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A Class of Controlled Bisexual Branching Processes
with Mating Depending on the Number of

Progenitor Couples

Manuel Molina*, Inés M. del Puerto, Alfonso Ramos.

Department of Mathematics. University of Extremadura. 06071 Badajoz, Spain

Abstract

We introduce a class of bisexual branching processes where a control is achieved
on the number of couples and the mating depends on the number of progenitor
couples. We establish several probabilistic properties and some results about its

extinction probability.

Keywords: branching processes; bisexual processes; controlled processes.

1. Introduction

In order to describe the probabilistic evolution of two-sex populations, several
classes of bisexual processes have been investigated, see e.g. Alsmeyer and Rosler
(1996), Bruss (1984), Daley (1968), Gonzalez et al. (2000, 2001), Molina et al. (2002)

or Xing and Wang (2005). We refer the reader to Hull (2003) or Haccou et al. (2005)
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for surveys about these processes. However, the range of bisexual models investigated
is not large enough in order to get an optimum modelling in some populations. By
environmental, social, or other factors, it could be advisable to carry out a control
on the number of couples (female-male mating units) in the population. Furthermore
it is reasonable to admit that, in different generations, the same number of females
and males gives rise to different number of couples. In an attempt to contribute
some solution to these situations, in this work we introduce the class of controlled
bisexual branching processes with mating depending on the number of progenitor
couples and we provide some theoretical results about it. In Section 2, we give its
mathematical formal description and its intuitive interpretation. Section 3 is devoted
to determining several probabilistic properties.about the model and Section 4 deals

with its extinction probability.
2. The model

We introduce the controlled bisexual process with mating depending on the number
of progenitor couples as a two-sex model {(F},, M,,)},>1 initiated with Z5 = N* > 1
couples and defined, for n € ZT, in the recursive form:

Zn,

(Fn+laMn+1) = Z(fmivmmi)a ZnJrl = LZ;; (FnJrlv Mn+1)7 Z:L+1 = ¢(Zn+1) (1)

i=1

where {(fn.i, Mn,i) fn>0:>1 18 a sequence of independent and identically distributed
non-negative, integer-valued random vectors; {Ly }x>0 is a sequence of non-negative
real functions on Rt x RT, for each k fixed L; is assumed to be monotonic non-
decreasing in each argument, integer-valued on the integers, Ly(z,0) = L(0,y) =
0,7,y € RT; and ¢ is a non-negative real function on R* such that ¢(0) = 0 and

o(k) € Z(J)r, ke Z(i with ZT and R* denoting the non-negative integer and real num-
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bers, respectively, and Zg = Z* — {0}. Intuitively, (fn i, ;) represents the number
of females and males descending from the ith couple of the nth generation. Hence
(Frt1, Mp41) is the number of females and males in the (n + 1)th generation, which
form Z, 41 couples through the mating function Lz., where Z = ¢(Z,) denotes the
number of progenitor couples, namely, the couples that after the control governed
by ¢ really participated in the reproduction. We remark that, if ¢(Z,) > Z,, then
&(Zy) — Zy, couples are introduced in the population; if ¢(Z,) < Z,, then Z, — ¢(Z,,)

couples leave the population; and no control is made if ¢(Z,) = Z,.

It is easy to verify that {(Z,_1, Fn, Myn)}n>1, {Zn}tn>1 and {Z}},>0 are homo-
geneous Markov chains with 0 being an absorbing state for {Z,,},>1 and {Z}}.>0.
Moreover its theoretical interest, the bisexual model introduced in this work has
several practical implications in population dynamics. For example, in phenomena
concerning to inhabit or re-inhabit environments with animal species which have sex-
ual reproduction, the probable evolution of the numbers of females, males, originated
couples, and progenitor couples, may be described in term of this model. Indeed, the
motivation behind the process (1) is the interest in developing stochastic models to

describe probabilistically such situations.

Remark 2.1 The class of processes given in (1) includes some models investigated
in the bisezual branching process literature. Indeed, when ¢(x) = x,x > 0 one obtains
the class of bisexual models introduced in Molina et al. (2002). We remark that if ¢ is
non-decreasing then one has, for each k € Z%, that L = ¢ o Ly, is a mating function.
In such a particular case, the model (1) may be considered under the perspective
of the class of processes studied in Molina et al. (2002) but losing the information

provided by the sequence {Z,}n>1. In this context, the theory developed for this
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class of processes is completed with the results established in the present work for ¢
superadditive. Furthermore, if ¢ is the identity and Ly (z,y) = L(z,y),z,y € RT, k €

7% then the class (1) is reduced to the class of models given in Daley (1968).

We will consider the following working assumptions about the mating functions:

(A1): For each k € Z*, Lj, is a superadditive function, namely, for n > 2
Ly (meZyZ) > Li(wiyi), @iy €RYi=1,00 0.
=1 =1 i=1
(A2): For each z,y € RT fixed, the sequence {L(z,y)}r>0 is non-decreasing.

Assumption (A1) expresses the fact that ) . @; females and Y, y; males coex-
isting together will form a number of couples greater than or equal to the total number
of couples produced from n groups of z; females and y; males, i = 1,...,n, living
separately. Assumption (A2) represents the usual fact of many biological populations
in which the number of matings in certain generation depends on the number of pro-
genitor couples in the previous one in such a way that the mating is promoted if such
a number grows. Some sequences {Ly},>o verifying (A1) and (A2) are, for instance:
(a) Li(z,y) = emin{k,y}; (b) Lr(x,y) = min{z, ky}; or (¢) Li(z,y) = min{z, y} if
k < ko or zmin{k,y} if k > ko (restricted to non-negative integers) where ko € Z7

is fixed.
3. Probabilistic properties
Let us denote by f(s,t) = E[sfo1tmo1], h,(s,t) = E[s™tM»] and g*(s) = E[s%n],

s,t €[0,1], n € ZJ. Clearly gi(s) = sV".

Proposition 3.1 For s,t € [0,1] and n € Z", hpt1(s,t) = gi (f(s,1)) .
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Proof. It is clear that hy(s,t) = g3(f(s,t)),s,t € [0,1]. For n € Zg

hn+1(3,t) - FE [E[an+1tMn+l | Zn]] — ZE {SEfL'? fn,itzf:(’;) m’n,i:| P(Zn _ k)
k=0
= 3 ((s,0)"F P(Z, = k)g;, (f(s.t), st 0,1]. 1

0

Let us write u = E[(fo1,m0,1)], & = Cov[(fo.1,m01)]s tn = E[(Fpn, My)] and

¥, = Cov[(F,, M,)], n € Z§. As a consequence of Proposition 3.1, 41 = B[Z}]u

and ¥, 41 = E[Z:)X + Var[Z:| W u, n € ZT, where 1/ denotes the transpose of f.

Let Yy = Li(fo.1,m0,1) and Y = ¢(Yy), k € ZT and let us denote by mj(s) =
E[s¥¥], mi(s) = E[s"%], and gn41(s) = E[s%*+1], s € [0,1], k,n € ZT. Clearly

Yo = Yy = 0 hence mo(s) = n5(s) = 1.
Proposition 3.2 Assume (Al). For s € [0,1] and n € Z+
: z:
(i) gnsa(s) < B (72, () 77].
(ii) If ¢ is non-increasing on (0,00) then g} (s) > E [(ﬂ'*Z* (s))Z:}

(iii) If ¢ is superadditive then g ,(s) < E {(w}:(s))zi}.

Proof. (i) Using (A1) one has that g1(s) < E[(7z; (5))%],s €[0,1] and

E[SZ"+1 | Z,=k] = E sLd’(’“)(Z?L? AR Mk m"‘i)} <F [5221? L¢<k)(fn,z‘,mn,i)}

#(k)

= FE [SYW“)] = (7T¢(k)(s))¢(k) , keZT neZd.

(11) Let ¢(Z1) = {¢(k),k € Z*}. By (A1) and the fact that ¢ is non-increasing on

(0,00), one obtains for s € [0,1] and n € Z*
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gaa(s) = Y B[P pz; = )
JES(ZT)
> Y E[Szzzl¢<Lj<fn,i,mn,i>>} P(ZF = §)
JEP(ZT)
= Y (M) Pz =) =B (5 ()%
JES(ZT)

(#ii) It is proved in a similar way that (i¢) using the fact that ¢ is non-decreasing. [

By Proposition 3.2, E[Z, 1] > E[Z};E[Yz:]] and E[Z},,] < (or z)E[Z;‘;E[YZ*:]],
n € Z* if ¢ is non-increasing (or superadditive). Also, assuming that Y; > Y;,
j € Zg, one deduces that 7;(s) < 71(s),s € [0,1],j € Z{ and, again from Proposition
3.2, gn+1(s) < g5(mi(s)) and g 1(s) > (or <)gx(ni(s)) if ¢ is non-increasing (or

superadditive), s € [0,1],n € ZT. Thus, for n € Z", E[Z,4+1] > E[Z}|E[Y1] and

E|Z;

n

+1] < (or >)N*(E[Y;])""ifgis non-increasing (or superadditive) (2)

Let T, = > i Zi,n € Zg and Tif = >0 Z#,n € Z" and let us denote by Gy, (s,t) =
E[sTnt?n], G%(s,t) = E[sTnt?n] and H,(s,t) = E[s™t%:] | s,t € [0,1], n € Z7.

Clearly G1(s,t) = g1(st) and G§(s,t) = (st)N, s,t € [0,1].
Proposition 3.3 Assume (A1) and Y; > Y1,j € Z§ . For s,t € [0,1]
(i) Guii(s,t) < Hy(s,mi(st)), n € Zg .
(ii) If ¢ is non-increasing on (0,00) then Gj 1 (s,t) > Gy (s, 7} (st)), n € Z7T.
(iii) If ¢ is superadditive then G} (s, t) < G (s,n}(st)), n € ZT.
Proof. (i) First note that, from (A1) and the fact that Y; > Yi,j € ZZ, one

deduces that E[s?n+' | F,] < (m1(s))%» almost surely, where F,, = o(Z1,...,Zy),

n € Z§, hence Gny1(s,t) = E [sT E[(st)?n+1 | F,]] < E [sT (w1 (st)) %] .
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(i) Again by (Al) and taking into account that ¢ is non-increasing, one derives
that E[s%n+1 | F*] > (n5(s))% almost surely, where F = o(Zg,...,2%), n € Z+,

hence G, (s, t) = E |72 E[(st) %1 |f;;]} > B [sTom(st)%0] .

(i4i) It is proved in a similar manner that (i) by using that ¢ is superadditive.

By Proposition 3.3(i), E[T,41] > E[Y1] Y. E[Z}] + E[Z1], n € Z{ and, using
=1

Proposition 3.3(ii) and (2), assuming ¢ non-increasing, one deduces that
E[T: ] < N*(n+2)ifa = lor < N*(1 - a"*?)(1 — ) ifa # 1 (3)

where o = E[Y{*]. The reverse is obtained in (3) when ¢ is superadditive. Notice that,
if N* = 1, then one has that Y1 = Z; hence that 7m1(s) = ¢g1(s), 7 (s) = g7 (s),s €

[0,1], and a = E[¢p(L1(fo,1,m0,1))]-

We now study some stochastic monotony properties about {Z,}n>1, {Z}}n>o0,

{Fn}n21 and {Mn}nZL

Proposition 3.4 Assume (A2) and ¢ non-increasing on (0,00). Then for k; €
Z*r, i € ¢(Z7), i = 1,2, with k1 < ko, j1 < jo, y € R, and n € Z§, P(Zps1 < y |
T =k2) 2 PUZnss Sy | Zn =) and P(Ziyy <y | Z2 = j2) = P(Ziy < v |

Zy = j1)-

Proof. Using (A2), the fact that ¢(k2) < ¢(k1), and that Ly,) is monotonic non-
decreasing in each argument, one derives for y € R and n € Z*

¢(k2) ¢p(k2)
P(Zn+1>y|Zn:k2)§P L¢(k1) Z fnu Zmnz >y

¢(k1) &(k1)
<P L¢(k1) Z fnu Z Mg :P(Zn+1>y|Zn:k1)-
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On the other hand, for y € R and n € Z™
J2 J2
P(Zy >yl Zy=jG) <P <¢ (le (Z me>> > y)
i=1 i=1
J1 J1
<P <¢ (le (Z me)) > y) =P(Zy 1>yl Zy = 5). 1
i=1 i=1

It is easy to verify that similar results with the reverse can be established, along
the line of Proposition 3.4, if ¢ is non-decreasing. Let {(Féi), Méi))}nzl, i € Z be
independent versions of {(F},, M,,)},>1 and let us denote by {fo)}nzl and {Z:{(i)}nzo
their associated sequences of originated and progenitor couples, respectively, with

7z =1, iezt.

Proposition 3.5 Assume (A1), (A2), and ¢ superadditive. Then, for k € Z*
and y € R, P(Zy,y, < y) < PS5 20 < y), n € ZF and P(Foa < ) <

P B <) ( similarly P(My i < y) < P(S75 MY <) ), n e Z¢.

Proof. First, we shall prove that for n,k,j € Z* and y € R,

Zy; Zy
P(Zigir <91 Zi =) < P Y200 <o) S 2;0 = (4)
=1 =1

In fact, using (A2), the superadditivity of ¢ and (A1), one obtains

z; z;
P>z <y > z:0 =5 >
=1 =1

zp z;® Zy z;® zy

(4) (4) ) _ | —

Pl Loz poo (22022 Fan Do Domaa | | Sv| D 20 =i =
=1 i=1 I=1 i=1 (=1 i=1

J J
P (fi) (Lj (Z fk+n,l,zmk+n,z>> < y) = P(Ziini1 Y| Zpik = J)-
=1 =1

Note that for n = 0, using that Zg(i) =1, it is clear that P(Z} <y) = P(X:ZZ:’“1 Zg(i) <

y). Assume that P(Z;,, <vy) < P(ZzZ:’“1 z;® < y). Then, considering that ¢ is
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non-decreasing, that for n,k € Z*, y € R fixed, {P(Z} ., <y | Z; , =7j)}j>0is a
non-increasing sequence, the induction hypothesis, Lemma 1 (see Appendix) and (4),

one deduces that

(oo} k
P(Zying < ZP ki1 <Y | Zoy =J5)P ZZ:L(Z) =J
j=0 (=
Zy, Zy,
< ZP ZZZS; Syl 20 =i | P2z =i = ZZZ(J
= i=1 i=1
Using a similar reasoning are proved the other inequalities. |

Remark 3.1 Under assumptions in Proposition 3.5, it can be also proved that:

(i) If 9(Zn) < Zn, n € L3, i.e. emigration of couples-is produced in each genera-

tion, then P(Zy1y, <y) < P(C74 237 <), y e RY, n € Z*.

(i3) If §(Zy) > Zn, n € L7, i.e. immigration of couples is produced in each gener-
ation, then P(Z;,, < y) < P(X7, ZW) < y), P(Foix <y) < P02 FY <

y) and P(M, i < y) < P2 MY <y), y e RY, ne 7.

4. Extinction probability

It is clear that the process (1) will become extinct if, in some generation, there are
not any progenitor couples. Let us write by gy« = P(Z — 0| Z§ = N*) the extinc-
tion probability when the process is initiated with N* couples. Let us introduce the

~ _ ~ ~ Zn _
sequences {Zy, }n>0, {Zn}tn>0 and {Z, }n>0 where Z 11 = 3> Li(fnis M), Znt1 =
i=1

n . ¢(Zn) -
(ZS(Ll(fn,i,mn,i)) and Zn+1 = Z L1<fn77;,mn7i), n e Z+, with ZQ = ZO = N*,
=1

N

o
Il
_

and 20 = Ny > 1. We assume that Ny is such that ¢(Np) < N*. Note that {Zn}ngo
and {Zn}nzo are asexual Galton-Watson processes with offspring distributions as

the laws of Y7 = Li(fo,1,mo,1) and Y7" = ¢(Y1), respectively. On the other hand,
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{Zn}nzo is an asexual controlled Galton-Watson process with offspring distribution

as the law associated to Y7.

Proposition 4.1 Assume (Al) and (A2). If any of the following conditions holds:

(a) ¢ is non-decreasing, ¢(k) >k, k € Z§ and E[Y;] > 1.
(b) & is superadditive and E[Y{*] > 1.

(c) ¢ is superadditive and supy~o k™ '¢(k) > E[Yi]™!

Then qgn- <1, N* € Zo+.

Proof. Suppose that condition (a) is satisfied. We shall prove, by induction on n,
that Z% > Zn, n € Z*. In fact, for n = 0, Zy = Zo = N* > 1. Assume that Z; > ZL,
then, by (A1) and (A2),

Z, Zn

Zyr 20 | D Dnlfwirmni) | =6 | D Li(faismns) | = Zngr.

i=1 i=1
Thus gn+ < gn== P(Zn — 0|ZO = N*) and, from Galton-Watson process theory,
using the fact that E[Y1] > 1, one deduces that gy« < 1 and therefore gy+ < 1. We
now assume condition (b) holds. It is sufficient to verify that Z} > Z,, n € Z%.
Again by induction, it is clear that Z; = Zy = N*. Suppose that Z} > Z,, then
from (A1) and (A2),

z

n+1 > Z¢) Ll fnwmnl)) Z

=1

d) (Ll (f7z,i7 mn,i)) 7n+1~

P

Thus qn+ < Gy« = P(Z, — 0| Zy = N*) and, taking into account that E[Y]] > 1,

the result is derived. Finally, if (¢) is satisfied then, considering that ¢(0) = 0 and

(k) € Z§ , k € Z§, one obtains that gy« = P(Z, — 0| Z§ = N*). To complete the
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proof it is sufficient to verify that Z,, > ZL, n e Zar. Now, by induction on n, if n =1,

using (A1), (A2) and the fact that ¢(No) < N*, Z; = Ly« (Zfil foJ,ZN*l mo’i) >

= -

Zizjlv") Lqi(fo,i,moi) = 21. Assume that Z,, > ZL. Taking into account that ¢ is

~

superadditive and therefore non-decreasing, one has that Z > ¢(Z,,) hence

Z z; &(Zn)
Dnpt1 > ZLZ;; (fryi»Minyi) = ZLl(fn,hmn,i) > Z Li(frni,mns) = Zypyas
i=1 i—1 i—1

Therefore qn+ < g+ = P(ZL — 0| Zy = N*). Now, using that ¢ is superadditive
and supy-o k~'é(k) > E[Y1]7!, one deduces that g~ < 1 and consequently gy« < 1.

Remark 4.1 The concept of the mean growth rate per couple introduced in Bruss
(1984) can be extended in a natural form to the class of processes (1). In fact, for
each j € ¢(Z3) = ¢(Z+) — {0}, we define the mean growth rate per progenitor
couple as the expected value R; = B[Z;~'Z% , | Z} = j|. Note that, assuming
(A1), (A2) and ¢ superadditive, using a similar reasoning to that one used in Molina
et al. (2002), Theorem 3.2, one obtains that, if the offspring mean vector u is a

positive interior point of RT x RY such that Wm; - cepzt) Yo(Lj(jp)) < oo then

gy =1, N*€Z$ if and only if R <1 where R = SUD,ic (2 R;.
Appendix

k k
Lemma 1. Let (z1,...,20), (Y1, --,Yn), (U1, ..., uy) € R such that > z; < > v,
i=1 i=1
n n

k=1,...,nand u; > ... > u, >0. Then > wz; <Y wy;.
, ~

=1 1=

i i
Proof. Let t; = > zj,8; = Y, y;j,i =1,...,n. Clearly t; <s;,i =1,...,n, hence it
j=1 j=1

n—1 n—1
is sufficient to verify that > (u; — wiv1)t; + untn < . (u; — ui11)8; + UpSp. Now,
i=1 i=1

this inequality holds because u; — u;41 > 0,i =1,...,n and u, > 0. |
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