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CORRECTION TO THE PAPER "ON UNIFORM
INTEGRABILITY OF RANDOM VARIABLES"

WIOLETTA GRZENDA, DARIUSZ MAJEREK, AND WIESLAW ZIEBA

ABSTRACT. In [2] conditions for conditional uniform integrabil-
ity are provided. Professor A. Paszkiewicz pointed out that as-
sumption of almost sure convergence of sequences {X,,n > 1}
is necessary. In this paper we will present corrected version of this
theorem.

Let (€2, .4, P) be a probability space, and let F be a sub-o-field con-
tained in A.

Definition 0.1. [4] A sequence {X,,,n > 1} is uniformly F-integrable
if for every F-measurable random variable ¢ > 0 a.s. there exists F-
measurable random variable A > 0 a.s. such that

sup BZ | X [ x>0 < € a.s.
One can prove the following theorem.

Theorem 0.2. [5| A sequence {X,,n > 1} is uniformly F-integrable
if and only if

(1) supE”¥ |X,| < 00 a.s.
(2) for every F-measurable random variable € > 0 a.s. there exists
an F-measurable random variable § > 0 a.s. such that

EfIA<5:>supEf\Xn]IA<e a.s.

It is known (Fatou Lemma) that if {X,,n > 1} is a nonnegative
sequence of random variables (X,, > 0 a.s. for n > 1), then

(1) E7 liminf X,, < liminf E¥ X, a.s.

In [4] it has been shown that if we replace uniform integrability by
uniform F-integrability, then

limsup EZ X,, < EZ limsup X, a.s.,
We show that if a sequence {X,,,n > 1} is almost sure convergent,

then the conditional uniform integrability is necessary.
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Theorem 0.3. Let {X,,,n > 1} be a sequence of F-integrable random
variables (X, € LYF), i.e. E7|X,| < oo forn = 1,2,...), and
0< X, 2% X e LYF), n— oco. If

limsup B X,, < EZ limsup X, a.s.,
then {X,,n > 1} is uniformly F-integrable.

Proof.
Let € be an arbitrary F-measurable random variable (¢ > 0 a.s.).
Since X € L'(F), there exists a random variable § > 0 a.s. such that

EFIy <0 = FE7|X|I4 < ¢ as.
If
E7X = E7lim X,, < liminf E7 X,, < limsup B X,, < EZ lim X,, = E7 X a=s.,
then
lim X X, = E7 X as.

and by (1) we have

ET2X = Eliminf(X, + X = |X,, — X|)

< liminf(E* X, + B X - B7|X, — X|),
hence

limsup £7| X, — X| <0.

Let B,(¢) = {E7|X}, — X| <€,k > n} then for n > 1, B,(¢) € F,
B, () C By41(e) and lim P(B,(¢)) =1

X € LYF) and Xy € L'(F), k > 1, thus for every n exists any F
measurable random variable §,, > 0 a.s. such that

ETI <6, = BT X, — X|Iy<e as, k=1,2,...,n
We can assume that é,, > d,,,1 a.s. Define
6" =d,,0on Cy,(e) = By(e) \ Bn_1(¢), Bo(e) = 0,
If ¢ = min{é,0*} and EI4 < ¢', then
EF|Xilla < E7|X + Xi — X|Ix < E7|X |14+ E7| Xy, — X|TaIg= , cne))
< E7|X|Ia+ E7| Xy — X|Ialp, o+ Y E7|Xip = X|Ialc,

n=k+1
<e+elp )+ 5IBkc(g) = 2¢ a.s.

The proof is complete.

The following example shows that without the assumption that a
sequence is almost sure convergent, the theorem 0.3 will not be true.
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Example 1. Let (2, A, P) = ([0,1], B, 1), where p denotes Lebesgue
measure and F = o(£2,()). For n = 2*, we have

Xplw) = 42 @ € br ),
2 0, otherwise,

forn =245, 1< s < 2" we have

28w e [5, 9),
X2k+s(w) - 27 w € [Qik? S;r_kl)v

0, otherwise.

Then we have limsup £X,, = 1, limsup X,, = 2 a.s.,
thus limsup £7 X,, < E7 limsup X, a.s., but the sequence {X,,,n > 1}
is not uniformly F- integrable, since sup E|X,,|[jx, >y = 1 for any A.

The assumption X,, > 0 is necessary.
Example 2. On (2,4, P) = ([0, 1], B, 1) we define
ne, 0<w< %,
<w< 2,
<w< 1,

QO
Sho3 |-

and X(w) =0, then X, X,, € L', n >1 and X,, > X,
limsup £X,, < Elimsup X,,,
but for n? > A, E’Xn|[[|Xn|>>\] = 2n — 0.
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