposition 2.6. Let k € N. Assume that Q is a bounded and connected open set in R? of class C*+11.
Let o >0, M >0, f € H*(Q)4, g € H2**[T.)? and q € Biy1(Lo) such that ¢ = o on Tg. Then the
solution (u,p) of system (2.2) belongs to H*+2(Q)4 x H*1(Q). Moreover, if ||Q||Bl+k (ro) < M, there exists
S+k,1
a constant C(o, M) > 0 such that

lull vz + [Pl ees ) < Clas M)lgl ary g ya + 1 laE@)a)-

Proof of Proposition 2.6. Let us prove the result for k¥ = 0. Let h = —qulr, + glp,. According to Propo-
sition 2.4, u belongs to H'(€2)¢. Thus, we obtain from Proposition 2.3 that qu € H%(I‘e)d , which implies,
since g € H2(T.)¢ and T, N Ty = 0, that h € H2(I')% Using Proposition 2.5 with k = 0 we obtain that
(u,p) € H?(Q)4 x H'(Q) and:

[ull zr2(@ya + lIpllz) < CURN 3 o + 1122 (@)a)-



But, we have from Proposition 2.4, that:
1l 3 oy < Cllll 3 gyalallmy o) + gl 3 )

and since by hypothesis, ||¢|/ 5, (To) < M, we obtain:
3

lull 720y + 1Pl @) < COM)Igl 3 o ya + Tull o @ya + 1 llLa)a)-

Thus we obtain the result for £ = 0 using the inequality of Proposition 2.4. We then proceed by induction
to prove the result for any k& € N. We emphasize that the key argument is that if v € H'T*(Q)?, then
u € H*2(To)® which implies that quir, € Hzt*(Tg)? thanks to Proposition 2.3. Thus, we can apply the
regularity result given by Proposition 2.5 and conclude. O

2.3 Regularity of the evolution problem.

Concerning the initial problem (1.1), we can prove, using Galerkin method, the following regularity results.
For completeness, the proof of Theorem 2.7 is given in the appendix.

Theorem 2.7. Assume that Q is a bounded and connected open set in R of class C*'. Let T >0, M > 0,
1
a >0 and ug € V. We assume that g € H(0,T; H2(T.)9), q € By 1(To) such that |lq||5, (o) < M and
55

q > a on Ty. Then problem (1.1) admits a unique solution (u,p) € L?(0,T; H2(Q)%) N H(0,T; L*(Q)?) N
L=(0,T; V) x L2(0,T; H'(2)).

The following corollary will be useful when we will prove logarithmic stability estimate for the
evolution problem (1.1).

Corollary 2.8. Assume that Q is a bounded and connected open set in R? of class C*'. Let M > 0,

T >0, a>0and ug € H}(Q)? N H. We assume that g € H2(0,T; H2(T.)%), q € Bs 1(Lo) such that

llgll s (ro) S M andq > o onT'g. Then, problem (1.1) admits a unique solution (u,p) € L>=(0,T; H3(2)%)N
§v

HY0,T; H*(Q)?) N H2(0,T; L2(Q)?) x L>(0,T; H*(Q)) N H*(0,T; H(Q)).
The proof of the previous corollary consists in applying Theorem 2.7 to u;. Let us prove it.

Proof of Corollary 2.8. Let (u,p) the solution of (1.1). Let us consider the following system:

v—Av+Vr = 0, in (0,7) x Q,
Vv = 0, in (0,7) x Q,
Vv-n—1n = Gt on (0,T) x T, (2.5)
Vv-n—mn+qu = 0, on (0,T) x Ty,
v(0) = Aug—Vp(0), in,

where p(0) € H%(Q)? is defined as the solution of the following elliptic boundary problem:

Ap(0) = 0, in Q,
p(0) = (Vug-n) -n—g(0)-n, on Iy,
p(0) = (Vug-n)-n+q0)ug-n, onlTy.

According to Theorem 2.7, we obtain that (v,7) belongs to L2(0,T;H*(Q)?) n HY(0,T;L*(Q)%) N
L*(0,T;V) x L*(0,T; H'(Q)). Remark that (u, p;) is solution of equations (2.5) in the distribution sense
on (0, 7). Thus, by uniqueness, (v,7) = (ut,p¢). Then, since ¢ € Bg@(re), we deduce from Proposition 2.6
that the linear map:
HY Q)4 x H3 ()4 — H3(Q)? x H2(Q)
(wel®),9(8) — (u(t),p(t))

is continuous. Since (ug, g) € L°°(0,T; V) x L°°(0,T; H2 (I',)%), we deduce that (u,p) € L>(0,T; H3(Q)?) x
Le°(0,T; H?(Q)). 0O



3 Identifiability

3.1 Unique continuation

We start by recalling a unique continuation result for the Stokes equations proved in [15].

Theorem 3.1. Let Q be an open connected set in R?, d > 1. We note Q = (0,T) x Q and let O be an open
set in Q. The horizontal component of O is

C(O) ={(t,z) € Q,3xo € Q, (t,z9) € O}.
() x L}

loc

Let (u,p) € L?(0,T; H}

loc

(Q) be a weak solution of

uy—Au+Vp = 0, in(0,T)xQ,
Vou = 0, in(0,T)xQ,

satisfying u =0 in O then uw =0 and p is constant in C(O).

We easily deduce the following result from the previous result. It will be very useful in the next
subsection.

Corollary 3.2. Let § > 0, g € I and r > 0 such that v = (to — ,to + 6) X (B(zo,r) NT') is an open set in
(0,T) xT. Let (u,p) € L*(0,T; H?(Q)%) x L2(0,T; H'(2)) be solution of:

uy—Au+Vp = 0, in(0,T)xQ,
Vou = 0, n(0,7T)xQ,

satisfyingu =0 and Vu-n—pn =0 on~y. Then u=0 and p =0 in (to — d,to + ) x Q.

Proof of Corollary 3.2. We extend u and p by 0 on (tg — d,t9 + ) x (B(xg,r) N Q°):

. [ u(respp) in (to —d,to+0) xQ
u (reSp p) - { 0 in (to — 0, tg +6) X (6(1‘0,7’) DQC)

and we denote Q = Q U B(zo, 7). Let us verify that (@,p) € L2(0,T; H'(Q)%) x L?(0,T; L*(2)) is still a
solution of the Stokes equations in . Let v € D(2)¢. We check by integration by parts in space that almost
everywhere in t € (to — d,tg + 0):

[ﬂt-v+ ~V11~V1)—/~13V~11:O.
Q Q Q

Moreover V -4 = 0 in (to — d,to +0) ¥ Q. Therefore, we can apply Theorem 3.1 to (4, p): (,p) = (0,0) in
(to — d,to + ) x © which implies that « = 0 and p is constant in (tog — d,tp + ) x Q. At last, the fact that
Vu-n —pn =0 over v implies that p =0 in (tg — d,to + ) x Q. O

3.2 Application

Proposition 3.3. LetT >0, a >0, 2. €T, r >0, g € HI(O,T;H%(Fe)d) non identically zero, ug € V
and q; € B%’l(l“o) such that g; > « on Ty for j =1,2. Let (uj,p;) be the weak solutions of (1.1) with ¢ = g,
for 5 =1,2. We assume that uy = ug on (0,T) X (B(xe,7) NTe). Then g1 = g2 on Ty.

Proof of Proposition 3.3. We are going to prove Proposition 3.3 by contradiction: we assume that ¢; is not
identically equal to g¢o.

We have (uj,p;) € L*(0,T; H*(Q)?) x L*(0,T; H(Q)) for j = 1,2 thanks to Theorem 2.7. We define
u=wu; — us and p = p; — pa. Let us notice that (u,p) is the solution of the following problem:

ug — Au+ Vp = 0, in(0,7)xQ,

Vou = 0, in(0,T)xQ,
Vu-n—pn = 0, on(0,T)xT,,
Vu-n—pn+qu —qus = 0, on (0,T)xTy.



By hypothesis, u = 0 and Vu-n —pn = 0 on (0,7) x (B(z.,7) NT). Thus, according to Corollary 3.2,
u; = ug and p; = p2 in (0,7) x Q. Consequently, we deduce from

Vuy-n—pin+qu; = 0, on(0,T)x7Ty,
Vu -n—pn+qgu = 0, on(0,T)xT,
that
u1(g1 —g2) =0 on (0,T) x Ty. (3.1)

By hypothesis, ¢; is not identically equal to g3. Thanks to Corollary 2.2, ¢; and g2 are continuous. Then,
we can find an open set k C I'g with a positive measure such that:

(@1 — q2) () # 0, Vz € k.

Equation (3.1) implies that u; =0 on (0,7) X k and then u; is the solution of

uy —Au; +Vpr = 0, in (0,7) x €,
Vg = 0, in (0,7) x Q,

Uy = 0, on(0,T) Xk,
Vur-n—pin = 0, on(0,T)X k.

Applying again Corollary 3.2, we obtain that u; = 0 and p; =0 in (0,7") x Q. This is in contradiction with
the assumption that g is non identically zero. O

4 Logarithmic stability estimates

In this section, we assume that d = 2 and that the open set 2 C R? is of class C>! in order to obtain regular
solutions of problem (2.2) from Proposition 2.6. We are going to prove logarithmic stability estimates using
a Carleman inequality which is stated in Lemma 4.1. First, in Theorem 4.3, we state a logarithmic stability
estimate for the stationary problem. Then we deduce from this Theorem two logarithmic stability estimates
for the evolution problem using the analytic semigroup theory. These estimates are given in Theorem 4.16
when the flux ¢ is stationary and in Theorem 4.18 when ¢ depends on time.

4.1 Carleman inequality

Let us first state a Carleman inequality proved by Bukhgeim [9]:
Lemma 4.1. Let ¥ € C?(2). We have:

/(A\I/M2 + (AT — 1)|Vu})e? < / |Aul?e? + / VU - n(|ul® + |Vul? 4 2|0-|Vul?|)e? (4.1)
Q Q r

for all u € C?(Q).
The proof of this result, which is only valid in dimension 2, uses computational properties of
function defined on C (in particular, the fact that 40:0, = A).

Remark 4.2. The result is still true for u € H*(Q). Indeed, for all u € H3(Q), there exists (un)nen €
C2(Q)N such that

w, — u in H3(Q). (4.2)
We can apply Lemma 4.1 to uy, for all n € N. Let us prove that:
lim /vqf n|0- |V, |?le? = / VU - n|d, | Vul?|e?. (4.3)

Note first that [, V'V -n|0,|Vul*|e? has a meaning for u € H3(Q):

2
[Tl Tl < 219l @yl lev (Z J 1w |vaiu> <o
=1



We have:

/ [V - n|[|0;|Vug | — 0-|Vul?|| ¥
r
v - 2 : 2 : 2 : 2 :
<O lle” o | D (/ |0jul ) </ |0ijun — Oijul ) + (/ |0ijun ) (/ |0;un — O;ul )
=1 \Jr r r r
According to (4.2), the sequence (0;5un)new converges in L?(T) towards 0;ju and ||0;5uy | L2(r) is bounded by

a constant independent of n. Then, equality (4.3) follows from (4.2).

4.2 The stationary case

For the stationary problem:

—Au+Vp = 0, in{Q,
V-u = 0, inQ,
Vu-n—opn = g, onle, (4.4)
Vu-n—pn+qu = 0, only.

we have the following stability estimate.

Theorem 4.3. Let a > 0, My > 0, M> > 0, (g9,¢;) € H3(T,)2 x Bs 1 (o) for j = 1,2 such that g is not

identically zero, | g|| < My, gj = a on g and |l¢jl|p, (v < M2. We note (uj,p;) the solution of
§?

5
H?2 (D)
(4.4) associated to q; for j =1,2. Let K be a compact subset of {x € T'g uq # 0} and let m > 0 be a constant
such that |u1| > m on K. Then there exist positive constants C(m, My, Ma, ) and Cy such that

C(ma M17 M27 Oé)

lar — @2l 2k) <

1
2

In o
lur—uzllp2p )2+ IV (w1 —u2)nll 2 2 +HlIP1—P2llL2 (0 ) HIV(P1—P2) L2 (1,

Remark 4.4. Note that, thanks to Corollary 3.2, we ensures that {x € Ty uy # 0} is not empty. Then,
thanks to the continuity of uy, we obtain the existence of a compact K and a constant m as in Theorem 4.3.

Remark 4.5. In [12], the same kind of inequality is proved for the Laplacian problem with Robin boundary
conditions under the hypothesis that the measurements are small enough. Here, we free ourselves from this
smallness assumption on the measurements.

Remark 4.6. Remark that, thanks to the boundary condition on T'., inequality in Theorem 4.3 can be reduced

to:
C’(m, Mlv MQ, Oé)

lar — @2l 2(xy <

1
2

n E )
‘|u1*u2”L2(Fﬂ)2+Hp1 *P?”LZ(FQWLHV(IH *P2)'”HL2(FE)

Remark 4.7. Comparing this result with Proposition 3.3, we can emphasize some differences. In Proposi-
tion 3.3, we only need that w1 = uy on 7y where 7y is a part of the boundary included in Ty in order to recover
the Robin coefficient everywhere on I'y. However, the proof uses the fact that the constraints are equal on
~v. Here, we need to have measurements on the whole part of the boundary I'., and the constraint is divided
into two terms: |[V(u1 —u2) - nl|p2p )2 in one hand and ||py — p2|[p2(r,y in the other hand. Moreover, we
have an additional term: ||V (p1 —p2) - nll2(r,)-

Let us begin by proving this intermediate result which gives us a logarithmic estimate of the traces
of u, Vu, p, Vp over I'g with respect to the ones over I'..

Lemma 4.8. Let (u,p) € H*(Q)? x H3(Q) be the solution in Q of

—Au+Vp = 0,
V-u = 0.

We assume that there exists A > 0 such that

[ull a2 + Pl a3 @) < A (4.5)



Then there exist C(A) and Cy such that:
c(A)

lullL2(rg)2 VUl L2 0oy + Pl L2 (o) VPl L2 (1g)2 <

1-
2

n : ))
lull L2 y2 HIVu-nllpz e 2 +lpl L2 ) HIVERI L2 (0,

Proof of Lemma 4.8. The proof is based on the Carleman inequality of Lemma 4.1 for an appropriate
choice of W. Note that we will use (4.1) twice: one time for the velocity u and one time for the pres-
sure p. The weight function ¥ is chosen in order to estimate the traces over I'y with respect to the ones on I',.

Step 1: choice of .
We choose ¥ as in [13]. There exists Uo € C?(£2) non identically zero such that:

AUyg=0inQ, ¥Yg=0only, Yy>0onl,, V¥, -n<0only
Indeed, let x € C?(T") such that
x=0onTy x>0onTl,,

and x non identically zero on I'..The boundary value problem :

{ AT, 0, in,

Vg = X5 onl,

has a unique solution ¥y € C2(2). Note that ¥ is not constant because y is non identically zero. So, from
the strong maximum principle, ¥y > 0 in 2. According to Hopf Lemma, we have V¥ -n < 0 on I'y.

Let A > 0. Denote ¥; € C?(f2) the unique solution of the boundary value problem:

A\I/l = )\7 in Q,
v, = 0, onl.

From the comparison principle and the strong maximum principle, we have ¥; < 0 in Q. Moreover,
according to the Hopf Lemma, we have V¥, -n >0 on T

Let us consider ¥ = W, + sW¥, for s > 0. To summarize, the function ¥ has the following proper-
ties:

AV =AinQ, ¥=0only, ¥>0onl,, and sVYy-n<VY.-n<V¥;- -nonly.
Step 2: We first apply Lemma 4.1 to u. Using the fact that Au = Vp, we have:
/(A\If|u\2 + (AT — 1)|Vu?)e? < / |Vp2e? + / VU - n(|ul® + |Vul|® + 20| Vu?))e¥.  (4.6)
Q Q r
We then apply once again Lemma 4.1 to p, it yields:
[ (@l + (2w - DT’ < [ ApPet + [ V0 en(pP + V5P + 200,957t (47
Q Q r

We have Ap = div(Au) = 0 hence [, [Ap[?e” = 0. We now choose A > 2. By summing up inequalities (4.6)
and (4.7) and eliminating the integrals over €2 in the left hand side which are positive terms, we obtain:

[V nul?  9u 200, FuP)e? + [ VU nlp + 957 +200,VpP e > 0.
r T



We now specify the dependence with respect to s. We denote § = minp, |[V¥q - n|. We note that on Ty,
e¥ = 1. Consequently:

— 56 (IUI2+\VU\2+IPIQ+IVPIQ)+/ V- n(ful* + [Vul + [pf* + [Vp[?)
To o

2 [ Va0 VoR|+ 0V +2 [ VO n(0rVoR| + [0V
0 e
+ [ 90 nul? + (TuP 41+ (TP 2 0. (48)
Let us study each of the terms. We have:
/FO VO n(|ul® + [Vul® + [pl? + [Vp[*) < C(lull sy + 1Pl q)-
Moreover, since V¥ - n < VW5 - n on I'g and using hypothesis (4.5), we obtain:

2] Ve (07| Vpl*| +10-[Vul?|) < C(A) ([[ullfs )2 + 1Pl @)-
0

Since, on T, [VU - n| < sC for s > 1, using hypothesis (4.5) and Cauchy-Schwarz inequality, we obtain:

1

2/ VU - (|0, V2] + 8- [Vul2])e? < sC(A) (/ (|vp|2+|w2)eN)
I, -

e

Similarly, for s > 1 we have:

/ VU n(ul’ + [Val? + [p]? + Vo) < Cs / (uf> + [Vul + o + [Vp2)e".
e

e

Note that e?¥ depends on s over I'.. Hence, reassembling these inequalities, inequality (4.8) becomes:

1
9/F (Jul* + Vul® +pl* + |Vp[*) < CAK, + ~(lullfrs @)z + P79 (e);
0

1

where K = [i. (Jul* +[Vul*+[p|* +|Vp|*)e” + (fre(|Vp|2 + |Vu|2)62‘1’) ® . Remark that, thanks to classical
interpolation inequalities (see [1]), there exists C' > 0 such that for all f € H?(T,.):

IV Tleany < Iflmn < AR s 12,
Applying the previous inequality and the assumption (4.5), there exists C(A) > 0 such that:
Jo IVu- P < C(A) Jullparye, and [ Voo < Ol (4.9)
In order to precise the dependence with respect to s of Ky, we denote:

5:/ |ul? + |p|? + |Vu-n]? + |Vp - n|2. (4.10)
e

We obtain, using the fact that Vu = Vu-n+ Vu - 7 on I, and inequality (4.9), that there exists C(A4) > 0
such that:

K, < (/ |u|2+|w|2+|p|2+|Vp|2+(/ |Vp|2+|w|2) >s0<A>eks<é+6%+ai>,
Fs: Fﬂ

where k = maxr, ¥y. To summarize, using again assumption (4.5), we have that there exists C(A) > 0 such
that: )
K, < C(A)erss. (4.11)

10



Hence we get for all s > 1:
w1 C
/F (Juf* + [Vul* + [p* + |Vp|*) < C(A)e**57 + < (lulls @) + IplEse)-
0

Remark that this inequality is trivially verified for 0 < s < 1 by continuity of the trace mapping. To
summarize, we have proved:

L1
/ (Jul® + [Vul® + [p]* + |Vp|*) < C(A) (ek554 + S) , Vs > 0.
To

We now optimize the upper bound with respect to s. We denote f(s) = e**§ 14 % Let us study the function
fin R%. We have:
lim,_,o f(S) = +00,
{ limg—, 00 f(8) = +00.

So since f is continuous on R}, f reaches its minimum at a point sg > 0. In this point,

Flon) =00t = S0 thus f(s0) = oy + &
S0) = = k802 5 us S0) = kS(Q) 80.
Hence: o(4) (1
[P+ 9up 1902 < S (1 41),
0 0
where =1 if sg > 1 and 8 = 2 otherwise. But:
6i1 — k3026k50 < ke(k+2)507
1
that is to say:
1 < k+2

In the same way, when sg < 1 , we obtain:

k+1 .
In (ke’is%)

Using the fact that In (x%) = Lin(x) for all x > 0 and remembering the definition (4.10) of d, the desired

1
<2
50

2
result follows. O

Let us now prove Theorem 4.3.

Proof of Theorem 4.3. We have on T':
(@2 — q1)ur = g2(ur — uz) + V(w1 —u2) -n— (p1 — p2)n,
which leads to
lar = g2l r2(x) < Clm, Ma) ([l — uallr2rg)z + [ V(ur — u2) - nllr2wg)z + [p1 = p2llz2ry)) -

Let j = 1,2. According to Proposition 2.6 the solution (u;,p;) of problem (4.4) associated to g; belongs to
H*(Q)? x H3(2) and moreover there exists C'(a, My, M) > 0 such that

lur — uz||ga()> < C(a, My, M) and [|p1 — pa|| g3y < Cla, My, My).

Consequently, we can apply Lemma 4.8 and we obtain:

C(a,m, My, Ms)

llar — q2llz2(x) <

W=

In G
w1 —uz HL2(re)2 +|\V(u1—uz)%HLz(Fe)z-‘-HPl —P2HL2<F€)+HV(P1 —Pz)-nHLZ(pe)

11



4.3 Evolution problem

In order to use semigroup properties, we begin by introducing the Stokes operator associated with the Robin
boundary conditions on I'g.

4.3.1 Properties of the Stokes operator

We recall that the bilinear form a, is defined by (2.4).
Definition 4.9. We define the set D(A,) as follows:

D(Ay) ={u e V/IC > 0,Vv € V, |ag(u,v)| < Cllv|r20)2},
and the operator Ay : D(Aq) C H — H by:
Yu € D(Ay), aq(u,v) = (Agu,v)r2(q)2, Vv € V.

Proposition 4.10. Let o > 0 and g € L*°(T'y) such that ¢ > « almost everywhere on I'g. The operator A,
has the following properties:

1. Ay € L(D(Ay), H) is invertible and its inverse is compact on H.
2. Aq is selfadjoint.

As a consequence, A, admits a family of eigenvalues ¢f]
Ayl = Mol with 0 < \p < A2 < ... <N and Jim X = 400,
which is complete and orthogonal both in H and V.

Proof of Proposition 4.10. It relies on classical arguments for which we refer to [8] or [21]. O
1
Corollary 4.11. The operator A; is an isometry from (V,|| |[g1(q)) to (H, || ||2(q))-

According to the min-max Theorem, since a,(u,u) > aq(u, w) for all w € V', we have the following
lower bound: there exists p > 0 such that for all [ > 1

l
A > (4.12)

Proposition 4.12. Let o > 0 and g € L>®(To) such that ¢ > « almost everywhere on T'yg. The operator
—A, generates an analytic semigroup on H. This analytic semigroup is explicitly given by:

et f =N e (gl [ )2 el (4.13)
>1

forall f € H.

Proof of Proposition 4.12. Tt follows from the construction of the operator A,. We refer to [18] and [14] for
details. O

Proposition 4.13. Let k € N. We assume that ¢ € B%JF,M(FQ) is such that on 'y, ¢ > . Then for each
f € HNH*Q)?2, there exists u € H*2(Q)? solution of Aqu = f if and only if there exists p € H*1(Q)
such that (u,p) is solution of the following problem:

—Au+ Vp = f mnQ
V-u = 0 mQ
Vu-n—pn = 0 onl, (4.14)
Vu-n—pn+qu = 0 only

Moreover, if we assume that there exists M > 0, Hq|\31+k (o) < M, then there exists C(a, M) > 0 such
5tk
that [|ul g2+x )2 < Cla, M) f]l x>

12



Proof of Proposition 4.13. It follows from the construction of the operator A, and from Proposition 2.6. [

Corollary 4.14. Let k € N* and q € B1 y9;_1y,1(Lo) such that ¢ > a onT'o. Then D(AZ) — H?*(Q)2NH.

Proof of Corollary 4.14. For k =1, it is clear. Take now k = 2. Let u € D(AZ2). We have

Agu=v

Agu—f<:>{ A= f

But v € D(A,) C H*(Q)?> N H by assumption, so u € H*(Q)?> N H thanks to the regularity properties of the
solution of the Stokes problem summarize in Proposition 2.6. We conclude by induction on k. O

Remark 4.15. Let us remark that D(A,) is not equal to H*(Q)*>NH : it comes from the boundary conditions.

4.3.2 The flux g does not depend on ¢

In this paragraph, we consider the evolution problem (1.1) given in the introduction. We assume in this part
that g does not depend on time. Let a > 0, M; > 0 and My > 0. In the following, we assume that

< M, (4.15)

g€ H%(I‘e)2 is non identically zero and ”g”H%(r 2 <

q € Bs 1(I'o) is such that ||q[|p, (r,) < M2 and, ¢ > a onIY. (4.16)
PR 5.
Let us prove the following theorem:

Theorem 4.16. Let o > 0, My > 0, My > 0 and ug € HN H3(Q)2. We assume that g satisfies (4.15) and
for j =1,2, q; satisfies (4.16). We note (u;,p;) the solution of (1.1) associated to q;. Let K be a compact
subset of {x € Ty v1 # 0} where (vi, 1) is the solution of (4.4) with ¢ = q1 and let m > 0 be a constant
such that |v1| > m on K. Then there exist C(a,m, My, M) > 0 and Cy > 0 such that

llan — Q2||L2(K)

< C(a,m, My, Ms)

Nl

n 5 ))
( llur —u2 HLOO(o,+oc;L2(re)2)JFHV(UI*UQ)'”HLOC(o,+oo;L2(Fe)2)+le —Pp2 HL‘X’(O,+<>C;L2(1"6))+HV(Z)1 *P2)'"”L00(o,+ao;L2(Fe))

Remark 4.17. Due the method which relies on semigroup theory, we need measurements during an infinite
time.

Proof of Theorem 4.16. Let j = 1,2 and (v;, 7;) be the solution of the stationary problem (2.2) with ¢ = g;.
According to Proposition 2.6, (v, ;) belongs to H*(2)? x H3(£2) and moreover, thanks to assumptions (4.15)
and (4.16), there exists a constant C(«, M7, M3) > 0 such that

vl za)2 + 175l @3 0) < Cla, My, My). (4.17)

We denote (w;,m;) = (u; — v;,p; — 7). Thanks to Theorem 4.3, we are able to estimate ||q1 — g2/ 12(k)
with respect to an increasing function of (vi — wva)p, and (71 — 72)|r, and their respective gradients in L?
norm. Our objective is now to compare the asymptotic behavior of u; — us and p; — p2 to the solution of
the stationary problem vy — vy and 71 — 7o. More precisely, we are going to prove that:

[w; (t, M as @z + 17t )z < 9(t),

where ¢ is a function which tends to 0 when ¢ goes to +o0o. This inequality, combined with Theorem 4.3,
will allow us to conclude the proof of Theorem 4.16.

We have that (w;, ;) is the solution of the following problem: for ¢ > 0

ow—Aw+Vr = 0, inQ,

V-w = 0, inQ,
Vw-n—mn = 0, only,,
Vw-n—-—mn+qgw = 0, only.
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completed with the initial condition w(0) = uy — v;. Let ¢ > 0. We have from the theory of analytic
semigroup that:
—tA,,
w;(t,.) = e “w;(0,.). (4.18)
Let n > 0. There exists a constant C' > 0 independent of g; such that:
—tA o
|Ag e || < C ,t>0,1n>0, (4.19)

where p is given by (4.12) and where || || is the norm operator. We obtain from Proposition 4.13, that:

[[w; (8 a3z < Cla, Ma)[|Aqw; (t, )l (22

Then, since w;(t,.) is given by (4.18), and using Corollary 4.11 plus estimates (4.19) with n = 2 and (4.17),
it follows:

3 _
w;(t, sy < Cla, Ma)||Ag e 45w;(0,.) || 122 < Cla, Mz)
< C(Omuo,Mth)e;;t
2

(||Uo||L2(Q)2 + il 22 ()2) (4.20)

Using the regularity result for the stationary case given in Proposition 2.6, we have that:

1705 (£, 20y < Clo, Ma)[[O0sw; (2, .) ]| L2 (02 (4.21)
Note that, thanks to Proposition 4.13 we have:

10vw; (¢, )l L2@)> = [1Aq,w; (¢, )l L2(0)2-
Thus, since w,(t,.) is given by (4.18), we deduce from estimates (4.19) with n = 1 and (4.17) that:
e‘“t
t

Remark that (uj,p;) € L>(0,+o00; H3(Q)?) x L>(0,+00; H2(£2)). Let v > 0. In fact, thanks to equa-
tions (4.20) and (4.22), we obtain that (wj,m;) € L (v,+o00; H*(2)?) x L>®(v,+o0; H*(Q)) and since
u; = wj +v; and p; = w; + 75, we deduce that (uj,p;) € L>®(v,4o0; H*(Q)?) x L>®(v,+o0; H*(Q)).
Moreover, thanks to Corollary 2.8, we have (uj,p;) € L>(0,v; H3(Q)?) x L*°(0,v; H*(12)).

|7 (¢ I mz(0) < Cla, uo, My, M) (4.22)

We are now able to prove Theorem 4.16. We have from (4.20):

—ut

e
lvi = w2 L2 r.y2 < Ca, ug, My, My) 2
2

+ [lur — uall Lo (0,4-005L2(r0)2)-
Then, passing to the limit when t goes to infinity, we get:

[v1 — vall2(r.y2 < |lur — uzl|Lo (0, 100;L2(T.)2) -
We prove similarly:
[V(v1 —v2) - nllz2@r,)2 < V(w1 —u2) - 1l Lo (0,400:L2(T,)2)-
In the same way, but using now (4.22), we obtain:
71— Toll2r.) < |Ip1 — P2l L0 (0,4-00;22(T2))
and
[V(r1 = 72) - nll2r,) < IV(P1 = p2) - nllLoe(0,4-00;22(T0)) -
To summarize, we have obtained:

[vr —v2llz2r.yz + [[V(v1 —v2) - nllLzz + (11— m2llzz@,) + IV (1 — 72) - nfl2r,)

< ur—uzll oo (0,4 00;22(r0)2) + IV (w1 —2) 0| Lo (0,4-00;22 (1. )2) T IP1 P2 Lo (0, 400522 (1)) T IV (P1=D2) 12l oo (0, 100522 (1.))

Applying Theorem 4.3 to (v;,7;) for j = 1,2, we obtain the existence of positive constants C(m, My, Mo, o)
and (4 such that

C(ma M17 M27 a)

lar — @2l 2(xy <

Nl=

In = )
lvi—vallp2 )2+ IV (vi—v2)nllL2p 2+ ITi—T2ll 20 ) HIV (1 —T2) 1l L2(r,)

We conclude by using the fact that the function z — increases on RY . O

1
In(3)
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4.3.3 The flux g depends on ¢

We restrict our study to the case where g is colinear to the outgoing normal n: g = K n.
Let a > 0, M; > 0 and M5 > 0. We assume that:

K € HE,,(0,+00; H? (T.)), (4.23)
and
q € Bs 1(I'o) is such that ||q||B%,1(p0) < My and , g > «onTy. (4.24)
Let us introduce h such that:
h e H%(Fe) is non identically zero and Hh||H% (ro) < Mj. (4.25)

We suppose that:

t 3
: _ —u(t—s) 2 _
lim (nn(t,.) My, [ o IR, s )—o, (4.26)

where p is given by equation (4.12).

Theorem 4.18. Let a > 0, My > 0, My > 0 and uy € H?>(Q)?2 N H. We assume that h and k satisfy
respectively (4.25) and (4.23) and for j = 1,2, q; satisfies (4.24). We denote by (u;,p;) the solution of (1.1)
assoctated to q;. Let K be a compact subset of {x € Ty vy # 0} where (vi,71) is the solution of

—Av+ VT = 0, i €,

V-v = 0, in €,
Vv-n—mn = hn, onT,,
Vv-n—mm+qv = 0, on Ty.

We assume that (4.26) is verified. Then there exist C(a,m, My, M) > 0 and Cy > 0 such that

lla1 *QQHL?(K)
< C(a,m, My, Ms)

n S )
( llur—uzll poe (0,4 00i2(rey2) IV (W1 —2) Ml oo (0,4 o0i12 (re)2) HIPT =Pl Loo (0,4 0052 (re)) TNV (P1=P2) Ml oo (0, 400112 ()

Proof of Theorem 4.18. For j = 1,2, we decompose u; into u; = v; + w; where (v;,7;) € H*(Q)? x H3(Q)
is the solution of the stationary problem:

—Av+ VT = 0, in Q,
V- = 0, in Q,
Vv-n—1n = hn, onl,,
Vvo-n—mn+qgv = 0, on ['y.
and (wj, ;) is solution of the following problem:
ow—Aw+Vmr = 0, in (0, 4+00) x £,
V-w = 0, in (0, +00) x Q,
Vw-n—mn = (k—h)n, on (0,400) x I,
Vw-n—-—mn+gqgw = 0, on (0,+o00) x T,
w(0, z) = wo(z)—vj(z), in Q.

We would like to perform the same reasoning as in Theorem 4.16. That is to say, using the fact that we are
able to estimate [|q1 — g2 £2(x) With respect to an increasing function of (v — v2)jr, and (71 — 72)|r, in H*
norm, we want to compare the asymptotic behavior of u; — us and p; — p2 to the solution of the stationary
problem v; — v and 71 — 7. More precisely, we are going to prove that:

lw;(t, Mm@z + VTt a2 < g(t),
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where g is a function which tends to 0 when ¢ goes to +o00. Since the function k depends on ¢, there will be
one more step than in Theorem 4.16 and that is why we assume (4.26).

We divide (wj, 7;) into two terms: w; = u?— +w; and m; = p? + p;, where (u?,pg) is solution of

ol — Au® +Vp° = 0, n (0, +00) x Q,
V-l = 0, n (0,+00) x €,
Vul -n —pn = (k—"h)n, on (0,400) x T,
Vul-n—pn+qu® = 0, n (0, +o00) x Ty,
u®(0, 7) = 0, in Q,
and (@;,p;) is solution of
o — Aw+Vp = 0, in (0,+00) x Q,
V- w = 0, in (0,+00) x Q,
Va-n—pn = 0, on (0,400) x T,
Vi -n—pn+qw = 0, on (0,400) x T'y,
w(0,x) = wo(z) —vj(z), in Q.

Let t > 0. Using the same arguments as in the previous subsection, we prove that:

e M
;¢ M #s ez < Cla,ug, My, Ma)—5— 2 (4.27)
and
_ e H
155 (t, M m2(0) < Cla, uo, My, Ma) ; (4.28)

It remains for us to bound [[ul(t,.)||gs()> and [VPI(t,.)|| a1 (q)2. Let t > 0. We are going to prove that
there exists a constant C'(a, Mg) such that:

[ud(t, )lmayz + VD) )l )2

¢ 3
< C(a, My) (nfe( R P () )—h||H3(FE)+{ / e Oun(s, IR, )ds} )

If inequality (4.29) is satisfied, we can end the proof of Theorem 4.18:
Jwi(t,.) — walt, )HHS @2 < ||U1( )—Ug( )||H3(Q 2+ |l (2, ) — wa(t, )HH3 ()25

IVmi(t,.) = Vit < VPR, = V(6 )l @z + 11VBL(E ) = VBt )l )2

and in the following two estimates, the right hand side tends to 0 when ¢ goes to infinity thanks to inequal-
ities (4.27), (4.28) and assumption (4.26).

We introduce (y;, p;) the solution of

—Ay+Vp = 0, in Q,

V-y = 0, in Q,
Vy-n—pn = (k—h)n, onl,
Vy-n—pn+qy = 0, on I';,

for all ¢t > 0. We know that (y;(t,.), p;(t,.)) € H3(2)? x H?(£2) and satisfies, thanks to Proposition 2.6:

3 (& Mlers @z + lpi(t 20 < Cla, Ma)lls(t, ) = hll g 1 - (4.30)
Remark that y;(¢,.) belongs to D(A ). Indeed, there exists a unique p(t,.) € H3(Q) solution of
Ap = 0, in Q,
p = k—h, onl, (4.31)
p = 0, on I';,



for all t > 0 and there exists a constant C' > 0 such that

I(t, M@ < Cllntt, ) — Al 1, (4.32)
Then (y;, p; + D) is solution of
V.y = 0, in €,
Vy-n—(p+pn = 0, on T,
Vy-n—(p+pn+qy = 0, only,

for all ¢t > 0. Remark that, since Vp € L?(), we have that y;(t) € D(A,,) by definition of D(A,,). Notice

that the fact that g is colinear to m is important here to do the change of variable in the pressure. We
1 3

deduce from Ay y;(t) = Vp(t) € V = D(Ag;) that y;(t) € D(Aj;). Moreover, using Corollary 4.11 and

inequality (4.32), there exists a constant C' > 0 such that:

1AG w3 (1 2 = [ Ag, 5 (8l 2 = VB < Cllct, ) = hll 3 (4.33)

H2(F

that is to say, using moreover (4.30):

ly; (&N 5 < Cla, Ma)|[s(t,.) = hl|

4.34
D(AZ) HZ(F ( 3)

We can use the same argument, replacing x — h by O;x, to prove that 0,y;(t,.) € D(A ) together
with the estimate

1000363 S C MRy, (435)

Let us consider w; = u —y;j and p; = p? — p;. The couple (ﬁj,f)j) is solution of

ow—-Aw+Vp = —0uw;, in (0,4+00) x 0
V-w = 0, in (0,4+00) x Q
Vw-n—pn = 0, on (0,+00) x T, (4.36)
Vw-n—pn+qw = 0, on (0,+00) x T,
w(0, z) = —y;(0,z), inQ.

We know that w; is given by:

¢
w;(t,.) = —e g y;(0,.) — / e~ (794 Oy, (s, .)ds.
0
Using the family (¢! ,Ji>1 defined by Proposition 4.10, we have: w;(t,.) = 32,5, Ci(t )(;5 with

)\l

t
—(t—s)AL
Cl(t) = —e 45 (yj(() ) ¢ZQj)L2(Q)2 —/ e ( ) a5 (8tyj(s,.)7¢f]j)L2(Q)2ds.
0

Thus, recalling that ()\ ,Ji>1 satisfies (4.12), there exists C' > 0 such that:

—2tp 2 ¢ —(t—s) 2
Cl(t>2 S 2e 2t (yj((),.), EZJ)LZ(Q)Q +C/O e (t=s)s (atyj( ) éJ)Lz(Q)zd

We obtain from estimates (4.34) and (4.35):

N

t
W : —put —p(t—s) 2
50 3 e M) ( 10 = Ml oy + [ a1 5 s} ) SNCEY
Remark that, thanks to Proposition 4.13 and Corollary 4.11, we have:
5 (¢, | ()2 < Cla, Mo) | AT (E, )| 2 = Cla, Ma)[|[A2;(t, )| 22(0y2 < Cla, M) w5t S
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To summarize, using (4.38) and (4.37), we obtain the desired estimate:

t 3
—ut —u(t—s) 2
1 (t, s < Cles, M) ( H(0,) = Bl g o, + { / €= Dy, .>|Hg(re)ds} ) .
Using now the regularity result for the stationary problem given in Proposition 2.6, we have:

IVB;(t, Ml @2 < Clo, Ma) (105 ()l (2 + 10005 (¢, ) ()2) -

Since A, w; = —0y; — 0;w;, we obtain:
IV, (t, M a@y> < Cle, Ma) (105 (t )l a2 + I1Ag, @5t ) 02) -

Thanks to Corollary 4.11, we know that ||A,,@;(t,.)l| g1 )3 = HAwaJ( lz2(q)2. Therefore, using (4.35)
and (4.37), we obtain:

¢ 3
95,6 ) sy < Cla M) (M T R e Ty )

The estimate (4.29) follows from u?

5 =w; +yj, p? = w; + p; and inequality (4.30). O

Remark 4.19. Let | € H2 (0,400; H2(T.)) and h € H3(T.). Assume that there exists 0 > 0 such that:

loc

+ [|0:1(t

< 00,

Myt e Mg o)

sup e ([[1(t
>0
Then k£ = h + 1 satisfies (4.26). We note that a particular case of function satisfying (4.26) is given by
I(t,x) = w(t)p(x) where w € HZ (0,+00) , p € H3(T,) and limy_so ePw(t) = limy 0 ew/(t) = 0.

4.4 Conclusion

To conclude, we have proved, under some regularity assumptions on the open set {2 and on the solution
(u,p) of system (1.1), logarithmic stability estimates for the Stokes system with mixed Neumann and Robin
boundary conditions. Due to the method which relies on the Carleman inequality proved in [9], these
estimates are valid in dimension 2 and we need measurements on the whole boundary part I'..

Our result could be improved in many different ways. In particular, a first concern could be to prove a
logarithmic stability estimate which is valid in any dimension. It would be also interesting to know if local
measurements on a part of the boundary included in I'. still allow to get the same result. Moreover, in
our stability estimates, we need measurements on I'. of u, p, Vu -n and Vp - n, while the identifiability
result given by Proposition 3.3 only requires information on v and Vu -n — pn on I'.. Therefore, it might
be interesting to know if it is possible to obtain a stability inequality with less measurement terms and in
particular, if it is possible to get rid of the gradient term Vp - n.
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A Existence and uniqueness for the unsteady problem

We study the regularity of solutions of the unsteady problem:

—Au+Vp = 0, in (0,T) x Q,
V.ou = 0, in(0,T)xQ,
Vu-n—opn = g, on (0,T) x T,
Vu-n—pn+qu = 0, on (0,7) x Ty,
u(0, -) = wug, in €.

We are going to prove Theorem 2.7. First of all, as a preliminary result, we prove the following existence
result:

Proposition A.1. Let T >0, M >0, a > 0 and ug € H. We assume that g € L*(0,T; L*(T'.)%) and that
q € L>(Tg) such that ¢ > a on Ty. There exists u € L?>(0,T;V) such that for all v € V in the distribution

sense on (0,T):
d u U—I—/Vu Vv+/ qu~v:/ g-v, (A1)
dt Ty r.

/Qu(()) RS /Quo -, (A.2)

Proof of Proposition A.1. We begin by proving, using a Galerkin method, that there exists u € L?(0,T;V)
such that

and Vv €V,

Vv € V,¥¢ € C1(0,T) such that ¢(T) =

/ / (t,z) ()dmdt+/ /Vu (t,x) : Vo(z)y(t)dzdt
+ /O ' /F ot ) o) Ot —0) / o(@) - v(x)dz = / / (t,2) - v(@)(t)dedt. (A.3)

Let (w;)ien be a Hilbert basis of V' which is also an orthogonal basis of H. For each n € N, we define an
approximate solution as follows: we search w,, € V,, = Vect{w; }1<i<, which satisfies

/un7t~wj+/Vun-ij+/ qun'wjz/ g-w;,Vje{l,...,n},
Q Q To r

e

n (A4)
un(O) = Z(Uo, wk)Lz(Q)dwk.
k=1
Note that u, + denotes Oyuy,.
Let ¢ € [0, T]. We decompose u,(t,.) in the Hilbert basis:
t,)=> &tw
i=1

We denote A= {fQ w;(z)-w;( )d:v} 1<i7an’ B:[fQ Vw;(x) : ij(ﬂc)+fp0 g(z)w;(x) w, (m)dm} \<iign’ Et) =

(&i(t))1<i<n and L(t fr w;(2)dz)1<i<n. We can rewrite the system (A.4) in the form:

{AE’(t) + BE(t) = L(t),
€(0) = ((uo, wi) L2(ya)1<i<n-

Since the matrix A is invertible, the system has a unique global solution ¢ € H'(0,7)%. We are now going
to prove that there exists a constant C' > 0 independent of n € N such that:

T T
sup /|un|2+/ /\wnm/ /|un|2§C’. (A5)
0<t<T JQ 0 Q 0 Q
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Let t € [0,T]. Multiplying the first equation of (A.4) by &; and summing over j for j =1,...,n we obtain:

¢ ¢ ¢ ¢
/ /un,yun—i-/ /|Vun|2+/ / q\un|2=/ / g Uy (A.6)
0o Ja 0 Jo o Jry o Jr,
Let € > 0. Thus:
¢ T ¢ T ¢
[ [owmze[ [raree] [wp<e[ [ 1oPre] lulia.
o Jr. o Jr. o Jr. 0o Jr. 0

Choosing € small enough and using the fact that ¢ > a on I'y, we obtain:

T T T
sup /|un|2+/ /|wn|2+/ /|un|2§C’(/ / \g|2+/ |uo|?). (A7)
te[0,7] JQ 0o JQ 0 Ja o Jr. Q

This gives (A.5). According to inequality (A.5), there exists u € L2(0,T; V) such that, up to a subsequence,
w, — u in L2(0,T;V).

Let j € N. Multiplying the first equation of (A.4) by v € C([0,T]) such that 1(T) = 0 then integrating
over (0,7T), we get, Vn > j:

/OT/Qun,t(t,x) cwj(x)(t)dedt + /OT /FO () (t, ) - w; () (t)dadt

+ /O ! /Q Vaun(t, ) : Vo (2)()dadt = /O ! /F o(t2) (@O (A9

Taking into account that:
T
/ /unyt(t,x) -w;(x)Y(t)dedt
0o Jo
T
. / / (b, ) - w; (2 (¢) daedt — / (0, 2) - w; () (0)da,
0o Ja

Q

we easily pass to the limit when n goes to infinity in (A.8). Remark that this inequality is still valid replacing
w; by any v € V by continuity. This ends the proof of the existence of u € L?(0,T; V) which satisfies (A.1)
in the distribution sense on (0, 7).

Let us finish the proof of Proposition A.1 by proving that the initial condition (A.2) is satisfied.
We deduce from equality (A.3) that %(u, v)2(q) € L?(0,T). Consequently, the function ¢ — (u(t), v)2(Q)
is continuous. This gives a sense to (u(0),v)z2(q)ya. Let ¢ € C1(0,T)) such that ¢ (T) = 0. Multiplying (A.1)
by 1, we obtain:

T

—/ (U,U)L2(Q)d'(/1/(t)dt+/ ag(u,v)Y(t)dt = (u(O,.),v)LZ(Q)dlp(O)—F/ 1(v)y(t)dt.
0 0 0

Comparing with equality (A.3), we obtain 1(0)(u(0,.) — uo,v)2()¢ = 0. Let ¢ be such that (0) # 0, we
have (u(0) — ug,v)r2(qye =0, Vv € V. O

We are now able to prove Theorem 2.7.
Proof of Theorem 2.7. We will begin by proving that u; € L?(0,T; H), then we will conclude by using the

regularity result for the stationary problem from Proposition 2.6.
Let t € [0,7]. Multiplying the first equation of (A.4) by &} and summing over j for j =1,...,n we obtain:

t t t t
/ / |un,t 2 +/ / qUnpUn t +/ / Vu, : vun,t = / / g - Unt-
0 Q 0 JIp 0 JQ 0 JIe
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We have:

At /ch'“"i = —/Ot /F gt _/FEQ(O)U”(O) +/F g(t)un(t). (A.9)

e

Let € > 0. Thanks to Cauchy-Schwarz inequality and estimate (A.7), there exists C' > 0:

T
sc(/ / @+ sup / 1012 + 121y + € / Vun<t>|2>.
o Jr, te[0,T] JT. Q

Using successively integration by parts over (0,7") we finally obtain, choosing € small enough:

sup /Ivun\2 / /lunt|2<c<|u0|H1(Q)d+/ / |g+> + sup / Igl2>- (A.10)
tel0,T] JQ t€[0,T] JT.

We deduce that (u,,)nen is bounded in H1(0,T; H)NL> (0, T; V) and therefore u € H(0,T; H)NL>®(0,T;V).

gtUn

Then we use the regularity result for the stationary problem. For all t € [0,T], we have us(t) €
L?(92)? so by Proposition 2.6 the solution (u(t), p(t)) belongs to H2(Q)? x H*(Q) since the map:

L2(Q)4 x H2(T)? — H2(Q)% x HY(Q)
(ue(t),9(t))  —  (u(t),p(t))

is linear and continuous. Since (us,g) € L2(0,T; L2(Q)%) x L2(0,T; H=(T,)?), we deduce that (u,p) €
L%(0,T; H*(Q)4) x L*(0,T; H'()).

Let us now prove its uniqueness. Assume that u; and us are two solutions and let w = u; — us.
Then w € HY(0,T; H) N L?(0,T;V) and we have for all v € V:

/th(t)m—&—/QVw(t):Vv—&-/Fo qu(t) v = 0, w(0) = 0. (A.11)

Taking v = w(t) in (A.11), we find:

AL Al WO
/Q|w(t)|2§/9|w(0)|220, for all ¢ € [0, ).

So u; = uz on (0,T) x . To conclude, thanks to system (1.1), we obtain p; = pa. O

that is to say
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