N

N

The capacity of -state potts neural networks with
parallel retrieval dynamics
Matthias Lowe, Franck Vermet

» To cite this version:

Matthias Lowe, Franck Vermet. The capacity of -state potts neural networks with parallel retrieval
dynamics. Statistics and Probability Letters, 2009, 77 (14), pp.1505. 10.1016/j.spl.2007.03.030 .
hal-00580094

HAL Id: hal-00580094
https://hal.science/hal-00580094
Submitted on 26 Mar 2011

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00580094
https://hal.archives-ouvertes.fr

Author’s Accepted Manuscript

The capacity of g-state potts neural networks with
parallel retrieval dynamics

Matthias Lowe, Franck Vermet

PII: S0167-7152(07)00122-8

DOLI: doi:10.1016/j.spl.2007.03.030

Reference: STAPRO 4631

To appear in: Statistics & Probability Letters vww.elsevier.comflocate/stapro
Received date: 22 September 2005

Revised date: 11 July 2006

Accepted date: 20 March 2007

Cite this article as: Matthias Lowe and Franck Vermet, The capacity of g-state potts neu-
ral networks with parallel retrieval dynamics, Statistics & Probability Letters (2007),
doi:10.1016/;.sp1.2007.03.030

This is a PDF file of an unedited manuscript that has been accepted for publication. As
a service to our customers we are providing this early version of the manuscript. The
manuscript will undergo copyediting, typesetting, and review of the resulting galley proof
before it is published in its final citable form. Please note that during the production process
errors may be discovered which could affect the content, and all legal disclaimers that apply
to the journal pertain.


http://www.elsevier.com/locate/stapro
http://dx.doi.org/10.1016/j.spl.2007.03.030

THE CAPACITY OF ¢-STATE POTTS NEURAL NETWORKS WITH
PARALLEL RETRIEVAL DYNAMICS

MATTHIAS LOWE AND FRANCK VERMET

ABSTRACT. We define a Potts version of neural networks with ¢ states. We give upper
and lower bounds for the storage capacity of this model of associative memory in the sense
of exact retrieval of the stored information. The critical capacity is of the order c%
where N is the number of neurons and the constant ¢ increases quadratically with q.

1. INTRODUCTION

A Potts neural network is a variant of the well known Hopfield model [7], [1] to the case
of ¢ > 2 states. These can be thought of as colors, for instance. It was first introduced by
Kanter [9], and later studied by Ferrari and Picco [5], Gayrard [6]. Recently it has been
rediscovered in the context of inverse problems with bio-inspired models by Quenet et al.
[13]. The Potts neural network is related to the mean field Potts model described by Wu
[15] in the same way as the Hopfield model is related to the Curie-Weiss model (see e.g.
[4]). Formally, the g-states Potts neural network consists of a state space S with |S| = ¢
and synaptic efficacies (VVz‘j)f?]j:p N being the size of the network. These efficacies induce
a dynamics T on SV by

ﬂ(a):ﬂ<zmjaj>,i:1,...,]\f (1)

where 7 is a projection operator onto S. One step of the parallel dynamics 7' = (7;), sends
o€ SN to (T;y(0))Y,. Suppose we want to store patterns £1,... &M € SV in this network
in such a way that whenever we start not too far away from one of the £* the dynamics
will lead to the stored pattern.  Then the following setup appears naturally. Choose

S={vi=e¢—-1/ql,i=1,...q},
where e; is the i’th unit vector in R? and 1 € R? is the vector with a 1 in each component.

(Other choices of S would lead to a more complicated definition of the synaptic efficacies,
see e.g. [5]). For a given set of vectors &1, ... &M € SN we define

M
Wi =Y &g
pn=1

where the upper index ¢ indicates transposition. Note that each W; is itself a ¢ x ¢ matrix.
Also note that the W;; are a generalization of Hebb’s learning rule to our state space S.
With these definitions for each o € SV the dynamics T = (T;)Y, is given by (1) where
W;jo; is to be understood in the sense of matrix multiplication and 7 is the L?-projection
onto S. The choice ¢ = 2 gives an equivalent formulation of the standard Hopfield model.
For the rest of this note we assume that the &',... &M € SV are taken i.i.d. with uni-
form probability from the set SV, i.e. all £* are independent and all its coordinates are
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2 MATTHIAS LOWE AND FRANCK VERMET

selected independently with uniform probability 1/¢ from the set S. We study the following
questions:

(1) How large can we choose M to ensure that the {# are fixed points of the dynamic
T (with high probability)?

(2) How large can M be chosen to ensure that corrupted patterns are attracted to their
original versions (by one or several steps of the dynamics, with high probability)?

2. RESuLTS

The answers to the above questions are given in four theorems below. First we give a lower
bound on the storage capacity.

Theorem 2.1. Write M = clO]gVN. Then
(1) Ife< @, then for every fited p=1,..., M
P(T(E") =¢") — 1 as N — oo.
(2) If e < %, then it holds that
PVu=1,...M:T(&")=¢&") —1 as N — 00.

(3) If e < q(ql;l), then

P(lim inf ML T(E) =¢") =1

Remark 2.2. Note that for ¢ = 2 we obtain the known bounds for the Hopfield model (see
[11],[14], [12]). Also note that the capacity increases with q as q(q — 1). This agrees with
the findings in [9] in a similar context.

The next theorem, that is a generalization of Theorems by Loukianova [10] and Bovier [2]
for the Hopfield model, shows that the bound in part (1) of Theorem 2.1 is optimal.

Theorem 2.3. Write M = ci<. Then, if ¢ > 121
og

P(T(") =¢&") =0 as N — oo forallpy=1,...,M.
The next two theorems deal with the reconstruction of corrupted patterns.

) - 2(1_l_ )2
Theorem 2.4. Let M = c%. Then if o < % and ¢ < %
any y* taken at random from S,y (&%) := {z € SN, d(z,&") = oN} (where d(-,-) denotes

the Hamming distance and we assume that oN is an integer) it holds that
P(T(y") =¢&*) — 1 as N — o0.

, for any fixed p and

Remark 2.5. Analogous results to parts (2) and (3) of Theorem 2.1 can also be proven.
*(1-;-0)? *(1-z-0)?

: 4 2
The corresponding constants are ¢ < D) D)

Theorem 2.4 immediately raises the questions, whether for larger M, maybe even for M =

e with ¢ < g(q — 1)/4, corrupted patterns can be reconstructed by several steps of the

log N
dynamics. This is answered in the affirmative by the following theorem, which basically
completes the picture of exact retrieval in ¢-state Potts networks.
Theorem 2.6. Let M = c%. Then, if ¢ < q(q — 1)/4 for any fixed p = 1,..., M, any
0<p< %, and any y* taken at random from S,n (&) there exists a k (depending on o)

such that

and ¢ < respectively.

P(T*(y") =€) =1
as N — oo. Here T* is defined as the k’th iterate of the map T.
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Remarks 2.7. (1) Analogous results for all patterns (as in part (2) of Theorem 2.1)
or for sequential dynamics (i.e. if we apply the T; one after another instead of
simultaneously) can also be proven.

(2) Theorem 2.6 generalizes a result by Burshtein [3] to the case of g-state Potts net-
works. However, our proof is different.

3. PROOFS

In this section we give the proofs of Theorems 2.1, 2.3, 2.4, and 2.6. The proofs of Theorems
2.1 and 2.4 are rather elementary and similar to the proofs of the corresponding results in
the Hopfield model. We will keep them rather short, sketch the proof of 2.1 and leave the
proof of Theorem 2.4 to the reader.

Proof of Theorem 2.1. Assume without loss of generality that u = 1 and that ¢! is the

vector consisting of N coordinates that are all equal to vy = (1 — 5, —%, e —%)t. Then,

e.g. Ty(&Y) # & if and only if the projection of nyzl Z?f:l £1(&5)'¢; is not vy and this is
the case if and only if

M N M N
<o Y D EEN G > =<u, Y Y e > (2)

p=1 j=1 p=1 j=1

for some k =2,...,¢q (here <,-,- > denotes the scalar product in R?). For k = 2, formula

(2) is true if and only if

N M 1

YD atn < -NA--). (3)
=1 p=2 q

Here we have set z := &'} — /'y, ;‘ = (€))% and 5 4 and &', are the first and second

coordinate of &!', respectively. The z!' as well as the 77 are identically distributed with

r=1
=1 Py =) - {

-2 =0
q

1

_1
q
1
q

=
—
8
=
I
=
I
= = =

Y
1

The probability of (3) can be bounded by an exponential Chebyshev inequality: for t > 0,

Zlen“< Nl—l))_ —tN(- E(exp tZZa:ln]

J=1 p=2 Jj=1 p=2
Using the independence of xf 77;‘ in p and the pairwise independence of these variables in j

one computes that
1

N M 1
E(exp—t) ) ali) < const. e MM

J=1 p=2
The optimal choice of ¢ = 3~ and the ansatz M = cN/(log N) give the result. O

Proof of Theorem 2.3. NOW for an upper bound of

P(Vi = , N, ZZ:E“U“> Nl—l))
=1 pu=2
one cannot simply work with the union bound as in the previous proof. An extra argument
is provided by using negative association. The idea of negative association in this context
was introduced by Loukianova [10] and was later also used by Bovier [2] to obtain a result
similar to ours in the context of the Hopfield model.
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Assume that g = 1 and &' consists of N coordinates that are all equal to v; = (1 —
%, —%, ce —é)t. Lety =, p=1,...,M),z= (2*,p=1,..., M) and P, , the probability

measure P conditioned on Y# : 37 0 = y* and ZF : 37, 6,u__y = 2# for each p. We write
N M
M
P(Vi, » Y alnf = -N(1- 5)) >y Py (Vis 3oy 2yt = =N(1— 7))
=1 p=2
X]P)(V:uu Z]‘ U;L = yﬂa Zz 6931”:71 = Zlu)‘
From general results on negative association (see [10]), one derives that, conditionally on

Y# =yt and Z" = z* for each p, the random variables (z)!= :{j::;’]]\y, are negatively associ-
ated. This implies that

P,. nyu> Nl—— gH Z z—N(l—é)) (4)

All terms in the product on the right hand side in (4) are equal and can.now be estimated
by using the technique of tilted measures which is known from large deviation theory : for
t <0, let IP’?;’Z be the probability measure

E,.[1(, exp( 2#22 zy")]
Ey, Z[exp( Zp>2 ziyr)]

Now, Py’Z(ZAﬁQ iyt > —N(l—%)) =1- Pyz(zu W LY < —N(l—%)) and for any 6 > 0,

P .(.) ==

M

1 1 1
yzzwly <-N(1--)) = Py,z(—N(l——+5)<Zx‘1‘y“<—N(1——))
—2 q q —2 q

Under P, ., the random variables (z) are still independent and thelr law is given by

Py.(zf = 1) = 2 P, .(a) = —1) % and P, (2} = 0) = 1 — % — = where we set

wh = yH + %. Computing E, , [e%zw—2 19"] and Ew[xleftv Eila iy ], we obtain

M
1 1 wh — Z* wh 2tk — 2Pt t?
_ Hol] — M )2 _ D L O((y*)P ).

This quantity can be evaluated for typical values of w*, z#* and y*. More precisely, let
WH — Z# Wh 4 Z# Wh — Z#
- = Y H#)?2 - 2y
S et (T
where WH .= YH* + %. Then there exist constants ¢y, co > 0 such that the set

h(YH, Z") = YH

M
1 log M
Aler,e2) = {y. 2t |97 D (" 2) = E((Y, )] < ey == stp|y”| < ep/log M}
n=2 pn=2

satisfies P((Y*, Z"),=1,..m € Alc1,¢c2)) = 1 as N — oco. We can then restrict to y, z €
A(cy, cg), for which we have

M
1 1 2 1
J— xyll _+t_ 1— = ,
Bl 2 (=)
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where a := %, and the rest is negligible. Choosing t = t* := —%(% +en) for some ey — 0
as N — oo, we obtain
M
.1 1 6
EZ,Z[N >ty =1+ PR
n=2

A similar computation shows that the variance satisfies
1 & 1 & 1 &

VZ,Z[N > aly] = E;,z[(ﬁ > alyt - Eﬁ,,z[ﬁ > by~ es a(l+ew),
n=2 n=2 n=2

for a constant ¢3 > 0 (depending only on ¢) and some ey — 0 as N — 4o00. Employing
Chebychev’s inequality, we arrive at

1 - 1 4 1 — 4
PU(-N(1—=+6) <) afy<-N1--))>1- ﬁvg/,z[ﬁ >ty =1 — Sesa,
q n=2 q p=2
so that choosing § := 4,/csa, we get P! (=N(1 — 5 +6) < nyﬂ iyt < =N(1-1)>1
for N large enough. Similarly we obtain

_t*(—1+1_¢ M e _alg=1)
e ( +q )Ey,Z[BN ZHZley } >e o (1+en)

for some ey — 0 as N — +o0o. We finally arrive at
M
1 _
P,.(Vi, » aly" > -N(1 - 5)) < (1= Jexp(= L2 (14ey)N
n=2

< exp(— % exp(—L2H(1 + en))),
which goes to zero for a = ¢/log N, if ¢ > %. Since this is true for all y,z € A(cy, ¢2),

this proves the theorem. O
Eventually the proof of Theorem 2.6 is split into different lemmas. We only need to consider
the case M = (1— 1/(]_”)2% for some positive k < p, since the case k €]o,1—1/¢|
is identical to Theorem 2.4, with k = 1.

Lemma 3.1. Let ¢ > 0, M = clO]gVN and y* be randomly chosen from Syn(£7), 0 < p <

(g—1)/q. Then fora=1~- % + ¢ for some € > 0 it holds that
q

P(d(T(y*),&") > N¥) — 0 as N — oo.

Proof. Assume that p = 1 and that £! consists of N coordinates that are all equal to v; =
(1=, =g:--s—5)" Fory' and a defined as in the theorem let A := {d(T(y'),¢') > N°}.

q, a’ P
In other words

M N M N
A={3NI| =N Vi€ I3k €{2,...,q} :<vp, YD Ny >><v, > Y (€ y) >}

pn=1 j=1 pn=1 j=1
Therefore with C' defined as

M N
C:={3l:|I|=N"Viel3dk e{2,...,q}: Z < —vkl,ZZﬂ‘(fé‘)ty]l > < 0}
iel p=1 j=1
we have A C C. Now define z}' and n} by o := &} — &y, and n} := (}')'y;. Their laws
are given by

2 1 1 1 1
, Pl =0]=1——; ]P’[n;le——]:—, P[nf:——]zl——.
q q q q q
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We can bound the probability of A by

N “p —
P(4) < P(C) < (N) - DB S S ki < 0).
i=1 j=1 p=1
By Stirling’s formula () ~ ed=N¥"1eN which also shows that (¢ — 1)M" (even though
being huge) is negligible with respect to ( ]\],\L) The probability is again estimated by an
exponential Chebyshev inequality. Observe that the summand for ;= 1 is a number:

>3 aln) = N1 = D)1= 0) = 20) = N1 = o).

i=1 j=1 q

Therefore

N Ne N
Z Z Z xunu < 0 < e—tN1+a(1—%—Q)E exp (—t Z Z Z xi@ﬁ)

=1 j=1 p=1 pn>2 =1 j=1

1/2 1/2

< e—tN1+a( 1 )<Ee QtZWQZZ DI Na+177]>

(Ee 2t2u>22z 1 zZ] 1 ])

To compute the expectation of the first term, we use the fact that ZZ]\Z zt and Z;V: N1 T
are independent, and the quantities are also independent for different p, which implies

N« N
E exp (—Qtzzmé‘ > ?7?) = [IEBe e I Bere >, (5)

p>2 i=1  j=Ne+1 §>2 j>Ne
) ) . Ne

where E. .« denotes expectation with respect to the random variable ¢¥ and X* =S " 2.

53 p p J =11

To compute the second factor on the right, observe that since the 7];‘ are centered

H Efgeﬂtxwﬁ’ = exp( Z log EfyethXunf) < exp( Z Eéf [G*th“m” _))

J>N« j>Ne j>N«
= exp( Z Egé_/‘ [e_QtX“”;L + 2t X nf —1]),
j>Ne
Now, —2X#nf < K :=2(1 - é)NO‘ and z — x72(e® — z — 1) is increasing, yielding that
— 26X gl et —tK -1
Eeule 2™ —2tX 0 —1]) < 4 Xumg;[(n;)?]T
t2
< AXMEe[(n)?) ——m——
Now ]Egét[(ny) | = (1 - —) Moreover,
H E{ye—mx nlf < 62(1—E)EtQ(N—N"‘)(X“)Q(l—i-O(tNa)) —Ey, exp(y tX“U),
j>Ne
for a standard normal random variable U and ~ : \/ 2(1 N Ne)(1+ O(tN®)).

Now, integrating with respect to &!',i < N®, and using cosh(x ) < exp( ) for all x, we get

_OtX M H 2 2 ne
H Egre i < Ey [ =cosh(ytU)+ (1 —-)
! q

Jj>N« q

— N 2k 2,21\—1/2 2No‘—k
> ()Gt ammen o

IN
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where we anticipated the choice t = O(1/M) and M = c='%, hence 7*t*N® < 1 and

(1 —7215216)_1/2 — e alos(1-7P1k) eﬁ%k—&—y“%N%‘
This implies
[] Eee X < oS8 (2f 41— 2
j>Ne q q

Hence

Ne N 1/2
(Eexp (—ZtZfo Z nf)) < exp(MN'Y™*(1 — 1)it2(1 +en)),

p>2 i=1  j=No+1 7 q

with ey — 0 as N — +o00. The first factor on the right in (5) is negligible. More precisely
we have

e Ne  ne
E exp ( ZtZZ Zm) = HEeXp (—Zthé‘anL) < exp(CMtN®),
pn>2 1=1 J=1 n>2 =1 j=1

for some C' > 0 and N large enough. Indeed, let X* := 37, _yawf and Y* := 37, yani'.
We use the trivial inequality —2X*Y* < (X*)? + (Y#)? to get

Eexp< ZtZZ Zn]) < HEexp(t(X“)Q—i-t(Y“)z))
< (Ecxp (XM (Eexp2e(y*))?
< exp(CMEN®),

again by introducing a normal random variable to hnearlze the exponent in the expectation.

430 This yields

Keeping only the dominating term, choose t = m

Nlta (1—%—9)2112

IS 2

i=1 j=1 p=1
The choice M = lojgv . together with our previous calculations implies
N . (1-4 -0
P(C) < — N — s N®log N
. (1-7-0°¢
~ (¢— 1" exp((— 1 + (1 —a))N*log N).

(1-1/q—0)3¢*

-1y + ¢ for some ¢ >0 . O

This term clearly converges to zero, if a =1 —

Lemma 3.2. Let ¢ < q(q —1)/4, M = clogN and o € [1/2,1[. Then for every fized p,
Bne(&") == {x : d(z,&") < N°}, and f =2a — 1 + ¢ for some € > 0 it holds

P(3x € Bya (") : d(T(x),&*) > NP) = 0 as N — o0.

Proof. This again requires some exponential estimate. Let

A= {3y € Bya(&") : d(T(y),&") > NP}
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As before we may assume that g = 1 and €' is the vector consisting of N coordinates that
are all equal to v;. We have again that A C C, where C' := Uycp,.(e)C(y), and

M N
Cly)={3I:[I|=N°Viel 3k e{2...,q}:> <vi—uvp, > > &€y ><0}

el pn=1 j=1

Following the lines of the proof of Lemma 3.1 one shows that the probability of the event

M N
C(E6):={3I: [I|=N°Viel Tk Y <vi—v, » Y &(&)e >< —N1+5(1—1)(1—5)}

iel u=2 j=1 q

(1-6)%¢*(1-1)
4c

PlA] < PCE.6)) + > PlCy)nC(E,0)
yEBna ()

(where the bar denotes the complement of an event). The first term converges to 0 and the
second term satisfies

PCy)NnCELO)] < > PD YD al(€@) iy — &) < N - L),

I:|I|=N# 1€l p=2 jeJ q

converges to zero for 6 €]0,1[, =1 — + e and € > 0. Write

where y; are the coordinates of the vector y € Bya ('), J.C {1,..., N} is the set of size
at most N¢ such that y differs from ¢! exactly in the coordinates J and we again write
aft =&l — &, For every fixed y € Bya(€'),n > 2.and j € J, 6% (y) == (£')'(y; — &) has

7
the same law as x!', that is

1 2
P67 (y) = 1] = P[5 (y) = —1] = 7 P67 (y) = 0] =1 — "
Now the probability of this event doesn’t change much, if we just concentrate on sets J with
|J| = N®. As in the proof of Lemma 3.1 one shows that for each fixed J with |J| =

ZZZx (€4 &) < —N'"A(1 — (11)6] < Crexp (—CoN'""P~*1og N)

i€l p=2 jeJ

for some positive constants C; and C5 depending only on ¢ and . On the other hand, there
are (1) ~ e1=IN0eN choices for J and (1) ~ e(1=BN"log N hoices for I. Therefore,

N(X
> PO(y) NC(EL6)] < Crelt N leaNU=ANTIaN oy (—Cy N~ og N)  (6)
yEBna (€1)
with g =1— 4=2- ) +e, A= (q 5 €]0,1] and « € [1/2,1]. Now choose

6=1—+/2X\1-a)€]0,1]
such that 0 = 2a — 1 4 ¢ for € > 0 small enough. In particular § < a and we obtain
S PO() NT(E, )] < Crell-mN" s (10N 6 ey (0, N+ 1o )
yEBNa(£h)
which goes to 0 as N — oo. This proves the lemma. U

Lemma 3.3. Let ¢ < q(q—1)/4, M = and (3 €]0,1/2[. Then for every fized i it
holds

= ClogN

P(3z € Bys(&") : T(x) # "} = 0
as N — oo.
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Proof. As the proof of Lemma 3.3 is very similar to the proof of Lemma 3.2 we will refrain
from proving it here. 0

These three lemmas now immediately imply Theorem 2.6.

Proof of Theorem 2.6. The proof of Theorem 2.6 consists of one application of Lemma 3.1
that states that T'(y*) is in distance N® to & for some « < 1, several applications of Lemma
3.2 to reduce the distance of T*~1(y*) to NP for some 3 < 1/2, and a final application of
Lemma 3.3. 0

[1]

[11]
[12]
[13]
[14]

[15]

REFERENCES

D.J. Amit, G. Gutfreund, H. Sompolinsky; Statistical mechanics of neural networks near
saturation; Ann. Phys. 173, 30-67 (1987)

A. Bovier; Sharp upper bounds for perfect retrieval in the Hopfield model; J. Appl. Prob. 36
(1999), 941-950

D. Burshtein; Nondirect convergence radius and number of iterations of the Hopfield associative
memory; IEEE Trans. Inf. Th. 40 (1994), 838-847

R.S. Ellis; Entropy, large deviations and statistical mechanics; Grundlehren der Math. Wis-
senschaften 271, Springer, Berlin (1985)

P. Ferrari, P. Picco; A lower bound on the memory capacity in the Potts-Hopfield model; J.
Stat. Phys. 66 (1992), 1643-1652

V. Gayrard; Thermodynamic limit of the g-states Potts-Hopfield model with infinitely many
patterns; J. Stat. Phys. 68 (1992), 977-1011

J.J. Hopfield; Neural networks and physical systems with emergent collective computational
abilities; Proc. nat. Acad. Sci. USA 79 (1982), 2554-2558

Joag-Dev, K., Proschan, F.; Negative association of random variables, with applications. Ann.
Statist. 11 (1983), no. 1, 286-295.

1. Kanter, Potts-glass models of neural networks; Phys. rev. A 37 (1988), 2739-2743

D. Loukianova; Lower bounds on the restitution error in the Hopfield model; Probab. Theory
Relat. Fields 107 (1997), 161-176

R. McEliece, E. Posner, E. Rodemich. S. Venkatesh; The capacity of the Hopfield associative
memory; IEEE Inf. Th. 33 (1987), 461-482

D. Petritis; Thermodynamic formalism of neural computing; Nonlinear Phenomena of Complex
Systems 2 (1996), 86146, Kluwer Acad. Publ., Dordrecht

B. Quenet, G. Horcholle-Bossavit, A. Wohrer, G. Dreyfus; Formal modeling with multistate
neurons and multidimensional synapses; Biosystems 79, 21-32 (2005).

F. Vermet; Etude asymptotique d’un réseau neuronal : le modele de mémoire associative de
Hopfield; These de I'Université de Rennes 1 (1994)

F.Y. Wu ; The Potts model; Rev. mod. Phys. 54 (1982), 235-268

(Matthias Lowe) FACHBEREICH MATHEMATIK UND INFORMATIK, UNIVERSITAT MUNSTER, EINSTEIN-
STRASSE 62, 48149 MUNSTER, GERMANY
E-mail address, Matthias Lowe: maloewe@math.uni-muenster.de

(Franck Vermet) DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE DE BRETAGNE OCCIDENTALE, 6,
AVENUE VICTOR LE GORGEU, CS 93837, F-29238 BREST CEDEX 3, FRANCE
E-mail address, Franck Vermet: Franck.Vermet@univ-brest.fr



