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EXISTENCE OF COMPACT SUPPORT SOLUTIONS
FOR A QUASILINEAR AND SINGULAR PROBLEM

JACQUES GIACOMONI - HABIB MAAGLI - PAUL SAUVY

Abstract. Let Q be a C? bounded domain of RY, N > 2. We consider
the following quasilinear elliptic problem:

(Py) —Apu = K(z)(Au? —u"), inQ,
o u=0 ond2, uw>0 in¢,

where p > 1 and Apu < div (]Vu|P"2Vu) denotes the p-Laplacian

operator. In this paper, A > 0 is a real parameter, the exponents ¢
and 7 satisfy —1 < r < ¢ < p—1and K : Q@ — R is a positive
function having a singular behaviour near the boundary 9f). Precisely,
K(z) = 6(z) *L(6(x)) in Q, with 0 < k < p, L a positive perturbation
function and 6(z) the distance of z € © to 9.

By using a sub- and super-solution technique, we discuss the ex-
istence of positive solutions or compact support solutions of (P») in
respect to the blow-up rate k. Precisely, we prove that if £k < 14 r,
(Px) has at least one positive solution for A > 0 large enough, whereas
it has only compact support solutions if kK > 1 + r.

1. INTRODUCTION

Let Q be a C? bounded domain of RV, N > 2. We discuss the existence
of weak solutions in Wé’p(Q) NL>®(Q) to

(Py) —Apu = K(z)(Au? —u") in Q,
A u=0 ond, w>0 1in Q.

u € WyP(Q2) N L®(Q) is a weak solution to (Py) if for all test functions
¢ € D(Q),
/ |VulP2Vu.Vodr = [ K(z) Du? —u") ¢ du. (1.1)
Q Q

In the equation in (Py), A > 0 is a positive parameter, —1 <r < g<p—1
and K € C(Q) is a positive function having a singular behaviour near the
boundary 9. Precisely, K (z) = 6(z) *L(6(z)) in ©, with 0 < k& < p and

L € C%((0,2d]) a positive function, with d e diam(€?), defined as follows:

2d
L(t) = exp (/t Zis)ds> , (1.2)
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with z € C([0,2d]) NC*((0,2d]) and 2(0) = 0. Let us note that (1.2) implies
that

tL'(t)
li = 1.
M Ty O (13)
and for all € > 0,
lim t°L(t) =0 1.4
Jim t°L(¢) (1.4)
and
lim ¢t7°L(t) = . 1.5
Jim $72L(t) = +oo (1.5)
The above asymptotics of L force
. L&)
\ 0 1 =
§>0. lm 70

Then L belongs to the Karamata class [9]. Setting K the class of functions
satisfying (1.2), we get the following properties: if L1, Ly € K and if p € R,
then Li.Ls € K and L{? € K.

Example 1.1. Let m € N* and A > 0 large enough. Let us define
mn A Hn
L(t) = L[l <logn (t)) ., t€(0,2d]

with log,, def logo---olog (n times) and p, > 0. Then L € K.

In the present paper, we investigate first the following issues for the prob-
lem (Py):
existence of non-trivial weak solutions according to A > 0, Holder regular-
ity of weak solutions. Next, we study further the properties of non-trivial
solutions. Since the non-linearity in the right-hand side is a singular ab-
sorption term near the boundary, a non-trivial weak solution may not be
positive everywhere in 2 and compact support (non-trivial) weak solutions
or compactons (solutions with zero normal derivative at the boundary) may
exist for stronger singularities, that is for large k& > 0 whereas for small
k > 0 any non-trivial weak solution is positive. Then, the natural question
is to determine the borderline condition on the parameter k, which gives
the strength of the singular potential K, between existence of positive weak
solutions and existence of free boundary weak solutions. The existence of
compact support solutions is important in the applications, in particular
in biology models (population dynamics and epidemiology models for in-
stance) and was investigated quite intensely for nonlinear reaction diffusion
equations with absorption in the last decades. In particular, concerning the
case where the equation involves a quasilinear and degenerate operator, we
can refer to the result in VAZQUEZ [14] where under a suitable condition
about the behaviour of the non-linearity near the origin, a strong maximum
principle is proved and consequently the positivity of solutions. The given
condition is sharp in the sense that for different situations where this con-
dition is not satisfied, the existence of free boundary solutions is shown.
In ALVAREZ-DiAz [2] (see also Diaz [4] for related results on the subject),
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the authors consider a class of nonhomogeneous reaction-diffusion equations
with strong absorption and study the behaviour of the solution near the
free boundary. In particular, a non degeneracy property (the solution grows
faster than some function of the distance to the free boundary) is obtained
when the growth of the reaction term near the boundary satisfies some esti-
mate by below. In IL’yAsov-EGOROV [8], the authors consider a semilinear
equation with a similar (and non singular) conflicting nonlinearity as in the
equation in (Py) and the existence of compactons is proved using the fiber-
ing method. An interesting feature of this result is that the Hopf lemma
is violated for such kind of equations. In the present work, we consider
the extension case where the equation involves a p-Laplace operator and
a singular potential in the right-hand side and show that a more complex
situation occurs in respect to the non singular case.

In the next section, we give the main results proved in this paper. These
results extend a previous work due to HAITAO [7] in the semilinear case
(p = 2) and which involves a smaller class of nonlinearities.

2. MAIN RESULTS

The main results of our paper concerning the problem (P,) are stated
below:

Theorem 2.1. When k < 1+ r, there exists a constant A1 > 0 such that:

(1) For A > Ay, (Py) admits a positive weak solution.
(2) Any weak solution of (Py) is C1P (Q) for some 8 € (0,1).
(3) For A < Ay, (Px) has no positive solution.

Theorem 2.2. Letr > 0 and one of the two following conditions be satisfied:

1+r>q and ke{l—i—r,l—ﬁ—w), (2.1)
p—q+r
1+r>q and ke[l+mr2+7T). (2.2)

Then, there exists Ao > 0 such that:

(1) For A > Aa, (Py) has a compact support weak solution uy.
(2) Any weak solution of (Py) is C1F (Q) for some B € (0,1).
(3) For A < Az, (Py) has no non-trivial solution.

The outline of the paper is as follows. Before giving the proofs of those
theorems, we establish some useful preliminary results in the next section.
The proof of Theorem 2.1 is given in section 4 and the proof of Theorem
2.2 is given in section 5. The technical results stated in section 3 are finally
proved in appendix A and B. The related regularity results are a conse-
quense of the general regularity results stated in appendix C.

Throughout this paper, we will use the following notations:
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1) To p € (1,+00) we associate p/ e p

(2) For x € Q, (x) &f dist(z,Q) = ynggf)d x,y).
(3) d % diam(Q) = sup d(z,y).
z,ye)
(4) Let w be a non-empty set of Q and f,g: w — [0, +oc]. We write

f(x) ~g(x) inw
if there exist two positive constants C7 and Cs such that
Ve ew, Cif(z)<g(z) < Caf(x).

(5) Let w C RN, £N(w) denotes the N—dimentionnal Lebegue’s mesure
of w.

6) Let € > 0, we define Q. def {r e, o(x) <e}.

7) v: 09 — RY denotes the outward normal associated to €.

8) For v e Wé’p(Q), we write ||v|| o [Vllie) = (/ |Vv|pdac> "
Q

(6)
(7)
(8)
(9) The function ¢; € W(l)’p (©2) denotes the positive and renormalized
(i-e. |le1llr(@) = 1) eigenfunction corresponding to the first eigen-

value of —A,,

A def inf {/ |[VolPdz, v e Wé’p(ﬂ), / [v|Pdz = 1} )
Q Q

It is a weak solution of the following eigenvalue problem:

—Apu = MuP~l in Q,
u=0 ond2, uw>0 in{.

Using Moser iterations and the regularity result in LIEBERMAN [10],
1 € Cl@ (ﬁ) for some a € (0,1). Moreover the strong maximum
and boundary principles from VASQUEZ [14], guarantee that o7 sat-
isfies those two properties:

(a) There exist two positive constants K; and Ky only depending
on p and 2 such that:

Veeq,  Kid() < pi(x) < Kad(a) (2.3)

(b) There exist €* > 0 and ¢* > 0 only depending on p and 2 such
that:

Vo € Qg [Vpi(x)] > e™. (2.4)

3. PRELIMINARY RESULTS

3.1. A non-existence lemma.

Lemma 3.1. When k < 1+ r, there exists A\x > 0 such that (Px) has no
non-trivial solution for X < \,.
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Proof: Let us define

|Vo|Pdz
Mg inf e
v 5P
EVX;O(Q)/(;K(CCN’Ulde

From the Hardy’s inequality, there exists a constant C' > 0 only depending
on © and p such that for all v € WP (),

/ [vl” dzx < C/ |VoulPde.
Qd(@)P ~  Jg

Since k < p, A g > 0. Let u € W(l]’p(Q) NL>(Q) be a non-trivial solution
of (Py), then from (1.1) taking u € Wé’p(Q) as a test function we get,

0< )‘1,K/ K(x)uPdx < / |Vu|Pde = / K(z) (Au?™ — ) da. (3.1)
Q Q Q

This inequality is impossible for A < \, def min{l, \; g }. Indeed,

-if u(x) <1, Audtt — " <0 as soon as A < 1,

-ifu(z) > 1, K(z) (Mt — o) < A g K(z)u?™ as soon as A < A k.
Then, either £V ({z € Q, u(z) > 1}) = 0 and we get

0< )\1,K/ K(z)uPdx <0,
Q
or
/\1,K/ T K(z)uPde < )\l,K/ Liys1y K (2)udtde,
Q Q

which contradicts ¢ <p—1. 4

3.2. Construction of a sub-solution for (P,).

Lemma 3.2. When k < 1+ r, there exist M > 0, \* > 0 and 7 > 1 such
that uy def Mpi™ is a sub-solution of (Py) in Q, provided that X > \*.

Proof: Let M > 0 and 7 > 1, then we define uy = M¢;” in Q. A
straightforward computation yields

~Apuy = — (M7 [(P — 1)(7 = D)|Ver[Pepr T DT )\19017(”*1)]

and
K(2) Ay —uy") = —K(2) (M"o1™" = AMTp,™) .
By properties (2.3) and (2.4) of the function ¢1, if we let

1 1
def . L& f(r=D-1)\* 1 1 @
do = m1n{5 e (72)\1 'K, \oxaza—r )

both of the above expressions are negative on §2s,. Moreover,

Apuy () ~ (M) (r = 1)3() " DED71 0 0,
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and
K () (" — Auy?) ~ ML(3(2))0(x) " F in Q.
Since k < 1+ r, we can choose a constant 7 > 1 satisfying
(r—1(p—-1)—-1<7r—k.

Hence, for M > 0 large enough we get —Apu, < K(x) (Agf{ — gg) in Qs,.
In 2\ Qs,, K, ¢1 and |Vyq| are bounded, therefore there exists \* > 0
such that for A > \*, —Apu, < K(z) ()\gq/\ — g&) in Q\ Qs,. Thus, u, is a
sub-solution of (Py) in €2 for M large enough and A > \*.

3.3. Construction of a super-solution for (P)).

We consider the following problem:
Q) { —Apv_: K(x)v? in Q, .
v=0 ondd, v>0 inQ,
with ¢, p and K satisfying the above assumptions.
Lemma 3.3.

(1) If k € (0,14 q), (Q) has a unique solution v € W(l)’p(Q) nc(Q)
satisfying
v(x) ~ o(x) in Q.

(2) If k = 144, (Q) has a unique solution v € Wé’p(Q)ﬂC (Q) satisfying

2 =
v(z) ~ d(x) (/5( : @ dt) in Q.

(3) Ifk e (1 +¢,1+q+ %}ﬂ)), (Q) has a unique solution v € Wy ()N
C(Q) satisfying
o(@) ~ §(z) D (L (5(z)) ) O Q.
(4) If k € [1 +q+ %}H),p), (Q) has a unique solution v € Wlloﬁ(Q) N
Co (ﬁ) satisfying

p—k

(@) ~ 6(z) 70D (L (5()) ) R
(5) If k = p and if L satisfies the following condition:

2d
/ t~ L) 7T dt < +oo, (3.2)
0

(Q) has a unique solution v e W'*(Q) N Co (Q) satisfying

loc

5(e) . TE ey
v(z) ~ / t L() 7T dt in Q.
0
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Proof: See section A in appendix. g

From a solution of (Q), we can easily construct a super-solution of (Py).
Indeed, let us consider v € W*(€) N Co (Q) the solution of (Q) given by

loc
lemma 3.3. Then, u) ©f v is a super-solution of (P,) in Q as soon
- 1 —_—
as M > Arp—(+a) . Particularly when & < 1 4+ r and A > A*, chosing M
sufficiently large uy € th)’p (Q) NC (Q) and is a super-solution of (Py) in Q
satisfying
uy, <uy and uy(x) ~d(z) in Q.

Now let us state a non-existence result for the problem (Q).

Proposition 3.1. Letv € W(l)’p(Q) NC (Q) be a positive sub-solution of (Q)
in Q0 and let us suppose there exists € > 0 such that

/ K(z)p P~ e dr = +o0. (3.3)
Q

Therefore, for any n > 0, (Q) has no weak solution v € Wllozc’(Q) NCo ()
such that v > nu in €.

Proof: See section B in appendix. g

Corollary 3.1. If k > p, there is no non-trivial weak solution of (Q).

4. PROOF OF THEOREM 2.1

4.1. Existence of a C'# positive solution when \ > \*.

Proposition 4.1. When k < 1+ r, provided A > \*, (Px) has a weak
solution uy € Wé’p(Q) N L*>(Q). Furthermore, there exists 5 € (0,1) such
that uy € C1P8 (ﬁ)

Proof: In the equation of (Py), the expression hy(x,v) def K(z)(Avi—v")
involves a singular term K (x) which blows up as d(x) — 0, so we can
not directly apply the sub- and super-solution method on 2. To overcome
this difficulty, we apply a sub- and super-solution method in a sequense of
subdomains of Q. Let us introduce (), C 2 an increasing sequence
of smooth subdomains of 2 such that Q; —  in the Hausdorff topology

k—oo
with

« 1 : 1

Then, for all kK € N* we consider the following problem:

(,P ) —Apuk = K(m)()\ukq — ukr) in Qk,
k up =u, on o, ur>0 in Q.
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By definition of €, there exists Cy > 0 such that

< Ck.

Oh),
W(%”)

def . _
Vv € I, = |minu,, maxuy|, sup
Q, Q, T€Qy

As a consequense, there exists pp > 0 such that for all z € €, the func-

tion v —— hy(z,v) + preP~! is increasing on Ij. Therefore by sub- and
super-solution method, (Pg) has a solution u, € WP(Qy). Indeed, we
can construct the following iterative monotone scheme: for all n € N*, let
ugn € WHP(Qy) be the weak solution of

(Prn) — Ayt + o (i)’ = PA(@, W ne) + e (W)’ in Qp,
o Ukn =uy on 0, ug, >0 inQf

with ug o = uy in Q4. By induction on n € N, (Py,) has a unique solution

Uk € WHP(Qy). By using the weak comparison principle (Uk,n), ey Satisties
Uy S Upy < Upppr < Uy i Q.

Consequently, for all n € N*,

’h/\(l‘vuk,n—l) + ((uk,n—l)p_l - (Uk,n)p_l)‘ € L= ()

and since uy is smooth in {2, we can state by a regularity result due to
LIEBERMAN [10] (see Theorem 1) that (ugsn), oy C CH7 (Q) for some v €
(0,1). Moreover there exists a constant C' > 0 only depending on =y, €,
”ﬂ)\HLoo(Qk) and ||g>\HLoo(Qk) such that ||uk7n||(,’1ﬂ(§Tk) < C. From Ascoli-
Arzela theorem, there exist u; € C'(€;) and a subsequence (Uk,m), ey Such
that uy , — wuy in ct (m) Passing to the limit when n — 400 in (Pp),
m—0o0

uy, is a weak solution of (Py).

For all k € N, we define 1y def 1g, .uy in order to extend ui on € by
zero. We prove that (i), is an increasing sequence in €2. Indeed, since

Q. C Qp1q, if we compare ugy1 with every term of (ukv”)neN in Qp, using
the weak comparison principle we get

Vn € N, Uk,n < ﬂk+1 in Q.

Passing to the limit in the above inequality, (ﬂk(x)>k€N is non-decreasing
for all € Q. Therefore there exists uy € L%°(2) such that e uy a.e.
in Q and

uy < uy <wy in Q. (4.1)
It follows that ay o in D'(Q) and uy satisfies (1.1). Using inequality

(4.1) and Hardy’s inequality, K (z) [M(ux)? — (uy)"] € W1 (Q), which im-
plies that uy € Wé’p (©). Finally applying proposition C.1 of the appendix,
we get the C1° (ﬁ) regularity of uy. g
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4.2. Existence of Aj.

Let us define

Ay ¥ ing {A >0, (Py) has a positive solution} .

By Lemma 3.1 and the first step of this proof, A\, < Ay < A* < 400. By
definition of Ay, for any A > Ay there exists u € (A1, A) such that (P,) has
a positive solution wu,, € Wé’p (©2) NL*>°(€2). Moreover using proposition C.1,
uy, € CY9 (). Since uy, is a sub-solution to (P)), we prove that u, < %y in
Q. Indeed, K(x) > 0 in £, so there exists dp > 0 such that

—Apu, <0< —=A, (Copr) in Qs
with Cy > 0 large enough to satisfy
uy, < Copr on 05, .

By the weak comparison principle, u, < Cpe1 in £25,. Morever u, and o1
are bounded in  \ Qs,, thus u, < C¢; in Q for some C' > 0. Therefore
chosing M sufficiently large in the definition of 7y, we get u, <y in Q.
Finally, applying again sub- and super-solution technique as in step 1, we
get a solution uy € C1 (Q) of (Py). 4

Proof of Theorem 2.1: The proof follows from proposition 4.1 and
subsection 4.2. g

5. PROOF OF THEOREM 2.2

5.1. Existence of a solution under condition (2.1) or (2.2).

Proposition 5.1. Let k € {1 +r1l+qg+ W) Then, under condition

/Q K(x) (@) dz < 400, (5.1)

there exists \** > 0 such that the problem (Py) has a non-trivial weak solu-

tion uy € W(l)’p(Q) NL>(Q) as soon as A > \**.

Remark 5.1. Since uy € Wé’p(Q), by Hardy’s inequality 505 € LP(Q) . So

using Hoélder’s inequality, assumption (5.1) in Theorem 5.1 is satisfied if
L(5(x))8(x)" 1 € L),

where a = ;£5 > 1. And this last condition is satisfied if

k<1+r+]#. (5.2)

So (5.2) implies (5.1); but this condition is not sharp and can be weakened
by using the precise behaviour of uy given in lemma 3.3. Indeed,
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(1) ifke[l4+r1+q), ur(z) ~ d(x) in Q. Therefore condition (5.1) is
satisfied if

k<24 (5.3)
(2) if k =1+ q, condition (5.1) is also satisfied if k < 2+ .
(3) if ke (1+q1+a+200), ay ~ 5@)7 T (L) )77 in Q.

P

Therefore, condition (5.1) is satisfied if

(-1 +1)

k<1l+
p—q+r

(5.4)

Remark that if 14+1 > ¢, (5.3) is always true for k € [1+r,1+q| and since

(p—D(r+1)

l+g<1+
! pP—q+r

—=r+1>gq, (5.5)

condition (2.1) implies (5.1). Similarly if 1 +r < q, by equivalence (5.5),
(5.4) is never satisfied for k e (1 +q,14+q+ W) and condition (2.2) im-
plies (5.1). We can easily check that both conditions (2.1) and (2.2) are

weaker than (5.2). Moreover, let us suppose one of the following conditions
be satisfied:

=D +1)

1+7r>q and ke<1+ M)
p—q+r

A+q+ 2=
D

k]

1+4r>q and ke <2+r,1+q+1#>.
Then, using lemma 3.3 again, condition (5.1) is not satisfied, which guar-
antees the "sharpness“ of conditions (2.1) and (2.2).
In the proof of Proposition 5.1, we will need the following well known

lemma.

Lemma 5.1. Let z,y € RY and (-,-) the standard scalar product in RY.
Then there exists a constant Cp > 0 such that

5 9 Cp|x - ypo if p>2,
p— — p— — > —
(|z[P7"2 — Y|Py, x —y) > : |z m}i if 1<p<2.
(|| + |y[)2—»

Proof: See Lemma 4.2 in LINDQVIST [11] or Lemma A.0.5 in PERAL
12].

Proof of proposition 5.1: Let us introduce the functionnal

1 1 A
Iy(v) =~ VIW—%——/K dy - ——— | K T dy,
o)== [ 9op do+ = [ K@l o= = [ K@i da

with v € Wé’p(Q). Let @9 # 0 € D(£2) be a non-negative function. There-
fore there exists A** > 0 such that Iy(pg) < 0 for A > A**. Let us fix a
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constant M > 1 such that Muy > ¢g in 2 and introduce the cut-off func-
tion f) defined in 2 x R by:

K(x) [Mov]? = |v]|"] if ve [0, Muy(z)],

K(z) MMy — (May)T] if o> M (x),
f)\(JZ,U) =
0 if v<0.

The function v — fy(x,v) is a Carathéodory function. For (z,v) € Q x R,

let us set Fy(z,v) = / frlz,t) dt and consider the functional E) defined
0
as follows:

1
Yo e WoP(Q),  Ez(v) = 7/ |Vol? dx—/ Fx(z,v(z)) d.
P Ja Q
A straightforward computation gives us

1 A 1
EA(’U) = I;/ |V’U‘p dI’ — mA(?%Q) + mA(’l}, 7’)
¢ (5.6)

,
—AB(v,q) + B(v,r) — mc(r) + )\q—i—LlC(Q)’

with
A(v, 5) dzef/ 1 o<v<nrmyy K (2)|0]* 1 de, B(v,s) déf/]l{sz@}K(x) (My)* vz
Q Q

and
def

O(s) 2 / L oo arayy K (2) (M) de,
Q

Let € > 0 and v € WyP(Q), then we split the integral A(v,q) in Q\ Q. and
Q. :

Alv,q) = / ]l{ogvSMm}K(x)\v|q+1da: +/ ]].{OSUSMEA}K(Z')|U|q+1dI
\Q. Q.

déf AQ\QE (Ua Q) + AQE (Ua Q)

Since in Q\ Q., K is bounded, from the embedding W?() — LIt1(Q),

there exists a constant C such that

Agva. (v;q) < Calo]| 7. (5.7)

In ., by Holder’s inequality we have,

1-7
A, (v,q) < Aq,(v,7)" (/ ]1{0<v<MuA}K($)|v|pde> ,
p—(1+q)
p—(1+r)
finally obtain, for £ small enough

< 1. Using inequality (1.4) and Hardy’s Inequality, we

P 1—-7
Aq (v, < (OheaP=R-7) 4 v,r)" (/ [v] dx)
QE( q) — 2 QE( ) QE 5(1’)p

< Coez®RO=T) (2 Ay, 1) 4+ C3(1 — 7)||v||P) . (5.8)

with 7 =
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From the above arguments and since

B(v,q) = /ﬂ\Q 1> mmy 1 K () (Mﬂk)quw—&-/g o> mmy 3 K (x) (Mun)? vdz
“ Bova (0,0) + B, (v,4), E
we also get
Boya. (v, 9) < Callv (5.9)
and
Ba. (v, q) < C5e2® R0 (2 B(y, 1) + Cs(1 — 7)||v||?) . (5.10)

Using inequalities (5.7) to (5.10),

1

Ch 1
E —lv||? = A= oot — =B
A@) 2 ol = Al = ACulo] + 5 B.r)

(5.11)

o) +r—1-c(q),

1
+——A(v,r) —
(v,r) +1 q+1

2(r+1)
for £ > 0 sufficiently small. With condition (5.1), this inequality proves
that E) is coercive and bounded from below on W(l)’p (Q). So let us define

e ©F it Ey(v)

veEWSP ()
and let (vp),cn C Wé’p(Q) be a minimizing sequence of E}, that is to say
Ex(v,) — ca. (E,\(vn)) N is bounded, therefore by inequality (5.11)
ne

n—-+4o0o
(Un)nen is bounded in W(l]’p(Q). Thus, there exist uy € Wé’p(Q) and a

subsequence (Vp,)men such that vy, LU weakly in Wé’p (Q), strongly
m—-+00

in LY"1(Q) and in L}(Q) and a.e. in . Then we get
luall < limi+nf lvm]|- (5.12)

Using Fatou’s Lemma and inequality (5.1), it follows that

1 1
;A(uk,r) + B(uy,r) < liminf <TA(vm,r) + B(Um,r)> < +o0. (5.13)

m—-+00

Again from Fatou’s lemma and inequalities (5.8),(5.10) and (5.12),

L1495(1M7q)—1—)\BQE(uA7q) < 1iminf(

A my AB my
2 tinint (2 Ao, (00,0) + AB (0.0) )

g+1
< CrerPROT), (5.14)

Since v,, — wuy in LI7H(Q) and in L1(Q),

m—-+00

Aova. (Vm,q) — Agva.(un,q) and Baoyo, (Vm,q) — Bava. (ux,q).  (5.15)

m——+4oo m——+oo
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Gathering the estimates (5.12) to (5.15) and using (5.6), we obtain:

C\ = lim inf E(Um) > E)\(u,\) — 076%(;0_“(1_7-) > C)\ — 076%(17_16)(1_7).

m——+o0o

Passing to the limit as e — 0, we finally get F)(u)) = c). By definition of
cy, ) satisfies

Ey(uy) = Vr;llin(Q)EA(v)
ve o’p

and since F) is Gateaux differentiable, u) satisfies the Euler-Lagrange equa-
tion associated to Ey:

Yo € W5P(Q), / |Vur|P~2Vuy. Vo do = / iz, up)v de.
Q Q

In particular, setting v = (uy)~ € Wé’p (©), by weak maximum principle
it follows that uy > 0 a.e. in 2. Moreover, since M) is a super-solution of
(Py), for all non-negative v € Wé’p(Q),

/ IV (May)[P~2V (May). Vo dz > / K(z) MMy — (M) v dz.
Q Q
Setting v = (uy — M1y)t € WP (€2), we obtain

0 = / (fA(x,uA) ~ K(z) MMy — (Mm)r]) (ux — May)t da
Q

\%

/Q (|vuA|HvuA - |V(Mﬂ,\)\p’2V(Mﬂ,\)>.V((u,\ - Mmﬁ) dz.

Using lemma 5.1, V((u)\ - MﬂA)Jr) = 0 a.e. in Q and by Poincaré’s
inequality uy < Muy a.e. in Q. Finally

Ix(ur) = Ex(ux) = min  Ey(v) < Ex(po) = Ia(po) <0,
veEW,P ()

therefore u) is a non-trivial weak solution of (Py) . 4

5.2. Compacted support of the solution.

In this section we define
1
ro\ e
gx(t) defyr _ Al t€[0,400) and a* aef <)\> (5.16)
q
in such a way that gy is positive and increasing on the interval (0,a*). Let
us start by stating a result which guarantees the existence of an appropriate

super-solution of (Py) near the boundary.

Lemma 5.2. Let uy € W[l)’p(ﬂ) NL>(Q) be a weak solution of (Py). Then
uy € C (ﬁ) and there exist 6, > 0, M >0 and o € (1,p") such that

ux(z) < My (x)* in Qs,.
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In the proof of this lemma, we will use the following weak comparison
principle:

Proposition 5.2. Let us consider the Dirichlet problems:

(~anbm=s nn -

and

{ —Apu—b(z,v) =g inQ, (5.18)

v=g on OS.

’ 1
Assume that f < g in LV (Q), f' < ¢ in WP (0Q), u,v € WHP(Q) are any
weak solutions of the Dirichlet problems (5.17) and (5.18), respectively and
b(x, ) : R — R is non-increasing for a.e. x € Q. Then, u < v in Q.

Proof: See proposition 2.3 in CUESTA-TAKAC [3].

Proof of Lemma 5.2: With the previous notations, the set w* def {z €

Q, wux(z) < a*} contains a neigbourhood of 9 and there exists 9 > 0
such that 25, C w*. Since u) is bounded, there exists C* > 0 large enough
such that uy < C*p1 on 0€)s,. Hence, uy and C*p; satisfy

{ —Apuy < —A, (C*ey) in Qs,,

uy < C* on 0€s,. (5.19)

Therefore, by the weak comparison principle uy < C*p1 in Qs,. From this
estimate and the interior regularity result of SERRIN [13], uy € C (Q).

Let M > 0 and « € (1,p'), we want to construct a super-solution v to

(P») near the boundary such that v et pr ©1%. Similarly to the proof of
Lemma 3.2, there exists a §; > 0 only depending on €2, p, M and « such
that:

Apv ~ (Ma)P o —1)(p — 1)d(x) @ DE=D=1in Q5 (5.20)
and

K(x)(v" — M) ~ M"L(5(x))6(2)* % in Qs,. (5.21)

Precisely,

1 1 1
def . . & (la=Dp-1\? 1 (1N (1=
01 = m1n{5 e (72)\1 'Ky \2x i ,

where £* and 0* are defined in (2.3). By definition of §;, choosing a > 1
1

ol <(a*1)(p*1)

small enough, 61 = 7 o )p and we can impose

(5.22)

inf L((S)(S*(Dt(Pfrfl)f(p,k)) e
5<6,
M< [ ]

aP~(a—1)
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Then, by estimates (5.20) and (5.21), v is a super-solution of (Py) in s, .
Moreover, if we set

p*(ltf‘)

=

PREL S I a” a*a? Ha—1)

2T " Cx Ky’ \ Cy inf L(6) ’
6<01

uy < a* and v < a* in Qg,. Finally, setting J. def min{dq,d2} and choosing
« close enough to 1, uy and v satisfy:

—Apv — K(x)ga(v) >0 in Qs,,
—Apuy — K(x)gr(uy) =0 in Qs,,
v > U on 895*.

Note that the third assertion is a consequense of (5.19) and (5.22). Since
v — —K(x)gx(v) is non-increasing in (0,a*) for all = € Qs,, applying the
weak comparison principle of proposition 5.2, it follows that uy < vin s, . g

Proposition 5.3. Let k € [1 + r,p) and let uy € Wé’p(Q) NL>(Q) be a
weak solution of (Py), therefore uy has a compact support.

proof: For s € [0,a*], we define

Gr(s) /0 " on(t) dt.

Since r < p — 1, we have
a* i
/ Gr(s)"F ds < 400, (5.23)
0

Note that this above equation is close to condition (2) in VASQUEZ [14] and

implies that u) may be not positive everywhere in 2. Precisely, let us fix
1
e < a* (small) and 0, &f () with M and « defined in Lemma 5.2 in such

a way that uy < e in Qs_. Let us define for ¢ € [0,a*],
ht) /t () ds.
h is a C? bijection from [0,a*] to [h(a*), h(0)] and
W (t) = —Gr(t) 7 <0, forte (0,a%).
Then h~1 is also twice differentiable on (h(a*), h(0)) and we get,
(1Y) = =Ga(h™ ()

and

(h™)"(y) = ;gx (h"H(y)) G» (h‘l(y))%p for y € (h(a*), h(0)).
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Now let us define

i@ [ ((3)Y) 7w oraen,

and

J(x) def | in {j(x),h(0)}, forx e Qs..
Remark that j(z) > h(a*) for x € Qs  provided e is sufficiently small.
Indeed,

p=(r+1) p=(r+1) —(r+1)
h(a*) < C4 ey - (a*)p P < —Cye o < j(zx), for x € Qys,,

with C7 and Cy two positive constants independant of e.

With all this notations, we finally define the function w in €5 _ by

wlz) ¥t (J(z), forz e Q..

In other words,

g
/ G)\(S)_% ds = J(x), forz e Q..

w(z)

Using this last caracterisation, w is non-negative in €25, and w < a* in Q5.
Moreover, w vanishes when d(x) is small. Indeed, for s € (0,a*),

n(s)s > Ga) > [ ntar> S0 (3).

Then for € € (0,a*),

/06 Gr(s) 7 ds < /0 (%gA (;))”1’ ds.

So,
o, © L we . .
i@ = / (90 (5)3) 7 ds= / (9 (5)3) "ds> /GA(S)_%ds,
0 0 0

for € > 0 small, from which, together with the definitions of J and w, w
has a compact support in €.

Then, to complete the proof, it’s enough to show that uy < w in Qj,_.
Because of the compacted support of w, J € WhP(Q5.), thus w = h™to J €
WLP(Qs.) and satisfies

Vw=—Gy(w)rVj inD (Q).



(QUASILINEAR AND SINGULAR EQUATIONS 17
Then,
o1 . .
Apw + G\ (w) 7" Apj = HQA(W)’VJVD in D' (Qs.) -

In this equation, provided ¢ is sufficiently small

ViR = 2l (2o (5)] T < Kl@) s,

2
and
svi= 1w (20 ()] [b (2) + 20 (2)]
a1 [Zhoa (%)]* >0 in Q.

Hence, Apyw < K(x)gx(w) in ;.. Moreover, since gy > 0 on 0€25_, we have
ur(z) <e <w(x) on 0Qs.. Therefore, by the weak comparison principle of
proposition 5.2, uy(z) < w(x) in Q5. 4

Proof of Theorem 2.2: Since u) is compactly supported in €2, inequal-
ity (3.1) is also satisfied when k& > 1 + r, which implies the existence of a
critical parameter A\ > 0 such that (P)) has no non-trivial solution for
A < Ay. Thanks to above propositions 5.1 and 5.3 and remark 5.1, using
the C1P regularity result of LIEBERMAN [10] and the same arguments as in
paragraph 4.2, Theorem 2.2 follows.

APPENDIX A. PROOF OF LEMMA 3.3

A.l. When 0 <k <1+gq. By (1.5), v e m1 is a sub-solution of (Q) in
Q for m > 0 small enough. Now let us define

f(2) € Mé(@)" "L (5(z)) inQ,

with M > 0. Let (k—q)* < e < 1, therefore 0 < f(z) < C16(z)~¢ in Q.
Thus if we consider the problem

— —Ap’U:f inQ,
(Q){UZO ondf), v>0 1inQ,

by a result of GIACOMONI, SCHINDLER and TAKAC [6] (Q) has a unique
solution v € Ch* (Q), with @ € (0,1) and ¥ ~ 6(x) in Q. Therefore,
—A, v > K(z)v? in Q for M > 0 sufficiently large. Hence we get both
sub- and super-solution of the problem (@) which behave like the distance
function d(x) in Q. Using the same sub- and super-solution method as
section 4, we get a solution v € W(l)’p (Q)NC () satisfying

v(x) ~ () in Q.

def
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Now let w € WyP(Q2) N C (Q) be a solution to (Q) satisfying w(x) ~ d(x)
in 2. Then we can define

c* défsup{C>0, Cw<wvin Q} € R.

It’s easy to see that C* > 0 and C*w < v in ), so for all x € ) we get
* 4 *
~4, (€7 Tw(@)) = K@) (Cw(@)’ < K (@)o()! = ~Ay(v()).

If we suppose C* < 1, the weak maximum principle implies (C*)ﬁw <w
_a_
in Q. But (C*)»=1 > C* because C* < 1 and g < p — 1, therefore

CHrw < (C”k)/%1 w< vin Q,
wich contradicts the definition of C*. So C* > 1 and w < C*w < v in .

Interchanging the role of w and v, we finally get that w = v and this proves
the uniqueness of the solution of (Q) in the convex set

A % {v eWP(@)nC(Q), v(x)~d(x)in Q} .

A.2. When 1+ q <k <p. Forte (0,d] we define

2d
o(t) def exp (/ yf)ds> ,

with i € € ([0,2d]) N C* ((0,2d]) such that y(0) = 0 and lim ty(g? = 0in
t—0

order to satisfy

! i
lim tO'(t) 0 and lim tO"(t)

t—ot+ O(t) - t—0t O'(t) =-b (A1)

Let 3 € [0,1], for z €  we also define

w(@) € ¢1(2)°0 (p1(x)) in Q.

A direct computation of —A,w in € gives us

= (o) (5 2

’ 20
[(8+ 28550 ) i + (- DIVl (501 - ) - 252850 — £ e0)].

From now, we will distinguish the following cases.
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A21. Case 1: 0 < B < 1.

There exists € > 0 sufficiently small such that for z € €.,

B 01(x)0 (p1(x)) _ 308
250 T ) S 2
and
51— ) o1 (D)0 (1(1)) o120 (pr(x)) _ 3
7 S0 T ey S 2P

Therefore we get
—Ayw(x) ~ Op1(2)" o1 (2) PP in
which implies
(~Bpw() Ju(@) ~ Ofpi ()P~ ()P DED103 iy

When 1+ ¢ < k < p, if we choose § = ﬁlf—q) € (0,1) and y(t) = %
for t € [0, 2d], w satisfies

(—pr($)>w(x)_q ~ K(z) inQ,
w=0 ond, w>0in Q.

Therefore there exist C7,Co > 0 such that Ciw and Cow are respectively
sub- and super-solutions of the problem (Q). Thus, (Q) has a solution
vE Wllofj(Q) NCo (Q2) satisfying

—k 1
v(x) ~ 8(z) T L (8(z)) 705D in Q. (A.2)
Using the same arguments as section A.l, we get the uniqueness of the

solution in the set

loc

AY {v e W2P(Q) N Co (Q), v(z)~ 5(:c)p—p(;iq)L (5(:1:))1’—(}%) in Q} .

Moreover, Uy € W(l)’p (Q) if and only if the right hand term in the equation

of problem (Q) is W% (), i.e. if and only if there exists a constant C' > 0
such that

Yo € WP (9),

/ K (2)x (2) 0 (2)dz| < Clo].
Q

Using estimate (A.2), Hardy’s and Holder’s inequalities and property (1.4) of
the perturbation L, this condition is satisfied if k < 1+q+ w. Moreover,
by (A.2), we have

/ K (x) (i (2))" dz < 400
Q

only if k < 1+q+w. Then, as soon as k > 1+q+w, uy ¢ Wé’p(ﬂ).
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A.2.2. Case 2: B=1.

The computation of —A,w becomes

—Apw = 0'(p1) (O(p1))P > <1 * %) -

2

(5t ) o s oo wimar (- S5E5)|
We choose @ such that
Op1)pr? !

O’ (1)

near the boundary, that is equivalent to require
o(t)
o'(t)

Crr? < — < Oy P71

Cit < — < (s, for ¢t > 0 small enough. (A.3)

Hence,

(~apw(@) (@)t ~ 6 (21(2)) © (#1(2)" > " p1(2) * in Q.
To get
(~Apw(@) )w(@) ™ ~ p1(@) L (e () in Q,

we require

2d
t*(lﬂ)y(t)@(t)p’(q“) ~ 1k (/ z(s)d5> in (0,d].
. s

This condition can be satisfied only if £ =14 ¢. Then taking

2d P e
oft) = (/ s—lL(s)ds> 0<t<d,
t

O satisfies conditions (A.1) and (A.3). Thus, if £ =1+ ¢ and

2d =aFo
w(z) = ¢1(z) (/ tlL(t)dt> in Q,
p1(w)

there exist C1,Cs > 0 such that Ciw and Chow are respectively sub- and
super-solutions of (Q). Thus, there exists a solution v € Wé’p (Q)NC(Q) of
(Q) satisfying

2 =T
v(z) ~ () (/ tlL(t)dt) in Q.
(x)

Using the same argument as section A.1 we get the uniqueness of the
solution in the set

[ ) 0w\
A3 =SveWP()NC(Q), v(z) ~d(z) (,/5( )t_ L(t)dt) inQ5.



QUASILINEAR AND SINGULAR EQUATIONS 21

A.2.3. Case 3: 3 =0.

In this case, we get

—Apw = p(x) " (6 ()" [/\uplp —(p— 1)|V<P1|p(pl@@(”(;f)1)

Hence,

(~B0(@) () ~ 1(2) 1 (a()P 1 Olpa() T in O
Similarly as the previous case, to get

p1(x) 71O (p1(2))" 1 O(p1(2)) ! ~ pr(2) " L(p(2)) in O,

we require

PO (1)p-(+) < _ y(t))pil ~tF exp (/2d Z(Ss)dt> in (0, 4).

This condition can be satisfied only if ¥ = p. Then if condition (3.2) holds
and if we choose

2d y(s) t h pfp(qu)
@(t) = exp / TdS =C </ SlL(S)Pld5> , 0<t < d,
t 0

we get that O satisfies conditions (A.1) and (A.3). Thus if £ = p and

p1(z) | p—p(zj—q)
w(z) =C (/ tlL(t)Pldt> ,
0

there exists C1,Cy > 0 such that Ciw and Cow are respectively sub;and
super-solutions of (Q) and there exists a solution v € VVl1 P@)NCo (Q) of
(Q) satisfying

Using the same argument as section A.1, we get the uniqueness of the
solution in the set

def - §(x) i ﬁlifﬂ
M L e W) e (), v(a) ~ / s L(s) 7T ds nob.
0

APPENDIX B. PROOF OF PROPOSITION 3.1

To prove this proposition, we need the two following lemmas:
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Lemma B.1. (Picone’s Identity)

Let u,v € C! (ﬁ) two positive functions satisfying the Hopf’s lemma.
Then,

L) € 9up + (p = 1) (4)" Vel = (

satisfies L(u,v) >0 in Q and L(u,v) = R(u,v) where

-1
u)p |VolP~2Vu.Vu

[

P
R(u,v) def |Vul|P — |Vv|P~2Vo.V < sl > .

pp—1

Moreover, L(u,v) = 0 in Q if and only if there exists C > 0 such that
u = Cv in Q.

Proof: See Theorem 1.1 in ALLEGRETTO-HUANG [1].

Lemma B.2. (Diaz-Saa inequality)
Fori=1,2 let w; € L*®(Q) such that w; > 0 a.e. in €, wi% e Wtr(Q),
1
Ay (wﬁ) € L>(Q2) and wy = wy on Q. Moreover if 1, 42 € L((), we
have the inequality

/ (_Ap (7) Lo (wzé)> (w1 — ws) dz > 0. (B.1)
Q

Futhermore, (B.1) becomes an equality if and only if there exists C > 0
such that wy = Cwy a.e. in €.

Proof: See Lemme 2 in DiAz-SAA [5].

Proof of proposition 3.1: We argue by contradiction. If proposition
3.1 does not hold, there exist v € Wllo’jco(ﬂ) N Cy () weak solution of (Q),

n > 0 and € > 0 satisfying 7 > nu a.e. in Q and (3.3).

B.1. Step 1: when q > 0. We consider the following perturbated problem:

Q) —Apv = Kyp(z)v?, v>0 inQ,
" v=0 on 09,

where (K,),cny C L>(€) is increasing sequense satisfying K, — K a.e.
n—-r+oo

in Q. We will prove there exists a unique solution of (Q,,) in Wé’p (©2) and
show that this solution is C1* (Q) for some a € (0,1). Let us consider the
functional,

I(u) déf/ \VulPdz, ue Ve {w e WhP(Q), / Ky (2)wdz = 1} .
Q Q
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Since V' is a compact subset of Wé’p (€2), there exists a non-negative and
non-trivial @, € W () satisfying

I,(v,) = ngr/l I, (u).

Therefore, from the Lagrange multiplier rule, there exists a Lagrange mul-
tiplier A\,, > 0 such that
—DNpy, = MKy () (0,)7 in 9,
U, =0 on 0N.

By homogeneity of the p-Laplacian operator, if we define

1
v & (N0 B, € WoP(9Q),

v, satisfies
{ —Apvy, = Kp(x)vp?,  in Q,
v, =0 on 0,
Since ¢ < p — 1 and K,, € L*°(Q), using Moser iterations we prove that
v, € L(Q) and due to the well known regularity result in LIEBERMANN
[10], vy, € CH (Q) for a certain « € (0,1). The positivity of v, comes from
the strong maximum principle in VASQUEZ [14] and v, is a solution of (Q,,).

Now, let us prove the uniqueness of a such solution. Therefore, for that,
we use the Diaz-Saa inequality (B.1). So let u, € CY® (Q) be an other
solution of (Q,,), then

A A
/ (pu" + pU”) (un? —v,P)dx > 0, (B.2)
Q

Uy, P! v, P1

which implies

1 1
_ P_ gy P _
/QK"(JC) (unp—(l-i-q) vnp—(l—i-q)) (un® = vp") dz = 0.

Then inequality (B.2) becomes an equality, therefore by lemma B.1 there
exits C' > 0 such that u,, = Cv, in . Futhermore, by homogeneity argu-
ments, —A,(Cvy,) # Kp(x)(Cvy,)? in Q if C # 1, so u, = v, in Q and we
get the uniqueness.

Now, we will prove that for all n € N v,, <v. For that, we apply a sub-
and super-solution method in a compact subset of €2. So let us fix n € N and
define (£2,,),,cn+ an increasing sequense of smooth subdomains of € such
that ©,, — €2 in the Hausdorff topology with

m—00

Ym € N*,

1 1
< dist (09, 0Q,) < —.
1 m

Then we consider the following sequense of problems:

(Qnm) —Apu = Kp(x)v? in Qp,
nm v=nv ondy,, v>0 inQ,,
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with v € Wy(Q)NC () the sub-solution of (P). Since T € WP (Q)NL®(Q)
and ¥ > no in Q) by hypothesis, using the same arguments as in the proof
of Proposition 4.1, for all m € N there exists vy, € WP(Q,)NC (@)
unique solution of (Q;, ). Movereover, vy, n, satisfies

nv < Vpm <0 in Q.

. - def . . .
Now if we define vy, y, = 1q,, Unm in £ in order to extend v, in 2 by zero,

the sequense (Un,m),, cn+ 18 an increasing sequense which converges pointwise

to an element u, € WP (Q)NCoy (ﬁ) solution of (Q,,), by similar arguments

loc
as in the proof of Proposition 4.1. Then, the uniqueness argument implies

Un, = Uy, In Q and then

VneN, wv,<v in{.

B.2. Step 2: when q < 0. Let us define the following problem:

(@) prv:Kn(:U)(v+%)q, v>0 inQ,
" v=0 on 0N

Using a similar method as step 1, we get the existence and the uniqueness
of a sequense of weak solutions of (Q})) in W(l)’p ().

B.3. Step 3: Applying Picone’s Identity with u = 1% € C! (ﬁ), where
6:”_’# and v = u, € C' (Q), we get

p
0< / VulP — [VoP~2Ve.V ( “_1> da. (B.3)
Q

VP

(1) When ¢ > 0 this inequality becomes

ﬂp/\V%\p%(ﬁl)pdx = /’V(Plﬁ’pdx
Q 0

Bp
IV, |P~2Vv,.V L — | dz
Q vpPt

Bp
_ ¥1
= /S)Kn(a:)vnp_(qﬂ) dx.

Therefore, passing to the limit when n — +oco, there exists C' > 0
such that

1
: p—1+e
;IETLE *Ui(y)p—(qﬂ) /wK(x)gol de < C, YwCC.

v

This inequality does not hold for w close enough to €2, i.e when
dist (2, w) is sufficiently small, because

/ K(z)p P dr = 400,
Q

by hypothesis.
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(2) When ¢ < 0 arguing similarly as in the first case, we get

Bp
P Py B=1p gy > #1
7 [ IVerre e = [ Ko s

Therefore passing to the limit when n — 400,
i 1
in
vew (B(y) + 1)P—(Q+1)

And we conclude as above. .

/ K(z)pP ' ede < C, Yw cc Q.

APPENDIX C. CYP REGULARITY

We consider the following quasilinear elliptic boundary value problem,

—div(a(z,Vu)) = f(z) in Q,
(P) { u=0 on .

In this equation, f € L;{* (Q2) and

loc
)

div(a(z, Vu)) €Y 5,00, Vu(z)), forzeQandue W P(Q) (C.1)
=1 Ot

with values in W~1#'(Q). Moreover, the components a; of the vector field
a: QxRN - RN a=(ay, - ,an), are functions of z and n € RY, such
that for i,j € {1,--- , N}, a; € C(2 x RY) and $% € C(2 x (RV\ {0})). We
assume that a satisfies the following ellipticity arid growth conditions:

(H1) There exist some constants « € [0, 1], v,T" € (0,+00) and « € (0,1),
such that for all z,y € Q, all n € RV \ {0} and ¢ € RY,

ai(z,0)=0, fori=1,---,N, (C.2)
N
da; p—2|¢12
S S8 @ m)ts = s + )P El, (C.3)
52 on;
N Oa;
> ?mm‘ < (s + )P 2, (C.1)
i,j=1 on;
N
S Jas(@ ) — aily,m) < T+ [n)Ple - yl*. (C.5)
=1

We remark that condition (C.2) through (C.5) are motivated by the elliptic
boundary value problem,

(P){ —Apu=f(z) inQ,

u=0 onf.

Finally, we impose the following growth condition on the function f:
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(H2) f € Li£.(22) and there exist some constants ¢ > 0 and € € (0,1)
such that, for almost all = € €Q,

[f(@)] < ed(x)™. (C.6)

Proposition C.1. Assume that a(x,n) satisfies the structural hypotheses
(C.2) through (C.5) and f(x) satisfies the growth hypothesis (C.6). Let
u € Wé’p(Q) be a weak solution of the problem (P). In addition assume

0 <u(x) <Cé(x) for almost all x € Q, (C.7)
where C' >0 and u € Wé’p(Q) is a weak solution of

) { —div(a(ac;LV:u)o) :O{L%)_ in 2,

Then there exist constants 8 € (0,a) and M > 0 only depending on 2, N, p,
on v, I',a in (C.2) through (C.5), on the constants c,e in (C.6) and on the
constant C in (C.7), but not on r € [0, 1], such that u satisfies u € C1# (Q)
and HuHCw(ﬁ) < M.

proof: The proof is very simlar to the proof of Therorem B.1 in GIA-
COMONI, SCHINDLER and TAKAC [6]. In particular, condition (C.6) replac-

ing the growth condition (B.9) imply the estimate (B.17) in [6]. g

The C1P regularity of uy is directy proved applying this proposition with
a(z,n) def In|P=2n and f(x) def K(z) [Mupy(2)? — up(z)"] for z € Q and

n € RN,
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