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GENERIC CONTROLLABILITY OF 3D SWIMMERS IN A PERFECT FLUID

THOMAS CHAMBRION* AND ALEXANDRE MUNNIER*t

Abstract. We address the problem of controlling a dynamical system governing the motion of a 3D weighted
shape changing body swimming in a perfect fluid. The rigid displacement of the swimmer results from the
exchange of momentum between prescribed shape changes and the flow, the total impulse of the fluid-swimmer
system being constant for all times. We prove the following tracking results: (i) Synchronized swimming: Maybe
up to an arbitrarily small change of its density, any swimmer can approximately follow any given trajectory
while, in addition, undergoing approximately any given shape changes. In this statement, the control consists in
arbitrarily small superimposed deformations; (ii) Freestyle swimming: Maybe up to an arbitrarily small change of
its density, any swimmer can approximately tracks any given trajectory by combining suitably at most five basic
movements that can be generically chosen (no macro shape changes are prescribed in this statement).

Key words. Locomotion, Biomechanics, Ideal fluid, Geometric control theory

AMS subject classifications. 74F10, 70505, 76B03, 93B27

1. Introduction.

1.1. Context. Researches on bio-inspired locomotion in fluid have now a long history.
Focusing on the area of Mathematical Physics, the modeling leads to a system of PDEs (governing
the fluid flow) coupled with a system of ODEs (driving the rigid motion of the immersed body).
The first difficulty mathematicians came up against was to prove the well-posedness of such
systems. This task was carried out in [[L] (where the fluid is assumed to be viscous and governed
by Navier Stokes equations), in [Ld] (for an inviscid fluid with potential flow) and in [{] (for low
Reynolds numbers swimmers, the flow being governed by the stationary Stokes equations).

After the well-posedness of the fluid-swimmer dynamics were established, the following step
was to investigate its controllability. On this topic, still few theoretical results are available: In
[E], the authors prove that a 3D three-sphere mechanism, swimming along a straight line in a
viscous fluid is controllable. In [E]7 we prove that a generic 2D example of shape changing body
swimming in a potential flow can track approximately any given trajectory.

Some authors are rather interested in describing the dynamics of swimming in terms of
Geometric Mechanics (within the general framework presented for instance in [[12]). We refer to
[ﬂ] and the very recent paper E] for references in this area.

In this article, we consider a 3D shape changing body swimming in a potential flow. Under
some symmetry assumptions (the swimmer is alone in the fluid and the fluid-swimmer system
fills the whole space) we prove generic controllability results, generalizing and improving what
has been obtained for a particular 2D model in @]

1.2. Modeling.

Kinematics. We assume that the swimmer is the only immersed body in the fluid and that
the fluid-swimmer system fills the whole space, identified with R?. Two frames are required
in the modeling, the first one € := (E;, Ey, E3) is fixed and Galilean and the second one ¢ :=
(e1, ez, e3) is moving with its origin lying at any time at the center of mass of the swimming
body. At any moment, there exist a rotation matrix R € SO(3) and a vector r € R? such that, if
X = (X1, Xo, X3)! and 2 := (21, %2, 23)" are the coordinates of a same vector in respectively &
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and e, then the equality X = Rz +r holds. The matrix R is supposed to give also the orientation
of the swimmer. The rigid displacement of the swimmer, on a time interval [0, T] (T > 0), is
thoroughly described by the functions ¢ : [0, 7] — R(t) € SO(3) and ¢ : [0,T] — r(t) € R3, which
are the unknowns of our problem. Denoting their time derivatives by R and ¥, we can define the
linear velocity v := (v1,v2,v3)! € R? and angular velocity vector Q := (21, Q2,23)" € R3 (both
in ¢) by respectively v := R'F and € := R'R, where for every vector u := (uy, us,u3)’ € R3,
is the unique skew-symmetric matrix satisfying iz := u x z for every x € R3. Vectors of RS
will sometimes be decomposed in the form f := (f!, £?)! € R? x R?. For every f := (f!,f?) € R®

and g := (g',g?) € RY, we can define fx g := (f! x f2,f! x g — g! x f2)! € RS.

Shape Changes. Unless otherwise indicated, from now on all of the quantities will be
expressed in the moving frame e¢. In our modeling, the domains occupied by the swimmer are
images of the closed unit ball B by C* diffeomorphisms, isotopic the the identity, and tending to
the identity at infinity, i.e. having the form Id + 9 where ¥ belongs to D} (R?) (definitions of the
function spaces are given in the appendix, Section @) With these settings, the shape changes
over a time interval [0, T'] can be simply prescribed by means of an absolutely continuous function
t € 10,T]) — 9 € D{(R?). Then, denoting ©; = Id + 9, the domain occupied by the swimmer
at the time ¢ > 0 is the closed, bounded, connected set B; := ©;(B) (do not forget that we are
working in the frame ¢). We still require some notation: the unit ball’s boundary is ¥ := 9B,
Y := 64(X) stands for the body-fluid interface, n; is the unit normal vector to ¥; directed
toward the interior of B; and the fluid fills the exterior open set F; := R?\ B;.

So-called self-propelled constraints are necessary to ensure that the deformations result from
the work of internal forces (they avoid for instance translations to be considered as allowable
shape changes). Let a function ¢ € C°(B)* be given. The density of the deformed body at the
instant ¢, denoted by o; € C°(B;), is defined by:

0t(z) := 0(0; ' (2))/J(67 ' (x)),  (z€B;, t20), (1.1)

where J; := | det VO,| = det VO, (we can drop the absolute values here because ©;(z) — z as
|z||gs — +oo and det VO, (z) # 0 for all # € R? and t > 0). The self-propelled constraints read:

/ or(x)xdr =0 and / 0¢(2)0:0:(0;  (z)) x xdz =0 (¢t >0). (1.2a)
B By

The former identity means that, as already mentioned before, the center of mass of the swimmer
lies at any time at the origin of the moving frame. The latter relation tells us that the angular
momentum (in ¢) has to remain constant as the swimmer undergoes shape changes. Equivalent
formulations can be obtained up to a change of variables:

/Q(:L')@t(l') dz =0 and /Q(z)at@t(z) X Oi(z)dz =0 (t>0). (1.2b)
B B

The Flow. The fluid is assumed to be inviscid and incompressible. We denote by oy > 0
its constant density. The flow is governed by Euler equations. According to Helmholtz’s third
theorem, if the flow is irrotational at the initial time, it remains irrotational for all times. In this
case, the Eulerian velocity is equal at any time to the gradient of a potential function. According
to Kirchhoft’s law, the potential can be decomposed into a linear combination of elementary
potentials, each one connected to a degree of freedom of the system (they consist here in the 6
degrees of freedom of the rigid motion of the body plus those connecting to the deformations).
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F1G. 1.1. Kinematics of the model: The Galilean frame € := (Ej)1<;<3 and the moving frame ¢ := (€;)1<j<3
with e; = RE; (R € SO(3)). Quantities are usually expressed in the moving frame. The domain of the body is
B: at the time t and By is the image of the unit ball B by a diffeomorphism ©;. The open set Fi := R3\ By is
the domain of the fluid. The center of mass of the body is denoted r (in €), v := Rt is its translational velocity
(in ¢) and Q its angular velocity.

These ideas have been thoroughly described in a series of papers [E, E, @, @], to which we refer
for further explanations.

The elementary potentials ¢, (i = 1,...,6) corresponding to the rigid motion of the swimmer
are harmonic in F;, tend to zero as infinity and satisfy the Neumann boundary conditions
Opthi = (e; x ) -1y (i =1,2,3) and 9,9 = e;_3-ny (i =4,5,6) on ;. They are well defined in
the weighted Sobolev space W (F;) (defined in the appendix, Section [i; see also [] for details).
The overall potential connecting to the rigid displacement is 1, := 23’21 Qi + Zf: 4 Vi3t
(t > 0). On the other hand, the elementary potential p; associated to the shape changes,
harmonic as well in F;, satisfies the boundary condition 9,p; = wy -n; on Xy (i = 1,...,n),
where wy () := 3;0:(0; *(2)) (v € R?). Like the functions ¢} (i = 1,2,3), ; belongs to W (F;)
for all ¢ > 0.

Dynamics. The modeling of moving rigid (or shape changing) bodies in an ideal fluid

classically involves the notion of mass matrices. The mass of the body is m := [ podz and its
inertia tensor at the time ¢ > 0 is defined by:

I(t) := / ot[|z||fsld — 2 ® z] dz = /B o[16+(z) || Re1d — O4(z) ® O4(x)] da. (1.3)

By

We introduce My (t) := diag(I(t), mId) (a 6 x 6 symmetric bloc diagonal matrix), M} (¢) (a 6 x 6
symmetric matrix as well) whose entries read:

o / Vi Vel de, (1<i,j<6), (1.4)
Fi

and we denote M"(t) := M (¢) + M} (¢). We also need the 6 x 1 column vector N(t), homogeneous
to a momentum, whose elements read:

or | Vi Verde, (1<i<6). (1.5)
F

If we neglect the buoyancy force, it has been proved in a series of papers (we refer for instance
to the already mentioned articles [, [4] or [[]) that the swimming motion is governed by the
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equation:

A%

(Q) —_M(0)IN(G), (¢ 0). (1.6a)

At this point, we can identified g; (or more simply p since they are linked through relation ([L.1))
as a parameter and the control as being the function ¢ € [0, 7] — 9; € D}(R?). Notice that the
dependance of the dynamics in the control is strongly nonlinear. Indeed J; describes the shape
of the body and hence also the domain of the fluid in which are set the PDEs of the potential
functions involved in the expressions of the mass matrices M"(¢) and N(¢).

To determine the rigid motion, Equation ([L64) has to be supplemented with the ODE:

% <f) _ @?) . (>0, (1.6b)

together with Cauchy data for R(0) and r(0). Remark that the dynamics does not depend on p
and ¢y independently but only on the relative density o/gs. So we can assume, without loss of
generality, that oy = 1 in the sequel.

1.3. Main results. The first result ensures the well posedness of System ) and the
continuity of the input-output mapping:

PROPOSITION 1.1. For any T > 0, any 0 € C°(B)*, any absolutely continuous function
t €[0,T] — 9¢ € D§(R3) (respectively of class CP, p = 1,...,+00 or analytic) and any inital
data (R(0),r(0)) € SO(3) x R?, System ([.§) admits a unique solution t € [0, T+ (R(t),r(t)) €
SO(3) x R3 (in the sense of Carathéodory) absolutely continuous on [0,T] (respectively of class
C? or analytic). ‘

Lett € [0,T] — 97 € D(R?) (forj =1,...,+00) be a sequence of controls in AC([0,T], D{(R?))
(see Section @ for a definition of this space) which converges in this space to a function t €
[0, 7] — 9, € D}R?). Let a pair (Rg,ro) € SO(3) x R?® be given and denote t € [0,T]
(R(t),7(t)) € SO(3) x R? the solution in AC([0,T],S0(3) x R?) to Syste%@) with control
¥ and Cauchy data (Ro,r). Then, the unique solution (R7,r7) to System (|L.) with control ¥
and Cauchy data (Rg,ro) converges in AC([0,T],S0(3) x R3) to (R,t) as j — +oc.

We denote by M(3) the Banach space of the 3 x 3 matrices endowed wit any matrix norm.
The main result of this article addresses the controllability of System ([L.{):

THEOREM 1.2. (Synchronized Swimming) Assume that the following data are given: (i) A
function g in C°(B)* (the target density of the swimmer); (ii) A Ct function t € [0,T] + ¥; €
D}(R?) (the target shape changes) such that the pair (9,1) satisfies the self-propelled constraints
(@), (iii) A C' function t € [0,T] — (R(t),t(t)) € SO(3) x R? (the target trajectory to be
followed). Then, for any e > 0, there exists a function o € C°(B)T (the actual density of the
swimmer) and a function t € [0,T] — 9 € D}(R?) (the actual shape changes that can be chosen
of class CP for any p = 1,...,400 or even analytic) such that the pair (o,9) satisfies (E),
e — ollcomy < &, Yo = Vo, V1 = V1 and sup,ejo 7 (||19t — Dillermsys + |R(E) — R(t) Iy +
|E(t) — x(t)||rs) < e where the function t € [0,T] — (R(t),r(t)) € SO(3) x R3 is the unique
solution to system ([L.6) with initial data (R(0),r(0)) = (R(0),%(0)) and control 9.

This theorem tells us that, maybe up to an arbitrarily small change of its density, any
weighted 3D body undergoing approximately any prescribed shape changes can approximately
track by swimming any given trajectory. It may seem surprising that the shape changes, which
are supposed to be the control of our problem, can also be prescribed. Actually, be aware that
they are only approximately prescribed. We are going to show precisely that arbitrarily small
superimposed shape changes suffice for controlling the swimming motion. This result improves
what has been done in the article [E] for a particular 2D model.
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When no macro shape changes are prescribed we have:

THEOREM 1.3. (Freestyle Swimming) Assume that the following data are given: (i) A pair
(3,0) € C°(B)t x D}(R?) satisfying ([.J) (the target density and shape at rest) (i) A C' function
t€[0,T]— (R(t),7(t)) € SO(3) x R? (the target trajectory). Then, for any e > 0 there exists a
pair (0,9) € C°(B)* x D§(R®) (the actual density and shape at rest) such that (i) [, 00 dz =0
(where © := 1d + 1) (ii) [[@ — ollcos) + |V — Vlpimsy < € and (iii) for almost any 5-uplet
(Vi,...,V5) € (C5HR?)?)® satisfying [ oVidz =0, [,00xV;dz =0 and [0oV;xV;dz =
0 (i,j=1,...,5), there exists a function t € [0,T] — s(t) € R® (that can be chosen of class CP
for any p=1,...,400 or even analytic) such that, using ¥y := 9 + Zle 5i(t)V; € D{(R?) as
control in the dynamics ([L.6), we get SUPe(o,7] (IIR(t) — R(t) [z + ||IT(t) — x(t)||rs) < & where
the function t € [0,T] — (R(t),x(t)) € SO(3) x R3 is the unique solution to ODEs ([L.4) with
initial data (R(0),r(0)) = (R(0),%(0)).

Differently stated, we claim in this Theorem that any weighted 3D body (maybe up to an
arbitrarily small change of its density) is able to swim by means of allowable deformations (i.e.
satisfying the self-propelled constraints) obtained as a suitable combination of pretty much any
given five basic movements.

The proofs rely on the following main ideas: First, we shall identify a set of parameters
necessary to thoroughly characterize a swimmer and its way of swimming (these parameters
are its density, its shape and a finite number of basic movements, satisfying the self-propelled
constraints ([.2)). Any set of such parameters will be termed a swimmer configuration (denoted
SC in short). Then, the set of all of the SC will be shown to be an (infinite dimensional) analytic
connected embedded submanifold of a Banach space.

The second step of the reasoning will consist in proving that the swimmer’s ability to track
any given trajectory (while undergoing any given shape changes) is related to the vanishing of
some analytic functions depending on the SC. These functions are connected to the determinant
of some vector fields and their Lie brackets (we will use here some classical result of Geometric
Control Theory). Eventually, by direct calculation, we will prove that at least one swimmer (cor-
responding to one particular SC) has this ability. An elementary property of analytic functions
will eventually allow us to conclude that almost any SC (or equivalently any swimmer) has this
property.

REMARK 1.4. The authors conjecture that in both Theorem @ and Theorem , the actual
density o can be chosen equal to the target density 0. At this point however and although it is
very unlikely, it can not be excluded that all of the swimmers with a particular density might be
unable to swim. This issue also appeared in /ﬂ/

1.4. Outline of the paper. The next Section is dedicated to the notion of swimmer
configuration (definition and properties). In Section E we show that the mass matrices are
analytic functions in the SC (seen as a variable) and in Section E we will restate the control
problem in order to fit with the general framework of Geometric Control Theory. A particular
case of swimmer will be shown to be controllable. In SectionE the proof of the main results will
be performed. Section E contains some words of conclusion. Many technical results are gathered
in the appendix to avoid overloading the rest of the paper.

2. Swimmer Configuration. A swimmer configuration is a set of parameters characteriz-
ing swimmers whose deformations consist in a combination of a finite number of basic movements.

DEFINITION 2.1. For any positive integer n, we denote C(n) the subset of C°(B)* x D§(R?)x
(CH(R3)3)™ consisting of all of the triplets c := (0,9, V) such that, denoting © :=Id+19 and V :=
(V1,...,V,,), the following conditions hold (i) the set {V;|5-er, 1 <i<n, k=1,2,3} is a free
family in CY(B) (ii) every pair (V, V') of elements of {0, V1,...,V,} satisfies JpoVdz =0
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and [ oV x V'dz = 0.

We call swimmer configuration (SC in short) any element ¢ of C(n).

By definition, D}(R3) is open in C}(R?)? (see appendix, Section [i]). We deduce that for
any ¢ € C(n), the set {s:= (s1,...,8,)  €R" : 9+ 31" | 5, V; € D{(R?)} is open as well in R"
and we denote S(c) its connected component containing s = 0.

DEFINITION 2.2. For any positive integer n, we call extended swimmer configuration (ESC
in short) any pair ¢ := (¢, s) such that ¢ € C(n) and s € S(c). We denote Cx(n) the set of all of
these pairs.

Restatement of the problem in terms of SC and ESC. Pick a SC in C(n) (for some
integer n). The characteristics of the corresponding swimmer can be deduced from c¢ as follows:
If ¢ is equal to (9,9, V) with V := (V1,...,V,), the shape of the swimmer at rest is B := O(B)
where © := Id + 9. When swimming, it can occupy the domains B, := O4(B) for all s € S(c)
(c := (¢,s) € C(n) is hence an ESC), where O, := Id + 9 + >, s;V;. Still for any s €
S(c), its density is the function g5 € C°(B.)* defined by o4(z) := 0(O7(z))/Js(O7 (x)) with
Js := det VO;. Notice that within this construction, the shape changes on a time interval [0, 1]
(T > 0) are merely given through an absolutely continuous function ¢ : [0, 7] — s(t) € S(¢). If
t € [0,T] — $(t) € R™ stands for its time derivative, the Lagrangian velocity at a point = of
B is ", 4i(t)V,(z) while the Eulerian velocity at a point z € Be is > ., $;(t)w'(z) where
wi(z) := V;(6;71(x)). Due to assumption (ii) of Definition P.J], the self-propelled constraints
(@) are automatically satisfied.

The harmonic elementary potential functions of the fluid corresponding to the rigid motions
depend only on the ESC. Therefore, they will be denoted in the sequel ¢ instead of 1i. The same
remark holds for the inertia tensor [(¢) and the mass matrices M"(¢), Mj(¢) and M (¢) whose
notation is turned into I(c), M"(c), My(c) and M} (c) respectively. The elementary potential
connected to the shape changes can be decomposed into Y ;' ; $p%. In this sum, each potential
function ¢! is harmonic in F, := R3\ B, and satisfies on 3. := 9B, the Neumann boundary
conditions d,p. = W’ - n. , n. being the unit normal to Y. directed toward the interior of Be.
Introducing the mass matrix N(c), whose elements are g5 [, V§i-Velde (1<i<6,1<j<n)
(recall that gy can be chosen equal to 1), the dynamics ([l.6a]) can now be rewritten in the form:

<Q> — _M"(c)"'N(e)i,  (¢>0). (2.1)

A%

Let us focus on the properties of C(n) and Cx(n).

THEOREM 2.3. For any positive integer n, the set C(n) is an analytic connected embedded
submanifold of C°(B) x C(R?)3 x (CER3)®)™ of codimension N :=3(n+2)(n+1)/2.

The definition and the main properties of analytic functions in Banach spaces are summarized
in the article [[L7.

Proof. For any c = (9,9,V) € C%(B) x C}(R?)3 x (CZ(R?)?)", denote V := Id + ¥ and
V := (Vi,...,V,). Then, define for k = 0,1,...,n, the functions Ay : C°(B) x C}(R3)? x
(CLR3)3)" — R3H1-K) by Ay(c) == (fB oVidz, [50Vix Vigidz, ..., [50Vix Vi, dx)t
Every function Ay is analytic and we draw the same conclusion for A := (A, ..., A,)! : C%(B) x
CiR?)? x (CHR3)*)™ — RN (N := 3(n + 2)(n + 1)/2). In order to prove that d.A(c) (the
differential of A at the point ¢) is onto for any ¢ € C(n), assume that there exist (n+2)(n+1)/2
vectors o] € R? (0 < i < j < n) such that:

zn:ai (DA(c), ™y =0, Ve C%B) x CFR?)? x (CF(R?))?, (2.2)
=0
6



where a; := (al, ol ... a?)t € R¥F17D (j = 0,...,n) and " := (", 9", V") € C°(B) x
C(R?)3 x (CH(R3)3)n Wlth Vg = TId 4+ 9" and V" := (V}f, ..., V). Reorganizing the terms in
(B.9), we obtain that:

/ [Zak Vit Y ol (Vi xV)}dx—i—
0<z<]<n
Z/th Za X V;+af - Zaka}xfO

j=k+1

Since this identity has to be satisfied for any (o", 9", V*) € CO(B) x C}(R?)? x (C3(R?))3, we
deduce that, for every k =0,...,n

k—1
Zapv+z ((VixV;)=0 and > of xV;+af - Zakxvjfo (2.3)
O<z<]<n 7=0 Jj=k+1

Multiplying the latter equality by ¢ and integrating over B, we get that af =0 (k=0,...,n).
The first equality in @) is now just a linear combination of the second ones (for £k =0,...,n),
so we can drop it. Taking into account Hypothesis (ii) of Definition @, latter identity in @)
with k& = 0 leads to ) = 0 for every j = 1,...,n. There are no more terms involving Vy in the
other equations and invoking again Hypothesis (ii) we eventually get ag =0for1<i<j<n.
So, equality (£.9) entails that c; = 0 for all i = 0,...,n and the mapping d.A(c) is onto for all
c e C(n).

The linear space X = Kerd.A(c) is closed since A is analytic. Let Y be an algebraic
supplement of X in C%(B) x C3(R3)? x (C(R?)®)", and denote by Iy the linear projection
onto Y along X. A crucial observation is that the linear space Y is isomorphic to RY and
hence it is finite dimensional and closed in C°(B) x C}(R3)? x (C3(R?)3)™. Define the analytic
mapping f : X x Y — RY by f(z,y) = A(c+ « + y). The mapping 9, f(0,0) = d.A(c) o Ily
being onto, the implicit function theorem (analytic version in Banach spaces, see ) asserts
that there exist an open neighborhood O; of 0 in X, an open neighborhood Os of 0 in Y, and
an analytic mapping g : O; — Y such that g(0) = 0 and, for every (z,y) in O; x Oq, the two
following assertions are equivalent: (i) f(z,y) = 0 (or, in other words, ¢ +  + y belongs to
C(n)), and (ii) y = g(z). The analytic mapping g provides a local parameterization of C(n) in a
neighborhood of c.

In order to prove that C(n) is path-connected, consider two elements c' := (of, 9%, VT) and
ct = (o4, 95, V) of C(n) and denote OF := Id + 9T, VI := (VJ{,...,VL) and ©F = Id + 9%,
V= (VI,..., Vi), According to Definition [&.39, D}(R?) is open and connected. It entails that
it is always possible to find a continuous, piecewise linear path ¢ : [0, 1] + 9J; € D (R?) such that
Ui—o = 9T and ¥4=1 = 9F. We introduce 0 =ty < t; < ... < t; = 1, a subdivision of the interval

[0, 1] such that t + J; i is linear on every subinterval [t;, t]+1] (j=0,...,k—1) and we denote O, :=
Id+9, 97 := 94— ti 67 :=1d+19’ (j =0,...,k). Let us introduce as Well the continuous functions
te[0,1] = g == tgi v (1 —t)ol € CO( ) and ¢ € [0,1] = u(t) := — [ 0:0idz/ [ 0dz € RE.

The set Uzejo,7)0¢(B) +u(t) being compact, it is contained in a large ball . We introduce " an
even larger ball containing Q and a cut-off function y defined in R? such that 0 <y <1, y =1
in Q and y = 0 in R?\ €. The derivative 1 of u exists everywhere on ]0, 7| excepted maybe
at the points ¢1,...,tx_1. The flow associated with the Carathéodory’s solutions of the Cauchy
problem: X;(x) = u(t)x(X¢(x)), (t > 0), Xy—o(x) = z is well defined (see [[L1], Theorem 1A, page
57]). Moreover, for every fixed t € [0, 1], the mapping z € R3 — X,(x) € R? is C*°. Consider
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now the mappings ¢t € [0,1] + ¥ := X;00; —Id and O, := Id+9;. If z € R3\ Y, O,(z) = O,(x)
for all t € [0,7] and if x € B then ¥;(x) = U;(z) + u(t) and O;(z) = O;(x) + u(t). Notice that
Uy € D§(R?) for all t € [0,7T] and [ 0¢(2)O¢(x)da = 0 for all ¢ € [0,T]. Since C§(R?)? is an
infinite dimensional Banach space, it is always possible to find by induction W1, Wy, ... . W,, in
C}(R3)? such that (i) both families {W1|5-ex, ..., Wy|z-ex, Vi|z-€x, ..., Vi|5-er, k=1,2,3}
and {W1|g-ex,..., Wplz- e, Vis-er ..., Vi|5-er k=1,2,3} are free in CL(R?) and (ii)
for any pair of elements V, V'( both picked in the same family, [, o'Vdz =0, [, 0'Vdz =0,
[ 0107 x Vdz = 0, [,0'607 x Vdz = 0 (for all j = 1,...,k), [0V x V/dz = 0 and
[ 0'V x V'dz = 0. Define the function ¢ € [0,1] = Vi € C3(R?)? by Vi := (1 - 2t)V] +2tW;,
if0<t<1/2and Vi:= (2—2t)W,;+(2t—1)V*¥if 1/2 < t < 1 and denote V; := (V},..., V@) €
(C(R3)?)™. Eventually, a continuous function linking cf to ¢t is given by t € [0,1] = ¢; € C(n)
with ¢; := (0f, 97, Vay/0) if 0 < t < 1/3, ¢4 := (03¢-1,30-1, V12) if 1/3 < t < 2/3 and ¢; :=
(0}, 9%, Vaya_1,2) if 2/3 <t < 1.0

We omit the proof of the following corollary, similar to that of the theorem above:

COROLLARY 2.4. For any positive integer n, the set Cx(n) is an analytic connected embedded
submanifold of C°(B) x C(R?)? x (CE(R3)?)" x R™ of codimension N := 3(n + 2)(n +1)/2.

We denote 7 the projection of C(n) onto C°(B) x D}(R3) defined by 7(c) = (o,9) for all
¢ := (0,9,V) € C(n). The proof of the following corollary is a straightforward consequence of
arguments already used in the proof of Theorem E:

COROLLARY 2.5. For any positive integer n and for any (o,9) € w(C(n)), the section
7 1({(0,9)}) is an embedded connected analytic submanifold of {0} x {9} x (C3(R3)®)™ (identified
with (C3(R3)®)) of codimension 3n(n + 3)/2.

3. Sensitivity Analysis of the Mass Matrices. For any positive integers k and p, we
denote M(k, p) the vector space of the matrices of size k x p (or simply M(k) when k = p).

THEOREM 3.1. For any positive integer n, the mappings ¢ € Cx(n) — M"(c) € M(6) and
ce€Cx(n)— N(c) € M(6,n) are analytic.

The method followed in this proof is inspired from [E] The result already appeared in [[L]],
in a slightly different form though. Due to its crucial importance for our purpose, we recall here
the main ideas.

Let us begin with a preliminary lemma of which the statement requires introducing some
material. Thus, we denote F := R3\ B (recall that B is the unit ball, 3 := B and n is the
unit normal to X directed toward the interior of B). For all £ € D{(R?), we set = = Id + ¢,
Be := Z(B), Fe := =(F), ¢ := Z(X) and n¢ stands for the unit normal to X¢ directed toward
the interior of B¢. We denote q := (£, W), with W := (W', W?) C (C§(R?)?)?, the elements of
Q := Dj(R?) x (C§(R?)%)? and wi := W'(Z~1) (i = 1,2). Finally, for every q € Q, we define:

B(a) = /f VyL(2) - V2 (2) da, (3.1)

where, for every ¢ = 1,2, the function 1/121 € W(Fe) (recall that the function spaces are defined
in Section @) is solution to the Laplace equation 7A1/}21 = 0 in F¢ with Neumann boundary data
Ol = wé -n¢ on Y¢. The solution has to be understood in the weak sense, namely:

Vz/Jfl(ac) -Vo(x)de = / (Wé ‘ng)(2)p(x)do, Y€ WHFe). (3.2)

Fe B¢

LEMMA 3.2. The mapping q € Q — &(q) € R is analytic.
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Proof. We pull back relation @) onto the domain F' using the diffeomorphism =. We get:
[ 9Fi@heta) Vg0 S)a)dn = [ (Wia) ne(Z@)elE @) (0)do Vo € WH(F),
F

where W) := ¢} 0 5, J¢ := det(VE), A¢ := (VE'VE) "1 J and J¢ := [|(VE"")'n||rs J¢ (usually
referred to as the tangential Jacobian). In (E), if we specialize the test function to have the
form ¢ := ¢ o E71 with ¢ € W'(F), we obtain [, ¥ (x)A¢(x) - Vo(x)de = [, b4 (x)p(x) do
for all ¢ € W'(F), where b} := (W'-n¢(Z))J¢ (i = 1,2). We now claim that the mapping
¢ € D{(R3?) — A¢ —1d € EJ(Q,M(3)) is analytic. Indeed, the mappings £ € D}(R?) —
VEIWVE —1d € EJ(Q,M(3)), A € E§Q(Q,M(3)) — (Id+ A)~! —1d € EJ(Q,M(3)) and ¢ €
D{(R3) + Je — 1 € CJ(R?) are analytic. Reasoning the same way, we can show that the
mapping ¢ € Dg(R?) — JZ € C°(D) is analytic as well (notice that for all £ € Dg(R?), the
function (VE~1)'n never vanishes on ¥). It is more complicated to prove that £ € D{(R?) —
ne o & € CYX)? is analytic, so we refer to [ for the details. This last result entails the
analyticity of g € Q — b}, € C°(X). Then, denoting by W'(F)" the dual space to W'(F), we
consider the mapping I': (q,u) € Q x WH(F) + (A¢,u,-) — (bﬁl, ) € WHFY, where (A¢,u, ¢) =
Jr Vu(z)Ae () - Vo(x) dz and (b)), ¢) = [ b (z)p(x)do (¢ € W(F)). We wish now to apply
the implicit function theorem (analytic version in Banach spaces, as stated in [E]) to the analytic
function I'. Observe, though, that we are only interested in the regularity result and not in the
existence and uniqueness. Indeed, we already know that for every q € Q, there exists a unique
function ¥ € W' (F) such that I'(q, %)) = 0. The function ¥, is equal to ¢}, 0 = where 1, is the
unique solution to the well posed variational problem @) The partial derivative 9, I'(q, Wé) is
defined by:

<aur(q,y7;'l),u,¢>:/Fvu(z)Ag(x)-ws(x)dz, Yo € WH(F). (3.3)

For all £ € D{(R?), the matrix A¢ is uniformly elliptic in R® (there exists ag > 0 such that
X'Ae(2)X > ael| X || %5 for all X € R? and all € R?). We deduce that the right hand side of
(B.3) can be chosen as the scalar product in W'(F) and hence that 9,I'(q, w!) is a continuous
isomorphism from W1(F) onto its dual space according to the Riesz representation theorem.
The implicit function theorem applies and asserts that the mapping q € Q — Q/é € WYF) is
analytic.

To conclude the proof, it remains only to observe that the function @(q) introduced in @)
can be rewritten, upon a change of variables as #(q) = [ V¥4 (x)A¢ () - V& (x) dx, which is
indeed analytic as a composition of analytic functions. O

We can now give the proof of Theorem .

Proof. Recall that the elements of the matrix M (c) are defined in ([L.4) and those of N(c)
in ([L.). For any ¢ := (¢,s) € Cx(n), where ¢ := (p,9,V), we apply the lemma with £ := ¢ +
iy siViand W W2 € {e;x 5, e;, i = 1,2,3} to get that the mapping ¢ € Cx(n) — Mj}(c) €
M(6) is analytic. To prove the analyticity of the elements of N(c), we apply the lemma again
with £ := 9+ >0 sV, W' € {e; x =, e;,i=1,2,3} and W2 € {Vy,...,V,}. Eventually,
the analyticity of the elements of M (c) is straightforward after rewriting the inertia tensor I(c)
defined in ([L.3) in the form (upon a change of variables) I(c) = [ o[[|Z[%:1d — = ® Z]dw, still
with Z:=Id+¢and £:=9+ > 5V, O

4. Control.

4.1. Controllable SC. Let us fix ¢ € C(n) (for some positive integer n) and recall that
S(c) is the connected open subspace of R™ such that (c,s) € Cx(n). Introducing (fy,...,f,)
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an ordered orthonormal basis of R", we can seek the function ¢ € [0,T]
solution of the ODE §(¢) = Y"1 ; \;(¢)f; where the functions \; : ¢ € |
new controls, and rewrite once more the dynamics (.1]) as:

Z)\ ( M (e, s)fi IN(e, S)fi) : (t>0). (4.1)

It is worth remarking that in this form, s is no more the control but a variable which is meant to be
controlled and ¢ € C(n) is a parameter of the dynamics. Considering (@), we are quite naturally
led to introduce, for all ¢ € Cx(n), the vector fields X;(c) :== —M"(c)"'N(c)f; € RS, Y;(c) :=
(X!(c), X2(c), £;)! € TaSO(3) x R? x R™ (we have used here the notation X, := (X!, X2)*
R3xR3) and Zi (R, s) := RrYi(c) € TrSO(3) xR3xR" where Ry := diag(R, R,1d) € SO(6+n)
is a bloc diagonal matrix. The dynamics ([L1]) and the ODE ([L.6H) can be gathered into a unique
differential system:

ZA t)Zi (R, s) (t >0). (4.2)

For every i = 1,...,n, the function (R, r, s) € SO(3)xR3*xS8(c) — Zi(R, s) € TRSO(3)x R3xR"
can be seen as an analytic vector field (constant in r) on the analytic connected manifold M (c) :=
SO(3) x R? x 8(c). We denote ¢ any element (R,r,s) € M(c) and we define Z(c) as the family
of vector fields (Z%)1<i<n on M(c).

LEMMA 4.1. Let ¢ be a SC fized in C(n) (n a positive integer). If there exists ¢ € M(c) such
that dimLiecZ(c) = 6 + n, then the orbit of Z(c) through any ¢ € M(c) is equal to the whole
manifold M(c).

Proof. Rashevsky Chow Theorem (see [[l]]) applies: If Liec Z(c) = T M(c) for all ¢ € M(c)
(or more precisely, for all (R, s) € SO(3) x S(c) since Z. does not depend on r) then the orbit of
Z(c) through any point of M(c) is equal to the whole manifold. Let us compute the Lie bracket
[Zi(R,s), ZI(R,s)] for 1 <i,j <nand (R,s) € SO(3) x S(c). We get:

| | (X] x X})(e) (9, X! — 0, X})(c)
[Ze(R,s), ZL(R,s)] = Rr | (X! x X2 - X} x X2)(c) | +Rr | (9:, X2 — 0, X2)(c) |- (4.3)
1 7 O ] T i ] O J 7

By induction, we can similarly prove that the Lie brackets of any order at any point ¢ € M(c)
have the same general form, namely the matrix Rz multiplied by an element of T{14 0,5 M/c).
We deduce that the dimension of the Lie algebra at any point of M(c) depends only on s.
According to the Orbit Theorem (see [fl]), the dimension of the Lie algebra is constant along
any orbit. But according to the particular form of the vector fields Z! (whose last n components
form a basis of R™), the projection of any orbit on S(c¢) turns out to be the whole set S(c)
(or, in other words, for any s € S(c) and for any orbit, there is a point of the orbit for which
the last component is s). Assume now that dim Liec-Z(c) = 6 + n at some particular point
¢* == (R*,r*,s*) € M(c). Then, according to the Orbit Theorem, for any s € S(c¢), there
exists at least one point (R, rs,s) € M(c) such that dimLier_, Z(c) = 6 +n. But since
the dimension of the Lie algebra does not depend on the variables R and r, we conclude that
dimLiecZ(c) = 6+ n for all ¢ € M(c). O
DEFINITION 4.2. We say that ¢, a SC in C(n) (for some integer n) is controllable if there
exists ¢ € M(c) such that dimLiecZ(c) = 6 + n.
10



It is obvious that for a SC to be controllable, the integer n has to be larger or equal to 2.
The following result is quite classical (a proof can be found in [f])):

PROPOSITION 4.3. Let ¢ € C(n) (for some integer n) be controllable (with the usual notation
c:=(0,9,V), V:=(Vi,....,Vy) and 95 :== 9+ Y1, s;V; for every s € S(c)). Then for any
given continuous function t € [0,T] — (R(t),t(t),5(t)) € SO(3) x R x S(c) and for any ¢ > 0,
there exist n C1 functions \; : [0,T] — R (i =1,...,n) such that:

1. supiegory (IR = ROy + 52 = v®)llms + 950 — Voo loymeys ) < &5

2. R(T) = R(T), v(T) =¢(T) and s(T) = 5(T);

where t € [0, T] — (R(t),r(t),s(t)) € M(c) is the unique solution to the ODE (E3) with Cauchy
data R(0) = R(0) € SO(3), r(0) = r(0) € R3, s(0) = 5(0) € S(c).
Let us mention some other quite elementary properties that will be used later on:
PROPOSITION 4.4.

1. If ¢ == (0,9,V) € C(n) (n > 2) is a controllable SC with V = (Vi,...,V,) €
(CER3)™ then any ¢t := (0,9, V) € C(n+1) such that V¥ := (V1,...,V,, V,i1) €
(CER3)3)™FL (for some V41 € CF*(R?)3) is a controllable SC as well.

2. Ifc:=(0,9,V) € C(n) (n > 2) is a controllable SC, then for any ¥* € {9+> 1 s;V;, s €
S(e)} the element ¢* = (p,V*,V) belongs to C(n) and is a controllable SC as well.

3. If ¢ .= (0,9,V) € C(n) (n > 2) is a controllable SC, then all of the controllable SC

= (0,9,V*) in C(n) (V* € (CH(R3)3)") form an open dense subset of the section
7 {(0,9)}) (for the induced topology).

4. If there exists a SC in C(n) for some n > 2 then, for any k > n, all of the controllable
SC in C(k) form an open dense subset of C(k) (for the induced topology).

Proof. The two first assertions are obvious so let us address directly the third point. Denote
&k (k positive integer) the set of all of the vectors fields on M (c) obtained as Lie brackets of order
lower or equal to k from elements of Z(c). Then, consider the determinants of all of the different
families of 6 + n elements of & as analytic functions in the variable V (the other variables o, ¥
and s = 0 being fixed). Since ¢ is controllable, there exist at least one k and one family of 6 +n
elements in & whose determinant is nonzero. According to Corollary E and basic properties
of analytic functions (see [E])7 the determinant may vanish only in a closed subset with empty
interior of the section 7=1({(g,9)}) (for the induced topology). The proof of the last point is
similar. O

4.2. Building a controllable SC. In this subsection, we are interested in computing the
Lie brackets of first order [Zi(R, s), ZI(R,s)] at (R, s) = (Id,0), for a particular SC.

General computations. Starting from identity (@) and focusing on the second term in
the right hand side, we have, for all c € C(n) (n >2) ,all s € S(¢) and all 4, =1,...,n

05, X;(e) — 0, Xi(c) = M"(c) 7" | (95, M (e)Xi(e) — 85, M (¢)X; (c))
+ (9., N(c)f — GsiN(c)fj)] (4.4)
From the decomposition M"(c) := My(c) + M}(c), we deduce that:

90, M7 (€)X (c) — 0., M ()X, (c) =
(94, M} (€)X, (c) — 0., M ()X, (€)) + (9, M} ()X (c) — 04, M (€)X, (c)).  (4.5)
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We can easily compute the first term in the right hand side when s = 0. Thus, for all 7,7 =
1,...,n, we have:

0, M5 (©%:(6) = 0 M X5 o = [ ] Xalellco g 0 Kyl (1)

where 1; := 2 [, o(x) Vi(z) - O(x) dz.

Rigid shell’s deformation. We consider now shape changes that reduce to rigid displace-
ments on the swimmer’s boundary ¥ (but obviously not inside the body for the self-propelled
constraints not to be violated). The idea of using such deformations stemmed from the reading
of the article [[]. However, rigid deformations of the shell can not be considered within the
modeling described in Section E (because rigid deformations do not fit with the general form of
the diffeomorphisms described in Section E) Let us explain how to deal with this difficulty.

Let ¢ := (0,9,V) € C(6) be given such that V := (V1,..., Vi) with V|n(z) := e; X (z+39(x))
(1 = 1,2,3) and Vy|g(z) := e;i—3 (i = 4,5,6) (Proposition in the appendix guarantees
the existence of such vector fields satisfying furthermore n; = 0 for all ¢ = 1,...,6). Thus,
the shape changes we are considering read @, := Id + ¢ + 2?21 siVi (s € S(c)). Let us
define also =5 := R (Id + ¥) + 75 where Ry := exp(s1€1) exp(s2€2) exp(szé3) € SO(3) and

Ts 1= 2?21 sitze; € R3. Thus, O, is a diffeomorphism which can be achieved within our
modeling while = is a true rigid deformation.
In order to determine the expressions of the terms ds,M}(c)[s=0 (i = 1,...,6) arising in

the computation of the Lie brackets, we have to compare (using the notation of Lemma @)
05, 9(ql)|s=0 and 95,9(q?)|s=0 (i =1,...,6) where:
o gl = (&L, Wh) with ¢ = =, —1d, W! = (WL, Wl2) and Whi W2 ¢ [e; x
=, e, 1 =1,2,3} (settings corresponding to a true rigid deformation of the shell);
e g2 = (& W?) with £ = 6, —1d = 9+ > ", s;Vi, W2 := (W21, W2?) and
W21 W22 ¢ {e; x Oy, e;, i =1,2,3} (settings allowed in our modeling).
Remark that s, Og|s=0 = 05, Zs|s=0 on X for all i = 1,...,6, so the deformations are tangent at
s = 0. Tt entails that 0s,q}|s—0 = 05,92|s=0. Since, in addition, q}_, = q?_, and 9, P(q¥)|s—0 =
(0qP(d¥), 05,9%)|s=0 for k = 1,2 and i = 1,...,6, we deduce that ds5,?(q’)|s—0 = 05, P(q?)|s=0
foralli=1,...,6.

We apply the diffeomorphism =, := R4 (Id+9)+7 to B to obtain the domain of the deformed
swimmer. We denote B® := (Id + )(B) (which can be seen as the shape of the swimmer at
rest, i.e. when s = 0), X° := 9B°, F° := R?\ B® and B, := Z,(B), F, := R*\ B,, ¥, := 0B,.
We seek the potential ¢}, defined and harmonic in F, in the form l(z) = (R (z — T4))
where the function ¢} defined on F° has to be determined. It is obvious that 5! is harmonic in
F*¢ and we have only to determine the boundary conditions on X°. For all y € ¥°, we denote
z:= Ry + 75 € X,. The relation n|s_ (Rsy + 75) = Ren|se(y) entails that Vil (y) - nlse (y) =
VYl (Rsy+7s)n|s, (Rsy+75) = Vbl (z)-n(z), and this quantity has to be equal to (e; x x)-n(x).
We deduce after some elementary algebra that 9,1 (y) = (Rte; xy)-n(y)+ (Rte; x Rt T4) -n(y).
Proceeding similarly and with obvious notation, we obtain more generally that:

Onl(y) = (Rle; x y) -n(y) + (Rle; x RiTy) -n(y),  (i=1,2,3),
and 9,0l (y) = Rle;_3 - n(y), (i =4,5,6).

Denoting M$ := M’(c)|s=0, we get the relations:

v [ld #)[R, 0] [R 0][Id 0
Mf(c’s)_[o IdHo RS]Mf{o RJ {f-s Id]’
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and then, differentiating with respect to s;:

aSiMf(C) 5)|s:0 = |:0 é1:| M? - M? |:0 éz:| ) (’L =1,2, S)a (478‘)
r 0 &-3 0 0 .
05, M} (c, 8)|s=0 = [O 0 ] M$ — M$ [ém 0} , (i=4,5,6). (4.7b)

The reasoning is quite similar for the entries of the matrix N(c). We only have to be careful that
the vector fields W22 can actually not depend on s (once more, this is due to our modeling). The
elements of the matrix ds,N(c)|s=of; — 9s,N(c)|s=of; read (still with the notation of Lemma B3
05, P(d%)|s=0 — 05,P(q?)|s=0 (i,j = 1,...,6) with this time q} = (&, W), & = =5 — 1d,
W= (WL Wi2) Wl e {e, x =5, e, k =1,2,3} and Wi2 :=e; x (Id+9) (i = 1,2,3) or
Wi2 =e; 3 (i =4,5,6). The only difference with the elements of M;(c) being that W2 does
not depend on s for i = 1,2,3, we wish to reuse the preceding calculations. Invoking the chain
rule, we have to subtract to s, D(q’)|s—0 — 05, P(q)|s=0 the quantity (Ow2D(q), ds, Wh?)|—o —
(Ow2P(ql), 0s, W2?)|s—¢ which is quite easy to determine because @ is linear in the variable
W2, Thus, this last expression is merely equal to ®(q; ;) (1 < i,j < 6) with q;; == (9, Wi ),
Wij = (WL W?.), W e {ep x (Id+1), e, k=1,2,3} and

(eixej)x(IdJrﬂ) 1f1§z,]§3,

WQ* (eixej) 1f4§l§6,1§]§3,
I (e; x e)) if1<i<3,4<j<6,
0 if4<i,j <6.
We eventually obtain that:
ast(C”s:in — GsiN(c)|s:0fj = ast; (C)|s:0fi — asiM;(Cﬂszofj — No(fi * fj), (48)

where N° := N(c)|s=o = M$ and f; « f; := (f} x f}, £} x £ — £} x f?)" with the notation
£, = (£, £2)' € R? x R®.

Specifying the density and shape. The expression of the 6 x 6 symmetric added mass
matrix M;i depends only on the domain F° or equivalently on B°. As stated in Proposition @
in the appendix, this matrix is positive definite if we choose ¥ in such a way that B° has no axis of
symmetry. It entails that, up to a change of frame e at the initial time, M} can be assumed to be
diagonal with positive eigenvalues p; (j = 1,...,6). On the other hand, denoting by S(3)* the
set of the 3 x 3 symmetric matrices that are positive definite, we can quite easily prove that for any
B° (which means for any ¢ € D§(R?)), the mapping ¢ € C°(B°)" — [4. o(||z||rsld —z @ z)dx €
S(3)T is onto. We deduce that for any (I, 2, I3) € R? such that I; > 0 for i = 1,2,3, there
exists 0 € C°(B)* such that the inertia tensor I(c)|s—o is diagonal, equal to diag(ly, Iz, I3). In
this case, the matrix Mj (c)|s=o is diagonal as well, equal to diag(Iy, Iz, I3, m,m, m, ). We deduce
that the vector fields X;(c)|s—o read —p;/(L; + pi)f; if i = 1,2,3 and —p; /(m+ p;)f; if i = 4,5, 6.
Summarizing ([.3), (£4), (@), (L) (recall that n; = 0 for alli = 1,...,6), (JL.7) and (Lg), we

13



obtain the following expressions for the Lie brackets at (R, s) = (Id, 0):

Z1, 72) = Ly(—p — pio + pia) + papia(—1h — L+ I) 3
oo (p1 + 1) (2 + I2)(ps + I3) o/
ZL, 73] = L Is(py — po + ps) + paps(ly — Io + 1) %2
oo (b1 + 1) (p2 + L) (ps + Is) o/
22, 73] = IoIs(py — po — p3) + pops(ly — Io — 1) %1
oo (b1 + 1) (p2 + L) (ps + Is) o/
0
[Z2 Z4] _ IQm(H’4 — H’S) es
T (et B) (s +m)(ps +m) \ g ]
0
[Z3 Z4] _ IBm(ME) - /’L4) es
T (st I3)(pa+m) (s +m) \ o )
0
[Z3 Z5] _ I3m(/j/5 - /1/4) e
T (s I3)(pa +m)(ps +m) \ g
Since, on the other hand, when (R, s) = (Id, 0) we also have
(e (i + 1) .
Z. = 0 if i=1,2,3, and Z!= [ —pe;/(i+m) ifi=4,5,6,

we deduce that a sufficient condition ensuring that dim Lie(1q,0,0)2(c) = 12 is that

[I11o(—py — p2 + ps) + papo(—I1 — Io + I3)] [T I3 (py — p2 + ps) 4 paps(lh — Lo + I3))]
[IoI3(pn — po — p3) + pops(Iy — Io — I3)] [Tam(pa — pe) I3m® (us — pa)®] # 0. (4.9)

According to [E, pages 152-155], if we specialize now B® to be an ellipsoid, the length of the
axes can be chosen in such a way that (i) it has no axis of symmetry (and hence p; > 0 for
i=1,...,6), (ii) pa # ps and (iil) ps4 # pe. Since I; > 0 (i = 1,2,3) and obviously m > 0, the
condition (@) reduces to:

[I11o(—py — p2 + ps) + papo(—I1 — o + I3)] [T I3 (py — p2 + ps) + paps(lh — Lo + I3))]
[LI3(p1 — po — pi3) + pops(ly — I — I3)] # 0. (4.10)

As already mentioned, it is always possible to achieve any triplet of positive numbers (I3, I, I5)
with a suitable choice of density, so whatever the values of u; (i = 1,2,3) are, it is always
possible to find o € C°(B)* such that (f..10) holds. It entails, according to the forth point of
Proposition Q:

PROPOSITION 4.5. For any integer n > 5, the set of all the controllable SC is an open dense
subset in C(n).

Notice that n = 5 in this Proposition (instead of n = 6), because we did not use the vector
field ZS in the computation of the Lie brackets.
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5. Proofs of the Main Results.

Proof of Proposition [[.1. Let a control function ¥ be given in AC([0,T], D§(R?)) and
denote © := Id + 9. With the notation of Lemma B.9, at any time ¢ the entries of the matrix
M (t) read ®(q) with q := (J,WW) and W := (W', W?), W' € {e; x Oy, e;, i = 1,2,3}. We
deduce that ¢ € [0,7] — M}(t) € M(3) is in AC([0,T],M(3)). To get the expression of the
elements of the vector N(#) we only have to modify W? which has to be equal to 9;9;. It entails
that t € [0,T] = N(t) € RS is in L*([0,T])%. Tt is quite easy to verify that the inertia tensor
I(t) is in AC(]0,T],M(3)). Existence and uniqueness of solutions is now straightforward because
t€[0,T] — M"(t)"IN(t) € RS is in AC([0,T],RS).

Let us address the stability result. With the same notation as in the statement of Proposi-
tion [L.1], denote (Q7,v7) the left hand side of identity ([L.6d) with control ¥/ and (€, ¥)" when
the control is 9. As j — +oo, it is clear that (Q7,v/)! — (Q,¥)! in L'([0,T],R®). Then,
integrating ([L.61]) between 0 and ¢ for any 0 < ¢t < T, we get the estimate || R(t) — RI(t)|lm) <
fot [ R(s) — R7(3)Iae)12(s)[lrs + 1€/ (s) — Q(s)||rads. Applying Grénwall inequality, we con-
clude that R? — R in C([0,T],M(3)) as j — +oo and we use again the ODE to prove that
R7 — R in L'(]0,T]). Next, it is then easy to obtain the convergence of r/ to ¥ and to conclude
the proof.

Proof of Theorems [I.3 and . We shall focus on the proof of Theorem because it
will contain the proof of Theorem [l.4. For any integer n, we shall use the notation |[c[l¢(n) :=
lollena + 19llcp oy + S0y [Villcygoys for all ¢ € CO(B) x CAR?)® x (CH(R)?)" with, as
usual, ¢ := (g,9,V) and V := (Vq,..., V,).

Let ¢ > 0 and the functions g € C°(B), t € [0,T] — J; € D{(R?) and t € [0,7]
(R(t),7(t)) € SO(3) x R? be given as in the statement of the theorem.

Set now g' := g, V! := ¥;—¢ and V} := 9;0;—¢ € C3(R>)3. According to the self-propelled
constraints ([[.9), it is always possible to find four elements Vi (j =2,...,5) in Cj(R?)? such
that the element ¢' := (g!,9', V') be a SC which belongs to C(5), with V! := (V1i,..., V1.
Then, Proposition @ guarantees that for any § > 0 it is possible to find a SC controllable in
C(5), denoted by ¢! := (o', 9, V') where V! := (V}],...,V}), such that [¢' — &'([¢5) < 0/2.
Since t — 0y is continuous on the compact set [0, 77, it is uniformly continuous. For any v > 0,
there exists d, > 0 such that ||0,9; — 5t19t/||cg(R3)3 < v providing that [t —¢/| < d,. We then
divide the time interval [0,T] into 0 = t; < ta < ... < ¢, = T such that |t;11 —t;] < §, for
j=1,...,k—1. For any t; <t < to, we have the estimate:

[9: — (9 + (t = t) VD)l cpmeye < 19: — (0 + (E = ) Vi)l cp meye
+ 10" = 0 cxmaye + (E— 1)V = Villcameys-

On the one hande, we have, for all t € [t1,ta], [|0; — (9" 4 (t — t1)V]) || ca (rays < v[t —t1]. On the
other hand, still for t; < ¢ < t5 and if we assume that 6, < 1, we get: |01 — 791”03(}{3)3 + (t -
t1)|| V1 — V}Hcé(Rs)s < /2. We introduce now g2 := g' and 92 := ¥;—,. It is always possible to
supplement V? := 0,0, with vector fields V? (j =2,...,5) in such a way that ¢ := (§%,92,V?)
be in C(5) with the obvious notation V2 := (V%,..., V2).

We define ¢? := o' and 92 := 9!+ (to—t1) V1. Forany t; <t < t, Proposition [L.4 guarantees
that the SC ¢} := (o', 9" + (t — t1) V1, V1) is controllable. In particular, for t = t5, there exists
an integer k and a family of 11 vector fields in & (the set of all the Lie brackets of order lower
or equal to k) such that the determinant of the family is nonzero. But this determinant can be
thought of as an analytic function in V!. The set 7= 1({(o!,9')}) being an analytic connected
submanifold of (CZ(R3)3)5 (see Corollary R.§), the determinant is nonzero everywhere on this
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set but maybe in a closed subset of empty interior (for the induced topology). Therefore, it
is possible to find V? € (C§(R?)?)® such that || — ¢*[lcis) < (0/2 + v(t2 — t1)) 4+ 6/4, and
c? == (0%,9%,V?) is controllable.

By induction, we can build & and ¢/ (j = 1,2,...,k) such that ||¢/ — /|| < 5/24—2?:2 §/20+
v(t;i —ti—1) < 0 + vT. We choose ¢ and v in such a way that ¢ + v7T < ¢/2 and we define
t:[0,7] = 9; € D{R?) and t € [0,T] = & € C(5) as continuous, piecewise affine functions
by Uy == 9 + (t — t;)V] and & = (5,04, V) with § := o = o', Vs := VI if t € [tj, t;41]
(j = 1,...,k —1). Notice that for any t € [0,T], (i) ||J; — 7§t||c§(R3)3 < g/2 and (ii) ¢& is
controllable.

Definition @ and Proposition @ ensure that, on every interval [t;,¢j41] (j=1,...,k—1),
there exist five O functions X : [t;,t;41] — R (i = 1,...,5) such that the solution (R;,r;,s’) :
[t;,tj+1] = SO(3) x R? x R to the ODE ([L.d) with vector fields Z!,(R;,s) and Cauchy data
R;(t;) = R(t;), rj(t;) = ¥(t;) and s7(t;) = 0 satisfy:

L subyepe, 1, (IR = By Ollaes) + [FE) = v lms + 19 = 9l cyron ) < /2 with

0 =07 + 37, s () VY
2. Rj(tjs1) = R(tj41), rj(tjen) = ¥(tj41) and &7 (tj11) = (tj41 —1;,0,0,0,0)%

With these settings, the functions ¢ € [0,7] — J; € D}(R3), R :[0,7] — SO(3) and ¥ : [0,T] —
R? defined by 9, := 97, R(t) := R;(t) and #(t) := r;(¢) if t € [tj,t;11] (G =1,...,k — 1) are
continuous, piecewise C'. We extend also every functions s/ on [0,77] by setting s/(t) := 0 if
t € [0,¢;[ and s7(t) := (tj+1 —t4,0,0,0,0)" if t €]t;+1,T]. They are continuous, piecewise C! as
well.

It remains to smooth the function U (and hence also R and ). We can extend the functions
A on the whole interval [0,T] by merely setting X/(t) = 0 if ¢ ¢ [t;,¢;4+1]. Then, denoting
(F7) 1<i<s the canonical basis of (R%)* and S := Zle S0 sTF) € (RP)F, we get that (R, ¥, S)

1<<k ‘
is a Carathéodory’s solution to the following equation on [0, T']:

4 (R s
Z ] = J JI(R. S
7\ & ;;Az(sz(R,S), (5.1)

where T/(R,S) = (RX!(c7,s7), RX3(¢7,57),F]) € TrSO(3) x R? x (R%)*. Let X denote
analytic approximations of the functions )\{ in L'([0,T]) and denote (R, ¥, S) the corresponding
analytic solution to system (B.1)) with S := (3},...,5},83,...,82, ..., 8F,...,8%) and 9, := 9} +
Z?Zl Z?Zl 57 (t)V? which is analytic from [0, T] to C}(R3)3. According to Lemma [D.3, J; — 7,
can be made arbitrarily small in AC([0, 7], C§(R?)?), providing that the functions A/ are close
enough to )\{ in L'([0,T]). Notice that 9 does probably not satisfy the self-propelled constraints
([2) (especially at the times ¢;, j = 2,...,k — 1). It remains to invoke Proposition B.]] and the
continuity of the input-output function (second point of Proposition ) to conclude that there
exists t € [0,T] — 9, € D}(R?) analytic, satisfying ([.g) and such that

sup (IR = B(0) ) + 1) = 5@ lms + [0 = Felleymons ) < 2/
t€[0,T]
where (R, r) : [0,T] = SO(3) x R? is the solution to System (4) with initial data (R(0),r(0)) =
(R(0),7(0)) and control ¢. The proof is then complete.

6. Conclusion. In this paper, we have proved that, for a 3D shape changing body, the
ability of swimming (i.e. not only moving but tracking any given trajectory) in a vortex free
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environment is generic. The genericity refers to the shape of the body, its density and the
basic movements (at most five) required for swimming. This result is part of a series of articles
[E, @, , E] studying locomotion in a potential flow and the next step of this study will be to
investigate whether this controllability result can be extended to a flow with vortices.

Appendix A. Function spaces.

Classical function spaces.

e For any compact set K C R"™ (n a positive integer), the space C°(K) consists of the
continuous functions in K endowed with the norm |[u co(x) := sup,¢ g [u(z)]. The open
subset of the positive functions of C°(K) is denoted C°(K)™.

e For any open set Q@ C R3 (included Q = R3), D(Q) is the space of the smooth (C*°)
functions, compactly supported in €.

e For any open set Q@ C R? (included Q = R3), the set C3(Q) is the completion of
D(2) for the norm [Jullcr(q) = sSuPyeq |u(@)| + [[Vu(z)||rs. When Q = R3, we get
CiR?) :={ue C'R?) : |u(z)] = 0 and ||[Vu(z)||gs — 0 as [|z||gs — +o0}.

e The space C}(R3)? is the Banach space of all of the vector fields in R3 whose every
component belongs to C}(R?).

e Let £ be an open subset or an embedded submanifold of a Banach space and T" > 0,
then AC([0,T1], E) consists in the absolutely continuous functions from [0, 7] into E. It
is endowed with the norm [|ul| ac(jo,7],5) := SUPe(o,7] lut]| 2 + fOT |0put || pdt.

e C"(Q,M(k)) (m an integer) is the Banach space of the functions of class C™ in R3
valued in M(k) (M(k) stands for the Banach space of the k x k matrices, k a positive
integer) and compactly supported in .

o EJ"(Q2,M(k)) stands for the connected component containing the zero function of the
open subset {M € CJ*(2,M(k)) : det(Id + M (z)) # 0 Vz € R3}.

LEMMA A.1. The set D(R?) := {9 € C§(R?)? s.t. Id 4 9 is a C" diffeomorphism of R3} is
open in C}(R3)3.
Proof. The mapping ¢ € C§(R?)? — 0y := inf ocs2 (Id + VI(z),e) - e € R (5? stands

z€R3

for the unit 2 dimensional sphere) is well defined and continuous. For any 9y € D}(R?), we
have §y, > 0 and for all z,y € R? and e := (y — 2)/|y — x| the following estimate holds:
(y+9(y) —z—9(x))-e=|y—z f01<1d + Vi (x +te),e)-edt > |y —x|dy. We deduce that Id + ¢
is one-to-one if ¥ is close enough to ¥y. Further, still for ¢ close enough to ¥y, Id + ¥ is a local
diffeomorphism (according to the local inversion Theorem) and hence it is onto. O

DEFINITION A.2. We denote D§(R?) the connected component of ﬁé(R?’) that contains the
identically zero function.

If ¥ € Cj(R?)? is such that [ caymsys < 1, the local inversion Theorem and a fixed point
argument ensure that Id 4+ is a C! diffeomorphism so we deduce that D} (R?) contains the unit
ball of C}(R3)3.

Sobolev spaces. For any open exterior domain F, the weighted Sobolev space W (F) is
defined by W (F) := {u € D'(F) : u/\/1+ |22 € L*(F), Op,u € L*(F), i = 1,2, 3} (see [{] for
details).

Appendix B. Making shape changes allowable.

PROPOSITION B.1. Let t € [0,T] — 97 € D{(R3) for j = 1,..., 400, be a sequence of
absolutely continuous functions (respectively of class CP for p = 1,...,4+00 or analytic) which
converges to t € [0,T] — 91 € D§(R3) in AC([0,T), DL(R3)). Assume that for some function
0 € COB)T, the pair (0,9 satisfies ([LJ). Then, there exists a sequence t € [0,T] — 0 €
D{(R3) (j =1,...,+00) in AC([0,T], D}(R?)) (respectively of class CP for p =1,...,+00 or

17



analytic) such that (i) for any j =1,..., 400, the pair (0,97) satisfies (L) and (ii) 97 — Ot in
AC(]0,T], D§(R?)).

Proof. Denote m := [jodx and, for every j = 1,...,+00, ©) = Id+ ¢ and ri(t) :=
(1/m) fBQQ{ dz. Then, for any continuous function ¢ € [0,7] — R(t) € SO(3), we have
[ 0R(t)&] dz = 0 where 6] := ©7 —r/(t). Let us now determine an absolutely continuous
function ¢ € [0,7] — RI(t) € SO(3) such that we have also [, [0, (R (1)6]) x RI(t)6]]dz = 0
for all t €]0, T[. Introducing 1(6]) := [, 0[|67|*1d — 6] @ 6]]dx (an inertia tensor with ¢ > 0,
so always invertible) and G(67,8,0]) := 1(6])! I 00:0] x OJdz, the identity above can
be turned into RY(t) = RI(t)G(67,0,0]) (0 < t < T). Since SO(3) is compact, this ODE
supplemented with the Cauchy data R(0) = Id admits a unique solution defined for all ¢ € [0, T].
The solution has the same regularity as t € [0,7] — ¥/ € D§(R?). Besides, basic estimates
allow to prove that (R7,r/) — (Id,0) in AC([0,7T],S0(3) x R3) and next that ¥/ — 9T in
AC([0,T],C§(R?)?). Notice that, at this point, we probably have 17 ¢ D}(R?). Let now 2 be
a large ball containing Utg[e()qu] ég (B) and €' be an even larger ball containing Q. Consider x a

J

cut-off function such that 0 < x <1, y = 1 in Q and xy = 0 in R3®\ Q. Define @7 as the flow
associated with the Cauchy problem X (t,z) = x(2)0,97 + (1 — x(x))09", X(0,z) = O]_, (),
(z € R®) and 97 := @7 — Id. Since 9_, = 9]_,, we deduce that ¥ € D}(R3) for all ¢ € [0,T]
and the sequence t € [0,7] — ¥ € D}(R?) complies with the requirements of the Proposition.
O

Appendix C. Making vector fields allowable. Let a triplet (p,9,V) € C°(B)* x
D§(R3) x (Ci*(R?)*)™ be given such that [, 00 da = 0 where © = Id+49. Recall that ¥ = 9B.

ProproOSITION C.1. [t is always possible to define new vector fields V7 in such a way that
(i) Vils = Vils, (i) (0,9,V*) € C(n) with V* := (V7{,...,V}) and (iii) [ 06 - V}dz =0.

Proof. Arguing like in the proof of Theorem , we can easily show that the mapping
W eCH(B)? — ([poWdz, [,00 x Wdz, [00-Wdz) € R® x R? x R is onto with infinite
dimensional kernel. Hence, it is always possible to find a vector field Wy € C}(B)? satisfying
JpoWide = — [oVida, [00 x Wide = — [,00 x Vidz, [,00 -Whdz = — [,00-
V!dz and such that {O|p - ek, (V1 + W1)|p - ex, k = 1,2,3} is a free family in C}(R?)>. We
denote Vi := V1 + W;. We can continue with the same idea: The mapping W € C}(R?)?
(JpoWdz, [ 00xWdz, [, 0VixWdz) € R*xR3xR? is onto, also with infinite dimensional
kernel. Again, it is possible to find Wy € Cj(B)? satisfying [, 0 Wadz = — [, 0Vadz, [ 00 x
Wyder = — [, 00xVadz, [,00-Wader =— [,00-Vydzand [, o VixWadz = — [;0Vix
Vadx and such that {O|p - ek, Vi|p ek, (Vo + Wa)|p-ex, k=1,23} is free in C}(R?)3. We
can set V3 := Vo + W3 and iterate this process to define V3, ..., V>. 0O

Appendix D. Added mass matrix for particular shaped swimmers. Let B be an
open, bounded, connected, C! subset of R3. Denote X its boundary, n the unit vector to
X directed toward the interior of B, F := R3\ B and consider the 6 x 6 symmetric matrix
M/ of which the entries are defined by J= Vi - Vipjdz (1 < 4,5 < 6) where the functions v;
(¢t =1,...,6) are harmonic in F and satisfy the Neumann boundary conditions 9,,¢; = (e; X x)-n
on XY ifi=1,...,6 and 0,9; =e;_3-nifi=456.

PROPOSITION D.1. The matriz MY is always positive and it is positive definite if and only
if B has no axis of symmetry.

Proof. Denote a := (a1, ...,a6)" any element in RS and 1 := Z?Zl a;1);. Then, we have
o'M/a = [ ||Vi||{adz > 0 which proves that M7 is indeed positive. Let now a be in RS such
that a'M/a = 0. It means that ¢ = 0 and hence 9,1 = Z?Zl ai(e; X x) -n+ 2?24 ae;-n =0.
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Denoting u := 2?21 a;e; and v := 2?24 a;e; -n = 0, this condition reads (u x z+v)-n =0 on
Y. The case u = 0 is obviously not possible, otherwise we would have v-n(z) = 0 for all z € X' so
let us assume from now on that u # 0. For all z € X, (ux x+v) € T, X (the tangent space to X
at z). Let us set w := (uxv)/[ul?. Then (uxz+v) =ux (r—w)+Auwith X := (v-u)/[ul?. In
this form, we can explicitly compute the expression of the flow connecting to the ODE X (t,x) =
ux (X(t,x)—w)+Au, X(0,2) = 2. We obtain X (t,z) = exp(tQ)(r —w)+w -+t u for all t € R.
Since X (¢, x) has to remain on X for all ¢ € R and X' is bounded, we deduce that Au = 0. For
all z € X and all t € R, the point X (¢,x) lies on X. It means that X is globally invariant under
a rotation whose axis has u as direction vector and goes through w. O

Let M be a smooth embedded submanifold of a Banach space E and X := (X;)1<;<n be set
of smooth vector fields on M.

LEMMA D.2. Let a; be in L°([0,T]) (i = 1,...,n) and = be a Carathéodory’s solution
defined on the time interval [0,T] to the ODE &(t) = > a;(t)X;(x) (0 <t <T), with Cauchy
data z(0) = z9 € M. Let the functions of , (i = 1,...,n, k € N) be in L'([0,T]), such
that of — «; in LY([0,T]) as k — +oo. Then, for any sequence of Carathéodory’s solutions
(zi)ken satisfying iy (t) = > i af (t)X;(x) with Cauchy data x(0) = xo, the functions xj, can
be continued on the whole interval [0,T] for k large enough, xi — x uniformly on [0,T] and
i — & in LM[0,T], M).

Proof. For any § > 0 small enough, denote by K the compact {x € M : |[[z—x(t)|g < 0, t €
[0, 7]} and denote ks > 0 the Lipschitz constant such that Y " | || X;(2) = X;(y)|| g < ksllz —yl|le

,,,,,,,,,,

such that xy(t) € K; for all t € [0, tx[. We get the estimate, for all ¢ € [0, tx[:
n + t
Ja®) ~ (@)l <Y [ lasls) — ak(o)lds 4 mbs [ fon(s) - a(o)lpds. (D)
i=170 0

For any & > 0, we can choose k large enough such that » . | fot loi(s) — ak(s)|ds < ee=™ksT /M.
Applying Gronwall inequality to (D-1]), we obtain that ||z(t) — xx(t)||z < ¢ for all t € [0,#[. We
deduce first that if € < d, the solution xj can be continued on the whole interval [0, 7] and then
that xx — = uniformly as k — +o00. Writing now that:

/O l[&x () — &()]| pdt < Z/O o (1) = (D1 Xi (@ ())& + loi (D] Xi (. (8)) = Xi((t)) || dt

noot t
< MZ/ b (8) —ai(t)|dt+mk:5/ lza(t) — 2(8)]| wdlt,
i=170 0
we get the convergence of the sequence (i )ren to @ in L1([0,T], M). O
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