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aNovember 21st, 2004Abstra
t In the present paper, we study the (1, 1, 1)-dis
rete surfa
esintrodu
ed in [Jam04℄. In [Jam04℄, the (1, 1, 1)-dis
rete surfa
es are notassumed to be 
onne
ted. In this paper, we prove that assuming 
onne
t-edness is not restri
tive, in the sense that, any two-dimensional 
odingof a (1, 1, 1)-dis
rete surfa
e is the two-dimensional 
oding of both 
on-ne
ted and simply 
onne
ted ones. In the se
ond part of this paper,we investigate a parti
ular 
lass of dis
rete surfa
es: those generatedby in�nite smooth words. We prove that the only smooth words gen-erating su
h surfa
es are K{1,3}, 1K{1,3} and 2K{1,3}, where K{1,3} =
33311133313133311133313331 . . . is the generalized Kolakoski's word onthe alphabet {1, 3}.Résumé Dans 
et arti
le, nous étudions les (1, 1, 1)-surfa
es dis
rètesintroduites dans [Jam04℄. Dans l'arti
le [Jam04℄, les surfa
es ne sontpas supposées dis
rètes. Nous montrons dans 
et arti
le qu'il n'estpas restri
tif de faire une telle supposition et que tout 
odage bi-dimensionel d'une (1, 1, 1)-surfa
e dis
rète 
ode à la fois une surfa
e
onnexe et une surfa
e simplement 
onnexe. La se
onde partie de 
etarti
le est 
onsa
rée à l'étude des surfa
es dis
rètes engendrées par desmots lisses. Nous démontrons que les seuls mots lisses engendrant detelles surfa
es sont les mots K{1,3}, 1K{1,3} et 2K{1,3}, où K{1,3} =
33311133313133311133313331 . . . est le mot de Kolakoski généralisé surl'alphabet {1, 3}.1 Introdu
tionA wide literature has been devoted to the study of Sturmian words, that is,the in�nite words over a binary alphabet whi
h have n + 1 fa
tors of length

n [Lot02℄. These words are also equivalently de�ned as a dis
rete approxima-tion of a line with irrational slope. Then, many attempts have been done togeneralize this 
lass of in�nite words to two-dimensional words. For instan
e, in[Vui98,BV00,ABS04℄, it is shown that the orbit of an element µ ∈ [0, 1[ under the
⋆ with the support of NSERC (Canada)



2a
tion of two rotations 
odes a dis
rete plane. Furthermore, the problem of oneor two-dimensional words 
hara
terizing dis
rete lines or planes is investigatedin [BV00,Lot02,ABS04,BT04,DGK03℄. In [Jam04℄, the author introdu
es the
(1, 1, 1)-dis
rete surfa
es as a quite natural generalization of the dis
rete planesof [BV00,ABS04℄ and shows how to de
ide whether a given two-dimensionalsequen
e over the three-letter alphabet {1, 2, 3} 
odes a (1, 1, 1)-dis
rete surfa
e.In this paper, we study the 
onne
tedness and the simple 
onne
tedness ofthe (1, 1, 1)-dis
rete surfa
es and we show that, given a two-dimensional sequen
e
u over the three-letter alphabet {1, 2, 3}, then u 
odes (1, 1, 1)-dis
rete surfa
eif and only if u 
odes a 
onne
ted one and a simply 
onne
ted one. Se
ondly,we study the (1, 1, 1)-dis
rete surfa
es asso
iated with smooth words as in forinstan
e [BL02,BLL02,BBLP03℄ for the 
ase of 2-letters alphabets and [BBC04℄for arbitrary alphabets. These surfa
es have lo
al geometri
 properties and wegive an expli
it des
ription of the asso
iated smooth words.This paper is organized as follows. In Se
tion 2, we re
all the basi
 notions
on
erning (1, 1, 1)-dis
rete surfa
es and the 
ombinatori
s of two-dimensionalwords over a �nite alphabet. In Se
tion 3, we prove the �rst main result of thispaper, namelyTheorem. Let u ∈ {1, 2, 3}Z

2 be a two-dimensional sequen
e. The followingassertions are equivalent:i) the sequen
e u 
odes a (1, 1, 1)-dis
rete surfa
e;ii) the sequen
e u 
odes a 
onne
ted and simply 
onne
ted (1, 1, 1)-dis
rete sur-fa
e.We also prove that any 
onne
ted surfa
e 
oded by an element of {1, 2, 3}Z
2 issimply 
onne
ted. Finally, in Se
tion 4, we demonstrate the se
ond main resultof this paper, that is:Theorem. Let w be a smooth word over the alphabet {1, 2, 3}. The tiling

T (w) asso
iated to w is a pie
e of a dis
rete surfa
e if and only if w ∈
{K{1,3}, 1K{1,3}, 2K{1,3}} where K{1,3} is the generalized Kolakoski's word.2 Basi
 notions2.1 Dis
rete surfa
esIn this se
tion we re
all the basi
 notions 
on
erning (1, 1, 1)-dis
rete surfa
esand dis
rete planes.Let {−→e1 ,−→e2 ,−→e3} denotes the 
anoni
al basis of the Eu
lidean spa
e R

3. Anelement of Z
3 is 
alled a voxel. The fundamental unit 
ube C is the set de�nedby:

C =
{

x1
−→e1 + x2

−→e2 + x3
−→e3 | (x1, x2, x3) ∈ [0, 1]3

}

.Let −→x ∈ Z
3. The set −→x + C is 
alled the unit 
ube pointed by −→x .Let P be the plane with equation (−→v ,−→x ) = µ with −→v ∈ R

3
+, µ ∈ R and

(−→v ,−→x ) = v1x1 + v2x2 + v2x3 denoting the usual s
alar produ
t of the ve
tors



3
−→v and −→x . Let CP be the union of the unit 
ubes pointed by a voxel x ∈ Z

3 andinterse
ting the open half-spa
e (−→v ,−→x ) < µ. We 
all dis
rete plane asso
iatedto P the set PP = CP \
◦

CP of CP , where CP (resp. ◦

CP) is the 
losure (resp. theinterior) of the set CP in R
3, provided with its usual topology.Let us now de�ne the three fundamental fa
es (see Figure 1):

E1 = {x2
−→e2 + x3

−→e3 | (x2, x3) ∈ [0, 1[2},

E2 = {−x1
−→e1 + x3

−→e3 | (x1, x3) ∈ [0, 1[2},

E3 = {−x1
−→e1 − x2

−→e2 | (x1, x2) ∈ [0, 1[2}.

PSfrag repla
ements
−→e1

−→e2

−→e3

(a) Fa
e of type 1.PSfrag repla
ements
−→e1

−→e2

−→e3

(b) Fa
e of type 2PSfrag repla
ements
−→e1

−→e2

−→e3

(
) Fa
e of type 3Fig. 1. The three fundamental fa
es.Let −→x ∈ Z
3 and k ∈ {1, 2, 3}. The set −→x + Ek is 
alled a pointed fa
e of type

k. The ve
tor −→x is 
alled the distinguished vertex of −→x + Ek.Let π : R
3 −→ {−→x ∈ R

3 | (−→e1 +−→e2 +−→e3 ,−→x ) = 0} be the orthogonal proje
tionmap onto the plane P0 with equation (−→e1 + −→e2 + −→e3 ,−→x ) = 0.The following properties hold:Theorem 1. [ABS04℄ Let PP be a dis
rete plane and let VP be the set of verti
esof PP . We suppose that P admits a normal ve
tor −→v ∈ R
3
+.1. The set PP is partitioned by pointed fa
es.2. The restri
tion maps π|VP

: VP −→ π
(

Z
3
) and π|PP

: PP −→
{−→x ∈ R

3 | (−→e1 + −→e2 + −→e3 ,−→x ) = 0
} are bije
tive.Let us now de�ne the (1, 1, 1)-dis
rete surfa
es as follows:De�nition 1. [Jam04℄ A disjoint union S ⊆ R

3 of pointed fa
es is a (1, 1, 1)-dis
rete surfa
e if the map
π|S : S −→ P0

−→x 7→ π(−→x )is a bije
tion (see Figure 2). The set VS = S ∩ Z
3 is 
alled the set of verti
esof S.
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PSfrag repla
ements

−→e1
−→e2

−→e3

Fig. 2. A pie
e of a dis
rete surfa
eFrom now on, to redu
e the notation, we will use the terminology dis
retesurfa
e instead of (1, 1, 1)-dis
rete surfa
e.Before asso
iating a two-dimensional 
oding over the three letter-alphabet
{1, 2, 3} to any dis
rete surfa
e S, let us re
all a te
hni
al lemma:Lemma 1. Let S be a dis
rete surfa
e. The following properties hold:i) The map

π|VS
: S −→ Γ = π

(

Z
3
)

−→x 7→ π(−→x )is a bije
tion.ii) Ea
h vertex −→x of VP is the distinguished vertex of one and only one pointedfa
e.We 
an now asso
iate a two-dimensional 
oding over the three letter-alphabet
{1, 2, 3} to any dis
rete surfa
e S as follows: let Γ = π(Z3) = Zπ(−→e1) ⊕ Zπ(−→e2).We identify Γ and Z

2 by the latti
e isomorphism
Φ : Z

2 −→ Γ

(m,n) 7→ mπ(−→e1) + nπ(−→e2).To any dis
rete surfa
e S, we asso
iate the two-dimensional 
oding u ∈
{1, 2, 3}Z

2 de�ned by: ∀(m,n) ∈ Z
2, ∀k ∈ {1, 2, 3},

um,n = k if and only if π−1
|VS

(mπ(−→e1) + nπ(−→e2)) is of type k in S.In other words, um,n = k if the pre-image of the points mπ(−→e1) + nπ(−→e2) is oftype k in S.A natural question is: given a two-dimensional sequen
e u ∈ {1, 2, 3}Z
2 , does

u 
ode a dis
rete surfa
e ? Before answering this question, we need several notions
on
erning 
ombinatori
s of two-dimensional words over a �nite alphabet.



52.2 Basi
 notions on two-dimensional sequen
es over a �nitealphabetIn this se
tion, we re
all some basi
 notions of 
ombinatori
s on two-dimensionalwords over a �nite alphabet (see for instan
e [GR97℄).Let Σ be a �nite alphabet. Let Ω be a �nite subset of Z
2. A fun
tion w :

Ω −→ Σ is 
alled a �nite pointed pattern over the alphabet Σ.A shape Ω of Z
2 is the equivalen
e 
lass of Ω ⊆ Z

2 for the following equiva-len
e relation:
Ω ∼ Ω′ ⇐⇒ ∃(v1, v2) ∈ Z

2, Ω1 = Ω2 + (v1, v2).Let Ω be a �nite subset of Z
2. A �nite pattern of shape Ω is the equivalen
e
lass of a �nite pointed pattern w : Ω −→ Σ for the following equivalen
erelation: for all pair w : Ω −→ Σ and w′ : Ω −→ Σ of �nite pointed patterns,

w ∼ w′ if and only if there exists an element (v1, v2) ∈ Z
2 su
h that:

Ω = Ω′ + (v1, v2) and ∀(m,n) ∈ Ω, wm,n = w′
m+v1,n+v2

.In order to simplify the notation, from now on, we will denote the �nite patterns
w instead of w and we will denote the shapes Ω instead of Ω.Let u ∈ ΣZ

2 be a two-dimensional sequen
e and let w : Ω −→ Σ be a �nitepointed pattern. An o

urren
e of w in u is an element (m0, n0) ∈ Z
2 su
h thatfor all (m,n) ∈ Ω, wm,n = um0+m,n0+n. The set of �nite patterns o

urring in

u is 
alled the language of u and is denoted L(u). Given a shape Ω, the set of�nite patterns with shape Ω o

urring in u is 
alled the Ω-language of u and isdenoted by LΩ(u).Let Ω be a shape. The Ω-
omplexity map of u is the fun
tion pΩ : ΣZ
2

−→
N ∪ {∞} de�ned as follows:

pΩ : ΣZ
2

−→ N ∪ {∞}
u 7→ |LΩ(u)|,where |LΩ(u)| is the 
ardinality of the set LΩ(u).2.3 Re
ognition of dis
rete surfa
esLet u ∈ {1, 2, 3}Z

2 . In this se
tion we investigate the following question: does u
ode a dis
rete surfa
e? Let us �rst introdu
e the pointed hooks and the hookshape of u.De�nition 2. The hook shape is the equivalen
e 
lass of the sets
{(m,n); (m,n+1); (m+1, n+1)}, for (m,n) ∈ Z

2, for the relation ∼ in Se
tion2.2.The following theorem holds:Theorem 2. [Jam04℄ Let u ∈ {1, 2, 3}Z
2 . Then u 
odes a dis
rete surfa
e if andonly if the hook-language of u is in
luded in the following set of patterns (seeFigure 4).
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Fig. 3. Examples of hook words o

urring in a sequen
e u ∈ {1, 2, 3}Z
2 .
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Fig. 4. Left: The permitted hook-words. Right: The 3-dimensional representation ofthe permitted hook-words.A drawba
k of the previous de�nition of dis
rete surfa
e is to be non-intuitive.For instan
e, let us 
onsider a dis
rete plane PP . By 
onstru
tion, PP is 
on-ne
ted and simply 
onne
ted, that is, it does not 
ontain any hole. Let −→x ∈ VPbe a vertex of PP of type k. Then, P \ {−→x + Ek} ∪ {(−→x + −→e1 + −→e2 + −→e3) + Ek}is still a dis
rete surfa
e.In the following se
tion, we show that assuming the dis
rete surfa
es to be
onne
ted is not a restri
tion. More pre
isely, we prove that any sequen
e u ∈
{1, 2, 3}Z

2 whi
h 
odes a dis
rete surfa
e 
odes a 
onne
ted and simply 
onne
tedone.3 The 
onne
ted dis
rete surfa
esIn this se
tion, we investigate the dis
rete surfa
es introdu
ed in [Jam04℄ andprove that, for any dis
rete surfa
e S, there exists a 
onne
ted dis
rete surfa
e
S with the same two-dimensional 
oding.Theorem 3. Let u ∈ {1, 2, 3}Z

2 be a two-dimensional sequen
e. The followingassertions are equivalent:



7i) the sequen
e u 
odes a dis
rete surfa
e;ii) the sequen
e u 
odes a 
onne
ted dis
rete surfa
e.Let x = mπ(−→e1)+nπ(−→e2), with (m,n) ∈ Z
2. Using the previously introdu
edidenti�
ation of Γ and Z

2 (see Se
tion 2), we will denote u−→x instead of um,n.Let u ∈ {1, 2, 3}Z
2 be the two-dimensional 
oding of a dis
rete surfa
e, thatis,

⋃

−→x ∈Γ

(−→x + π(Eu−→
x
)
)

,where Ei is a fundamental fa
e (i ∈ {1, 2, 3}), is a partition of the plane P0 (see[Jam04℄). Let −→x ∈ Γ and −→y ∈ Γ . We de�ne a partial order relation u
−→ over

Γ as follows: for all −→x ∈ Γ , for all −→y ∈ Γ , −→x u
−→ −→y if and only −→y is on theboundary of −→x + π(Eu−→

x
).Lemma 2. Let −→x ∈ Γ . Then −→x

u
−→ −→x − π(−→e1) and −→x

u
−→ −→x − π(−→e1)− π(−→e2)(an illustration of this property is given in Figure 5).Proof. This is immediatly dedu
ed from π(−→e3) = −(π(−→e1)+π(−→e2)) and from thede�nitions of E1, E2 and E3 and the proje
tion map π.

2

1

3PSfrag repla
ements
π(−→e1) π(−→e2)

Fig. 5. Latti
e representation of the partial order relation u

−→.Finally, Theorem 3 is a dire
t 
onsequen
e on the following lemma.Lemma 3. Let −→x ∈ Z
3 and let −→

l = π(−→x ) − π(−→e1) − π(−→e2) ∈ Γ and −→r =
π(−→x ) − π(−→e1) ∈ Γ be the left and the right targets of the arrows with sour
e on
π(−→x ) in the graph of Figure 5. Then, the set

(

−→x + Euπ(−→x )

)

+
(

−→y + Eu−→
l

)

+
(−→z + Eu−→

r

)

,with
−→y = −→x + −→e3 and −→z = −→x + −→e2 + −→e3 if uπ(−→x ) = 1,

−→y = −→x + −→e3 and −→z = −→x −−→e1 if uπ(−→x ) = 2,
−→y = −→x −−→e1 −−→e2 and −→z = −→x −−→e1 if uπ(−→x ) = 3.is 
onne
ted and, in ea
h previous 
ase, π(−→y ) =

−→
l and π(−→z ) = −→r .



8Proof. In ea
h 
ase, one 
an verify that {−→y ,−→z } ⊆
(

−→x + Euπ(−→x )

). For instan
e,let us suppose that uπ(−→x ) = 1. Then,
(

−→x + Euπ(−→x )

)

= −→x +
{

x2
−→e2 + x3

−→e3 | (x2, x3) ∈ [0, 1]2
}

,and −→y = −→x + −→e3 ∈
(

−→x + Euπ(−→x )

) (see Figure 6). Idem for −→z = −→x + −→e2 + −→e3 .Finally, π(−→y ) = π(−→x + −→e3) = π(−→x ) − π(−→e1) − π(−→e2) = π(
−→
l ).

PSfrag repla
ements −→e1
−→e2

−→e3

−→x

−→y
−→zFig. 6. Computing a 
onne
ted surfa
e by indu
tion.We 
an now prove Theorem 3:Sket
h of the proof. For all −→x 0 ∈ Γ and r ∈ R+, let us denote BΓ (−→x 0, r) =

{mπ(−→e1) + nπ(−→e2) ∈ Γ | max{|m|, |n|} < r}.Let S1 = Eu−→
0
. Then, the set S1 is 
onne
ted, π(S1 ∩ Z

3) = BΓ (
−→
0 , 1) andfor all −→x ∈ Z

3 ∩S1, −→x is of type uπ(−→x ). Let r ∈ N
⋆ and let us suppose that Sris a 
onne
ted disjoint union of pointed fa
es su
h that π(Sr) ∩ Z

3 = BΓ (
−→
0 , r)and for all −→x ∈ Z

3 ∩ Sr, −→x is of type uπ(−→x ). Then, with Lemma 3 and the
onne
tedness of the relation u
−→ (see Figure 7), one 
an be 
onvin
ed thatit is possible to build, by indu
tion on the sets (

BΓ (
−→
0 , r)

)

r∈N⋆

, a 
onne
tedunion Sr+1 of pointed fa
es su
h that π(Sr+1 ∩ Z
3) = BΓ (

−→
0 , r + 1). Indeed,for any element −→y ∈ BΓ (

−→
0 , r + 1) \ BΓ (

−→
0 , r), there exists an element −→x ∈

BΓ (
−→
0 , r) su
h that −→x u

−→ −→y . We thus obtain an in
reasing sequen
e (Sr)r∈N⋆of 
onne
ted unions of pointed fa
es su
h that, for all r ∈ N
⋆, π|Sr

: Sr −→ Pis an inje
tion(remind that we assume u to 
ode a dis
rete surfa
e). Let
S =

⋃

r∈N⋆

Sr.The set S is 
onne
ted (it is an in
reasing sequen
e of 
onne
ted sets) and
π : S −→ P is inje
tive. Finally, sin
e π(S ∩ Z

3) = Γ and u 
odes a dis
rete
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PSfrag repla
ements π(−→e1) π(−→e2)

Points ofPoints of Fig. 7. A part of the graph of the relation u

−→.surfa
e, that is,
⋃

−→x ∈S∩Z3

(

π(−→x ) + π(Euπ(−→x )
)
)

= P0,we 
on
lude that π : S −→ P0 is surje
tive.An other interesting property of two-dimensional sequen
es 
oding dis
retesurfa
es is:Theorem 4. Let u ∈ {1, 2, 3}Z
2 and let S be a 
onne
ted dis
rete surfa
e 
odedby u. Then S is simply 
onne
ted, that is, S admits no hole.Sket
h of the proof. Let (Sr)r∈N⋆ be the sequen
e 
omputed in the proof ofTheorem 3. Then the following assertion holds:

∀r ∈ N
⋆, Sr ⊆ Sr+2.Then,

S =
⋃

r∈N⋆

Srand S is a union of 
losed sets. On 
an noti
e that ea
h set B(−→x , r) = {−→y ∈
R

3 | ||−→x − −→y ||∞ < r}, with r ∈ R
⋆
+, interse
ts at most a �nite number of
losed pointed fa
es. Hen
e, it be
omes easy to show that S is 
losed. Sin
e

π : R
3 −→ P0 is 
ontinuous, it follows that π|S : S −→ P0 is 
ontinuous. Itremains to show that π−1

|S : P0 −→ S is 
ontinuous. It follows from the fa
t that
π : R

3 −→ P0 is a 
losed map. Finally, we have proved that π|S : S −→ P is anhomeomorphism. Finally, S is simply 
onne
ted, sin
e P is simply 
onne
ted.4 Dis
rete surfa
es generated by smooth wordsIn this se
tion, we �rst re
all some notions of 
ombinatori
s on words over ar-bitrary alphabets, as de�ned in [BBC04℄. Then, we study the dis
rete surfa
eswhi
h are generated by a spe
i�
 
lass of words, the right in�nite smooth words



10over the alphabet {1,2,3}. We prove that there are only three su
h dis
rete sur-fa
es.Let us 
onsider a �nite alphabet Σ of letters. A right in�nite word is a sequen
e
w ∈ ΣN. Every word w ∈ ΣN 
an be uniquely written as a produ
t of fa
tors asfollows:

w = α1
e1α2

e2α3
e3 . . .with ej ∈ N

⋆ and αi 6= αi+1. Hen
e, the run-length en
oding de�ned by:
∆ : ΣN −→ N

N

w = α1
e1α2

e2α3
e3 . . . 7→ e1e2e3 . . . ,is well de�ned on ΣN.Given a non-empty �nite subset Σ of N, we de�ne the right in�nite smoothwords overΣ as the words whi
h are invariant under the a
tion of the ∆ operator.More pre
isely, the set KΣ of the right in�nite smooth words over Σ is de�nedas follows:

KΣ =
{

w ∈ ΣN | ∀k ∈ N,∆k(w) ∈ ΣN
}

.Example 1. If Σ = {1, 2}, the operator ∆ as two �xpoints, namely
∆(K{1,2}) = K{1,2}, ∆(1 · K{1,2}) = 1 · K{1,2},where K{1,2} is the well-known Kolakoski word [Kol66℄, whose �rst terms are:

K{1,2} = 22112122122112112212112122112112122122112122121121122 . . .Given a smooth words w over a �nite alphabet Σ, we de�ne the tiling asso-
iated to w (see [BBLP03℄) as the two-dimensional sequen
e (T (w)m,n)(m,n)∈N2as follows:
∀m ∈ N, (T (w)m,•) = ∆m(w).In other words, for any m ∈ N, the m-th line of (T (w)m,n)(m,n)∈N2 is the rightin�nite word ∆m(w).Let us now state the main result of this se
tion:Theorem 5. Let w be a smooth word over the alphabet {1, 2, 3}. The tiling

T (w) asso
iated to w is a pie
e of a dis
rete surfa
e if and only if w ∈
{K{1,3}, 1K{1,3}, 2K{1,3}}.Proof. Using the permitted hook-words of Figure 4 and the smoothness 
ondi-tion, that is,

∀m ∈ N, T (w)m+1,• = ∆ (T (w)m,•) ,an exhaustive inspe
tion gives that T (w) must start by one of the patterns ofFigure 8.Clearly, the other 5 patterns are ex
luded be
ause they do not respe
t thesmoothness 
ondition. We pro
eed by exhaustive inspe
tion. Let us for instan
einvestigate the �rst 
ase (see Figure 9). In the two �rst extensions of the ini-
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5: 6: 7:Fig. 8. The possible starting patterns.
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1

2 1

1 3
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3 1

3

1 2

1
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33 31PSfrag repla
ements T 1K{1,3}Fig. 9. The di�erent extensions in the �rst 
ase.tial word, the smoothness 
ondition does not hold. In the third extension, thesmoothness 
ondition provides a forbidden pattern. In the last extension, weobtain the tiling asso
iated to the word 1K{1,3}.The other 
ases 
an be treated in the same way. For instan
e, we obtain thetiling T
(

2K{1,3}

) in the se
ond 
ase, and the tiling T
(

K{1,3}

) in the third 
ase.None of the other 
ases leads to a dis
rete surfa
e (for a 
omplete proof, seeAppendix A).Sin
e the identi�
ation of the three fundamental fa
es to the letters 1, 2 and3 is arbitrary, a natural question arises: what is the a
tion of permutation on the
oding alphabet? Does the result still hold? If not, for ea
h permutation, whatare the smooth tilings that des
ribe a dis
rete surfa
e? This will be des
ribed ina forth
oming paper.Referen
es[ABS04℄ P. Arnoux, V. Berthé, and A. Siegel. Two-dimensional iterated morphismsand dis
rete planes. Theor. Comput. S
i., 319(1-3):145�176, 2004.[BBC04℄ V. Berthé, S. Brlek and P. Choquette. Smooth words over arbitrary alpha-bets, Theoret. Comput. S
i. (2004) submitted.
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PSfrag repla
ements

−→e1
−→e2

−→e3Fig. 10. A 
onne
ted dis
rete surfa
e asso
iated to the word K{1,3}.[BBLP03℄ A. Bergeron-Brlek, S. Brlek, A. La
asse, X. Provençal, Patterns in SmoothTilings, Pro
. WORDS'03, 4-th International Conferen
e on Words Turku (Finland)September 10-13, 2003, TUCS General Publi
ation No 27, August (2003) 370-381.[BLL02℄ S. Brlek, A. del Lungo, A. Ladou
eur. The 
lass of smooth tilings, JournéesMontoises d'informatique théorique (Montpellier, Fran
e) September 9-11, 2002.[BL02℄ S. Brlek, A. Ladou
eur. Tiling with a new 
lass of bi-in�nite words, Pro
.Gian-Carlo Rota Memorial Conferen
e, Baras
iano (AQ) Italie, April 25-27, 2002,Università di l'Aquila (2002) 35�46.[BMP04℄ S. Brlek, G. Melançon and G. Paquin, Properties of the extremal in�nitesmooth words, Pro
. the Journées Montoises d'informatique théorique (Liège, Bel-gique) September 8-11, 2004, 291�303[BT04℄ V. Berthé and R. Tijdeman. Latti
es and multi-dimensional words. Theor.Comput. S
i., 319(1-3):177�202, 2004.[BV00℄ V. Berthé and L. Vuillon. Tilings and rotations on the torus: a two-dimensionalgeneralization of sturmian sequen
es. Dis
rete Math., 223(1-3):27�53, 2000.[DGK03℄ F. Durand, A. Guerziz, M. Koskas. Words and morphisms with Sturmianerasures. Bulletin of the Belgian Mathemati
al So
iety (a

epted), 11 pages.[GR97℄ D. Giammarresi and A. Restivo. Two-dimensional languages. pages 215�267,1997.[Jam04℄ D. Jamet. On the Language of Dis
rete Planes and Surfa
es. In Pro
eedings ofthe Tenth International Workshop on Combinatorial Image Analysis, pages 227-241.Springer-Verlag, 2004.[Kol66℄ W. Kolakoski, Self Generating Runs, Problem 5304, Ameri
an Math. Monthly,72 (1965) 674. Solution: Ameri
an Math. Monthly 73 (1966) 681�682.[Lot02℄ Lothaire. Algebrai
 Combinatori
s on Words. Cambridge University Press,2002.[Vui98℄ L. Vuillon. Combinatoire des motifs d'une suite sturmienne bidimensionelle.Theor. Comput. S
i., 209(1-2):261�285, 1998.A AppendixIn this appendix, we give the detailled proof of Theorem 5. The next de�nitionsare ne
essary.Every hook pattern may be extended on the right by using the set of per-mitted hook-words of Figure 4. This pro
ess is identi�ed by
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p:Example 2. The pattern

3

3

3
an be extended on the right by using patterns in S in only 2 ways:
3

3

3

3

or

33

3

3 3

3

3

3

33

3

1

Every tiling may be 
ompleted by using the smoothness property. Thispro
ess is identi�ed by
s:and is de�ned by Ri = Dr(Ri−1), where Ri denotes the i-th row of the tilingand Dr denotes the right derivative of a smooth word (see [BMP04℄).

1 2 32 2 13 3

1 1

2

2 (a) 2 32 2 13 3

1 1

2

2

2

2

1

2 1(b)Fig. 11. Example of 
ompletion with the smoothness property.Example 3. Using the smoothness property, the tiling in Figure 11 A) is extendedto the tiling in Figure 11 B).Proof of Theorem 5. Using the smoothness 
ondition, it follows that thetilings start with a pattern from Figure 8. Clearly, the other 5 patterns areex
luded be
ause they do not respe
t the smoothness 
ondition. We pro
eed by



14exhaustive inspe
tion.

Case 1: Already done in the paper.

Case 2:
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