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Anisotropic asymptotic behaviour for second order differential
operators in non-divergential form

R. Tahraoui ! 2

Abstract :

For any matrix A(e) such that af < A(z) <8I, § > g, we prove that the solution wu(e) of

—TT(A(LC)D2U) =f, f>0 with compact support
u(z) >0, limjg)—qoou(z) =0

behaves like the function r — ———2—— where A(z) = M satisfies a differential
||w“2(/\(z)—l e (A(x):c,x)

condition.
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I - Introduction. In this work we study the asymptotic behaviour with respect to = of the
solution u(e) of the following equation

1 ~Tr(A(x)D?u) = f(z), ze€RN, N=3
limy |40 w(@) =0, u(z) >0, VoeRN
where f(e) is a bounded positive function with a compact support. The matrix A(z) = (a;;(2)), .

ij
is bounded symmetric and uniformly elliptic that is to say : for any z € RY

allyl® < (A(z)y,y) < Bllyll* vy e RY

where o and (3 are real constant such that 0 < o < 3, D?u stands for Hessian matrix of u(e),
Tr(B) stands for the trace of the matrix B and « — ||z|| stands for the euclidian norme of
RY. The result depends to the behaviour of the function [4]

i D

[z

as ||z|| goes to infinity. Without hypotheses concerning the matrix A(e) we prove the fol-
lowing result : for any £ > 0 there exist three real positive constants ¢; := ¢1(g), c2 := ca(e)
and R := R(e) such that for any z € RV, ||z|| > R, we have

Cc1 C2
a9 < <2
pEe-a <4 < [peTs

f= inf lim sup A(A, B)(z), 6= sup lim inf A(A, B)(z).
BeQ(a,3) R—+00 | |4||>R ( (@) BeQ(a,B) B—+oo ||z]|>R ( )@

Tr(VB-1.A(VB.z).V/B1)
ﬁ(\/Bil.A(\/E.x).valx,:c)'
Let us remark that § > 1. This function A(e) plays a central role in our work. It is called

the function of the spectral dispersion of the matrix A(e), in short the spectral dispersion of
A. This name is justified by the following inequalities :

Na _ N M) N An(A)
25 S 2w SN ST

N4, B)(z) =

1<

N
< —=.
2

Sy

These inequalities give an idea of the distribution of the spectrum of the matrix A(e) :

oscillation (A) < — | sup ——= — inf

N Anv(A() . A(Ar)) <62—a2 N

where the ordered real numbers 0 < A;(A) < --- < Ay (A) stand for the eigenvalues of A(e).
In some sens the previous result is optimal. Indeed in the case A is the identity matrix (or
equivalently a constant matrix) we have § = 60 = % > 1 and we obtain the classical optimal

result :
c

M el

as ||z|| goes to infinity. Let us specify that there is no evident link between the asymptotic
behaviour of A(e) and the asymptotic behaviour of A(e), as ||z|| goes to infinity. Indeed, for



instance, there exist matrices A(e) such that, for any z, A(x) belongs to

Q(a, B) = {M symmetric matrix / o < M < I} and has oscillating coefficients and for
which the associated function A(e) goes to some constant as ||x|| goes to infinity. And there
exist matrices A(e) having a function A(e) of spectral dispersion which is oscillating as ||z|
goes to infinity i.e. which satisfies :

lim sup A(A(x)) — inf A(A(z))| >0,
R—+oo [ ||z||>R ( ( )) llzl|ZR ( ( ))

with the notation A(A(z)) := A(z). These two examples are explained by the fact that there
are many matrices belonging to Q(«, 3) and having the same function A(e) satisfying :

N « N

—. =< A < —.— V.

55 SA@) <57 *
In section II we will give theses results with some details. To give a classification of this
problem, we introduce the function which follows :

B e Q(Chﬁ) - JOO(B) = REIEOO JR(B)

where
Jr(B)= sup Ay(B '.A(z)) — inf A (B LA(2)) .
llzl|>R [lz||ZR
There exists By, belonging to Q(«, 3) such that 0 < Joo(Bw) € Joo(B) VB € Q(o, 8). If
Joo(Bso) = 0, the matrix A(e) goes to a constant matrix as ||z|| goes to infinity and after a
change of variables by a suitable transformation in (1) we find that A(z) goes to the constant
% as ||x|| goes to infinty. And roughly speeking the asymptotic behaviour of u(e) is given

by [4] : .

w@) ~
|||V =2

1
This result is also given by [2] in the exterior problem with f =0 ie. u(z) = O <|a:||N2>

If Joo(Bs) # 0, we have two cases to study.

i) after a change of variable in (1) by a suitable transformation, if necessary, the behaviour
of A(e) is radially oscillating as ||z|| goes to infinity. Let us suppose that this behaviour
is given by, for instance, (||z||?). Then, under some hypothesis, the work in [4] give
the result :

u(@) ~co(lal]?) Vo, ]| > R,

for R > 0 large enough and where
+oo s
o(|[2]1?) :/ exp<7/ Mda) ds
=12 Rz O
- ( cf remark 4.1 section IIT ) -.

ii) the function A(e) is oscillating anisotropically in a neighborhood of the infinity. This
case is the aim of our study. Under a suitable hypothesis called (H) and satisfied by
A(e) in a neighborhood of the infinity, we prove the following result :

()
o 2(@=1)

where R > 0 is large enough.

u(z) ~ , 0<cy<clz)<a, Vz, |[z|]|>R,



Let us specify that our hypothesis (H) is satisfied by the constant functions. A particulary
interesting case is the following : Let us suppose that A(e) verifies

@) ANAx) = A(z) Vo, ||z|| > R, R large enough
VA=1.

The relation (2) is satisfied, for instance, in the following case : There exists R > 0 large
enough such that for any xo, ||zo|| = R we have A(Axg) = A(zg) VA > 1.
Under some conditions, the result of this example can be explained as following : Vz, ||z|| > R
we have
VAx1 u(Az) = _ o)
|A‘2(/\(3:)—1)

where the funtion c(e) is such that 0 < ¢y < ¢(z) < ¢1. Our assumption (H) is a differential
inequality satisfied by the function A(e). Roughly speaking A(e) satisfies

c(z).Tr(A(z)D* A ) + b(z).(A(x)DA, D A ) + a(z).(A(z) DA, x)
é(c,b,a) é(c,b,a) ]

T TF R PC@@) T+ [ PA@ 6

for any x, ||z|| = R > 0, where c(e), b(e) and a(e) stands for some given functions and
§(x) = 6o > 0 such that 5o > 6 — 6.

Finally, note that after the publication of our work in [4], we discovered that when the
matrix A(e) is constant at infinity - (i.e. there exists a constant matrix Ao such that

lim||g||— 4o A(z) = Ap) - ,the behaviour u(z) = Q( was established in [2] for

||V
the exterior domain with f = 0 and A(e) was used. But this result [2] does not apply in the

N
case A(z) := A(A)(z) = 5 Vz, and A is an oscillating matrix - (cf proposition 3 section II)

-, where u(e) behaves like as ||z|| goes to infinity. Finally we note that the most

2| [N—2
part of the paper [2] is devo‘Jcell| to the question of the well posedness of problems like (1).
The paper is organised as follow. A wide part of this paper is devoted to justify our as-
sumption (H). That is the goal of the preparatory part in section II. In the third section,
we give a classification of asymptotic behaviour of the matrix + — A(z) when ||z|| tends
to infinity and we shall need later. And we give a new presentation of previous results [4].
Section IV will be devoted to establish the asymptotic behavior of the solution u(e) of (1)
when the function A(e) oscillates anisotropically as ||x|| goes to infinity. The main result is
obtained under the key hypothesis (H). The guiding idea of our method is to consider that
A(e) and A(e) are two independant datas and to construct two functions u;(e) - (i = 1, 2)-
respectively solution of

(P) ~Tr(A;D?*u;) = f in RYN
¢ ui(x) > 0, 1im||:vH—>+oo ui(x) =0, i=1,2.

and having the same asymptotic behaviour as the solution u(e) of (1). The matrices A;(e) -
(i = 1,2) - are two adequates matrices satisfying : A;(x) = Aa(x) = A(z) for any z, ||z|| = R
and for R > 0 large enough. Next we construct a super-solution H;(e) of (P;) and a sub-
solution Hs(e) of (P2) . Next we establish that H;(e) and Hy(e) have the same asymptotic
behavior. And the final result follows from the comparison principle [1], [3].



IT - Preliminary results preparing to justify the main assumption (H).
Let us give two real positive numbers « and 3, 0 < a < 8 such that % > g Let us set

Qa, 8) = {M € SN / allz|* < (Mz,2) < |z, Ve e RV}

where Siv *N stands for the set of symmetric definite positive matrices. For any z and y
belonging to RV, (x,y) stands for the inner product of RY and ||x|| the associated norm of
x. Let us give a function A : @ — A(x) € Q(a, 8). In order to simplify the text we note

A(z) € Q(a, B) Vo € RN or A(e) € Q(a, 3). We have the following result.

Theorem 1. Let E be a subset of RV. Let A(e) be a function satisfying

N.a< <Lﬂ

N

Then for any = € E there exists an uncountable sub-set M(z) of Q(«, 3) such that for any
A(z) € M(x),
Tr(A(z))

Hw2||2 (A(z).z, z)

This means that A(e) is the spectral dispersion of A(e).

= A(z) Vo € E.

Proof. To proove this result we need two steps.

First step. For any x € F let us give a partition {11(33),[2(1‘)7]3(56)} of the set [1,2,--+ , N].
Let us set
v;(x) = Z x?, n;=cardl;(z), VYj=1,2,3.
iel; ()

First, we look for a diagonal matrix A(e) belonging to Q(«, 8) such that for any x € E
aii(x):dj, ViEIj(a?), VJ S [1,2,3} .

The unknown real numbers d; satisfies o < d; < 3. Let us give an arbitrary function (o)
such that aN < 0(z) < BN, Vz € E. The real numbers d; satisfy the following equations :

3 3
() TrA:=0=> nid, Y A\id;= %
=1

i=1

where
gl W) )
R T Bl = AN Mt
El

To solve the equations (3) we consider the following problem for any fixed « € E :

3 3
0
L — 2 — . s . —
(P) : inf [J(d)_gldi / d=(d1,ds,d3), a<d; <3, ZE:lmdl—H, % A\id; = 2/\}

This problem has a unique solution. So we found a diagonal matrix A(e) that the spectral
dispersion is A(e).



Second step. To find an unreduced form of A(e), we introduce an arbitrary orthogonal
transformation whose the matrix is B(e). Let usset 6(z) := 6(B~!(z).z) and A(z) = A(B™'(z).z),
where 6(e) is the arbitrary function introduced in the first step. We denote by D(z) the
diagonal matrix founded in the previous step and corresponding to the two functions é(x)

and A(z). After some elementary computations the matrix A(z) = B~*(z).D(B(z).z).B(z)
satisfies :

Tr(A(z))
@ =rm@ =g
|l 12
and thus A(z) solve our problem. In addition * — A(z) is regular in RY \ {0}. O

For any A(e) € Q(a, 8) we denote by A(A)(e) the associated spectral dispersion. There is
no evident link between the asymptotic behavior of A(e) and the asymptotic behavior of
A(A)(e) = A(e). The following results show this fact.

Corollary 2. For any k € [N% ,Ng] there exists a non constant matrix A(e) belonging to
Q(a, B) such that A(A)(z) = k, Vo # 0. In addition A(e) does not have a limit when ||z||
goes to infinity. In fact we can prove a more precise result.

Proposition 3. There exists a matrix A(e) having oscillating coefficients and such that
A(A)(z) = constant for any .

Proof. First, we are going to construct a such matrix in R2, and next we give its extension
in RY. For this let us set y := (t,2) = (t,71,22) € R3. Let us give two functions y — a(y)
such that 0 < 1 < a(y) < 2, V y, for instance, and x — §(z) = sinz;.sinzo. Let us set

0(x) xy.xo
— Vo= R2 .
y(z) = 2 Tz x = (r1,12) ER?, x#£0;
The searched matrix is
a(y) +7(z) Az) 0
Ao(y) = A(z) a(y) —~(z) 0
0 0 a(y)

K} 2 _ .2
where A(z) = _(235).3:1@”3;‘2’

Ve R? x+#0and \(0) = 0. Indeed after some computations

. 3
we obtain that A(Ag)(y) = Ay) = 2 Vy € R3. In the case N > 3 we chose a(y) = ao,

Vy € R? and, for instance, the searched matrix is

Ay 0 0 0
0 A 0 0
A= : :
0 0 Ay 0
0 0 0 I

where I is some identity matrix (n,n).



Proposition 4 . There exists a definite positive matrix A such that © — A(A)(x) is an
oscillating function as ||x|| goes to infinity.

Proof. We can chose the following example

k+ A% (x) A 0

A(y) = A(x,t) = Al k+p2(x) 0
0 0 k
where y = (2,t) = (21, 72,t) € R3, k = constant > 0, \(z) = ﬁ[COS(HxH) +2],
x
L1
() = W[COS(HiUH) +2].

3k 2)2
We have A(A)(y) = A(y) = * (COS;U::H) +2) . This case of A(e) is interesting for the

section III-B. O

Approximation lemma. Let us give two regular matrices A;(e) and A,(e) belonging to
Q(a, B). Then for any Ry and R, 0 < R; < Ry there exists a regular matrix A(e) belonging
to Q(«, ) such that :

_J A(xz) Vo, l|z]| < Ru,
A=) —{ As(x) Vo, ||z]| > R

In addition if d > Aa,(z) > ¢V, ||z|| < R, d > Aa,(z) > ¢ Vz, ||z|| = R, we have
d > Aa(z) > ¢ Vo, with Ry < R < Rs.

Proof. Let us give a regular increasing function ¥ : R™ — [0,1] such that ¥(t) = 0,
YVt < Ry; U(t) =1, Vt > Ra. Let us set ¢(x) = ¥U(]|z|]). Then we are going to prove that the
matrix A(z) = (1 —¢(z))A1(z) + ¢(x)Az(z) is the matrix that is our solution. Indead A(e)
is regular and satisfies a||z]|? < (A(z).z,z) < B]|z||* and thus A(e) € Q(a,B). The last
result follows from the following remark : for any real numbers (aj, b, as, bz, c) € (RT*)?
such that % >, Z—; > ¢ we have 11£592 > ¢ for any (¢,s) € (R)?2 such that tb; + sby > 0.

tb1+sb
The second inequality can be established in the same way. 0

Proposition 5. Let M be a symmetric positive definite matrix. Let us consider the half-
straight line of matrices D(O,M) = {B/B = t.M , t > 0}. Then we have D(O, M) N

B An(M)

Q(a, B) # 0 if and only if o > MO In addition we have

D(0, M) N Qo f) = {B=t.M / t € [% ANfM)}}

¢ B_ An (M)
Ol_ )\1(M)

we have

D(O, M) N Q(a, B) = {B - Al(aM).M} - {B - )\NfM).M}.

And in this case D(O, M) is called an extremal ray passing through the zero matrix O.



Proof. 1t is sufficient to remark that tM belongs to Q(«, 3) if and only if
2L MM) << Av(M) < 2 O

Let us consider the set P of supporting hyperplanes of Q(«, ) passing through the zero
matrix O. We set :

Qe(a, B) :=Upep [PﬁQ(a,ﬁ)}
={TeQ(.p) /a=nT) <N <ANT) =5 i=2 N-1}

Theorem 6. Let V be a (N, N)-symmetric matrix. Then there exists a matrix A belonging
to Q(a, B) such that Tr(A.V) = 0 if and only if

[BAN(V) = aXi (V)] [BAL(V) — aAn (V)] <0
(4) B—a)lIVIII2 = [BANTV) —a\ (V)| TPV if TrV >0
B =a)IVII? = [BA(V) = adn (V)| TPV if TrV <0

Proof. Let us consider the matrices plan Vect{I,V'} generated by the two matrices I and
V. We have Vect{I,V} N Q(c, ) N Qc(cr, 8) = {W1,Wa} C Q.la,B) ie. M (W;) = «a,
ANW)) =pi=1,2and a < \;(W;) < B, Vi=12;Vj=2,---,N—1 We have
al + bV = W; with a and b belonging to R. This entails that V' and W have the sames
eigenspaces. We equip then RY with the basis of the eigenvectors of V. We obtain

00—«

- Oé)\N(V) — 6/\1(‘/)
AN(V) = A(V)

AN(V) = A(V)

, b= >0,

a<A\(W) =a+b\(V)<B, i=2,---,N—1. And thus Tr(W;.V) = aTrV + b|||V]||2.
In the same way we have c¢cW; + dV = W5. The matrices Wi, V and W5 have the same
eigenspaces. And as previously we obtain :
- 52 — a2 = ﬁ)\N(V) — Oé)\l(V)

BAM(V) —aAn(V) 7 aAn (V) = BM(V) 7

a < A\(Wa) =c\i(Wh) +d\(V) < B, i=2,---,N—1

d

Since VectV {Q(a,ﬁ) U [— Q(a,ﬁ)]} = (), we have ¢ > 0. And thus
T(V.Wy) = acTrV + (d + be)|[|V|||? i.e. after some calculations
_ B (V) —a(V)

(8 —a)llIV]I»
Tr(V.Ws) = v (V) = A(V) IV - m .

It is easy to see that a necessary and sufficient condition that there exists A € Q(a, 3) such
that T'r(A.V) = 0 is that we have

(5) Tr(W,.V).Tr(W2.V) <0, and ¢>0.
And (5) is equivalent to (4). O

Remarks 1.

1) Let usset X := {M € SV*N /Tr(M.V) =0}. Then any M belonging to X NQ(«, 3)
satisfies Tr(V.M) = 0 that is to say there exist many M belonging to Q(«, 3) such that
Tr(M.V) = 0 if (4) is satisfied, where SV *¥ stands for the set of symmetric matrices.



2) Let V and R be two (N, N)-symmetric matrices. We can prove that there exists
A € Q(a, B) such that Tr(AV) = Tr(AR) = 0 if we have :

WVIIPIRI? = (R:V)*#0  and
1|[[(TrV).R = (TrR).V||]?

(6) " NIVIERIE - (R V)2~
1 [(a+8)” + (N = 2)(a® + %]
N (a+B)*(a®+5%) + (N - 2)(a® + 52)?
The proof follows from a straightforward calculation and classical idea. O

Application. Let B(O,¢) be the open ball of RV, of radius ¢, centred at O. Let us give a
C? bounded function ¢ : RN \ B(0O,e) — R™* such that p(x) > po > 0 V., where ¢ is a
real positive number. Let us define the following matrix

& — M(p)(z) := D¢ — v(2)Vep(x) ® V(o) + kH (2, Vio(x))

where

(H (. Vo)) =22 (2 Do o Doy

ij 2 \||z|[?2 0z; ||z||? Ox;/ij’
k is a real number and () is a given function defined on RY \ B(O,¢). In section IV we

use the following corollary to justify our essential hypothesis (H).

Corollary 7. Suppose that the matrix M(y) verify the differential inequalities (4) of the
theorem 6. Then there exists x — A(z) € Q(a, B) such that

—Tr(AD%*p) — v(z)(AVep, Vo) + (AVyp,2) =0 VzeRY\ B(O,¢)

k
|=|[?
Proof. For any By and Bs belonging to Q(«, ), we have :

(BiV,V) =Tr(B1.C1) VYV =(vy, -+ ,un) €RY

with

Ci=V®V=(vuwv); and Tr(BQ Hx, Vap)) (B2V<p, )

[z ||2

From this we apply the theorem 6 to obtain the result. 0

Remark 2. If we add the additional condition that o(e) is the spectral dispersion of the
matrix A that we are looking for, we can use (6) instead of corollary 7, with

V =M(p) and szrf(x'gm@x,
X

to conclude that there is A belonging to Q(«, ) such that Tr(A.V) = Tr(A.R) = 0if V
and R satisfy (6).

Remark 3. Given a matrix z — A(x) € Q(«, 3), we can ask if there exists a bounded and
positive function ¢(e) oscillating as ||z|| goes to infinity - (i.e. such that
MR 400 SUP| 4>k P(*) — IMpR— 40 inf||z>r ¢(2) > 0 ) - and such that we have

(7)  —Tr(AD%*p) — ~(z) (AVp, Vo) + (AV(,O, z) =0

H ||2



for any z, ||z|| > R > 0. Since any constant function is a solution of (7), it seems difficult to
answer this question in general. However there are some encouraging examples which show
that (7) has nontrivial solutions in general. A particular case of (7) is the following equation
that we will encounter later -(section IV)- :

z.Vu
|||

Proposition 8. The equation (8) has many nontrivial solutions, for R > 0 large enough.

(8) — Au+ Log(|z[|?).[Vul* + u

=0, ][> R.

Proof. The result is technical, but it is straightforward. So we will give the essential steps
of the proof. We construct a family of solutions u(e) in the form u(z) = ¢(Log(||z|[?)).
We establish an o.d.e. satisfied by the function ¢ — ¢(t), where ¢ plays the role of
Log(||z||*) > to > 1. We solve this o.d.e. by setting ¢(t) = f(v(t)) where

2 o
(9) f(a):—EArctg(z)+d Yo >=o00>0

™ N—-1
with ¢ > 0and d > §+ — The function v(e) is solution of the following Cauchy-Lipschitz

problem :
! .
(10) V(t) =G(to(t), VExtg>1
v(tg) =vg, vo > o009 >0
where
t N -2
G(t,o) = g(0)do — 5 o+ F(o) Yo =t
to
and oG N—2
— T
- < - — .
ao(ta)‘\ 5 Tatds

g(e) is an arbitrary continuous function with compact support and F(e) is a primitive of
fleo):
F(o)= —2—0Arctg(g) +d.o+ 1Log(l + (E)Q) .
¢ ¢ c c
Thus we obtain :
(11) wu(z) = —%Arctg(v(Log(HﬂF))) +d

is a solution of equation (8) in RV \ B(0, R) where c,d and g are somewhat arbitrary datas.
0

III - Isotropic asymptotic behavior. This section gives a new presentation of the results
already established in [4] and allows us to understand the classification of the behavior at
infinity of matrices and associated solutions. As we have already mentioned, the asymptotic
behavior of the solution u(e) of

—Tr(A(z)D*u) = f(z) in RV,

(12) limg)|—qoc u(®) =0, u(r)>0 Vaz,
with  f(z) >0, supportf = compact,

10



: . Tr(A(x))
depends on the behavior of the function A(A)(z) = — From the results of

W(A(l“)-% x)
section II there is no evident links between the behavior of A(e) and that of A(A)(e). However
there are some precise situations to be distinguished.

First case. The matrix A(e) is constant. By a change of variables z = B~ly with
B =+ A~1, the equation (12) becomes

—Aw(y) =g(y) = f(B™'y)
13 { u(@) = w(Bz), limjy)—toow(y) =0, wly)>0.

c

For (13) the asymptotic behavior of w(e) is known - (cf [4] for instance) - : w(y) ~ o=
Y
And thus u(z) € ince A(D)(x) = ¥ v
nd thus u(z) ~ T2l since z)=5 V.

Second step. The matrix A(e) is not constant. In this case we see that it suffices to examine
the behavior at infinity of A(e) and A(A)(e) [4]. In the following our aim is to examine the
oscillations of A(e) and A(A)(e). The matrix A(e) belongs to Q(a, 3). Let B be a constant
matrix belonging to Q(a, 3). For any x, B~'A(x) has n eigenvalues \;(z) = \;(B~!A) such
that

<Ai(z) < < Anv(z) <

A RIL
= 21

where for any z € RV, any i, 1 <i < N, \j(z) = \; (B*IA :E)) stands for the i*" eigenvalue
of the following problem :

A(z).r = \i(z)B.r

where r € RY is an eigenvector associated to A;(z). For any R > 0, we introduce the
following function Jg : Q(a, 8) — R defined by

Jr(B)= sup Ay(B7'A(z)) — inf A\ (B7'A(z)).
llzl|ZR llzl| 2R

2

2
Proposition 9. The set of functions (JR(°))R is b lipschitz.

3
Proof. Tt is sufficient to prove that the function B — supj, g An (B~ 'A(z)) and

B — inf |5 >r M1 (B*IA(:L')) are uniformly lipschitz. For any y # 0 we have

(Biy.y)  (Bay.y) | _ |[1B1 = Bl
(A@)y,y)  (Al@y,y)| o

or again
1By — Ball| . . Bwsy) _ .. (Bawsy) _ . . (Bw,y)  |l|B1— Bl
— + inf <inf ——~_ < inf +
a v#0 (A(x)y,y) — w20 (A(x)y,y) — v#0 (A(z)y,y) a
i.e.
B1 — By|| 1 1 1 |[|B1 — Ball|
VzeRY, B = B, < < + .
o v (BT A(z) ~ An (B3 TA(z)  An(ByA(w)) o

11



This implies
@)2 |[|B1 — Bal||

« (0%

sup An(BrA() — sup A (By “4(9”))‘ <(
[|lz]|>R [lz||ZR

From the same way we show that

< (é)QIHBl — Bo]|

inf A (By'A(z)) — inf M\ (B5'A(z)) - -

llzl|ZR llzl|ZR

and thus the result follows : for any R > 0

232

Tr(B1) = Jr(Ba)| < Zo111B1 - Bl

0

Proposition 10. Jg(e) converges uniformly to J(e) in Q(«, 3) as R goes to infinity. In
2 2
addition J(e) is b

5-lipschitz and there exists B belonging to Q(«, B) such that, for any
!
R > 0, we have

Proof. Tt is easy. We use Ascoli-Arzeld’s theorem, the compactness of Q(«, 3) and the fact
that R — Jgr(e) is decreasing. Thus it follows that there exists By, € Q(c, ) such that

0< Jou(Boc) = | inf  Joo(B) < Jr(B), VB e Qo).

U
Definition 1. The real number J(Bs) = infpeg(a,p) Joo(B) is called the amplitude of
the oscillations of the spectrum of A(e) as ||x|| goes to infinity.

Study of a classification : We have two cases to examine.

A - First case : the amplitude J.(Bs) is null. We have :
0= Jx(Bx) < Jr(Bs) VR >0,

(14) { Hin g o0 SUD| a1 1 A (Boc' A(2)) = 75
limp 4 o0 inf)|z|>r A1 (B;olA(x)) =52,

since the sequences R — sup|, >z Av (Bx'A(z)) and R — infjjy)>r A1 (B! A(x)) are
monotonic and bounded. Thus we have :

. Al a2 —

that is to say
(15) Y=Y = Yo

Proposition 11. Let us assume that Jo(Bs) = 0. Then we have

12



Hmp—. oo SUP| 4>k |[|A(2) = Y Bl|[ =0 .
Proof. Le us prove the first result. We have :

N. inf\lml\)R A1 (B;}A(w)) < ianmH}R T?"(BC;IA(:E))
<sup) i sp Tr(BXA(2)) < Nosup),sp Av (B A(x))

By definition of Jr(e), we obtain :

0< sup Tr(B'A(z)) — inf Tr(By'A(z)) < N.Jr(Bx) .
llzl| >R llzl| 2R

And from (14), (15) and the proposition 10, the first resultat is obtained. Let us prove the
second result. By the very definition of \; (B;OIA(Q:)), i=1,...,N, we have :

A(z).y,y)

Yy #0, ”i‘IgR)\l(Bo_olA(x)) < ( < sup Ay (BL'A(2)),

(Boy:y) iz
and for any ig € [1,..., N]

(16) Va  inf A (B'A(t)) < Xip (B A(z)) < sup An(BLA(Y) -
>R lEl|>R

And thus, for any y # 0 and any x, we have :

X J BOO b
‘ (Booy,y) 7 Beo)
1 |((A@ = 2 @) Bo)) |
a X J Boo P
E WP < Jnl(Bc)
that is to say, for any x, we obtain
[((A@) = 2, (@) B)w.v)|
sup 5 < BJr(Bx) -
y#0 [yl

And since the matrix A(x) — A, () Boo is symmetric we obtain

sup |[[A(z) — Aig (#) Bool|| < A.Jr(Bo) -

llzl| =R

This entails

sup [[|A(z) = 7 Booll| < B-Jr(Boo) + sup [ Aig () = 7|/ Boo|l] -
l2l|>R 21> R

And from (16), (14) and (15) we obtain

(17) lim  sup [|[A(z) =7 Bl|[=0.
R=+o0|iz||>R

And the second result 2) follows from

1B Az) = 71|l = IIBL (Ax) = 7> Bao )|l < IBLI-HA(@) — 4% B[] -

13



Corollary 12. We have

. Tr(Bx'A(z)) } N
lim sup =5

— = lim sup
R |ol>R L (B Alz).@, )

B lz|I>R

[ Tr(jfl(x)) }Where { A(z) = BA(B~'2)B ,
sz‘lz.(A(gc).x,x)

Proof. For any = we have :
(BgolA(x).x,x) = ((Bo_olA(x) — VOOI).x,x) + ('yool.x,x) .

This entails

B 'A(x).x,x _ -
(B A22) e sup (1B AG) — 1]
JEd1 llel|>R

and

B lA(x).x,x _ o0
(—2) <A* 4+ sup [[|BL A(z) — 1| .
||| |zl >R

Then it is easy to obtain

-1
3 8Up||g >k T7(BX A)). [VOO + 8up)g 1 || BX Alz) — “YOOIH@
Tr (B Ax)) ]

< SUP||z|>R { -
ﬁ (BOCIA(r)x,z)

—1
< 3 SUP|ja| >R TT(BSOIA(@){’YOO — SUD| | > || B Alz) — ’Y°°I|||} :

Thanks to proposition 11 and passing to the limit as R goes to infinity the first result follows.
Now let us prove the second equality. We have

BAB — B3})A = (BAB —~>I) + (v>°I — B! A)

B(A—~*B72)B+ (y*I — B 'A)
= B(A—~*Bw)B+ (v*°I — B 'A) ,

and thus
IIBAB — B A[|| < |[IBIII? [I|A = Boo|ll + [||7°T = B Al -

From this last inequality and using the proposition 11, we prove the second equality in the
same way as in the first one. O

The following definition is justified by the previous result.

Definition 2. If, for any matrix A(e) belonging to Q(«, ), we have Jo(Bs) =0, the
matrix A(e) is called constant as ||x|| goes to infinity or shortly constant at infinity.

Theorem 13. [2] [4]. If the matrix A(e) is constant for any x, ||z|| > R, the solution of the
problem (12) has the following asymptotic behavior :

c
w@) ~ N
|||V =2

for ||z|| large enough.

14



Proof. In (12) we use the following change of variables :

z=B"'y ie. y=Bz with B=VBx.

We obtain the following equation

~Tr(A(y)D%w(y)) = f(B~'y) ,
(18) { u(r) =w(B.x), limy-reew(y) =0, w(y) >0,

where

A(y)=B.A(B™'y).B .

From proposition 11 and corollary 12 the matrix A(y) satisfies

r(A
2T (A(y)) :g, Vo, |jz||>R.
w-(A(y)%y)

We conclude by the result of [4], [2] and the fact that u(e) and w(e) have the same asymptotic
behaviour. O

B - Second case : the amplitude J, (B ) is positive. The matrix A(e) is not constant
at infinity. We call it oscillating matrix. The amplitude of its oscillations is measured by the
real number J (B ). We have two possibilities to examine.

i)

the behavior of the spectral dispersion is radial that is to say there exists a radial
function & — ~(||z||*) such that R — ¢(R) = SUP||g||1>R | A (z) = y(|[]|?)| verifies :

(181)  limp(R) =0

with # — 5(||=|[?) is oscillating at infinity. In this case, under some hypothesis about
©(e), the behavior of the solution u(e) of (12) is known [4] : there exists a real number
R > 0 large enough such that for any x, ||z|| > R we have u(z) ~ c.v(||z||?). The
function v(e) is given explicitly by

(18.2) v(|x||2)/::exp(/;7f)da) ds

For more details we can see Theorem 3.1 and remark 4.1 hereafter.

the function of spectral dispersion x — A(x) is anisotropically oscillating at infinity.
In the sequel our goal is to study this case. In the sequel we consider the constructed
matrix A and the associated equation (18). To simplify the notations we denote A(e)
by A(e) and we identify (18) to (12) with f(B~'e) identified to f(e).

Remark 4. For any matrix B € Q(«, 3), we use the change of variables y = v B~!.2. Thus
the problem (12) and

(18.3) { ~TrAp(y)D*w(y) = f(VB.y) —
’ w(y) >0, liIn||yH_,+oo wy) =0, Ap(y) = \/FA(\/EZ/) B~

have the same asymptotic behaviour since u(z) = w(vVB~1.z).

15



Theorem 13.1. Without any hypothesis about A(e), for any ¢ > 0, there exist Ry := Ry(e) > 0,
c1 = c1(e) > 0, c2 := ca(e) > 0 such that the solution u(e) of (12) satisfies : for any =z,

||lz]| = Ro
Cc1 C2

1 < <— 2
R FErs

where
Aoo =  Inf lim sup A(A,B
BeQ(a,B) R—=+00 ||z||>R ( @)

Ao = SU lim inf A(A,B)(z
o BeQ(Eﬁ)R—”rOOHwIDR ( @)

_T(45@) \ere Ap(a) = VBTA(VB.a) VBT .

ﬁ. (AB (z)a:,:v)
Before to give the proof of this result, let us remark that from the very definition of A(A, B)
we have A > 1 since % > g

with A(A, B)(z) =

Proof. Let us prove the right hand side inequality. From the very definition of A, we can
see that for any € > 0 there exist By = By(c) € Q(a, §) and 19 = 79(¢) such that : for any

xz, ||z|| = 7o we have A, —e& < A(A, By)(x). After the change of variables y = /By .z, we
first prove our inequality for the function w(e) defined by

u(z) = w(y/ By .x) or w(y) =u(v/Bo.y) -
This function satisfies

~T,(Ap, (z)D*w(z)) = f(v/Bo.x)
(18.3.1) { w@) =w(z) >0, w@) =u (f ), limjg) oy w(x) =0,

since problems (12) and (18.3) have the same asymptotic behaviour. For this let us set, for

any z € RV,
) [ I0/C) .
Fa)=sw {555/ ceqn).

There exists a radial positive function h(e), with compact support [0, p2] such that h(||z||?) > f(z)
Vo € RN, Increasing rg if necessary, we give the following positive, continuous and increasing
function :

Ao —€, Vr=13,
(18.3.2) Alr)=< Ur), Ax—e=l(r)= % >1, Vr<rd with (]]z]]?) < A(A, Bo)(z)
Vo, ||z|| <ro,

and let us consider wyqq(®) solution of the following differential equation

(1839 { L (00l alr)) = B |
0,

rad(o) - Wrad( ) >0 ’ hm?”—’-i—oo Wrad(r) =0 s

with

16



From the very definition of A(e) we have A([|z]|?) < A(A, Bo)(x) Vo, and using the same
methode as in section IV - B1 - first step or as in [4], we can prove that w,.(z) := wraa(||2]]?)
is a super-solution of (18.3) that is to say :

(18.3.4) { _diV(ABODZWT(x)) = f(@m) ,

wr(x) >0, llm‘|$||*>+oo aJ,.(a: =0.
And from the comparison principle [1], [3], we obtain :

+oo 1

0
N = —_— g .
(1835) Vo eRY . 0<w(@) <wn(z) = /W 0(9)/0 ()h(t) dt 6

But we have :
0 PO
VO, 03> ro() > po / a(t)h(t)dt:/ o (OA(E) dt < [|0]1so- |l l]o-p0 < co(h)
0 0

where ¢o(h) is a constant independant of ¢;

VO, 0=ro(e)>po, ol0) :exp(/19 Air) dr) :exp(/lm l(pdv").(i)/\wg .

And thus for any z, ||z|| > r¢ we obtain :

—€

AN
co(h).rg= 1
0 < W(.T) g . (l) '||;L'H2(Aoo_1_€) )
exp(flo —(:) dr)
co(h
0 < w(z) < — =) Va, ||z]] = ro(e) .

NEES
By the reverse change of variables x = {/ By 't we have u(t) = w(\ / Bal.t); and we obtain
ce.co(h)

/By e

And since %I < W/Bo_l < a—‘/;,BI, there exists ¢(«, 3) > 0 such that

u(t) <
I

(183.6) u(t) < Sl B-colh)

TR
for any ¢, |[t||? > r%.j—%. In the same way we prove the left hand side inequality. O
Let us set Ap(r) = inf| 5>, A(A, B)(z), Vr > 0.

Corollary 13.2 Let us suppose that the matrix A(e) is such that the decreasing function
7 — (1) = SUPpeg(a,p) [N — AB(r)] satisfies the following : exp(fl—s_DO @ dr) < 400.
Then we obtain the following result : there exist some constants ¢1(«, 3, h) > 0, rog > 0, such

that
&1 (Ck, /87 h)

17



Proof : From our hypothesis we have, for any B € Q(«, )
Ao —@(r) S Ap(r) S AA, B)(z), Va, |af>r.

In (18.3.1) we use B instead of By and in (18.3.2) we set A(r) := A, — ¢(r) Vr > 0. Then
(18.3.5) becomes :

Too 4o
0 <wnle) = wie) <ol [T Vel z g

eljz 0(0) 7

o () = 62 .exp( - /1 ' ‘pir) dr) ,

0 < w() < exp</l+oo elr) dr) co(h)

WAFTECSN

with

that is to say

That is to say

c1(h)
0<w(z) < T2 D

where ¢1(h) is a constant independant on B € Q(«, 3). And as previously, (18.3.6) becomes

(o) < )0,

Sapes—n  YllEl=ro

for some 79 > po. O

We have a similar result to estimate u(e) from below :
u(x) 2 ca(a, 3, h) / Hx||2(xm_1) :

Remark 4.1 Contrary to what is stated in theorems 21 and 22 of [4], the result obtained
in [4] is the following : for any € > 0 there exist Ry := Ro(e) > 0, ¢1(¢) > 0 and ca(g) > 0
such that

a(@)v(|l2]*) S u(z) < ea(e)va(ll2ll’) Vo, l2f] > Ro

ul<||x|2>=/”:°:exp(—/;”("}j€da) s

”2(||$|2)A::6XP(/;7(U;_Eda> 0 .

The function v(e) can play the role of 8, 6 or v(||z||?) given in the introduction, for in-
stance. Indead the conclusion in the last line of the proof - ([4] p 180, line 5 from the
top) - is not correct because it is some what fast : the various constants depend to the
variable . To overcome this difficulty we need to replace the hypothesis (H3) of [4] by
the following : the decreasing function 7 — ¢(r) = sup)j, >, | A (@) —y(||]|?)| satisfies

with

exp( f;roo @ dr) < 400. And in this case the result of [4] follows from the same idea of

u(z) ~ /H:o:exp( /R @da) ds

18
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for ||z|| large enough. O

IV - Anisotropic asymptotic behavior.

In the sequel we denote again by A(x) the matrix A(m) =/ B;}.A(mw).\/ B!, where
B is given by proposition 10. From the very definition of A(e), the amplitude of its
spectrum is positive. Let us set :

. )
A=1 2z (A a)
HD}{SUPHIH>I3ﬂéﬁj(A(x}xﬁ)

. . Tr(A(r))
A =limginf| ;) >p —F—F—
A RMz||>R wa (A(z).a:,z)

(18.4)

Let §p be a positive real number close enough to A — A such that §o > A — A. Let 2ny be
a positive real number very small with respect to dg — (A — A) > 0. And let us give n > 0,
0 <71 < mno - (arbitrary small) - . From (18.4) there exists R, = Ro, such that for any z,
[|z|| > Roo we have

(18.5)  Aln) =A—n<A@) <A+n=A(n)

where ( ( ))
Tr(A(x
Az) =
e (A(@)-2,)
. 0%(e) ,
Let us consider the operator A(e) =3, al-j(x)ﬁ. From operator A(e) we introduce a
L0 4

family of radial operators

2(e x
e — A =G5+ M L) - o (e D).

where r > 0 and z — A(z) is the function of the spectral dispersion associated to the
matrix A(z). The link between A(e) and A, (z)(e) is the following : for any regular and
radial function ¥(z) = ¢(||x||?) we have

AW

43755 aijTiv;

= ¢ (Ual) + T ) = Ao (o) o

Remark 5. Let us point out that for some technical reasons the variable r plays the role of
[|z||?, instead of ||z|| as usually.

A - Method of sub and supersolution.

Let us give a positive radial function r — g(r) which will be choosen later in a suitable
way. For any -(but fixed)- z belonging to RY, with ||z|| large enough, we consider a family
of radial problems :

, — A (@)h(z,r) = =B (z,r) — 20 (2, r) = g(r), >0
(Pe) = (19) { W(z,0)=0, lim,_ 4o h(z,7)=0, h(x,rg) >0

where g satisfies f1+°° o"g(o)do < +oo with A given by (18.4) section IV. The unique
solution » — h(z,r) of (19) is given by

(20) h(z,r) :=hy(x,7) = /T+°° S/\l(gg)(/os @ g(o) da) ds .
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If A(e) = constant Vz, ||z|| > Ry, the function hy(z, ||z||?) taks the form hy(||z||?) = h(]|z|[?).
And let us point out that in this case # — h(||z||?) gives the behavior at infinity of the
solution of (12) [4]. So roughly speaking, our idea is to look for a subsolution o, -( respec-
tivement a supersolution 7)- of (12) in the form

(21) H(w) = Hy() = hg(x, [[2[]*) = h(z, [|2[]*) -

How to construct these functions? For this it is sufficient to choose two functions g; and g

in a suitable way such that o(e) = H, () and 7(e) = H, (e) have the same behavior as ||z||

goes to infinity. Next we establish the result thanks the comparison principle. O
B- Construction of sub and supersolution of (12).
BO - Preliminary results.

Let us introduce the following functions that we need later. For any x € RV, any r > 0 and
any suitable positive function g(e) : Rt — R, we set

Ki=Ki(z,rg) = /+OO S/\—l(x) [/OS Log(%)_gA(x)g(a) da} ds

Ko =Koz, r,g) = /TJFOO ﬁ [/OS (Log(%))Q,U/\(x)g(a) do’] ds

1 s o
Ks = Ks(z,r,g) = _m/o Log(;).a“x)g(a) do .

To simplify the presentation we use the short notation &C;, i = 1,2,3. Since g(e) > 0 we
have K1 <0, Ko > 0 and K3 > 0.

Proposition 14. The following estimates are true for » > 0 large enough :

A+L _ A+
riT =1 Logr

AN+ 1)(A=1) At + O(rAl—l)

) 0<-Ki=k

'rf“ — r6\+1 (Log7)?

1
2) 0gICQZk'(/\Jrl)(/\—l)' AT JrO(rAi—l)
A0 Logr 1
3) 0< K3 =k /\+1° .M_1+O A_l)

,
where A = A(z) and g(r) = k.X}, (1), & > 0 and Xy, . (r) = 1if ro < r < 7y and
X{rg,m] (1) = 0if 7 ¢ [ro,r1]. The proof is straightforward.

Proposition 15. Let us assume the spectral dispersion satisfies :

IV Al +[D* Al

Lo (RN\B(O,RO)) Loe (RN\B(O,RO)) s¢

for Ry large enough. Then we have the following : for any € > 0 there exist R. > Ry and
c. > 0 such that

2. (A@) VA, 1) + K1 Tr(A(2)D? A ) + 4K (A@) VA, )|

lglloe [p7 T = P57

H‘T| |2(/\(z)7175)

(23)

< ce.
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for any x, ||z|| > R., 7 = ||z||* and for any positive function g(e) such that support
g C [z / po <||z|| < p1] and where A and A are given by (18.4) section IV.

Proof. 1t follows easily from the proposition 14. O

Remark 6. Without another assumption on A(e) the left-hand side of (23) tends to zero as
[|z]| goes to infinity. But we will see that the behavior of (23) at infinity is not sufficient to
prove our result. So we will assume that the left-hand side of (23) goes to zero faster than

EECCEES] as ||z|| goes to infinity. The results of section II allow us to show that the
" -

supposed assumptions are suitable for a large classe of matrices. O

From [4] and theorem 13.1 and for some fixed € > 0 small enought, we have

a < < b
N F e

for ||z|| sufficiently large and with 0 < a < b. These inequalities prove that u(e) has a

c(z)

behavior of the form u(z) = HH% where the function d(e) and c(e) satisfy :
€T x

0<co<cz) <y,

2N —1) < 5(zx) <2A-1),

Log ¢y — Log u(x) Logc; — Log u(x)

<0(x) <
Log ([[]) Log ([|])
. Log u(x)
That is to say §(z) = “Toz ([2]]) for ||z|| large enough.

Proposition 16. Let A(e) be a matrix belonging to Q(«, 3). Let us assume that, for any
positive continuous function f with compact support, the solution u(e) = uys(e) of

~Tr(AD*ug)=f in RY
uf(x) >0 Vz, liml‘wH*}J’,oouf(x):O

has the following asymptotic behavior :

a(f) b(f)

v b(f) [Jull
ul|oo
0 <al(f) <b(f), <7, b(f) =
(N<UD. Zhs<r. vz 1Y
Then §¢(e) is independant of f and satisfies
o g
N.B —2< d0f(e) < N.E -2

Proof. We need two steps.
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1) First step : asymptotic behavior of the somme of two solutions. Let us
consider
~Tr(AD?u;) = f; in RN, i=1,2
(24) .
UZ(JZ) >0, hmHmH*ﬁLoo uz(x) =0.
Let us set d;(e) = dy, (), w(e) = ui(e) +uz(e), g = fi + f2, ai = a(fi), bi = bi(f),
R; = Ry,. For any w, ||z|| = sup (R, Rz, Ry) we have :

There exists R > sup (Rl, R, Rg) such that 6;(z) > d4(x) Vo, |lz|]|>R.
This entails that we have inf (61 (z), 62(x)) = d4(z) . As we have

a(gg Cw—uy tus < by bo < b1 + b2

25) TR
’ [[f[e " Tlal[%  [[af[R0r5)

we obtain dy(z) > inf (61 (x), 62(x)) for ||z|| sufficiently large. Thus we have
(26) d4(x) = inf (61(x), 62(x)) -

And since operator —Tr(AD?e) is linear, we have :
(27) Orf(x) =0f(x), YE>O0.

And thus from (26) and (27) we obtain

(28) 5kf2+f1 (:L') = inf (51(%)7 (52($))
Vk>0 and |[|z|| large enough .

2) Second step : a perturbation result.

For any € > 0 we set g. = f1 +¢f2; and u§(x) = cug(x) is the solution of (24) with € f,
instead of fo. From (28) we obtain &, (z) = inf (61 (z), 2(z)) = §4(x). From (25) we
can write

bl €b2

a(gs) a(gs)
< 9 o) beus@) < U+
[[z[[>r ~ [|=||% [lz][or  [|2%

for ||z|| sufficiently large, since 61 (z) > d,(x). Consequently as

(29)

ey 5 1 vl il —clivall o lralles

Hullloc

for e sufficiently small, we have Spa(ge) = b(g:) > % and thus a(g.) > e
Let us pass to the limit in (29) as € goes to zero. We obtain

by
(EZIRE

L flualloo
[|z[[%s 450

<up(z) <
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This entails, for ||z|| sufficiently large, d4(x) > d1(x) . In the same way we can prove
that d4(x) > d2(x), and thus we have

(30)  dg(x) > sup (01(x), d2(x)) -
Finally (26) and (30) give the result :

The inequalities =2+ NG < d(z) < -2+ N% come from [4] O

The behavior at infinity of matrices is important as shown by the following result.

Proposition 17. Let us give two matricies A;(e) and As(e) belonging to Q(«, 3) such that
Aq(z) = Ay(x) for any z, ||z|| = Ro > 0. Then the solutons u;(e), i = 1,2, of

(31) —T’I”(AZ‘D2U¢) = fi in RN
ul(l’) >0, hmHTH_""‘OO ul(x) =0

where f; = f, (i = 1,2), is a positive continuous function with compact support, have the
same asymptotic behavior, that is to say there exist 0 < a; < b;, i = 1,2 and © — () €
[N —2, N2 — 2] such that

a; bz .
e <)< [ 712

for ||x|| sufficiently large.

Proof. From (31) it follows
(32) - Tr(AlDQ(ul —uy)) = g(x)

where g(z) = —Tr((A2 — A1)D?us(x)) is a continuous function with compact support in
B(O, Ry) since As(x)— Ay (z) =0, Va, ||z]| > Ro. Let us set h(x) = |g(z)|. From comparison
principle -( cf [1] , [3] )- we have

(33) 0< |ui(z) — ug(w)| < s()

where s(e) is the solution of (31) with h(e) and A; instead of f; = f and A;, respectively.
From proposition 16 we have

h b(h
&\S(x)\i vz, |lz]|=R>= Ry,
d1(x) d1(x)
(33.1) |[a]]%2 [[] |02
i bi(f)

W\ui(x)\w Vaz, |jz]|>R>Ry, i=12.

From (33) we have ug(z) < uy(z) + s(x) and thus it follows

w(f) bl +h)

]2 = l]or ()

For ||z|| large enough, this give do(x) = 61 (z). In the same way, reversing the role of u; and
ug we get 1 () = d2(x). O
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Proposition 18. Consider the two functions

—+o0 1 S
H;(x) :/ r M(/o O'Ai(x)gi(U)dO') ds 1=1,2.

Let us assume that
A(z) = Ne(z) = A(x) Yz, |z||=2R,

and g;(e) is positive bounded function with compact support, ¢ = 1,2. Then the two func-

tions Hy(e) and Hs(e) have the same behavior as the function at infinity.

[|]|2(A@)=1)
Proof. Let us recall that we have
“+o0
0< / 0"y (o) <T; < +00
0

It is sufficient to prove the result for H;(e), for instance. We have

oo ds - Fl
oz M@ (A () = 1) [[a][2M D

Il

that is to say

T
0< Hi(z) < !

h Yo, || >R.
(A1 (@) = 1) ||| PAG-D ]|

Now let us prove the reverse inequality. Since g;(e) has a compact support, there exists
R; > R such that

+oo Ry Ry 1 _
/ oM@ g (o) do = / oM@ g (o) do > / ot (o) do —|—/ o™gi(o)do =Ty >0
0 0 1 0

where A; = inf)j,|<r, A1(z) and AL = SUp||z||<r, N1(7). This gives the following :

Vo, |lz||=> R, Hi(x)

WV

r /+oo ds B FO
ez 8@ T (A1 (@) = 1) [[a]PA@-D

U
Remark 6.1. The previous result will enable us to prove that the solution wu(e) of (12)
behaves like a suitable function H associated to A(e). This shows that only A(e) controls
the behaviour of u(e). The following result is easy to obtain.

Proposition 19. Let us set H(z) = hy(z, ||z||?) where r — h,(z,7) is defined by (19) and
(20). Then function H (e) satisfies the following

Tr(A(z)D?*H) = —4(A(z).z,z).9(||z|]?) + Ki(z, |||, 9).Tr(A(z)D* A )+
Koz, ||9L‘H2,g).(A(:v)V/\,V/\)+
AR (@, 2|, 9)- (A(2) VA, z)

Proof. For any x € RY, let us consider the solution » — h(z,r) of (19) given by (20). To
conclude it is sufficient to see that

(Ar(@)h(@, ®) ([|2]|*) = —4(A(x).z,z) g(|[]]*)
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O

Let us introduce our essential assumption () : there exists Ro(H) := Ro > 0 such
that for any R > 0 and any positive, bounded function g with compact support in B(O, R),
the spectral dispersion A(e) satisfies the following :

—Ki(z, [|z|[%, 9).Tr(A(z)D? A ) — Ka(z, [|2|], 9). (A(z) VA,V A)
4K, 2], 9). (A(2) VA, ) €
co(R)|lg]lo0 co(R)[lgl]oo

T 1 2| PA@TE@)’ T 1 ||z]PA@T3@)

:| Vx, H-,I;HZROu

with §(z) > 6o > 0 and A — A+ Jdp > 0, where A and A are defined in (18.4).

Remark 5.1. if A = A = Ao then we have limp—, o0 SUP||,> R ‘ A(z) — /\oo’ =0, and the
result of [4] can apply.

Comments about the assumption () : The differential inequality (H) is suitable as
shown by the following remarks

1) if A(e) is constant for ||z|| > R, (H) is satisfied. And in this case our result already
follows from [4]. And from proposition 3 section II this result does not obtained by [2]
since in this work [2] limj|,|—4cc A(2) = Ao, a constant matrix.

2) Let us consider the matrix M (A) defined by :

M(A) = K1.D* A +K9.V A @V A +Ks. ||(|2 N(N)

where A A
Ki=Ki(z,||z]|?,g) and N(A);; = -+ ;. oz Vi, g .

8
If M(A) satisfies the inequalities (4) for any xz, ||z|| > R, then from corollary 7 there
exists a matrix x — A(z) € Q(«, §) such that

(34) K1.Tr(A(z)D* A) + K2 (A(z)VA,VA) + K3(A(z)VA,2) =0, Va,||z|]| > R
And thus (H) is satisfied by A(e) and A(e).
3) If in addition A(e) is the spectral dispersion of the matrix that we seek, then we use the

remark 2 section II with the two following matrices V.= M(A) and R =1 — H || 5T

And we find A(e) € Q(a, B) satisfying (H) and such that A(e) is its spectral dispersion.
4) Let us write the equation (34) in the form

(35) Tr(A(z)D*A)+ %.(A(x)V/\,V A)+ %(A(x)V/\,m) =0, Va,|jz|]| > R

Then for R > 0 large enough and A = I, the equation (35) is "very close" to the radial
form :

z.VA
— AN+ $Log(|[2][2)-|[V A2+ A(@) =5 = 0.

(36) |2
Va, ||| =R
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The equation (36) is obtained by "approximation" using the proposition 14 section
IV. The proposition 8 section II shows that the equation (36) has many non constant
positive and bounded solutions. This gives a partial answer to the question posed in
the remark 3 section II.

5) an elementary example satisfying (H) : Let k be a positive real number such that

2m a . f
= kben (2 ) e [2n 2]
o) g ) © 137
for any # € RV. After some elementary calculations we obtain that there exist some
positive constant ¢ such that
c

N
Tzt 2] VeeR

IID2 (@)l + [V ()]l <

and thus
|e1(2)TrA(z) D*p(a) + e2(2)a(Vip(z), V() + es(@)a(Ve(z), z)|
S T+l Pt

for any ¢y, ¢o, c3 bounded functions in RY, and any matrix A(e) belonging to Q(a, 3).
The positive real number m is arbitrary.

B1 - Construction of a super-solution of (12) or (18)

Thanks to the proposition 16 we can suppose that the function f(e) has its support in
the open ball B(O, p1). To choose a suitable function r — g(r) for which the function
H(e) = H,(e) is a super-solution of (12), we introduce the following radial function

f(r)=sup{f(z) /xeRY, |zf>=r}.

Regularizing f(e) if necessary, thanks to proposition 16, we can suppose that f(e) is contin-
uous and satisfies f(||z||?) > f(x) for any x. And we can suppose sup f C [0, p3[. Let k be
a positive real number such that

(37)  kallal Xk (2]?) > F(ll=])
where K = {z / [|z||* < p}} =B(O,p1), X ([|z|?) =1ifz € K, X (|[z|]*) =0if z ¢ K.

Let us set
38)  G(x) = g(ll=l]*) = kxk, (Il=]1*)

where X (|[z]]?) == X(0,52] (|lz[|?). We need to introduce the following function o (e) defined
by :
o'(r)/o(r) = 2,
(38.1) r>0,0(l)=1 with A(r)=A+n forany r>Ry (H)=Rp
and such that A(||z]|?) > A(z) V2 eRN.

(38.2) o(r) zexp(/lrf\(ge)dﬁ) .

Let € be a positive and arbitrary small real number. After increasing Ry = Ro(H), if
necessary, -(and in this case Ry = Ro(e) )- we can assume that we have the following :

We have :
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Ry > p1

(39) 3o fﬂ? f+°° o(0)
7. o 0'(9) do > Co(pl). Rg mde

since we have A(1) —A(1) + 00 = A — A+ — 21 and o (6) ~ .0 for  large enough.

2) there exists Ry = Rj(¢) such that

p1 < R1 < Ry

(40) { 30 fﬁ A1 ng c1(p1)ot
TJ o > ey Y

with R; close enough to Ry. Thanks to the proposition 17, we can modify our matrix A(e)
in a suitable ball. This procedure does not affect the assumption (M) since this hypothesis is
supposed true at infinity. For this, let 6. = 8 > 0, be small enough with respect to Ry — R
and . And let us consider the following matrix

- 2y | Alx) Va, |lz||=Ry—¥6
As(x)—A(f”)—{ w1 Va, ||| < Ro—0

where 7 is a real number such that « < 7 < 8, and I the identity matrix. From the
approximation lemma giving the approximation of the matrix A, we obtain the regular
matrix A;(z) which satisfies :

(38.3) Al(:v)—{ vl Vz, |jz||< R

The matrix A;(e) depends to €, Ry, R1, n. From the approximation lemma the matrix
Ai(e) belongs to Q(a, ). This is now the regularized matrix A;(e) that we use in the
equation (18), (or equivalently in (12) ), to construct a super-solution. Hence the equation
(18) becomes
{ —Tr(Ai(z)D?*w) = f in RV,
up(r) >0, iy —qoou1(z) =0 .

N
The spectral dispersion of Aj(e) is A(e) if ||z|]| > Ro and 5 if ||z|] < R;. Thus A;(e)

satisfies (H) for = belonging to {x / ||z|| = Ro} U{x / ||z|| < R1}. To simplify the notation
we denote again A(e) the spectral dispersion of A;(e).

Theorem 20. Let g(e) be a radical function satisfying (37) and (38). For any z let us
consider the function r — h(z,r) = hg(x,r), solution of (19) associated to the matrix
Aj(e). Then the function

v — Hy(2) = Hi(z) = hg(z, ||2[]*) = h(z, [l2[]*),

is a super-solution of (18).

Remark 5. In the sequel we use the notation H;(e) instead of H,(e) because the operator
—Tr(A;D?%e) is associated to the matrix A;(e).
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Proof of theorem 20. From (M) and the definition of H;(e) given in proposition 18, and
using the proposition 19, we obtain :

_keo(pr)-Xy / j1ylizro) (%)

1+ [[] 2R +3G)
(41) alp) kX R, <llyli<ro) (@)

1+ ||z|PA@)—1=2)
+4(A1(2).2,2).G(z) :=p(z) in RN

—T’I"(AlDQHl) 2

with lim||;(|— 400 H1(z) = 0 and where ¢ (p1) = ce.[pf 1], Let us consider the solution @ of

the following : B
py { TrADE) = F(lel?) i R,
w(x) =0, i) )| — 400 w(x)=0.

Writing (41) - (42) we obtain :

—Tr(A1D*(Hy = @)) = p(o) — f(|[2]]?) = ¢()
(43) { |- oo (H1 — W)(2) = 0.

In the sequel we propose to estimate from below H; —@ by a suitable radial function wyaq(e).
First step : introduction of w,,4(e).

This function will be a solution of an ordinary differential equation. For this let us estimate
from below the function p(e) in (43) by a radial one. By (37) and (38) we have :

(A1 (2).2,2).G(2) = kX, (l2]]?).(Ar(2).2, 2) = kallz]* Xk, (2]]7) = F([l2]])

since A;(e) € Q(a, B). From the definitions (18.4) and (18.5) we have ||z||>A(®) > ||z||?AM)
for any x, ||z|| > R and it follows that the function ¢(e) is estimated from below by the
following radial function

keolpr) X/ p>m21(7)

r— Y(r)= T a5
_alp)kXp, s mr<p<rz ()
T3 ram—-1-9)
+3ka.r X g, (r)
where r = ||z||? that is to say

(49) (lelP) < ple) Va .

Then we define wyaq(e) as the solution of the following ordinary differential equation :

A(r) U(r) -
(45) —wina(r) — Twéad(’r) = A3r =¥(r), r>0
wlq(0) =0, limyjoowrad(r) =0, wraa(r) =0, wl 4(r)<0.

Let us set

Wrad(r) := /:000(19)(/050(9)@(0) dt9> ds |
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where o(e) and A(e) are given by (38.1). It is easy to see that this function satisfies the
condition w!,,(0) = 0 and the differential equation in (45). It remains to prove the others
conditions. For this it is sufficient to verify that we have :

(46) Vs=0, 0< /Sa(a)\if(a) do < /%o o(0)W(F)dh =To < +00 .
0 0

We have four cases to distinguish.

First case : for 0 < s < p We have
/0 de—gko‘ T o(0)d0 > 0.
0

Second case : for p% <s < R we have

2
s . k P1
o (0)(0)do = SF

S
=~
@

Third case : for R% <s

N

R2 we have

WV

s - 3ka [PF k[T e(p1)o(0)
¥ . _ 6>0.
/00(9) (6)do 7)) o(6)de 15 /R? (1+9<A<n>—1—s>)9d >

by the choice of Ry and Ry given by (40).

Fourth case : for s > R3, we have

E _ a (7
foa(o)qf(a) 6 > 34kﬁ'fo o(6) do

kR elp)o(®)
“4pJ R (1 + 6a-1-29))9

oo ao(pr)a(9)
_kng 15 0G0 +§))9d9>0

de

from (39) and (40). Thus we conclude that for any s > 0 we have :

3k [PE

TR 0(0)df =T < 400 .

0< /sa(o)if(a) df <
0

1
And thus wy,q(e) is the solution of (45) and behaves like T A5 T goes to infinity. From
A=

(46) and since A(z) < A(]|z]|?) for any x, we have by (45) :

Nz NG
el ~ g < ) o) = )
for any € RY and r = ||z||2. We obtain :
(A1 (2).z,z)

—4(A1(2).2, 2)wiha([l2]*) — dwpaa(ll2]?) A (2). BE
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that is to say, after some computations and using (44,) the function w(x) = wraa(||z][?)

satisfies
(47) ~Tr(A1D?w) < p(x) in RN,
w(x) >0, 11mH1||H+OO w(a;) =0.

Second step : Let us prove that we have :
Hy(z) —w(2) 2 wraa(||2]]?) >0, Vo eRY.
It follows from (47) that we have

(48) { —Tr(A;D*(Hy —w)) + Tr(A1D%w) > ¢(z) — ¥(||z|[*) >0 in RV
]ij:L‘H*)JrOO w(x) = limHzH*}J’,oo(Hl — U)(:v) =0.

Since  — @(x) — ¥(||z||?) is non negative, with compact support we proceed as in [4] to
prove that Hy(x) —@(z) > w(z) = wraa(||z]|?) > 0 for any z € RY : we consider (48) in a
ball B(O,n) with the Dirichlet boundary condition. Let us denote by Hi ,,, @y, Wrad,n the
corresponding approximations of Hy, @ and wyaq respectively. The maximum principle, [1] -
[3], gives that we have

(Hyp —wp)(x) — wrad,n(HxHQ) >0, VzeB(O,n).

After establishing some suitable estimates, we pass to the limit as n goes to infinity and we
conclude that we have :

Hy(z) —@(2) = wraa(||2]]?) >0, VaeRY.

O

Third step : Since by construction f(||z|[?) = f(z) Vo € RY, we prove as previously [4]
that we have @(z) > ui(z) Vo € RY. And the final result follows :

Hy(z) >ui(z) VzeRY

that is to say H;j(e) is a super-solution of (18) and recalling that u,(e) is the solution of (18)
associated to the operator —1'r(A;D?%e). 0

B2 - Construction of a sub-solution of (18) or (12).

We proceed exactly as before. To avoid repetition we only indicate the key points that differ
from the section B1. Before to choose the suitable function g wich allows us to construct a
sub-solution H(e) of (18), let us introduce, as previously, the following function

f(r)=if{f(z) /=, |lzl*=r}.

Thanks to the proposition 16 we can assume that the non negative and regular function
f(e), with compact support, is such that :

(49) p— f(p)#0, supportf={p/0<p<pi}.

Let us introduce the function

(50)  G(x) = g(ll2ll*) = k-x, (l2]])
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where X (o) = X[O,pg](‘) with py = % The real number k£ > 0 is choosen such that

1
(51) §i(||x||2) —4kB. X (||z]|*)||z]|* =0, VzeR"

1
oL (lll1*) = 4k Xk, ([[][*)-[lz]* > 0, V@ € B(0, ps) -

There exist two positive real numbers Ry, R;, 0 < Ry < Ry, large enough and satisfying

/prz 0'(9 ng 0(0)
Td@ 4c1(p2) R? (1_|_9A(?7)—1—5).9d9 >0

/prg 0(9 f+<>0 0(9)
Td@ 4co(p2) B (1 +9A(n)+io(9)).9d9 0

(52)

As previously in (38.3), from (52) we construct a regular matrix As(e) such that As(z) = A(x)
YV, ||z|| > Ro and Az(x) = constant Vz , ||z|| < R;. We have the following result :

Theorem 21. Let g(e) be a function satisfying (49) to (51). For any z € RY we denote
by r — h(r, x) hg(r, ) the solution of (18) associated to Ag(e). Then the function
x — Hy(z) = (sc) = hy(z,||z|[*) = h(x,||z]|*) is a sub-solution of (18) associated to
—T”I“(AQD2 )

Proof. We need several steps. From (H), propositions 18 and 19 we obtain :

Tr(AsD?Hy)(z) = Q(x) in RN
(53) { lim| )| oo Ha(2) =0

where

KXy / 1111z R0} (%)-Co(p2)
1+ ||x|[2A@)+0)

kXy R1<||y|\<R (@)

_C1(p2). T+ |IH2 10 5

—4(Ag().z,2).G(z) .

Qz)= -

Let w(e) be the solution of

~Tr(A;D%) = f(lalP) in RV
(54) { w(z) >0, limHIH_)-q-oo w(z)=0.

Writing (53) + (54), it follows :
(55) —TrA:D*(w — Ha) > Q) + f(||2]]*) := ¢() .

Now, our goal is to prove that we have w(z) — Ha(z) > 0 for any x € RY. To do this we
use the same way like the section B1. In a first step we construct a positive radial function
Wrad (@) which estimates w — Ha from below.

First step : we estimate (o) from below by a radial function ¥(e). Using the same idea
as in section B1, we obtain

p(x) > U(lJlz]*) Vo eRY,
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where
kX[p / p>Rg](7")-Co(P2)
1+ ram—1-¢)
kX, R’;‘<p<33](7”)~01(ﬂ2)
1+ r(A(m)—1-¢)
+4kBX g, (1)1

As previously we remark that the radial function

Wrad (1) = /;OO 0(18)(/050(0@(9) de) ds

is the solution of the following ordinary differential equation

U(r):= —

N R RLUNCE ig;) o
W'(0) =0, lim,jow(r)= Ww'(r) <0,

with

o(r) = exp(/lr @ ds) .

Using (52) and the definition of ¥(e) we can prove that
(57) Vs3>0, 0< / (0)F(0) df < Tay < +00
0

and thus w/_4(r) < 0 for any » > 0. This entails that wyaq(e) behaves like the function

oo df

r — fr @ as r goes to infinity. Now in a second step we acheave the proof of our

result.
Second step : Let us set w(x) := wrad(||z]|?). We can prove that w(e) satisfies
(58) —Tr(A:D*w) < ¥(||z|*) < p(z) < —=Tr(A:D*(w — H»)) .
Since wraq(e) is non negative, from the Maximum Principle we obtain, using (58)
0 < wrad(l[2]|*) S w(z) — Ha(x) Yo eRY,

that is to say Ha(x) < w(x) Vo € RY. Denoting by uz(e) the solution of (18) associated to
Ap(e), it follows w(x) < ug(x) for any x, since f(x) > f(x) V2. And thus Hz(z) < ug(x)
Vo e RN O

C - Asymptotic behavior of u(e).
Corollary 22 : asymptotic behavior of u. For any non negative bounded function f(e) with

compact support, and for any matrix A(e) belonging to Q(«, 8) such that (H) is satisfied,
the solution u(e) of the equation

~Tr(AD*v) = f in RY
u(z) >0, lim)z—qoou(z) =0
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behaves like the function x — TRl EA @1 when ||z|| goes to infinity, where
T *)=
TrA(z)
”wHQ.( (x).x,x)

Proof. Let us consider the previous functions u(e) and uq(e) associated, respectively, to
the matrices A;(e) and As(e). By the propositions 16 and 17 the three functions u;(e),
us(e) and u(e) has the same asymptotic behavior since A;(z) = Ay(z) = A(z) for any z,
[|z]| > Ro. Applying the proposition 18 we can claim that Hy(e) and Hs(e) tend to zero like
x— W as ||z|| goes to infinity, since Aq(x) = Ag(x) = A(x) for any =z, ||z|| > Ro.
From the Maximum Principle we have u;(z) > 0, Vz € RY, i =1,2. Then we can introduce
the following functions

us (y)

uz(y)
u1(y)

r — qa(r) = sup [u2( ) / y, |yl = r} which is non increasing.

r — q(r) = inf [ /vy, |yl = r} which is non decreasing,

Consequently there exists rg > 0 large enough such that

up ()
2()

since u1(e) and uy(e) have the same asymptotic behavior. Using (59), theorems (20) and
(21) and proposition 12 it follows :

(59) 0<qi(ro) < < qa(ro) Ya,|lz|| =70,

e

q1(ro)-Ha(2) < qu(ro)-uz(z) S wi(x) < Hi(z), V=[] > 7o

1
that it to say wui(e) goes to zero as ©+ — —————— thanks the proposition 18. And
a0
consequently the final result follows for us(e) and wu(e). O

D - Application. We can apply the previous corollary to find the asymptotic behavior in
a nonlinear equation :

{ 7TT(A(.’£,U(I))D2U> = f(z), zeRN,
u(x) >0, limjg)—qou(z) =0.

where (z,7) — A(z,n) € Q(a, ). This problem is in the form of (12) with
B(z) = A(z,u(z)) € Q(a,3). We assume that there exist two positive real constants Ry
and 7o such that for any z € RN, ||z|| > Ry, any n € R, |n| < no we have :

(60) A(z,n) = A(x,0) .

Let us set Ag(z) = A(x,0). From [4] there exist ¢ > 0 and R > Ry such that

Va, |l =R,

where A = lim,_, { o inf||5|>, Ap(z). This gives

(61) B(z)= A(:c,u(x)) = A(z,0) = Ap(x) Vz, |lz||=R.
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From (61) and proposition 17 u(e) behaves like the solution wug(e) of

{ T (Ao (2) DPug(x)) = f(x), ©ERY
up(z) >0,  lim|jz)|—jo0 uo(x) = 0.

In addition if - (A ( ))
_ r ol
/\O(I) ﬁ (A0($).x, x)

satisfies hypothetis (), then u(e) behaves like z —

1
[[z[[2ro® =D
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