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5D4
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²�³�´�µ�¶
·¹¸vµ»º$¼ [&q<XZ^`�D]_[Da_[½hJj¦rvWV[
P(a, b, c, µ, ω)

X¦^3a ¼ [¨^`[Da�ev¾<hiegXZW�a_^
(x, y, z) ∈

Z3 ^_r6a_XZ^¿¾CÀ<XZWJÁ 0 ≤ ax+by+cz+µ < ω Â OÃW�a ¼ [&�nr6^`[ ω = max(|a|, |b|, |c|)
Tna ¼ [

q<X¦^`�8]_[Da_[	hVjEr6WJ[½XZ^�^_rvX¦qdW¹r6X¦Yg[&r6W¹q�XZ^FÄ	[�jZjZ{ÆÅLWJenÄ�W�a_e.Çi[¨¾CoJWV�Da_XZegW¹r6j�egW|r°��e�ev]~q<Xb{
WJr6a_[.hJj¦rvWV[ Â º$¼ [krvXZÈÉev¾3ego<]$h¹r6hi[D]$XZ^½a_e|[8y<a_[DW¹q>a ¼ [kWVeva_XZegW�ev¾@¾CoJWJ�8a_X¦evW¹r6j¦XbaQÀa_e>r>j¦r6]_Áv[D]°¾Êr6È XZjZÀ�e6¾�r
]_XZa ¼ È [Da_XZ��q<X¦^`�8]_[Da_[�hVjEr6WJ[�^°Ç�À XZW�a`]_eLqVoV��XZWJÁ>r|^`oVXba~rvÇJjZ[
e6]`a ¼ egÁvegWJrvj@hV]_e
Ë¿[��8a_X¦evWfq<Xb]_[��Da_XZegW

(α, β, γ)
^_r6a_XZ^¿¾CÀ<XZWJÁ

αa+βb+ γc = ω Â\Ì [a ¼ [�WSrvhVhJjbÀ�a ¼ XZ^°¾¢oJWV�Da_XZegWJrvjZXbaÃÀMh<]_eghi[D]`aQÀ�a_e±a ¼ [�[�WLoJÈ [8]~r6a_XZegW�ev¾¨^`egÈ [�jZe��nr6j
��evWVÍJÁgoV]~r
a_XZegWJ^�TVa ¼ r
a�X¦^�TVa ¼ [

(m, n)
{Æ��oJÇi[D^°^`oJ� ¼ rv^.XZW�a`]_eLqVoJ�D[nq�XZW�Î Ïkx$ugu6Ð Â

Ñ�9@4¯�iA¢¤8§65846784Ò¡3 CI<£@4
P(a, b, c, µ, ω)

AC¤�789@4�¤~467�BL«dAC£J784v�<465�¡FBVAE£J7D¤
(x, y, z) ∈ Z3¤8IL78A¢¤_«¬®¹AC£@�

0 ≤ ax + by + cz + µ < ω
1�Ó`£Ô789@4Õ§vI<¤84

ω = max(|a|, |b|, |c|)
;
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78ACB<£3I< �BV£ÝBV£@4�BL«
789@4Ö§6BJBV5D�@AE£3IL784Þ¡@ ¢IL£@4g¤6;�7D93I�7ßA¢¤v;�«¬B<5ßI<£J®à¡FBVAE£J7ßBL«

P
BL«f789@A¢¤ß§
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PIØ7D9@AC5D�ç§
B¹BV5D�iAC£3IL784<1dè>ILAC×<4Þ¡@ ¢IL£@4g¤�93I\×V4âÜ�464v£æÙ�A¢�i4v E®æ¤_7Dª3�iAC4v��;é¤~4v4â«¬BV5�AE£F¤_7�IL£3§64
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Ñ�9@4�¡@5D4v¤846£J7¨¡3I<¡F4v5¨4
á¹784v£3�@¤¨789@4�£3BL78ACB<£ B<«¹«¬ª@£3§n7DAEBV£3IL CAE7_®|«¬BV5¨£3ILAC×<4��@AC¤D§
5D4
7D4�¡@ ¢IL£@4g¤

78B�I± ¢IL5D�<4v5$«ÆILKMAE C®fBL«¨IL5DA¦7D9@KM4
7DAC§��iA¢¤D§
5D4
784|¡@ CI<£@4v¤v1<?3B<5°7D93I�7.¡3ª@58¡�BV¤84<;VAE£F¤_7D4vI<�fB<«�¡358B<­
ö 4v§n7DAE£3�ØB<£ÉIÖ§
B¹B<5��iAC£3I�7D4÷¤8¡3I<§64<;.Ù�4ßAC£J785DB¹�@ª3§
4»IÖ¤~ª3A¦7�ILÜ@ C4÷BV5~7D9@B<�VB<£3I< �¡@58B ö 4v§
78ACB<£
B<£ÝI»¡@ ¢IL£34�I< EBV£@�âIÞ�iAC584g§n7DAEBV£

(α, β, γ)
;°AE£ø¤8B<KM4�¤846£F¤~4(�iª3I< �78Bâ789@4(£@BV58KSIL �×V4v§n­

78B<5±B<«�789@4M�iA¢¤8§65846784f¡@ ¢IL£@4
P(a, b, c, µ, ω)

;�7893IL7éA¢¤6;
αa + βb + γc = ω

;�¤8BÒ7D93I�7±78934
¡@58B ö 4v§
78ACB<£ÖB<«

Z3 I<£3�Þ7D9@4�¡�B<AC£J7D¤fBL«|789@4(�iA¢¤8§65846784¯¡3 CI<£@4�I<584�AE£ÝB<£@46­Q7DBL­¿B<£@4¯§6B<5D5846­¤~¡�B<£3�@46£3§64<13ù>£@4éAE£J784v584g¤_7�BL«&789@4±£@B<78ACB<£�BL«¨«¬ª@£F§n78ACB<£FIL CA¦7_®ÒA¢¤k7893IL7�A¦7�5D4v�iª3§64v¤�I�789@5D4646­
�iAEKM4v£3¤~ACB<£FIL �¡@58BVÜ@ C46KÔ78BMI�7_Ù�BL­`�iACKM46£3¤8AEBV£3IL 3B<£@4V;¹I< E CB�Ù�AC£@��I�ÜF467~784v5�ª@£3�i4v5D¤~7DI<£3�iAC£@�
BL«�789@4�§
BVK�Ü@AC£3I�7DB<5DACI< �IL£3�Þ�V46BVKf46785DAC§M¡358BV¡F4v5~7DAE4g¤ BL«d�iA¢¤8§65846784Ò¡3 CI<£@4v¤v1½ú»4S789¹ª3¤fIL¡@­
¡@ E®¯789@A¢¤�«¬ª@£F§n78ACB<£FIL CA¦7_®�¡@58BV¡F4v5~7_®M7DBM789@4 4v£¹ª@KM465�I�78ACB<£�BL«°¤8B<KM4± EBi§6I< ¨§
BV£i©3�<ª35DIL78ACB<£3¤v;
789@4

(m, n)
­`§
ª3ÜF4g¤6;�«¬BV5éI� CI<58�V4 «ÆILKMAC E®÷BL«kI<58AE789@KM4678A¢§��iA¢¤D§
5D4
784�¡@ ¢IL£@4g¤6;�«¬B< C CB�Ù�AE£@�¯789@4

IL¡@¡@5DBVIV§�9¯B<« ê 0°ª@ACìVì@; 2�0>ó@í
õÃ1
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á¹784v£3��AC£÷IS£3IL78ª@5�IL ¨Ù�I\®�78B
Rn
;�Ù�A¦7D9

n ≥ 2
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(a, b, c) ∈ R3 ; µ ∈ R
IL£3�

ω ∈ R?
+

¥
78934$')(+*-,/.�0213,4*6587)*:9353(�1;,<1
=?>@'BA?1
P(a, b, c, µ, ω)AC¤d�@4
©3£@4g��IV¤�«¬B< C EB�Ùd¤DC

P(a, b, c, µ, ω) = {(x, y, z) ∈ Z3 | 0 ≤ ax + by + cz + µ < ω}.E�B<5D46B�×V465g;LA¦«
ω = max{|a|, |b|, |c|} F 584g¤~¡¨1 ω = |a|+ |b|+ |c| G 789@4v£ P(a, b, c, µ, ω)

A¢¤
¤8I<AC�¯78BSÜ�42A?'B*-HI1 F 5D4v¤8¡¨1�9+,J'BA?7K')(�7 G 1Ó`£�789@4f¡@5D4v¤846£J7>¡FIL¡�465g;FAC£÷BV5D�i4v5|7DB�¤8AEKM¡@ CAE«¬®(789@4f£@BL7�I�7DAEBV£÷IL£3�ß78B¯«ÆI<§
AC CA¦7�I�784�78934
�<46£3465�IL CA@LgI�78ACB<£�BL«°BVª@5d5D4v¤8ª@ ¦7�¤�78B¯9@AE�V9@465>�iAEKM4v£3¤~ACB<£F¤6;@Ù�4�ª3¤84�IS×V4v§n7DB<58­ÃÜFI<¤84v�Ò5D46¡35846­
¤~4v£V7�I�7DAEBV£¨1M&½4
7

{−→e1,
−→e2 ,

−→e3}
ÜF4�789@4f§6I<£@B<£@A¢§6I< ½Ü3IV¤~A¢¤dB<«°789@4

R
­Ã×V4v§
78B<5>¤~¡3IV§
4

R3 1 &¨467
−→v
I<£3� −→

v′
Ü�4d7_Ù�B�×<4g§n7DB<5�¤°BL«

R3 1¹Ñ�9@4d£3BL7DIL78ACB<£ (−→v ,
−→
v′ )

¤_7�IL£3�@¤�«¬B<5.789@4>ª3¤~ªFIL F¤D§6I< CI<5
¡@58Bi�iªF§n7±AE£

R3 1N&½4
7 i ∈ {1, 2, 3}
;FÙk4M�i4v£@BL7D4�Ü¹®

vi = (−→v ,−→ei )
789@4

i O ,-.�5QPRP)(�7B*-A?'B,J1
BL« −→v 584v CIL784v�¯78BM7D9@4 Ü3IV¤~A¢¤

{−→e1 ,
−→e2 ,−→e3}

1
Sd46£F§
4<;J«¬BV5�I<£¹®ÒIL5DA¦7D9@KM4
78A¢§é�iAC¤D§
5D4
7D4>¡3 CI<£@4

P
;J7893465D4é46áiAC¤~7�I�×<4g§n7DB<5 −→v ∈ R3 I<£3�7_ÙkBM5D4vIL �£¹ª@K�ÜF4v5D¤

µ ∈ R
IL£F�

ω ∈ R?
+

¤8ª3§�9�7893IL7

P = {−→x ∈ Z3 | 0 ≤ (−→x ,−→v ) + µ < ω}.
Ó`£�789@4M¤84väJª@46 	BL«°7D9@A¢¤>¡FIL¡�465g;FÙ�4��i4v£@BL7D4f¤8ª3§�9ßIÒ¡3 CI<£@4�Ü¹®

P(−→v , µ, ω)
1�?3B<5±IÒ�<AC×<4v£

−→α ∈ Z3 ;° C4
7 Π−→α : R3 → {−→x ∈ R3 | (−→α ,−→x ) = 0}
¤~7DI<£3�Û«¬BV5f789@4(B<587893B<�<BV£3IL 

¡@58B ö 4v§
78ACB<£ÞKSIL¡ÛB<£J7DB�789@4¯¡@ CI<£@4
(−→α ,−→x ) = 0

1&úâ4¯«¬ª@58789@4v58KMB<5D4Sª3¤84S78934¯£@B<7DI�7DAEBV£
π−→α

Ù�9346£�Ùk4 §
BV£3¤8AC�i4v5�789@4 5D4v¤~785DAC§
78ACB<£�BL«½7D9@4 ¡@5DB ö 4g§n78ACB<£
Π−→α

78BSIM¤8ª@Ü3¤84
7�BL«
R3 ;3IV¤«¬B<5�AC£3¤_7�IL£3§64

π−→α : P → {−→x ∈ R3 | (−→α ,−→x ) = 0}
;J«¬B<5dIS�iA¢¤D§
5D4
784±¡@ ¢IL£34

P
1

&¨4
7�ªF¤ 584g§6I< E �I�§6 CIV¤8¤8AC§vIL $¡@5DB<¡�46587_®ßBL«�£3I<AE×V4Ò�iAC¤D§
5D4
7D4M¡@ CI<£@4v¤�93I\×¹AE£@��I�¡�BV¤8A¦7DAE×V4
£@B<5DKSIL �×<4g§n7DB<5RC
TVU �¹�F���XWZYM[]\/^`_�_ba3cDdfe%1;,

P = P(−→v , µ, ω) g 1b'hA?'B*-HI1b7B*:9;53(�13,J1f=?>@'BA?1RiMj6k vi = ω lk;P)(
i = 1, 2

P)(
3 l ,-.�1;A P

*:9m*-A g * n31Q5;,o*6P)Aqp�*-,/.�,/.�1r*-A�,<1osX13(8=�PB*-A�,49tP	ku,-.�1v= >@')A 1
(−→ei ,

−→x ) = 0 g;w ,/.�1x=?(yP<n31Q5;,o*6P)A�02'y=
Π−→ei

l ,-.�'),f*:9 l ,-.�1V(y1+9+,o(+*65;,o*6P)Az0v'Q=
π−→ei

: P −→
Π−→ei

(Z3)
*:9V' g * n31Q53,4*6PBA?i`{ .�1|= >@')A 1 (−→ei ,

−→x ) = 0
*:9}5y'B>->@1Q7~'Ò«¬ª@£3§
78ACB<£3I< �¡@ ¢IL£@4uP�k

P
i

ðd£�IL£3I< EBV�<BVª3¤.5D4v¤8ª@ E7�9@B< ¢�@¤�«¬B<5d¤~7DI<£3�@I<5D���iA¢¤8§65846784±¡@ ¢IL£@4g¤3C
TVU �¹�F���XW���[]\6�2�����yd�e�13,

P = P(−→v , µ, ω) g 1�'b9Q,<')A 7�'B(�7}7B*:9;53(�13,J1�=?>�')A?1Ri�e%1;, −→α =
−→e1 + −→e2 + −→e3

i
{ .�13A l ,/.�1}(�1;9+,4(+*653,4*6PBAr02'y=
π−→α : P −→ Π−→α (Z3)

*:9V' g * n31Q53,4*6PBA?i
� ����

������#	�����%���+�`
��?������
���#	�<���
?&AC5�¤_7g;� E467�ª3¤$£@BL7DAC§64�7893IL7°AE£M4vIV§�9�B<«37D9@4�7_ÙkB±§6IV¤~4g¤$AE£¹×V4v¤~78AC�VI�7D4v��AE£SÑ�9@4vB<5D46K í�IL£3�Môi;
789@4é«¬B< C CB�Ù�AE£@�f¡@5DB<¡�46587_®M9@B< ¢�@¤DCi E467

P
Ü�4�I�£3ILAC×<4éB<5�If¤_7�IL£3�@I<5D���iA¢¤8§65846784é¡@ CI<£@4±Ù�A¦7D9

£@B<5DKSIL �×<4g§n78BV5 −→v IL£3��Ù�A¦7D9¯7D9@A¢§�ÚJ£34v¤D¤
ω
¥¹7D9@46£�7893465D4é46áiAC¤~7D¤�I�×<4g§n78BV5 −→α AE£

Z3 ¤8ª3§�97893IL7�789@4 5D4v¤~785DAC§
78ACB<£�KMI<¡
π−→α : P −→ Π−→α (Z3)

A¢¤dIfÜ@A ö 4g§n7DAEBV£¨;3IL£F�
(−→α ,−→v ) = ω

1
Ó`£Ý7D9@A¢¤¯¤84v§n7DAEBV£¨;�Ù�4�4
á¹784v£3�Ý789@A¢¤Ò¡358BV¡F4v5~7_®Û7DBØIL£¹®Ø�@AC¤D§
5D4
7D4�¡@ CI<£@4

P(−→v , µ, ω)Ù�93I�7D46×<4v5âAE7D¤â7D9@AC§�Ú¹£@4g¤8¤
ω
Ü¹®åAC£J785DB¹�@ª3§
AC£@�ÉIæ�iª3I< M×<4v§
78BV5 −→α ∈ Z3 ¤8ª3§�9 7893IL7

(−→v ,−→α ) = ω
1¨?@ª@587893465DKfBV584V;�Ùk4fAEKM¡@5DB�×<4�789@A¢¤ 5D4v¤8ª@ E7éÜ¹®÷¤89@B�Ù�AC£@�Ò7D93I�7±78934f¡358B ö 4v§n­

78ACB<£3¤
π−→α

I<584é7D9@4 B<£@ C®¯BV£@4v¤�Ù�93AC§�9(¡@5DB�×¹AC�i4 IMBV£@4
­Ã78B<­ÃBV£@4é§6B<5D584g¤~¡�B<£F�i46£3§64>Ü�4
7_Ù�464v£
789@4d�iA¢¤D§
5D4
784�¡@ ¢IL£@4

P(−→v , µ, ω)
I<£3��789@4�¡@5DB ö 4g§n78ACB<£fBL«

Z3 ¥L789@A¢¤$Ù�AE C ¹789346£M®¹AE4v C�fIéB<£@46­78BL­¿B<£34±§6B<5D584g¤~¡�B<£F�i46£3§64|Ü�4
7_Ù�464v£(IM�iA¢¤D§
5D4
784±¡@ ¢IL£34±I<£3�(I�7_ÙkB<­¿�iACKM46£3¤8ACB<£3I< � ¢I�7878A¢§
4V1
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	�����g�������Æ�����Ã�F���i����� U WÖ���
�������Æ���L�����v��
������	�¹�
TVU �¹�F���XW��N[Ve�13,

P = P(−→v , µ, ω) g 12'm7)*:935;(y1;,<1`=?>�')A?12p%.�13(�1 −→v ∈ R3 *:9v'~A?PBA O
� 13(�P~H)1y53,<P)( l µ ∈ R

')A?7
ω ∈ R?

+

i e�13, −→α ∈ Z3 9! �5y.r,/.�'B,
gcd(α1, α2, α3) = 1

'BA?7
(−→α ,−→v ) 6= 0

i
{ .�1;A l π−→α : P −→ Π−→α (Z3)
*:9}' g * n31Q5;,o*6P)A * k}')A 7~PBA�> w * k |(−→α ,−→v )| =

ω
i
Ñ�9@4 ¡@5DBJB<«&B<«	Ñ�9@4vB<5D46K#"�©35�¤_7�5D4väJª@AC584g¤�If784v§�93£@AC§vIL � C46KMKSI�C
$.��W W%��Y?[]e%13,

P = P(−→v , µ, ω) g 1x']7)*:9353(�13,J1�= >@')A 1|p�*-,-. (−→v , µ, ω) ∈ R3×R×R?
+

i
& i`j/k

dimQ(v1, v2, v3) = 1 l ,/.�13Az,/.�13(�1v1('K*:9+,49
(
−→
v′ , µ′, ω′) ∈ Z3 × Z × N

9) �5Q.t,-.�'),
P = P(

−→
v′ , µ′, ω′)

')A 7
gcd(v′1, v

′

2, v
′

3) = 1
i

* i`j/k
dimQ(v1, v2, v3) > 1 l ,/.�13Ar,/.�1�k;')08*-> w ((−→x ,−→v ) + µ)−→x ∈P

*:9}7�13A�931}*-A
[0, ω[

i
+f(�PRP�k;i í<1x&¨467�ª3¤(¤8ª@¡@¡�BV¤84ß7D93I�7

dimQ(v1, v2, v3) = 1
1�Ñ�9@4v£¨;�789@4v584â4
áiA¢¤_7�¤

ζ ∈

R?
+

¤8ª3§�9Ý7893IL7
(ζv1, ζv2, ζv3) ∈ Z3 1�&½4
7 −→

v′ = ζ−→v
;
µ′ = d−ζµe

IL£3�
ω′ =

dζω − ζµe − d−ζµe
1Fð|£ß4vIV¤~®�§
BVKf¡3ªi7DIL78ACB<£��<AC×<4g¤

P(−→v , µ, ω) = P(
−→
v′ , µ′, ω′)

1
?	AE£3I< E C®<;FI<§6§6B<5��iAC£@��7DB ê ð>ð>ñiì¹ògõ¿; −→v §6I<£�Ü�4�§�9@BV¤846£�Ù�AE789

gcd(v1, v2, v3) = 1
1

ôi1�Ó¿«
dimQ(v1, v2, v3) > 1

;¨7D9@46£ÝÙk4¯§6B<£3§6 EªF�i4¯Ü¹®â789@4�§
 ¢I<¤D¤~A¢§6I< �«¬B< C CB�Ù�AE£@��5D4v¤8ª@ E7DC
789@4�¤84
7

{m + nα | (m, n) ∈ Z2}
A¢¤d�i4v£3¤84éAC£

R
AE«

α /∈ Q
1

úãA¦7D9�7D9@4±9¹®J¡�BL7D9@4v¤8A¢¤�BL« &½46KMKSI�í<;i C4
7�ª3¤�B<ÜF¤~4v58×V4|7D93I�7
P(

−→
v′ , µ′, ω′)

AC¤�If£3I<AE×V4
F 5D4v¤8¡¨1@¤_7�IL£3�3IL5�� G �iAC¤D§
5D4
7D4±¡@ CI<£@4<;3A¦«°¤~BMA¢¤ P(−→v , µ, ω)

1

+f(�PRP�k P�k {?.�1QP)(�130 ,Ki úâ4 I<¤D¤8ª@KM4ÔÙ 1  Ã1 BF1 �"7893IL7
(−→α ,−→v ) > 0

1t&¨467 −→x =

(x1, x2, x3),
−→
x′ = (x′

1, x
′

2, x
′

3) ∈ Z3 ¥ π−→α (−→x ) = π−→α (
−→
x′ )

A¦«>I<£3�ÖBV£@ C®»AE«d7D9@465D4�46á¹­
AC¤~7D¤

(k, k′) ∈ Z2 ¤8ª3§�9Ý7893IL7 k′(
−→
x′ − −→x ) = k−→α

1°úãAE789ã£@BÞ CBV¤D¤fBL«±�<46£3465�IL CA¦7_®ÞÙ�4
§6IL£Û¤8ª@¡@¡�BV¤84M7893IL7

gcd(k, k′) = 1
¥¨789@4v£¨;

k′
�iAC×¹AC�i4g¤

gcd(α1, α2, α3)
IL£3�

|k′| = 1
1

Ó`£ÖBL7D9@465�Ù�B<5��@¤v;
π−→α (−→x ) = π−→α (

−→
x′ )

AE«|IL£3�ÞBV£@ C®âAE«�789@4v584¯4
áiAC¤~7D¤
k ∈ Z

¤~ª3§�9Þ7D93I�7
−→
x′ = −→x + k−→α

1�E�BV584vB�×<4v5v; −→x + k−→α ∈ P
AE«$I<£3�¯BV£@ C®ÒA¦«

−((−→x ,−→v ) + µ)

(−→α ,−→v )
≤ k <

ω − ((−→x ,−→v ) + µ)

(−→α ,−→v )
.

í G &¨4
7dªF¤�©35�¤_7dI<¤D¤8ª@KM4>7D93I�7 (−→α ,−→v ) = ω
1@Ñ�9@46£½;

#

[[

−((−→x ,−→v ) + µ)

(−→α ,−→v )
,
ω − ((−→x ,−→v ) + µ)

(−→α ,−→v )

[[

= 1,

IL£3��Ù�4é9FI\×<4é¡@58B�×V4v�Ò7893IL7
π−→α : P −→ Π−→α (Z3)

A¢¤�IfÜ@A ö 4g§n7DAEBV£¨1
ô G =kB<£¹×<4v5D¤846 C®<;¹ C4
7dª3¤�IV¤8¤8ª@KM4é7893IL7 π−→α : P −→ Π−→α (Z3)

A¢¤dIfÜ@A ö 4g§n7DAEBV£¨1
AÃ1�Ó¿«

dimQ(v1, v2, v3) = 1
;�789@4v£¨;�789FIL£@Úi¤é78Bu&¨4vKMKMI»íV;�Ù�4S§6I<£â¤8ª@¡@¡�BV¤84�7D93I�7

−→v ∈ Z3 ;@Ù�AE789 gcd(v1, v2, v2) = 1
;3I<£3�

(µ, ω) ∈ Z × N?
1M&¨467 −→x ∈ Z3 ¤8ª3§�97893IL7

(−→x ,−→v ) + µ = 0
1¨Ñ�9346£ −→x ∈ P

IL£F�
(−→x + −→α ,−→v ) + µ = (−→x ,−→v ) +

(−→α ,−→v ) + µ = (−→α ,−→v ) > 0
1�E�B<5D46B�×V465g;

π−→α (−→x + −→α ) = π−→α (−→x )
1kñ¹AC£3§64



t

π−→α

AC¤|AE£ ö 4v§n7DAE×V4 789346£ −→x + −→α /∈ P
;�IL£3��9346£3§64

(−→α ,−→v ) ≥ ω
1�ù>£(78934�BL7D9@465

93IL£3�¨;J C4
7 −→
x′ ∈ Z3 ¤~ªF§�9S7893IL7 (

−→
x′ ,−→v ) + µ = −1

1¹Ñ�9@46£½;
(
−→
x′ +−→α ,−→v ) + µ =

(
−→
x′ ,−→v ) + (−→α ,−→v ) + µ = (−→α ,−→v ) − 1 ≥ 0

1.ñ¹AC£3§
4
π−→α

A¢¤S¤8ª@5 ö 4g§n7DAE×V4�I<£3�
(−→α ,−→v ) > 0

;¹7D9@46£ −→x + −→α ∈ P
;i7D93I�7dA¢¤6;

(−→α ,−→v ) − 1 < ω
;@BV5�4väJª@AC×\I< E4v£J78 C®<;

(−→α ,−→v ) ≤ ω
1

ACAÃ1
&¨4
7 ª3¤�¤8ª@¡@¡�BV¤84 7893IL7
dimQ(v1, v2, v3) ≥ 2

1ÕÑ�9346£¨;ã4gI<§�9 AC£J784v58×�IL 
[

−((−→x ,−→v )+µ)
(−→α ,−→v )

, ω−((−→x ,−→v )+µ)
(−→α ,−→v )

[ ;�Ù�A¦7D9 −→x ∈ P
;F§
BV£J7DILAC£3¤|B<£@4fIL£3��46á@I<§n7D E®�B<£34

AE£J784v�<4v5�AE«°IL£3��B<£3 E®ÒAE«
(−→α ,−→v ) = ω

ÜJ®~&¨46KMKSI�í<1

��58B ö 4v§
78AC£@��I<§6§6B<5��iAC£@�¯7DB −→α
§
BV585D4v¤8¡�B<£3�@¤>7DB� EB¹B<Ú¹AC£@��I�7 7D9@4Ò¡@ ¢IL£@4ÒI< EBV£@�(I��iA¦­

584g§n78ACB<£(¡3I<5DI< E C46 ¨78B −→α
1ME�BV584vB�×<4v5v;iÑ�9@4vB<5D46K "S¤~7DIL784g¤�789FI�7v;F EB¹BVÚJAC£@�ÒIL7�789@4f�iAC¤D§
5D4
7D4

¡@ CI<£@4
P(−→v , µ, ω)

I< EBV£@��7893AC¤f�iAC584g§n78ACB<£½;&BV£@4�§vIL£Ø¤8464�IL C .¡�B<AC£V7�¤�B<«
P(−→v , µ, ω)

I<¤
A¦«�789@4v®÷Ù�465D4�BV£»789@4S¡@ ¢IL£34

(−→α ,−→x ) = 0
1�Ó`£Ûñi4v§n7DAEBV£Þô@1 "3;�Ùk4S¤89@B�Ù 7D93I�7�I�£3IL78ª@5�IL 

584v�<ª@ ¢IL5� ¢I�7~7DAC§64 ¤_7D58ª3§
78ª@5D4±46KM465D�<4g¤�«¬58BVK 7893AC¤�¡�B<AC£J7�BL«$×JAC46Ù 1
ð|¤�If�<4v£@465�IL CA@LgI�7DAEBV£¯BL«&«¬ª@£3§
78ACB<£3I< ¨¡@ ¢IL£@4g¤�«¬B<5�£3I<AE×V4±�@AC¤D§
5D4
7D4é¡3 CI<£@4v¤v;iÙk4 �i46©3£@4KC

������� ���
�Æ���qYM[Ve%1;,
P = P(−→v , µ, ω) g 1}' 7)*:9353(�13,J1x=?>@'BA?1}p�*-,-. −→v ∈ R3 ' A?PBA O � 1;(yPHI1Q53,JPB( l µ ∈ R

')A 7
ω ∈ R?

+

i�e%1;, −→α ∈ Z3 9! �5Q.�,/.�'B,
π−→α : P −→ Π−→α (Z3)

*:9u'
g * n31Q53,4*6PBA?i�{ .�1x=?>�')A?1 (−→α ,−→v ) = 0

*:9}5Q')>->�1y7~' F �<4v£@465�IL CA@Lv4v� G «¬ª@£3§
78ACB<£3I< �¡@ ¢IL£@4±BL« P
i

��[-� ��� �Æ�
�v��� �V�ß��� �»������� �������v�F�

Ó`£Ý7D9@4ß§6IV¤~4�B<«éI<£øI<58AE7893Kf4678A¢§��iA¢¤8§65846784(¡@ ¢IL£@4�Ù�AE789ø£@BV58KSIL �×V4v§
78B<5 −→v ∈ R3 I<£3�789@A¢§�Ú¹£@4v¤D¤
ω ∈ R?

+

;½7D9@465D4¯A¢¤�£@B÷5D4vIV¤~BV£Þ«¬B<5MI�×<4g§n78BV5 −→α ∈ Z3 78B»4
áiA¢¤_7M¤8IL78A¢¤_«¬®¹AC£@�
(−→α ,−→v ) = ω F §
B<£F¤~A¢�i465>78934f§vI<¤84 (v1, v2, v3, ω)

AC¤
Q
­Q«¬5D464 G 1 SdB�Ù�46×V465g;3AE« P(−→v , µ, ω)AC¤±IL£âIL5DA¦7D9@KM4
78A¢§f�iAC¤D§
5D4
7D4�¡3 CI<£@4�Ù�AE789»£@B<5DKSIL 	×<4g§n78BV5 −→v ∈ Z3 ;�789@4v£¨;�I<§v§
B<5��iAC£@�S7DB&¨46KMKSIßíV;FÙ�4�§vIL£÷¤8ª@¡@¡�BV¤84 7D93I�7

ω ∈ Z
IL£3�

gcd(v1, v2, v3) = 1
1�úâ4�789@4v£â�i4g�iª3§
4

«¬58BVK 2k4DL6BVªi7
	 ¤|&¨46KMKSI�7893IL7k7D9@465D4>46áiAC¤~7D¤�I�×<4v§
78BV5 −→α ∈ Z3 ¤~ªF§�9Ò789FI�7 (−→α ,−→v ) = ω
1

&¨4
7dªF¤�¡@58B�×V4>£3B�ÙÕ789FI�7 −→α ∈ Z3 §6I<£�Ü�4�§�9@BJ¤~4v£�¤8ª3§�9�7893IL7 gcd(α1, α2, α3) = 1
1

TVU �¹�F���XW���[Ve�13,
P(−→v , µ, ω) g 1 'BA�'B(+*-,-.!0v13,o*65m7)*:935;(y1;,<1}=?>@'BA?1 p�*-,/.

(−→v , µ, ω) ∈
Z3 ×Z×Z?

+

')A?7
gcd(v1, v2, v3) = 1

i�{ .�13(�1V1 'K*:9+,69 −→α ∈ Z3 9) �5Q.~,/.�'),
(−→α ,−→v ) = ω')A?7

gcd(α1, α2, α3) = 1
i�j+A�P),/.�13(~p�PB(�7I9 l ,-.�1;(y1 1 'K*:9+,69 −→α ∈ Z3 9! �5Q. ,-.�'),

π−→α :
P(−→v , µ, ω) −→ Π−→α (Z3)

*:9V' g * n31Q53,4*6PBA?i
+f(�PRP�k;i`&¨4
7 −→

β ∈ Z3 ¤8ª3§�9�7893IL7 (
−→
β ,−→v ) = 1

13Ñ�9@4v£¨;
(ω

−→
β ,−→v ) = ω

1M&¨4
7 −→u ∈ {−→x ∈

Z3 | (−→x ,−→v ) = 0}
;� E467

d = gcd(u1, u2, u3)
IL£F�ß C4
7 −→α = ω

−→
β + d−1−→u

1¨Ñ�9@46£½;�I<£
4vI<¤8®�§6B<KM¡@ªi7�I�7DAEBV£��VAE×V4v¤

(−→α ,−→v ) = ω
IL£3�

gcd(α1, α2, α3) = 1
1Fúâ4�4v£3��78934�¡@5DB¹BL«

ÜJ®�IL¡@¡@ C®¹AE£3�MÑ�9346B<5D46K "@1
úâ4Ò9FI\×<4MAE C Cª3¤_7D5DIL784g�»Ñ�9346B<5D46K î�AE£Û?	AC�<ª@5D4�íSAE£Þ7D9@4Ò§6IV¤~4SB<«�I��@AC¤D§
5D4
7D4S EAC£@4S«¬BV5�I
ÜF467~784v5d×¹AC¤8ª3I< EA¢¤8IL78ACB<£�BL«	789@4�¤8A¦7Dª3I�7DAEBV£¨1



z

−→e1

−→e2

O −→α

(−→α ,−→x ) = 0

���������	��
�[DWJ[D]~r6j¦X
��[�q÷¾¢oVWJ�Da_XZevW¹rvjZXbaÃÀ���a ¼ [�e6]`a ¼ evÁgegWJrvj°h<]_e6ËÃ[��Da_XZegWâev¾�a ¼ [�qVXZ^`�D]_[Da_[�jZX¦WV[
0 ≤

7x1 + 10x2 + µ < 24
egW�a_eéa ¼ [�jZX¦WV[

2x + y = 0 Â

��[ � � �������
�Q� ���������	� � � �i� � � � �����<� �@�g�v� � ��� �g�¹���v�%� � �i��� � U WØ� �����(���Æ���L�����v�

������	�

&¨4
7&ª3¤¨¤8464�£@B�Ù»9@B�ÙÞIL£¹®|I<58AE789@KM4678A¢§��iA¢¤8§65846784°¡@ ¢IL£@4
P
§6I<£±ÜF4�5D4v§6Bi�i4v�éAC£�I�«¬ª@£3§n7DAEBV£3IL 

Ù�I\®±B<£�Id5D46�<ª3 CI<5¨7_Ù�BL­`�iAEKM4v£3¤~ACB<£FIL < ¢I�7878A¢§
4V;\�@4v¤8¡@A¦7D4kAE7D¤&7D9@584v4
­`�iACKf4v£3¤8AEBV£3IL ¹¤_7D58ªF§n78ª3584V1
&¨4
7

P = P(−→v , µ, ω)
ÜF4fIL£÷I<58AE789@KM4678A¢§��iA¢¤8§65846784�¡@ ¢IL£34<1 &¨4
7 −→α ∈ Z3 ¤~ª3§�9ß7893IL7

gcd(α1, α2, α3) = 1
IL£3�

(−→α ,−→v ) = ω F AE£ã§6IV¤~4 (−→v , µ, ω) ∈ Z3 × Z × N?
;�I<£3�

gcd(v1, v2, v3) = 1
;�7D9@4Ò46á¹A¢¤~7846£F§
4SBL«d¤8ª3§�9ÛI�×<4g§n7DB<5 −→α §
B<KM4g¤±«¬58BVK Ñ�9@4vB<5D46K î G 1ù>£@4�B<«�789@4�§6BJ4��Ò§
AC46£J7D¤

αi

;	«¬B<5
i ∈ {1, 2, 3}

Ü�46AC£@�»£@B<£@­oLv465DB3;½Ù�4�IV¤8¤8ª@KM4�AE£Ø789@A¢¤
¤~4g§n78ACB<£�789FI�7

α3 6= 0
Ù�A¦7D9(£@BS EBJ¤8¤�B<«	�V46£@4v5DI< EAE7_®<1

?&AC5�¤_7g;i E467dª3¤�£@BL7DAC§64±7893IL7|¤~AC£3§64
Π−→α (−→α ) =

−→
0
;¹7D9@46£½;@«¬B<5dI< E  −→x ∈ Z3 ;

Π−→α (−→e 3) = −
α1

α3
Π−→α (−→e1) −

α2

α3
Π−→α (−→e2).

Ñ�9@46£¨;@«¬B<5dIL C  −→x ∈ Z3 ;

Π−→α (−→x ) = x1Π−→α (−→e1) + x2Π−→α (−→e2) + x3Π−→α (−→e3)

=

(

α3x1 − α1x3

α3

)

Π−→α (−→e1) +

(

α3x2 − α2x3

α3

)

Π−→α (−→e2)

IL£3�
Π−→α : R3 −→ {−→x ∈ R3 | (−→α ,−→x ) = 0}

−→x 7→ α3x1−α1x3

gcd(α1,α3)

−→
f1 + α3x2−α2x3

gcd(α2,α3)

−→
f2 ,

F í G
Ù�A¦7D9

−→
f1 =

gcd(α1, α3)

α3
Π−→α (−→e1)

I<£3� −→
f2 =

gcd(α2, α3)

α3
Π−→α (−→e2).

úâ4â789¹ª3¤��i4v�@ª3§
4÷7893IL7
Γ−→α = Π−→α (Z3) = Π−→α (P)

AC¤�IØ¤8ª@Üi­¿ CIL7~7DAC§64ßBL«�7D9@4ß7_Ù�BL­
�iAEKM4v£3¤~ACB<£FIL 3 ¢I�7878A¢§
4

Z
−→
f1 +Z

−→
f2
1¹Ñ�9@4| ¢I�7878A¢§
4

Γ−→α

A¢¤�§6IL C C4v�SI
k) !A 5;,o*6P)A ')> >@'),o,o*65y1>B<«
P
1

Ñ�9@AC¤��V46£@4v5DI< EA�L64g¤�7D9@4é§6B<£3§646¡i7�BL«½«¬ª@£3§n7DAEBV£3IL CAE7_®¯�i4
©F£@4v�Ò«¬B<5�£3ILAC×<4é�iA¢¤8§65846784é¡@ CI<£@4v¤�IV¤
I�¡358B ö 4v§n7DAEBV£�BV£J78B�789@4 AC£J7846�V465�¡�B<AC£J7D¤�BL«$B<£34éB<«&7D9@4�§
B¹BV5D�iAC£3IL784é¡@ CI<£@4v¤v1



m

� �x����� � �+��
`�?�!�	��

��#~#�� ���!��� � �!� ���
� �����X�x����� �!��� �����X� �����!�
"$#���

�

&¨4
7
P = P(−→v , µ, ω)

ÜF4(IL£ IL5DA¦7D9@KM4
78A¢§��iAC¤D§
5D4
7D4�¡3 CI<£@4�I<£3�
Γ−→α

ÜF4(I÷«¬ª@£3§n7DAEBV£3IL 
 CIL7~78A¢§
4éBL«

P F ¤8464 ñ¹4v§
78ACB<£�ô@1 " G 1¹ðæ£3I�7Dª@5DI< �äJª@4g¤_7DAEBV£ÒA¢¤3C��~�<AC×<46£�IL£¯4v E4vKM46£J7 −→y ∈ Γ−→α

;
9@B�Ù §6I<£ÝÙ�4(584g§
B�×V465�7D9@4�ª@£@A¢äJª@4(×<4g§n78BV5 −→x ∈ P

¤8ª3§�9Ø7D93I�7
π−→α (−→x ) = −→y ��� Ó`£789@4 «¬BV E CB�Ù�AC£@�3;@Ù�4�AC£¹×<4v¤~78AC�VIL784±7D9@AC¤>äJª@4v¤~78ACB<£(«¬BV5�789@4f§
 ¢I<¤D¤~A¢§6I< ¨§
 ¢I<¤D¤~4g¤�BL«�I<58AE789@KM4678A¢§

�iAC¤D§
5D4
7D4M¡@ CI<£@4v¤v;�£3I<Kf4v E®(7D9@4S£3I<AE×V4<;�789@4Ò¤~7DI<£3�@I<5D� ê ë 4v×iì@íL; G ë|ë ìLîF; G ë ìVï\õkIL£3�÷78934
�<5�I<§
46«¬ª@ �B<£34v¤ ê 2�2�ì<ì@; 2�2�óVôgõ¿1

�N[4Y �����&�J����� �	�<�¹�%� ��� �	�
�Q� ����������� �¿�3� � 
��i� ����� �����@� � ���@�g� � �.� �Q�
�<�\���g� 
������	�¹�

&¨4
7
P(−→v , µ, ω)

Ü�4ØIL£åIL5DAE789@KM4
7DAC§Ø�iAC¤D§
5D4
7D4Û¡@ ¢IL£@4ÖI<£3�ç E467 −→α ∈ Z3 ¤8ª3§�9æ7893IL7
(−→α ,−→v ) = ω

1�Ó`£ã7893AC¤�¤~4g§n7DAEBV£¨;.Ù�4÷I<¤D¤8ª@KM4�7893IL7¯7D9@465D4÷46á¹A¢¤~7D¤
i ∈ {1, 2, 3}

¤8ª3§�9
7893IL7

αi = 1
1�Ñ�9@A¢¤Ò§
BV£3�iAE78ACB<£øAC£3§
 Cª3�i4g¤M789@4ß¤84
7ÒB<«é£FILAC×<4<;�¤~7DI<£3�@I<5D�ÝIL£3� �<5�I<§64
«¬ª@ 

IL5DA¦7D9@KM4
78A¢§Ò¡3 CI<£@4v¤ F ¤8464(ñ¹4v§
78ACB<£ "31 ô G 1 &¨4
7Mª3¤�789¹ª3¤M¤8ª@¡@¡�BV¤84Ò789FI�7 α3 = 1
1	Ó`£Ö7893AC¤

§6I<¤84<;i C4
7dªF¤�£@BL7DAC§64±7893IL7
Γ−→α = Z

−→
f1 + Z

−→
f2
1

&¨4
7 −→y ∈ Γ−→α

1�?@5DB<Kå£@B�ÙÛBV£¨;\A¦«�£@B>§6B<£i«¬ªF¤~ACB<£�AC¤	¡�BV¤D¤~ACÜ@ C4kÙ�AE789�789@4�5D46¡@5D4v¤846£J7DIL78ACB<£
BL« −→y 5D46 ¢I�784g��78BM78934�Ü3I<¤8A¢¤

{−→e1 ,
−→e2 ,

−→e3}
;3Ù�4 Ù�AC E ½�@46£@B<784

(y1, y2)
7D9@4�ª@£3ACäJª@4 ¡3I<AE5|BL«

AE£J784v�<4v5D¤�¤8ª3§�9�7893IL7 −→y = y1
−→
f1 + y2

−→
f2
1

&¨4
7 −→x ∈ P
IL£F�Ö C4
7 −→y = π−→α (−→x ) ∈ Γ−→α

1�ð�§6§
BV5D�@AE£@�÷78B F í G ;°B<£34�93IV¤ x1 =
y1 + α1x3

IL£3�
x2 = y2 + α2x3

1 Sd4v£3§
4V;
(−→x ,−→v ) + µ = y1v1 + y2v2 + x3(α1v1 +

α2v2 + v3) + µ
IL£F�

0 ≤ (−→x ,−→v ) + µ = v1y1 + v2y2 + x3ω + µ < ω. F ô G
Ñ�9JªF¤6;��<AC×<4v£÷IL£¹® −→y ∈ Z2 ;�Ù�4f§vIL£ß4gI<¤8AE C®(584g§
B�×<4v5�78934�ª@£3ACäJª@4f×<4g§n78BV5 −→x ∈ P

¤8ª3§�9
7893IL7

π−→α (−→x ) = −→y
1½Ó`£F�i464g��;¨ C4
7�ª3¤ ©35D¤~7�£@B<784M789FI�7 F ô G ®¹AE4v C�3¤�IL£Þ4
ái¡@ CA¢§
AE7 «¬B<5DK�ª@ ¢I«¬B<5>789@4 .�13* sR.!,

x3
BL«°78934�¡�B<AC£J7D¤éBL«

P
;F7893IL7éA¢¤v;

x3 = −
⌊

v1y1+v2y2+µ
ω

⌋ 1�&¨467éª3¤é§6I< E 
HP,−→α : Γ−→α −→ Z

7D9@4 «¬ª@£3§
78ACB<£(Ù�9@A¢§�9�78BÒIL£¹®Ò¡�B<AC£J7
y1
−→
f1 + y2

−→
f2 ∈ Γ−→α

IV¤8¤8Bi§
A¢I�784g¤
789@4�9@46AC�<9J7

x3
BL«3789@4�§
BV585D4v¤8¡FBV£3�iAC£@�d¡�B<AC£J7 −→x ∈ P

;g7893IL7	A¢¤v;v7D9@4�ª@£@A¢äVª34�¡�B<AC£J7 −→x ∈ P¤~ª3§�9�789FI�7
π−→α (−→x ) = −→y

C

HP,−→α : −→y 7→ −

⌊

v1y1 + v2y2 + µ

ω

⌋

.

ù>£@4é789¹ª3¤�BVÜi7DI<AE£3¤DC

±�\� 
.���
���
�Q� ��YM[bj/k

α3 = 1 l ,/.�13At,-.�1�k) !A 5;,o*6P)A
π−1
−→α

: Γ−→α −→ P
*:9V7K1	��A?1Q7 g3wIl k;PB(')>-> −→y ∈ Γ−→α �

π−1
−→α

(−→y ) =

t



y1

y2

0



 + HP,−→α (y1, y2)

t



α1

α2

1



. F " G
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��Æ�¹�
&¨4
7Mª3¤M¤8ª@¡@¡�BV¤84¯7D93I�7 −→v ∈ N3 ;°IL£3� v3 = max{v1, v2, v3}

1&Ó¿«
P
AC¤MIß£FILAC×<4¯BV5fI

¤_7�IL£3�@I<5D�±�iA¢¤D§
5D4
784°¡3 CI<£@4<;6789@4v£ Ùk4.§vIL£ ¤8ª@¡@¡�BV¤84
α3 = 1

;6¤8AC£3§
4
vi ≥ 0

«¬BV5
i ∈ {1, 2, 3}

1
Ó`£±789@4�¤~¡�4v§6ACI< V§6IV¤~4°B<«i£3ILAC×<4.�@AC¤D§
5D4
7D4°¡@ CI<£@4v¤v;6Ù�4�5D4v§6B�×<465�7D9@4kI< E5D4vIV�i®|Ú¹£@B�Ù�£é«¬B<5DK�ª3 CI�C
���F��� � ���i�\��YM[]j/k

P
*:9t' A?'B*-HI1 7)*:9353(�1;,<12=?>@'BA?1 l ,-.�1;A −→α = −→e3 l k;P)( ')>-> −→x ∈ P l

π−→α (−→x ) = x1
−→e1 + x2

−→e2
')A?7`k;P)(}'B>-> −→y ∈ Γ−→α l

π−1
−→e3

(−→y ) = y1
−→e1 + y2

−→e2 −

⌊

v1y1 + v2y2 + µ

v3

⌋

−→e3 .

=kB<£3§6465D£@AE£3��7D9@4�§6IV¤~4éBL«&789@4�¤~7DI<£3�@IL5��¯�@AC¤D§
5D4
7D4é¡3 CI<£@4v¤v;iÙk4±BVÜi7DI<AE£¨;@IV¤�IM�iAE5D4v§
7d§
B<£@­
¤~4gäVª346£3§64éB<«��.58BV¡FBJ¤~AE78ACB<£âí�C
���F��� � ���i�\����[]j/k

P
*:9}'v9+,J'BA?7K')(�7~7)*:935;(y1;,<1
=?>@'BA?1 l ,-.�1;A −→α = −→e1 + −→e2 + −→e3 l k;P)(h'B>->

−→x ∈ P l π−→α (−→x ) = (x1 − x3)
−→e1 + (x2 − x3)

−→e2 l ')A 7
k;P)(}'B>-> −→y ∈ Γ−→α l

π−1
−→e3

(−→y ) =

t



y1

y2

0



 −

⌊

v1y1 + v2y2 + µ

v1 + v2 + v3

⌋

t



1
1
1



.

&¨4
7éª3¤|¤8ª@¡@¡�BV¤84�£@B�Ùæ7D93I�7
P = P(−→v , µ, ω)

A¢¤|IS�V5DIV§
46«¬ª@ ½¡@ ¢IL£34<;@7D93I�7>AC¤v;
0 ≤ v1,≤

v2 ≤ v3
I<£3�

ω = max(v1+v2, v3)
1�Ó¿«

v1+v2 ≤ v3
;\7D9@46£

P
A¢¤°I|£3I<AE×V4��@AC¤D§
5D4
7D4k¡@ ¢IL£34

IL£3�÷789@A¢¤ §6IV¤~4M93IV¤±IL C584gI<�i®�Ü�464v£»¤~78ª3�@AE4g��1�&¨467 ª3¤é789@4v£ÛI<¤D¤~ª@KM4�7893IL7
ω = v1 + v2

1
&¨4
7 −→α = −→e1 + −→e2

13Ñ�9@46£½;¹«¬B<5|I< E  −→x ∈ P
;
π−→α (−→x ) = (x1 − x2)

−→e1 + x3
−→e3
1

�d¡ß7DB�I¯¡F4v58K�ªi7DIL78ACB<£âB<£ß7D9@4M¤~467
{α1, α2, α3}

;�Ùk4f584g§
B�×V465�7D9@4f«¬B< C EB�Ù�AC£@�S«¬5DB<K
��58BV¡FBJ¤~AE78ACB<£»í�C

±�\� 
.���
���
�Q� ����[bj/k

P
*:92' s�(�'�5Q14k) !>�= >@')A 1DiV{ .�1;A −→α = −→e1 + −→e2

'BA?7u,/.�1
k) !A?53,4*6PBA
π−1
−→α

: Γ−→α −→ P
*:9}7�1 ��A?1Q7 g;wIl k;PB(h')>-> −→y ∈ Γ−→α l

π−1
−→α

(−→y ) =

t



0
y1

y2



 +

⌈

v2y1 − v3y2 + µ

v1 + v2

⌉

t



1
1
0



.
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Ñ�9@4fI<AEK�B<«�789@A¢¤±¤~4g§n7DAEBV£ßAC¤>7DB�IL¡3¡@ E®�7D9@4�¡3584v×JACB<ªF¤|5D4v¤8ª@ E7D¤|78B�789@4M¤_7Dª3�i®(BL«

(m, n)
­

§
ª@Ü�4v¤°I<£3�� CBi§6IL @§6B<£i©F�<ª@5�I�7DAEBV£3¤6;v�<4v£@465�IL CA@LvAE£3�d78934�¤~78ªF�i®�¡�4658«¬B<5DKf4g� «¬BV5°£3ILAC×<4�¡@ ¢IL£@4g¤
AE£ ê 0>=�ì¹òJ; ñ@§�93ìJòJ;
	é:65�ì<ì@; 0>=�ìVìi;b=kBV CóJôvõÃ1�?3B<5�789@4�¤DILÚV4¯BL«é§
B<£F¤~A¢¤_7D46£3§6®<;	Ùk4(§6I< E k789346K
9@465D4 −→m ­`§
ª@Ü�4v¤d5DIL789@4v5k7D93IL£ (m, n)

­¿§6ª@Ü�4v¤v1
&¨4
7

P = P(−→v , µ, ω)
ÜF4�IL£�IL5DA¦7D9@KM4
78A¢§��iAC¤D§
5D4
7D4.¡@ ¢IL£34�I<£3�  C4
7 −→α ∈ Z3 ¤8ª3§�9�7893IL7

gcd(α1, α2, α3) = 1
IL£3�

(−→α ,−→v ) = ω F 5D4v§6I< E F789FI�7�A¦« −→v ∈ Z3 I<£3� gcd(v1, v2, v3) =
1
;�7D9@46£S7D9@4d46á¹A¢¤~7846£F§
4�BL« −→α AC¤°4v£3¤8ª@584g�MÜ¹®�Ñ�9@4vB<5D46K î G 1X&¨4
7�ªF¤.I<¤D¤8ª@KM4�«¬ª@5~7D9@465DKMB<5D47893IL7

α3 = 1
1

&¨4
7 −→m ∈ (N?)2
ÜF4M�VAE×V46£¨1�2�® −→m

­`§
ª3ÜF4V;�Ùk4fKM4vIL£»I¯ CBi§6I< $§6B<£i©F�<ª@5�I�7DAEBV£ßAE£â78934
�iAC¤D§
5D4
7D4±¡@ CI<£@4é7893IL7|§6I<£�Ü�4 B<Ü3¤8465D×<4g�S7D93IL£@Úi¤�7DB

π−→α

7D9@58BVª@�<9(IL£ −→m
­ÃÙ�AC£3�iB�ÙÉAE£�78934

¡@58B ö 4v§
78ACB<£� CIL7~78A¢§
4
Γ−→α

1�EßB<5D4é¡3584g§
A¢¤~4v E®V;
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������� ���
�Æ��� ��[Ve%1;, −→m ∈ (N?)2
i
{?.�1 −→m

­`§
ª3ÜF4
C(−→y ,−→m) l p�*-,-. −→y ∈ Γ−→α l *:9h7�1 ��A 1Q7'I9b,-.�1�k;PB>->@P)p�*-A�s~9! g 9313,fP�k P �

C(−→y ,−→m) =
{

π−1
−→α

(−→y +
−→
i ),

−→
i ∈ [[0, m1[[×[[0, m2[[

}

.

Ó`£¯B<5��i4v5.7DB�4v£Jª3Kf4v5DIL784|789@4±�iA���4v584v£V7�7_®¹¡F4g¤�BL« −→m ­¿§6ª@Ü�4v¤.7893IL7�Bi§v§
ª@5�AE£ P
;JÙ�4|5D46¡35846­

¤~4v£V7�7D9@46K�I<¤� CB¹§vIL ¨§6B<£i©3�Vª@5�I�78ACB<£F¤�IV¤�«¬B< C EB�Ùd¤v1
������� ���
�Æ�����N[t{ .�1 −→m

­¿ EBi§vIL k§6B<£i©F�<ª@5�I�7DAEBV£
LC(−→y ,−→m) l p�*-,/. −→y ∈ Z2 'BA?7

m ∈
(N?)2 l *:9V7K1	��A?1Q7 ')9�k;P)>->@PBp�9 �

LC(−→y , m) =
[

HP,−→α (−→z ) − HP,−→α (−→y )
]

−→z ∈[[0,m1−1[
−→
f1+[[0,m2−1[[

−→
f2

.

�81]93' w ,-.�'), −→y *:9}')A»AC£3�i4
á P	k}PD5Q5  !(+(�13A?5Q1}P	kb,-.�1b>@PR5Q')>�5yPBA � s� !(�'B,4*6PBA
LC(−→y ,−→m)

i
&¨4
7dªF¤�£@BL7D4±7893IL7|I� CBi§6I< ¨§
B<£@©3�<ª@5�I�7DAEBV£¯A¢¤�If¡@ CI<£@4 ¡3I<5~7DA¦7DAEBV£¨1
� '�')0�=?>@1 & i|?@BV5�AE£3¤~7DI<£3§
4V;d C4
7ßª3¤ß§6B<£3¤8A¢�i465(7D9@4ÖIL5DA¦7D9@KM4
7DAC§Û�iA¢¤D§
5D4
784Þ¡@ ¢IL£34

P =
P(−→v , µ, ω)

Ù�AE789 −→v = 4−→e1 + 2−→e2 + 5−→e3
;
µ = 0

I<£3�
ω = 9

1M&½4
7 −→α = −→e1 + −→e3
13ú»4

AE C EªF¤_7D5DIL784é789@4  CBi§6I< ¨§
B<£@©3�<ª@5�I�7DAEBV£
LC(

−→
f1 +

−→
f2, 3(−→e1 + −→e2))

BL«
P
IL£F�¯AE7D¤�¡@5D46ACKSIL�V4

ÜJ®
π−1
−→α

AC£(?	AC�31Fô@1

0 −1

−1−1

−2

−1

−2

−2−2

−→
f1

−→
f2

−→
f1
−→
f2

��������� �½}V]_egÈ jZ[D¾Ea|a_eM]_XZÁ ¼ a ��rfjZe��nr6j$��egW<Í¹ÁvoV]~r6a_XZevW�ev¾$a ¼ [�qVXZ^`�D]_[Da_[�hJj¦r6WJ[
P(4−→e1 + 2−→e2 +

5−→e3 , 0, 7)
r6W¹q�XZa_^���e6]`]_[�^`hiegWJqVXZWJÁ h<]_[�XZÈ�rvÁv[�Ç�À

π−1
−→
e2+

−→
e3

Â

úâ4k«¬B< C EB�ÙÞ9@4v584.789@4�IL¡@¡358BJI<§�9 �i46×V46 CB<¡�4v� AC£ ê 0°ª@A¢ì<ì�õ¿1\?@B<5$Id£FILAC×<4.�iA¢¤D§
5D4
784k¡@ ¢IL£@4
P
;gAE7

AC¤�Ù�46 C �Ú¹£@B�Ù�£�7893IL7v;@�VAE×V46£�7_ÙkBM¡�B<AC£V7�¤ −→x I<£3� −→
x′
BL«

P
¤~ªF§�9�7D93I�7�7D9@46AC5�¡@5DB ö 4g§n78ACB<£F¤

ÜJ®
π−→α

I<584
4
­`§
BV£@£@4g§n784g�ÖAC£ 789@4�«¬ª@£3§
78ACB<£3I< d¡@ ¢IL£@4V;$789@4v£

|x3 − x′

3| ≤ 1
1°Ó`£øBL7D9@465

ÙkBV5D�@¤v;$78934÷�iA���4v584v£3§
4�Ü�4
7_Ù�464v£Ý7D9@4ß9@4vAE�V9J7ÒBL« −→x IL£F� −→
x′
AC¤�I�7ÒKMBV¤~7ßí<1.ð äVª3A¦7D4

ª@£@4
ái¡�4v§
784v��«ÆI<§
7	A¢¤	789FI�7	789@A¢¤$¡@5DB<¡�46587_®é93B< ¢�@¤&«¬B<5°IL£¹® IL5DA¦7D9@KM4
7DAC§��iA¢¤8§65846784k¡@ CI<£@4�Ù�A¦7D9
α3 = 1

1ME�B<5D4 ¡@5D4v§
A¢¤846 C®<;iAE7|AC¤d4vI<¤8®S7DBÒ¤~4v4±7893IL7v;@«¬BV5|IL C  −→y ∈ Γ
;
HP,−→α

(

−→y +
−→
f1

)

−

HP,−→α (−→y ))
7DI<Ú<4g¤|BV£@ E®(7_Ù�B¯×�I< Eª@4g¤6;�£3I<KM46 C®

−
⌊

v1

ω

⌋ I<£3�
−

⌊

v1

ω

⌋

− 1
1�Ó`£ß7D9@4S¤8I<KM4

Ù�I\®V;
HP,−→α

(

−→y +
−→
f2

)

−HP,−→α (−→y ))
7DI<Ú<4g¤°B<£@ C®�789@4d×�I< Eª@4g¤

−
⌊

v2

ω

⌋ IL£3�
−

⌊

v2

ω

⌋

−1
1

Ó`£Ò4vIV§�9¯§6IV¤~4V;<B<£34dBL«�7D9@4v¤84|×�IL Cª@4g¤.A¢¤.Bi�@�¨;VÙ�9@4v584gI<¤�789@4>BL7893465�B<£@4>AC¤k46×V46£¨¥VÙk4é�i4
©3£34
Eh

IL£3�
Oh

78B�ÜF4f5D4v¤8¡F4g§n78AC×<4v E®�7D9@4�4v×<4v£÷IL£3�ß789@4fBi�@�ß×�I< Eª@4�7DI<Ú<46£÷ÜJ®
−b v1

ω
c
I<£3�

−b v1

ω
c − 1

¥½Ù�4¯¤~ACKMAE ¢IL5D C®»�i46©3£@4
Ev

IL£3�
Ov

1&Ó¿7�AC¤�£@B�Ù £3I�7Dª@5DI< �7DBßAE£J7D58Bi�iª3§64S78934
«¬B< C EB�Ù�AC£@��7_ÙkB<­¿�iACKM46£3¤8ACB<£3I< �¤84väJª@4v£3§
4KC

U = (U−→y )−→y ∈Γ−→
α

= (HP,−→α (−→y ) mod 2)−→y ∈Γ−→
α
∈ {0, 1}Z2

.
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2k®��i4
©3£3A¦7DAEBV£¨;@AE7dAC¤�4gI<¤8AE C®Ò¤84646£�7D93I�7�7D9@4�¤~4gäJª@46£3§64
U
¤DI�7DAC¤~©34v¤DC

∀−→y ∈ Γ−→α , U−→y = 0
AE«°IL£3��B<£3 E®ÒAE«

−
y1v1 + y2v2 + µ

ω
mod 2 ∈ [0, 1[.

&¨4
7
w = [wy ]y∈[[0,m1−1]]×[[0,m2−1[[

Ü�4dI|Ù�B<5�� BL«�¤~A�L64
m1×m2

B�×V465
{0, 1}

1gúâ4��i46©3£@4
789@4�5yPB0
= >@130v13A�,

w
B<«

w
I<¤ «¬BV E CB�Ùd¤DC

w = [wy]y∈[[0,m1−1[[×[[0,m2−1[[
;½Ù�93465D4

1 = 0IL£3�
0 = 1

1M&½4
7|ª3¤|584g§6I< E  ê 0°ª@A¢ì<ì3; 2�0>óVó\õ½7D93I�7>789@4�¤~467|BL«$«ÆI<§
78BV5D¤�B<«$789@4f¤~4gäVª346£3§64
UAC¤�¤~7DI<Ü@ C4Òª@£3�i4v5�§
BVKM¡@ E4vKM46£J7DIL78ACB<£¨1¨ú»4S7D9JªF¤ AE£J7D58Bi�iª3§64M789@4Ò«¬B< C EB�Ù�AC£@��4väJª@AC×�IL C46£3§64

584v CIL78ACB<£NC
v ∼ w

AE«$I<£3��B<£@ C®ÒAE«
v ∈ {w, w}.

úâ4 93I\×V4|7D9@4±«¬B< C CB�Ù�AE£@�f7D9@46BV584vK�;iAC£3¤8¡@AC584g�¯Ü¹® ê 0°ª@A¢ì<ì�õJC
TVU �¹�F���XW���[t{ .�13(�1V*:9}'vA '),  !(�')> g * n31Q5;,o*6P)A g 1;,op�1Q1;At,/.�1h1��  !*-H)')>@13A?5Q185;>�'I9Q931+9}P�k],/.�1
(�1;>�'),o*6P)A

∼
P�k],/.�1�k;'K5;,<P)(Q9}P	k`,/.�1b931��  �13A?5Q1

U
')A?72,-.�1 −→m O >@PR5y'B>�5QP)A � s� !(y'),o*6P)A�9bP�k P

i
+f(�PRP�k;i±=kB<£3¤8AC�@465>789@4M CB¹§vIL °§
BV£i©3�Vª@5DIL78ACB<£

L = LC(−→y ,−→m)
¥�Ù�4f§vIL£âIV¤8¤8Bi§
A¢I�7D4 78B(AE7

789@4
m1 × m2

Ù�B<5��

[L(−→z ) mod 2]−→z ∈[[0,m1−1[[
−→
f1+[[0,m2−1[[

−→
f2

,

7893IL7&Ù�4k�i4v£@BL7D4�«¬B<5$¤89@B<587
L mod 2

1vÓ¿«
HP,−→α (−→y )
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