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AN ISOPERIMETRIC INEQUALITY FOR A NONLINEAR EIGENVALUE
PROBLEM

GISELLA CROCE, ANTOINE HENROT AND GIOVANNI PISANTE

ABSTRACT. We prove an isoperimetric inequality of the Rayleigh-Faber-Krahn type for a
nonlinear generalization of the first twisted Dirichlet eigenvalue. More precisely, we show
that the minimizer among sets of given volume is the union of two equal balls.

1. INTRODUCTION

In this note we study a generalized version of the so called twisted Dirichlet eigenvalue
problem. More precisely, for Q an open bounded subset of RY we set

IVl o

(1.1) AP9(Q)) = inf
Tl ey

0 # 0,0 € Wol’p(Q),/|v|qud:c =0
Q

Among the sets (2 with fixed volume, we are interested in characterizing those which minimize
AP4(Q). In other words we look for an isoperimetric inequality of Rayleigh-Faber-Krahn type.
This kind of inequality is related to the optimization of the first eigenvalue for the Dirichlet
problem associated to nonlinear operators in divergence form and have been widely studied
for functionals that do not involve mean constraints. In such cases a rearrangement technique
proves that the minimizing set is a ball and several results concerning its stability are also
available (see for instance 2J],[R1],[[3]). When mean type constraints are considered together
with the Dirichlet boundary condition in an eigenvalue problem, the optimization problem
becomes more difficult, since one is lead to deal with non local problems. Due to the fact
that an eigenfunction for \?4(€2) is forced to change sign inside 2, and hence has at least two
nodal domains, one cannot expect in general to have a radial optimizer.

The adjective twisted was introduced by Barbosa and Bérard in [, in the study of spectral
properties of the second variation of a constant mean curvature immersion of a Riemannian
manifold. In that framework a Dirichlet eigenvalue problem arose naturally with a vanishing
mean constraint. The condition on the mean value comes from the fact that the variations
under consideration preserve some balance of volume.

Further results in this direction can be found in the paper of Freitas and Henrot [[4], where,
dealing with the linear case, the authors solved the shape optimization problem for the first
twisted Dirichlet eigenvalue. In particular they considered A?(€2), and they proved that the
only optimal shape is given by a pair of balls of equal measure. The one-dimensional case
has also attracted much interest. In [§], Dacorogna, Gangbo and Subfa studied the following
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2 GISELLA CROCE, ANTOINE HENROT AND GIOVANNI PISANTE

generalization of the Wirtinger inequality

/ 1

(1.2) inf {w cue WhP(=1,1)\ {0}, u(—=1) =u(1) =0, / lu|? % de = O}
l[ullLa(—1,1)) 4

for p,q > 1 proving that the optimizer is an odd function. Moreover they explained the

connection between the value of )\pvp/((—l, 1)), where p = ]%, and an isoperimetric inequality.

Indeed, let A C R? whose boundary is a simple closed curve ¢ € [—1,1] — (z(t),y(t)) with

z,y € WyP((=1,1)). Let

1 1
L(0A) = / (O + ()P Fdt

1
and

1
M) = 5 [ W00 -y Ol
Then L2(QA) — 4XP?'((—1,1))M(A) > 0. The case of equality holds if and only if A =
{(z,y) € R?: |z|"" + |y[*" = 1}, up to a translation and a dilation.

Several other results are available in the one-dimensional case, see for instance [, [, [E],
9], [[1] and the references therein for further details.

Our aim here, as in [[4], is to prove that the optimal shape for A\P4(Q2) is a pair of equal

balls. The main result can be stated as follows.
Theorem 1.1. Let Q be an open bounded subset of RN. Then, for

l<g<pr,ifl<p<N
l<g<oo,ifp>N

N | =

(1.3) 1 <p<ooand {

we have
)\p’q(Q) > )\p’q(Bl U 32)7
where By and By are disjoint balls of measure |Q]/2.

The rest of the paper is devoted to the proof of Theorem [[.T and it is divided into two
steps. In the first one, using the symmetrization technique, we show that it is enough to
minimize the functional A»? on sets given by the union of two disjoint balls By and By (not
necessarily equal) and to identify the minimizing pairs. Moreover we write the Euler equation
for a minimizer u of A\"9(By U By), proving that the Lagrange multiplier associated to the

constraint
/ lu|9%u =0
Q
is zero (cf. Theorem P.3).

The second step, which consists in showing that the two optimal balls have to be equal, is
more subtle. In the case p = ¢ = 2 solved in [[[4], the proof is based on the explicit formula
for the (radial) solutions to the Euler equation of the functional and on fine properties of the
zeroes of Bessel functions. Here we use a more geometric argument obtaining as a byproduct
a simpler proof of the results of Freitas and Henrot. More precisely \»4(B; U Bs) is attained
at a function u = u1xp, — U2XB,, With u; and wuy radial positive functions. If we look at
AP(By U Bg) as a function of sets we obtain the following optimality condition from the
domain derivative (cf. Theorem B.9):

ou
8y1

_ |9
_81/2
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From the other hand, the divergence theorem applied to the Euler equation gives that
p-1 3UQ

3U1 .
| 19Bil= 50

This, combined with the previous condition, implies that B; and By have the same measure.

|532|-

2. THE FIRST GENERALIZED TWISTED EIGENVALUE

We start our study proving that the the value AP7(Q) is attained for any choice of a bounded
open set  c RV,

Lemma 2.1. Assume ([.3). Then A\P4(Q) > 0 and there ezists a bounded function u €
Wol’p(Q) such that
APA(Q) = m and /\u!qQde:O.
HUHLq(Q Q

Proof. Let

1
Hy(0) = 90 gy = (0@ + 2 ) ol

v):/ |v|9 %0 dz.
Q

By definition of infimum, for every n there exists u,, such that

with n € N, and

/ |t |92y dzz = 0, Hi(uy) <0.
Q n

Without loss of generality we can assume that [[Vu,||;sq) = 1. By Poincaré inequality,
Hunle,p(Q) is uniformly bounded. Since p > 1, up to a subsequence, u,, converges weakly to

some u € Wol’p(Q). By hypotheses ([.3) on p and ¢, u,, — v in LY(Q) and then

/ lu|" 2w dx = 0.

IVl gy — PR [l < 0.
By definition of A\”9(2), necessarily we have
IVl ) — PR [l ) = 0.
To prove that u # 0 and AP4(2) > 0, it is sufficient to pass to the limit in H,,(uy) < 0 to get
1< XU [lullf

This implies that

9Q)
We are now going to prove that u is bounded. For ¢, 0 € C§°(12), let

QI3

O(e,t) = / |[Vudx + eV +tVo|P do — [AP(Q)]P / |u+ep+t0]7dx

Let 6 be such that
(=1 [ fufr20ds =1,
Q
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if such @ does not exist one would have |u|9~2 = 0 which is a contradiction. Then, set

(e, t) :/\u—i-ap—i-tﬁlqQ(u—i—sap—i-té?)dx.

The hypotheses on 6 imply that 1:(0,0) = 1. By the implicit function theorem applied to
1, there exists a function 7 such that (e, 7(¢))=0 and 7/(0) = —1.(0,0). Since (0,0) is a
minimizer for ®, we deduce that

(2.1) ®.(0,0) + ®,(0,0)7'(0) = ®-(0,0) — D¢(0,0)1b-(0,0) = 0.

By explicit calculations we have

©.(0,0) /|Vu|p *Vu - Vedr — [MN9YQ)Pp ||ul|, Q)/|u|q 2up du;
B4(0,0) /\vuyp 2V V0 dr — NP [ullf,8, /yu\q 200 da

0(0.0) = (g = 1) [ [ Zpdo
Q
the equation (P.])) is indeed equivalent to

/|Vu|P2Vu -Vpdr — [NIQ)P ||“HLq @) / lu|?2up dx = po(q — 1) / lu|7 2 dz

Q Q Q
with
o :/\Vu]p_QVu-Vde— PP (a7 /\uyq 200 d
By standard regularity results on elliptic equations (see § 5 of Chapter 2 in [RF)) we deduce
that u is bounded. O
Let now u € Wol’p(Q) be such that
Vu
APA(Q) = Vel oy / u? 2udz = 0
Tl
and set

Qp={xeQ:u(z) >0}, Q_={zre:ulx) <0}
Our aim is to prove that we can reduce to the case of two balls. We will use a technique
used in [[[4] based on the Schwarz rearrangement. Here we recall just the definition and the
properties that we will need in the proof. For more details on rearrangement techniques we

refer to [[[d] and [L§].

Definition 2.2. For a measurable set w C RY, we denote by w* the ball of same measure as

w. If uw is a non-negative measurable function defined on a measurable set 2 and v = 0 on
09, let

Qc) ={z € Q:u(z) > c}.
The Schwarz rearrangement of u is the function u* defined on 2* by

u* =sup{c:z € Q(c)"}.



AN ISOPERIMETRIC INEQUALITY FOR A NONLINEAR EIGENVALUE PROBLEM 5

The next theorem summarizes some of the main properties of the Schwarz symmetrization.

Theorem 2.3. Let u be a non-negative measurable function defined on a measurable set )
with u =0 on 9. Then

(1) u* is a radially symmetric non-increasing function of |x|;
(2) for any measurable function v : R™ — R

[vwds= [ vy
Q Q*
(3) if u.€ Wy (), then u* € WP (Q*) and

/ |Vul?P dz 2/ |Vu*|P de.
Q Q*

Using the Schwarz symmetrization and suitable constrained variations we are now able to
reduce our problem to the “radial” one. Indeed we have the following theorem.

Theorem 2.4. Let By be a ball of same measure as |Q24|. Then A\P9(Q2) > \P9(B U B_).

Proof. Let uy = ulg, and u_ = —ulq_. By symmetrizing u; and u_ respectivelly, by the
properties of Schwarz rearrangement (cfr. Theorem P.3) we can write

HV“inp(Bg + HV“iHZLP(B,)

[ N k

Moreover, by equimeasurability ensured by Theorem .3.(2), using the volume constraint, we
deduce that

O:/]u+lq2u+dx—/]u_\q2u_dx:/]u+]q 2 dw—/\u |97 2q,*
Oy O By

If we set

WP >

IV Wiy + IV

P

[HfHLq T L

*

where A is defined by

— Lp Lp . 2 _ q—2
{ro ewsrmowizmy: [ 1smer= [ )
we clearly have

(2.2) [APA(Q)]P > A"

It is easily seen that \* is attained in (fy, f—), with fy, f— > 0. Without loss of generality
we can moreover assume that

(2.3) /|f+|qu+/|f|qu:1.
B, B_

For ‘~P:|:70:|: S Cgo(Bi), define
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D(g,t) :/]Vf+ dz+ eV +tVOL|P do + / \Vf_dr+eVeo_ +tVO_|P do+
Bs B_

P

q
- A" /’f++€¢++t9+\qu+/!f_—i—ap_—i—té?_]qu
By B_

Let (04,6_) be such that
=1 [ 1l de = -0 [ | de =1,
By B_

Such choice of (f4,60_) is possible, since, if not, one would have |f, |92 = |f_|7"2 = 0, that
contradicts (2.3). If we define the functional

Y(e, ) :/|f++€SD++t9+|q_2(f++690++t9+)d~"3+

By

— / Ifo +ep_ +t0_|T2(f_ +ecp_ +t0_)dx,
B_

the hypotheses on (6,60_) imply that 1,(0,0) = 1. By the implicit function theorem applied
to 1), there exists a function 7 such that ¢ (g, 7(¢))=0 and 7/(0) = —1-(0,0). Since (0,0) is a
minimizer for @,

P.(0,0) + ®4(0,0)7'(0) = ®.(0,0) — ®4(0,0)2-(0,0) = 0,
that is,

pola = 1) | [ 18412 0ndo— [ 12 da| = [IVLIP 291 Vo dot
By B_

By
b [ Vs Vemdo - | [ 150 g do+ 1702 da
B_ B, B_

with

po= [ IVAP729fs VoL do s [ 97 p20L - Vo_dot
By B_

| [l do s [ 1720 do
B, B_

It follows that w = fyxp, — f-xp_ satisfies on By U B_ the equation
(2.4) — div(|VwP2Vw) = M |w|7 2w + polg — 1)|w|972 .
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Now we observe that multiplying (R.4) by w, one has

|Vwl? dx
e = \" > inf / |\VolPdz,v: / [v|9 %0 dx = 0, vl ap,up ) =1
/ |w|? dx BLUB_ ByUB_
BLUB_
— PU(B, UB)P.
The above inequality and (£:9) imply that AP4(Q) > A\9(By U B_). O

We are now going to write the Euler equation for AP4(2) in the case where  is the union
of two disjoint balls. We will make use of a technique introduced in to carefully choose
the variations.

Theorem 2.5. Let Q) = By U By where By and By are two disjoint balls. Let u € Wol’p(Q) be

a bounded function such that / [u|"%udz =0 and \P1(Q) = HH HHLP(Q . Then
ull parq
(2:5) — div(|VulP V) = NUQ [l [ul"u

Proof. We set

v) :/ [v|9 v dx / |VolP de — [AP9( [/ \v\qu]
)

Let ¢ € C3°(Q) and t € (0,1). Let
vV: R — R
= Glut+te+p).
Then W is continuous, (-1 — [lu+ | e(q) < 0 and W(1 + [Ju+ 1ol o)) > 0. By
continuity there exists 5; € R such that ¥(5;) = G(u +te + ;) = 0.
Let t € (0,1) fixed. We set ¢; = % We are going to prove the existence of a sequence

tn, — 0 such that ¢;, has a finite limit as n — oo (up to a subsequence). If there exists a
sequence t, — 0 and xy, € Q such that p(zy,) + ¢, = 0, then we have the result, since ¢
is bounded. If there exists 6 > 0 such that, for every 0 < ¢t < 6, ¢(x) + ¢; # 0 for every
x € Q, let us show that ¢(z) 4+ ¢; must change sign in Q. Otherwise, by the strict convexity
of s — |s|? (and then by the strict monotonicity of s — |s|77%s) we should have

/\u—i—tgp—i—ﬁth2(u+tap+ﬁt)dx>/]u\qQudac
Q Q

or
[t 2 o+ iy de < [ fult-uds,
Q Q
that is,
0:/ |u—|—tg0+ﬁt|q_2(u+tgo+ﬁt)dx>/ lul"%udz =0
Q Q
or

0:/ |u+tg0+ﬁt|q_2(u+tgo+ﬁt)dx</|u|q_2udx:O
Q Q
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which is a contradiction.

Then, for 0 < t < 4§, on a subset of Q one has p(z) + ¢ > 0 and on its complement
¢(x) + ¢ < 0. This implies that [ci| < [|¢]| oo (). Therefore there exists 0 < ¢, < ¢ such that
t, = 0 and ¢, = cas n — +o0.

We have

< Fluhp>=p [ [Vl >Vu- Viods — s @) [ullty [ fultupd.

On the other hand,

o< i Pt taloten)) = Flu)

n—00 tn

=< P > —ep WP [ullf sy [ [ul'Pude =< Flu)g > .

The previous inequality implies that
/ \VulP~2Vu - Vodz = [A\P9(Q)]P HuHLq(Q / |u|?™2uep dz

for every ¢ € C§°(Q).

3. THE SHAPE OPTIMIZATION PROBLEM

In this section we are going to find a geometrical necessary condition for a set {2 to be a
minimizer of A\P-4(€2), where 2 is the union of two disjoint balls. We will exploit the deriv-
ative with respect to the domain of the set functional A”?(Q2) and investigate an optimality
condition, i.e. we will identify the domains with vanishing domain derivative. Here we briefly
recall, for the reader’s convenience, the ideas underlying the concept of domain derivative and
we refer for instance to [[7] and [RH] for a detailed description of the theory and for further
details on its applicability.

Roughly speaking the domain derivative can be understood in the following way. Let 2 be
a bounded smooth domain in R™, V' : R® — R" be a sufficiently smooth vector field, t > 0
and denote by 2; the image of 2 under the map I + tV, where I stands for the identity. Let
us consider the boundary value problem

A(t,u) =0 in O
(3.1) { u=20 on O

and an integral functional given by

g = | Cd,
Q¢

with A and C are differential operators acting on a space of functions defined in €;. Under

suitable regularity hypotheses, the function ¢ — u;, that associates to ¢ the solution of problem

(B, is differentiable and its derivative in zero, denoted by u := u}(0), satisfies the following

conditions

(3.2)

8,5./4(0, UO) + 8,5./4(0, UO)U =0 inQ
w=——V v on 0f2
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where v is the outward unit normal to 0€2. Moreover, we can calculate the domain derivative
for t = 0 of the functional J in the direction V as

(3.3) J'0) = / 0,Cudr + | Clug)V -vdHN 1.
Q o0

The results of the previous section ensure us that we can restrict our study to the sets
Q) = By U By where By and Bjy are two disjoint balls of radius Ry and Rs respectively such
that |B; U By| = wy, where wy is the measure of the unit ball in RN, Let u be the minimizer
function realizing the value A\P4(2). Using the Schwarz rearrangement as in Theorem P.4 we
can assume that AP4(B; U By) is attained at a function u = ujxp, — u2xB,, with u; and uy
non negative radial functions on B; and Bs respectively.

For this kind of domains, by Theorem .5, u satisfies (2.). By scaling invariance, it is not
restrictive to deal with solutions that satisfy the condition

(3.4) /Q ulfde = 1.

Thus we are lead to consider u satisfying (B-4), the constraint

/ lu|" %y dz = 0
Q
and the Dirichlet eigenvalue problem

—div(|Vu[P=2Vu) = [MW9(Q)P|ul?%u  in
u=20 on 0€}.

Observe that in dimension 1, the minimizer of A\”4((a,b)) is an anti-symmetric function
with respect to (%52,0), as proved in [[]. Therefore in the sequel we will assume that N > 2.

Clearly an optimal set, i.e. a set that minimizes AP4(£2), will be a critical set with respect
to the domain variations. If we prove that the eigenvalue has a domain derivative AP4(Q),
which will be true if A»9(£2) is a simple eigenvalue, then AP4(€2) = 0 (see for example [[7] for
further details and proof of the differentiability of a simple eigenvalue). This motivates the

next theorem.

Theorem 3.1. Let Q@ = By U By, where By and By are two disjoint balls. Then AP(Q))
is a simple eigenvalue, i.e. there exists a unique function w = uixp, — U2xB,, modulo a
multiplicative constant, that realizes

API(Q) = %, / u|9"2u dz = 0.
HUHLq(Q) Q

Proof. Let w = uixp, — u2XxB, and & = u1xp, — U2xB, be two functions at which A\P7(Q)
is attained. We can assume that u; and 4i;, for i = 1,2, are radial by Lemma [L.]] in the
appendix. Moreover uq, us, U1, U are nonnegative and

(3.5) / wi™t dx :/ ul™tdx, / i da :/ i da .
Bl BQ Bl BQ

Without loss of generality we can assume that [[u| 1q(q) = (@l o) = [N (Q)]ﬁ Therefore

(3.6) / u‘fdw—i—/ ugdx:/ ﬁlqu—i—/ upd dx .
B1 Bs By Ba
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We remark that, by Theorem P.5, letting r = |z|, we have that u; = uy(r) and 4y = iy (r)
satisfy on [0, Ry], the Cauchy problem

Ny = g

¢(0) =c, ¢(0)=0
with possibly different constants ¢ for u; (0) and i3 (0), and a similar result holds for us = ua(r)
and iy = us(r) on [0, Ra).

Assume, without loss of generality, that u;(0) > 1(0). By Lemma [£.J in the appendix,
uy(r) > dy(r) on [0, Ry]. Therefore

/u({ldaz>/ w4 e, /u?dﬂ:>/ w19 dr.
B B By By

By (B3)

(3.7) / ul ™t dz > / i da
BQ BQ
using (B.6) we deduce that
(3.8) / uddr < g dx .
Bo B

If uz(0) > 1i2(0), by Lemma [£.3, we have uy(r) > 1ia(r) on [0, R2] and this is in contradiction
with (B.§). If, on the other hand, us(0) < 1i(0), again using Lemma [£.4 we have us(r) < ia(r)
on [0, Ry] and this contradicts (B.7). Then u1(0) = 1(0). Finally, another application of
Lemma [L.9 gives us that u; = 1 and by (B.§) we get also uy = 1is. O

| \/

Now, by [B-3) (cf. [0, B]) we have that w; and s solve, in B; and By respectively, the
equation
pfl Vu ° Vu

(3.9) —div <(p —2)|Vu| S

Vu+ yvm“vu) = pA\P L 4 (g — D)APu 20
where we use the notation A instead of AP4(B; U B). We are in position to prove the
optimality condition for the radial problem associated to A\?*4(By U By).

Theorem 3.2. Consider the following minimization problem

(3.10) inf{)\p’q(Bl U BQ) : (Bl, Bg) disjoint balls, ‘Bl U BQ’ = wN} .

Let the pair (By, Bo) be critical for (B10). Then, denoted by u = u1X g, —u2Xg, the function
at which \P4(By U By) is attained, we have
611,1 . 8UQ

ov | |ovy

Proof. We will denote By U By by Q. We recall that u; and us satisfy (B.9). Multiplying by
u and integrating we obtain

(3.11) (p— 1)/ |VulP2Vu - Vi de = p)\p_l).\/ |ul?dx + (¢ — 1))\p/ Ju|? 2w d.
Q ) )
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Since we are working with normalized functions, the domain derivative of ||/}, () has to be
zero, i.e. by (B:4), using (B.3), we deduce that

/ |u| "% de = —/ lul?V v dHN L
Q o9

As u vanishes on 0f2,
(3.12) / lu|"?uidr = 0.
Q

Moreover, by Theorem P.J, u satisfies
—div(|Vu|P2Vu) = \P|u|i?u;
this implies that

P72 gy
—dHN T+ )\p/ lu|? 2 d.
81/ Q

(3.13) /|vu|p—2vu-vudx:/ a2
Q oq |0V

Combining (B.13) and (B.13), (B-11)) reduces to

—2
y P p—1 . @ P @ N-1
)\p—_l)\ —/(mu £y 8yd7-[ .
We recall that on 99, by (B.4), we have
) ou
U= _EV -V
as a consequence
ALyt = —/ Qul’y apN-1,
P — 1 o0 ov
It follows that
ou P

API(Q) =0 = Vov|—| a1 =o.

o0 81/

Since = By U By and since u is radial on By and on Bs, this is equivalent to

p
Ou / VovdHN Tl =0.
0B2

3UQ

vy vy

p
/ VovdHN T+
0B1

For variations V' preserving the volume, we must choose V' such that / div(V)dx = 0. We
Q

deduce

p

p

6u1 6u2 —0 ’

| o

that implies the claim. O

APA(Q) = 0

Using the previous analysis and the Pohozaev type identity ([£3) in the appendix, we will
uniquely identify the critical domain for AP7(€2).

Theorem 3.3. The only critical domain among union of balls of given volume for \P4(82) is
the union of two balls of same measure.
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Proof. Let u = ujxp, — u2xB, be the function at which \»9(B; U By) is realized, satisfying
(B:9). By the divergence theorem applied to (R.H) one has

3U1 p-1 3UQ p-1
— 0B = |=— 0Bs] .
vy 0B vs 0Bz
By the above equality and Theorem B.9 we easily deduce that
8U1 p=2 8U1 3U1 p=2 3U1
3.14 — —|0B1| = |=— —|0Bs].
( ) 81/1 81/1 ’ 1‘ 3V1 3V1 ‘ 2‘

We are going to show, arguing by contradiction, that g—gi =% 0 on 0. Indeed, if this is not
true, thanks to the regularity given by Lemma [f.]], we can use Theorem [L.J to infer that

[AP4(Q)]P (N P N> __r-1 ’ UaBl(m v)dHN ! + /BBQ(m : u)d’HN_l] =0

P q
which gives in turns that % — % = 0. The last equality contradicts hypotheses ([.J) on
p,q,N.

Therefore (B.14) is equivalent to |0B;| = |0Bs| and so the two balls By and By have the
same radius. ]

gu
8y1

p

We are now in position to prove Theorem [[.1]

Proof of Theorem [I.]. We recall that by Theorem P.4 we have
APA(Q) > NP(BLUB_).
Moreover, using Theorem B.3, we infer that
NU(By UB_) > NB]UDB))

where B} and B} are disjoint balls such that |Bj| = |B}| = %.
We now observe that, if, ; and €9 are two sets, with Q7 C g, then \»9(Qq) > AP7(Qs).
Indeed, it suffices to consider a function u; in which AP4(£2;) is attained and defining 0 in

Q5 \ Q1. Therefore
)\p,q(Bi U Bé) > )\p’q(Bl U Bg) ,
where B; and Bs are disjoint balls of measure @ Combining the previous inequalities we
end up with
)\p,q(Q) > )\p’q(Bl U Bg) .

This proves the claim. O

Remark 3.4. One could ask about the limit as p — 1 of AP9(Q2). Observe that the limit, as
p— 1, of

Vv
a,(Q) = inf ”H”ﬂ,v £0,v € WEP(Q)
UHLP(Q)
is the Cheeger constant, defined by
N-1
inf H_19D) (9D)
DCQ |D|

with D varying on all smooth subdomains of 2 whose boundary does not touch 0f2, as proved
by Kawohl and Fridman [2{]. The limit of \?9(Q2) as p — 1 seems to be much more difficult,
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due to the presence of the parameter ¢ not necessarily equal to p and the non-local constraint

[l =0.
Q

We recall here some results about quasilinear elliptic equations. The first (see [ and the
references therein) gives the radial simmetry of positive solutions to p-laplacian equations.

4. APPENDIX

Theorem 4.1. Let u € Wol’p(B) be a positive solution to —div(|Vu[P=2Vu) = \u|? 2y,
where B is a ball. Then u € CY*(B) for some o > 0 and u is radial.

The next result is a useful comparison lemma for solutions of an initial value problem for
the ordinary differential equation arising when one writes in radial coordinates the Euler-
Lagrange equation of A¢(§2). This result is widely discussed for example in [[J] and [I(] and
used in this form in [1J].

Lemma 4.2. Under hypotheses and N > 1, the Cauchy problem
(4.1) { _(erl‘(b/’pf,Q(?/)l — erl‘(b’qfl
¢(0)=c, ¢'(0)=0

has at most a positive solution on [0, R] of class C1([0, R]) N C%((0, R)). Moreover, let ¢1,po
be two positive solutions with ¢ = ¢1 and cy respectively; if ¢; < ca, then ¢1 < ¢o on [0, R].

The proof of the previous lemma goes exactly as the one of the Lemmata 3.1 and 3.3 of
[[J. The only comment to make concers the slightly restrictive hypotheses on the values of
p and ¢ that we find in [[(]. We observe that we need to check that setting u(0) = a, we can
invert the unique solution of (1) u = u(t, @) and this is ensured by Propositions 1.2.6 and
A2 in [1J]. Once we have this, the only hypothesis that has to be satisfied for the applicability
of the results in [[Ld] is the following inequality

[(N —p)|s|? 25+ (N — p)s(q — 1)|s|97% — Np|s|97s]|s]7%s
< (q—1)|s|772[(N = p)|s|7 — Z2s7],
that is,
(4.2) (N —p)g < Np.

If N —p <0, clearly we have ([.9) for any ¢. If on the contrary we have N —p > 0, then
(E2) is satisfied exatly for ¢ < p* as in our hypotheses.
We finally recall the following generalization of the Pohozaev identity, established in [24]

and [§.
u

Theorem 4.3. Let G(u) = / g(s)ds where g : R — R is a continuous function. Let
0

Q C RN, N >2, be an open bounded set of class C'. Letu € W2’p(Q)ﬂW01’p(Q) be a solution
to

—div(|VuP=2Vu) = g(u) in

u=0 on 0N).
Then

(4.3) _p-1 IVulP(z - v)dHN ! = /
p o0 Q

[Np_ p\Vu]p — NG(u)| dz.



14

GISELLA CROCE, ANTOINE HENROT AND GIOVANNI PISANTE

ACKNOWLEDGEMENTS

The authors would like to thank B. Kawohl for several suggestions. Part of this work was
done during visits of G. Croce to Institut Elie Cartan Nancy and of G. Pisante to the School
of Science of the Hokkaido University whose hospitality is gratefully acknowledged. The work
of G. Pisante was partially supported by the Marie Curie project IRSES-2009-247486 of the
Seventh Framework Programme.

(1]
2]
8]
[4]
[5]
[6]
7]
8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]

18]
[19]
[20]
21]

22]

REFERENCES

L. Barbosa and P. Bérard. Eigenvalue and “twisted” eigenvalue problems, applications to cmc surfaces.
J. Math. Pures Appl. (9), 79(5):427-450, 2000.

M. Belloni and B. Kawohl. A symmetry problem related to Wirtinger’s and Poincaré’s inequality. J.
Differential Equations, 156(1):211-218, 1999.

F. Brock and A. Henrot. A symmetry result for an overdetermined elliptic problem using continuous
rearrangement and domain derivative. Rend. Circ. Mat. Palermo (2), 51(3):375-390, 2002.

A.P. Buslaev, V.A. Kondratév and A.I. Nazarov. On a family of extremal problems and related properties
of an integral. Mat. Zametki (64), 51(3):830-838, 1998.

G. Croce and B. Dacorogna. On a generalized Wirtinger inequality. Discrete Contin. Dyn. Syst., 9(5):1329—
1341, 2003.

B. Dacorogna, W. Gangbo, and N. Subia. Sur une généralisation de I'inégalité de Wirtinger. (A general-
ization of Wirtinger’s inequality). Ann. Inst. H. Poincaré Anal. Non Linéaire, 9:29-50, 1992.

L. Damascelli and B. Sciunzi. Regularity, monotonicity and symmetry of positive solutions of m-Laplace
equations. J. Differential Equations, 206(2):483-515, 2004.

G. Dinca and F. Isaia. Generalized Pohozaev identity and a non-existence result for the p-Laplacian: weak
solutions. Adv. Differential Equations, 14(5-6):497-540, 20009.

B. Emamizadeh and M. Zivari-Rezapour. Monotonicity of the principal eigenvalue of the p-laplacian in
an annulus. Proc. Amer. Math. Soc., 136(5):1725-1731, 2008.

L. Erbe and M. Tang. Uniqueness theorems for positive radial solutions of quasilinear elliptic equations
in a ball. J. Differential Equations, 138(2):351-379, 1997.

F. Farroni, R. Giova, and T. Ricciardi. Best constant and extremals for a vector Poincaré inequality with
weights. Sci. Math. Jpn., 71(2):111-126, 2010.

B. Franchi, E. Lanconelli, and J. Serrin. Existence and uniqueness of nonnegative solutions of quasilinear
equations in R"™. Adv. Math., 118(2):177-243, 1996.

G. Franzina and P. D. Lamberti. Existence and uniqueness for a p-laplacian nonlinear eigenvalue problem.
Electron. J. Differential Equations, pages No. 26, 10, 2010.

P. Freitas and A. Henrot. On the first twisted Dirichlet eigenvalue. Commun. Anal. Geom., 12(5):1083~
1103, 2004.

N. Fusco, F. Maggi, and A. Pratelli. The sharp quantitative isoperimetric inequality. Ann. of Math. (2),
2006.

A. Henrot. Extremum problems for eigenvalues of elliptic operators. Frontiers in Mathematics. Birkh&user
Verlag, Basel, 2006.

A. Henrot and M. Pierre. Variation et optimisation de formes, volume 48 of Mathématiques € Applications
(Berlin) [Mathematics €& Applications]. Springer, Berlin, 2005. Une analyse géométrique. [A geometric
analysis].

B. Kawohl. Rearrangements and convexity of level sets in PDE, volume 1150 of Lecture Notes in Mathe-
matics. Springer-Verlag, Berlin, 1985.

B. Kawohl. Symmetry results for functions yielding best constants in Sobolev-type inequalities. Discrete
Contin. Dyn. Syst., 6(3):683-690, 2000.

B. Kawohl and V. Fridman. Isoperimetric estimates for the first eigenvalue of the p-Laplace operator and
the Cheeger constant. Comment. Math. Univ. Carolin., 44(4):659-667, 2003.

B. Kawohl, M. Lucia, and S. Prashanth. Simplicity of the principal eigenvalue for indefinite quasilinear
problems. Adv. Differ. Equ., 12(4):407-434, 2007.

O.A. Ladyzhenskaya and N. N. Uralfseva. Linear and quasilinear elliptic equations. Translated from the
Russian by Scripta Technica, Inc. Translation editor: Leon Ehrenpreis. Academic Press, New York, 1968.



AN ISOPERIMETRIC INEQUALITY FOR A NONLINEAR EIGENVALUE PROBLEM 15

[23] A. I Nazarov. On the symmetry of extremals in the weight embedding theorem. J. Math. Sci. (New York),
107(3):3841-3859, 2001.

[24] P. Pucci and J. Serrin. A general variational identity. Indiana Univ. Math. J., 35(3):681-703, 1986.

[25] J. Simon. Differentiation with respect to the domain in boundary value problems. Numer. Funct. Anal.
Optim., 2(7-8):649-687 (1981), 1980.

LABORATOIRE DE MATHEMATIQUES APPLIQUEES DU HAVRE, UNIVERSITE DU HAVRE, 25, RUE PHILIPPE
LEBON, 76063 LE HAVRE (FRANCE), INSTITUT ELIE CARTAN NANCY, NANCY UNIVERSITE-CNRS-INRIA,
B.P. 70239, 54506 VANDOEUVRE LES NANCY (FRANCE), DIPARTIMENTO DI MATEMATICA, SECONDA UNI-
VERSITA DEGLI STUDI DI NAPOLI, VIA VIVALDI, 43, 81100 CASERTA (ITALY)

E-mail address: gisella.croce@univ-lehavre.fr, henrot@iecn.u-nancy.fr, giovanni.pisante@unina2.it



