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Abstract

This paper deals with the problem of parameter estimation in the Cox-Ingersoll-Ross
(CIR) model (X¢)¢>0. This model is frequently used in finance for example as a model for
computing the zero-coupon bound price or as a dynamic of the volatility in the Heston
model. When the diffusion parameter is known, the maximum likelihood estimator (MLE)
of the drift parameters involves the quantities : fot Xsds and fg )d(—ss. At first, we study the
asymptotic behavior of these processes. This allows us to obtain various and original limit
theorems on our estimators, with different rates and different types of limit distributions.
Our results are obtained for both cases : ergodic and nonergodic diffusion. Numerical
simulations were processed using an exact simulation algorithm. AMS 2000 Math-
ematics Subject Classification. 44A10, 60F05, 62F12, 65C05. Key Words and
Phrases. Cox-Ingersoll-Ross processes, nonergodic diffusion, Laplace transform, limit
theorems, parameter inference, simulation efficiency : exact methods.

1 Introduction

Over the last few years, an interesting process emerged and became quite popular in finance,
after Cox-Ingersoll-Ross (CIR) proposed it for modelling short-term interest rates [4]. It is also
used for modelling stochastic volatility in the Heston model [10]. The CIR process (X):>0, also
known as the square root diffusion, is solution to the stochastic differential equation (SDE)

dXt = (a — bXt)dt + \V 2U|Xt‘th, (1)

where Xog =2 >0,a>0,b€ R, 0 >0 and (W,;);>0 is a standard Brownian motion. Under
the above assumption on the parameters that we will suppose valid through all the paper, this
SDE has a unique strong solution (X;);>o (see Ikeda and Watanabe [11], p. 221) and from
the comparison theorem for one-dimensional diffusion process (see Revuz and Yor [20], p. 394)
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we deduce that X; > 0. In the particular case b = 0 and ¢ = 2, we recover the square of a
a-dimensional Bessel process starting at x. Let us recall now some basic properties on the CIR
model and let 7 := inf{t > 0|X; = 0}, with the convention inf () = co. In the case a > o, the
process is strictly positive, 7y is infinite almost surely, otherwise it is nonnegative, which means
that it can reach the state 0. More precisely, for a < o and b > 0, 7y is finite almost surely and
for a < o and b < 0, we have P, (79 < oc0) €]0, 1[. Note that in the case 0 < a < o, when the
process reaches the boundary, the state 0 is instantaneously reflecting (see e.g. Going-Jaeschke
and Yor [8] or Lamberton and Lapeyre [16] for more details). From the ergodicity point of view,
the CIR process is ergodic and its stationary distribution, say m, is a Gamma law with shape
parameter a/o and scale parameter /b, provided that b > 0. In this case, for all h € L'(n),
1 fo s)ds converges almost surely to [, h(z)m(dz).

Durlng the last decades, several authors studied the problem of estimating parameters
in the drift coefficient when a diffusion process was observed continuously; this corresponds to
observe the path of the diffusion over an interval [0, T], T' > 0. This theory has been established
mainly by Lipster and Shiryayev [17] and Kutoyants [15]. This approach is rather theoretical,
since the real data are discrete time observations. However, if the error due to discretization
is negligible then the statistical results obtained for the continuous time model are valid for
discrete time observations too. In the literature, most of the articles are concerned with ergodic
diffusions and only few results can be found for the nonergodic case (see e.g [15] section 3.5 of
chapter 3 and references there). In this last reference, many technics are proposed to construct
estimators of the drift parameters. Furthermore, when the drift coefficient depends linearly
on the parameters, one can hope to obtain a nice explicit formula of the maximum likelihood
estimator (MLE). To our knowledge, one of the first papers having studied the MLE for the
problem of estimating parameters in the CIR model is that of Fournié and Talay [7]. They
have established its asymptotic normality in the case b > 0 and a > o.

The aim of this paper is to investigate the MLE of the drift parameters in the CIR model
for a range of values (a, b, o) covering ergodic and nonergodic situations. Roughly speaking, if
we estimate one of the drift parameters and suppose known the other one, the MLE error has
the form M,/(M);, where (M;):>o is a Brownian martingale with quadratic variation (M),. If
b > 0 and a > o, the asymptotic normality of the estimators is obtained using the classical
martingale central limit theorem as in Fournié and Talay [7]. Otherwise, this argument is no
more valid, even in the special ergodic case b > 0 and a < o, since [(1/x)7m(dz) = co. To
overcome this difficulty, we study the asymptotic behavior of the couple (M, (M i)

In the second section, as in our framework (M), is either fo X,ds or fo >, we proceed
by computing their Laplace transform. The first one is well known (see e.g. Lamberton and
Lapeyre [16], p. 127). However for the second one, which is more subtle, we apply recent
results of Craddock and Lennox [5], who employ Lie symmetry methods to evaluate certain
expectations for a large class of It6 diffusions. This allows us to obtain a precise description of
the asymptotic of the fo Xds (see Proposition 1 and 3) and f bds (see Proposition 2 and 4).

Then in the third section, we take advantage of thls study to prove new original results on
the asymptotic of the MLE that are not necessarily normal. The asymptotic theorem concerning
the MLE, by (resp. ar), of b (resp. a) is obtained with different rates of convergence that are
unusual in most cases : VT for b > 0, T for b = 0 and e *7/2 for b < 0 (resp. VT for b > 0
and a > o, T for b > 0 and a = 0, y/logT for b=0 and a > ¢ and logT for b =0 and a = o).



In those different cases, the corresponding limit distributions are given by Theorem 1 for the
MLE of b and Theorem 2 for the MLE of a.

Finally in the last section, we illustrate our asymptotic results using an exact simulation
method. Indeed, to simulate the couple (XT,fOT Xsds) we use and perfect the method of
Broadie and Kaya [3] based on an explicit evaluation of the conditional Laplace transform of
OT f(—ss), we first establish a new explicit formula of the
conditional Laplace transform of fOT ;‘l{—‘z given Xp (see Theorem 3 and 4) and then we deduce
an exact simulation method of the couple in the same manner as in [3].

fOT X,ds given X7. Concerning (Xr,

2 The Asymptotic Behavior of fot X.ds and fot %";

Let us recall that (X;);>o denotes a CIR process solution to (1). It is relevant to consider
separately the cases b = 0 and b # 0, since the process (X;);>o behaves differently.

2.1 Caseb=0

In this section, we consider the Cox-Ingersoll-Ross CIR process (X;);>o with b = 0. In this
particular case, (X;)¢>o satisfies the SDE

dXt = adt + V QUXtth (2)

Note that for o = 2, we recover the square of a a-dimensional Bessel process starting at x
and denoted by BESQ¢. This process has been attracting considerably the attention of several
studies (see Revuz and Yor [20]). The asymptotic behavior of (X, [y X,ds) and f; £ are
established by our next two propositions.

Proposition 1 Let (X;)i>0 be a CIR process solution to (2), we have
X, 1 [ aw
(Tt; ﬁ/ Xds) daw, (Ry, 1) ast tends to infinity.
0

where (Ry)i>o is the CIR process starting from 0, solution to (2) and I; = fot R.ds.

Proposition 2 Under the above notations, we have

bd
1. ]P’m</—S<oo):12'fand0nlyz'fa20.
) X

1 [td 1
2. Ifa > o then — » P,
logt J, X a—o

as t tends to infinity.

1 Pds e . _ . N |
(logt)? J, X, 1%, 71 as t tends to infinity, where 1 is the hitting time
0 s

associated with Brownian motion Ty = inf{t >0 : W; = \/LTU}

3. If a = o then



In order to prove these propositions we choose to compute the Laplace transform of the couple
(X, fo Xds) and fo . Here are the obtained results.

Lemma 1 We have
o For A\>0 and u > 0,

E, <e—>\Xt—Mf(f Xsd5> — €—G¢/\,u(t)€_$w>\,u(t)’

where functions ¢y, and 1y, are given by

Acosh(pt/2) + 27“ sinh(pt/2)
% sinh(pt/2) + cosh(pt/2)

Oru(t) = élog (? sinh(pt/2) + oosh(pt/Q)) U u(t) =

and p = 2,/op.

o For >0,

¢ ds Dk+¥%+1) fo\5+5-k x v 1 x
o (88) <N (195 (2 (g b 2)
‘ I'(v+1) ot P\ ) 1 +2+21/+ "ot » 3)

1

where k = 21, v = —\/(a —0)?+4po and 1 Fy is the confluent hypergeometric function
o o

defined by 1 Fy(u,v,2) = Y oo “ 20 with ug = v = 1, and forn > 1, u, = Po(u+ k)

n=0 v,
and v, = [[1—5 (v + k).

Proof: Taking b = 0 in Proposition 2.5 of chapter 6 in [16], we deduce the first assertion. For
the second one, we apply Theorem 5.10 in [5] to our process. We have just to be careful with the
misprint in formula (5.24) of [5]. More precisely, we have to replace v/Azy, in the numerator
of the first term in the right hand side of this formula, by \/Axz/y. Hence, for a > 0 and o > 0,
we obtain the so called fundamental solution of the PDE u; = 02ty + au, — (& + Av)u, A >
0,p0>0:

tay) = —2 20 _AVIANTY
plt7.y) o sinh(vV oAt o tanh(vVoAt) o sinh(VoAt)

where [, is the modified Bessel function of the first kind. This yields the Laplace transform of
the couple (fot X,ds, J;l(—‘z), since E, (e_’\fo Xsds—p [y §> = [7p(t,z,y)dy. Evaluation of this

integral is routine, see formula 2 of section 6.643 in [9]. Therefore, we get

. —k
E, (e—,\fox sy [} di) _ F(I]f;j_;i) (\/ax co;h(\/at)> exp (_\/Z_)\x coth(ﬁt))

Vor (g)k—l/Qe_Xp (_ Vor(z +y) )1 ( 2V/oN /Ty ) @
; - ,

X ex Vo M Vo (5)
P 20 sinh(v/oAt) cosh(vVoAt) e o sinh(v/oAt) cosh(vort) |



where M ,(z) is the Whittaker function of the first kind given by

[SIEN

1
M, (z) = PRl 1Fi(r—s+ 3 2r+1,z2). (6)

See [9] for more details about those special functions. By inserting relation (6) in (5) we obtain
Y+3-k

t t ds I'(k 14 1 7%7%,k
E, (MR ) = _(r<+u—i 52)‘ (cosh(varr)) ( —.ﬁ_ y‘m)
g Sl g

2V 1 2V
X exp (— i coth(v 0At)> 1 Fy <k: + v +—,v+1 i ) )

o 22 " o sinh(vot) cosh(voAt)

We complete the proof by letting A tend to 0.

O
Proof of Proposition 1 :  Under the notations of the above Lemma, it is easy to check
that .
VO .
© t) = ——]. y 1 A t) = 0
qb%’??( ) s 08 (a/\ sinh(\/o1) + /o cosh(,/a,u)) tggypi’t?( )
and

lim E (e—k%—t% fJX.m) _ NG ;'
P oAsinh(\/opn) + /o cosh(y/o )

Noting that the first assertion of Lemma 1 remains valid with = 0 (see [16]), we deduce that
the obtained limit is simply the Laplace transform of the CIR process starting from 0, solution
to (2) with ¢ = 1. This completes the proof. O

Remark It is worth to note that Proposition 1 can be obtained by a scaling argument, but
in order to standardize the technics used in this section we dropped this idea.

Proof of Proposition 2 For a > o, by Lemma 1, we have
L ds . —p [ s
P, — <™ :hmEm<e“0xs>:1.
0 Xs fi—00
In the case a < o, we have
" ds 1 r\1-% x a x
([ % <) -ty () Fee(-2) 8 (-2 2)

< 0 Xs OO) [(2-2) \ot P\ To) oo

Thanks to the following formula (see section 9.211 in [9])

1—‘ z
1Fi(rys,2) = T )21—5/ e"u" "z — )" du,
0



for Re(s) > Re(r) > 0, we obtain

tds ) e ot 7 x -5
P, — <0 :—a/ e“(——u) du.
( 0 Xs P(l — E) 0 ot

After the change of variable, v = % — u, the last relation becomes

tds ) 1 /:t a
P, — < 0| == e v edv < 1.
( 0 Xs r-2)J

For the second and the third assertions, we consider a positive function 7(t) increasing to
+o00 when ¢t — +00. Using standard evaluations, it is easy to prove that

lim E (e_# 55{7) = lim exp _ 1 og—a+y/(a—0)*+ Ao log (t)
totoo t—+o0 20 v(t)? '
e If a > o, let € denotes a function such that lim, .o e(z) = 0, we have

Jim e (BB e (~ (St * 5 () = 0))

= exp (—ﬁ) , by taking v(t)* = log(t).

e lfa=0
i Sl — _Lﬂ
tllfrn E, <e ® ) = thfrn exp ( N0 log (t))

= exp (—\/Tz) , by taking ~(t) = log(t).

This completes the proof.

([l
We now turn to the case b # 0.
2.2 Caseb+#0
Let us resume the general model of the CIR given by relation (1) with b # 0, namely
dXt = ((I — bXt)dt + \V QUXtth, (7)

where Xg =2 > 0, a >0, b € R*, 0 > 0. Note that this process may be represented in terms
of a square Bessel process through the relation X; = e %Y (Qib(ebt — 1)) , where Y denotes

2a

a BESQy . This relation results from simple properties of square Bessel processes (see e.g.
Going-Jaeschke and Yor [8] and Revuz and Yor [20]). We can now formulate the main results
of this subsection.



Proposition 3 Let (X;)i>0 be a CIR process solution to (7), we have

1 t
1. If b > 0 then Z/ X,ds £, % as t tends to infinity.
0

t
2. Ifb < 0 then [ X, ebt/ Xsds> Law, (Ryy,toRy,), ast tends to infinity, where to = —1/b
0
and (Ry)i>o is the CIR process, starting from x, solution to (2).

Proposition 4 Under the above notations, we have

td
1. ]Px</ —S<oo):1ifand0nlyifa20.
0 X

s

bd b
2. Ifb>0anda>oc then - —S L, as t tends to infinity.
X a—o
dS law
3. Ifb>0anda =0 then — Y — Ty as t tends to infinity, where 5 is the hitting

time associated with Browmcm motion Ty ;= inf{t >0 : W, = \/—277}

d aw to
4. Ifb<0anda > o then/ YS low, I, = / R.ds ast tends to infinity, where to = —1/b

0
and (Ry)i>o is the CIR process, starting from x, solution to (2).

Remark : When a > o and b > 0 the CIR process is ergodic and the stationary distribution
is a Gamma law with shape a/o and scale o/b. Let & faw ['(a/o,0/b), according to the ergodic

theorem, 1 [ X,ds PR = @ and L [ & giie E(g) = —b as ¢t tends to infinity. In this
case we recover the first assertlon of Prop051t10n 3 and the second assertion of Proposition 4.

In order to prove these propositions we need the following result.
Lemma 2 We have,

e for A >0 and p > 0, the Laplace transform of (X, fg Xds) is given by

]E:c <6—)\Xt—ufg Xsds> _ e—a@,”(t)e—w%,u(t)’ (8)
where Hb—p))2
- 1 2pet"P
¢A,u(t) = ——10g Y py
o 2001 —e=P)+ (p—ble P+ (p+b)
and

AMp+b)e” +(p—b)) +2u(l —e )
20\(1 —e ")+ (p—ble P+ (p+b)

7;/\41(15) =
with p = \/b?> + 4o pu.



ds

o For u > 0, the Laplace transform of fo £ is given by

+

E, () = Lhtit+y) 1,
¢ T(v+1) zkak

9)
b 2x v 1 (
X exp (% {at—ebt_l}) 1Fi (k+§+§,l/+1,6),

et bx
B
o(ett —1)

Remark : Note that the limit of the above Laplace transform, when b goes to 0, in formula
(9) allows us to recover relation (3).

[SIN
N=

a
where k = —, «

1
9% :m CL?’LdV:;\/(a—O)2+4ILLO.

Proof The first assertion is given by Proposition 2.5 of chapter 6 in [16]. For the second one,
we first apply Theorem 5.7 of [5], for b € R. We obtain the fundamental solution of the PDE
Up = OTUze + (@ — bT)up — B, >0

o= g (D
pt, T, y) = 20‘Sinh(|b|t/2> x

b
xexp (o ot + (o = y)] -

bl + 9) tly7y 1o
20tanh(|b|t/2)) L (asinh(|b|t/2)) ‘

By the parity of hyperbolic functions, we omit the |.| in the above formula. This yields the
Laplace transform of fo -, since E, <e*“f0 %> = fo (t,z,y)dy. In the same manner as in

the proof of Lemma 1, formula 2 of section 6.643 in [9] gives us

ey _ T+ 5+ 3) e b 2 )
E( ' > I'(v+1) wFak P\ 25 ot et —1 Moz (B) (11)

Finally, by inserting relation (6) in (11) we obtain the announced result.

O

Remark : In the above proof, relation (10) extends Corollary 5.8 of [5], established in the
case b > 0, to the case b € R. It is worth to note that formula (5.20) in this Corollary remains
valid for this extension, thanks to the parity of hyperbolic functions.

In the following proofs e will denotes a function satisfying lim, .o e(x) = 0, that can change
from an evaluation to an other.

Proof of Proposition 3 Let y(t) be a (non-random) positive function increasing to +oo
when ¢ — +o00, we take A = 0 and replace p by u/v(¢)? in relation (8). In the case b > 0, an
easy computation shows that

. — b [t X,ds _ ab dpo
~(t)2 Jo — _ -
thI_El E, (e ) tL1+m exp ( 20t ( 1+ ENOE 1))

- eXp( ;iv(t) (Z;JJF&(W(}#P)))'

8




The first assertion follows by choosing (t)? = t.
Next, we study the case b < 0. According to the first assertion of Lemma 2, we have

E, (ef)\ethtf,uebt f(f Xsds> _ e_ad;kebt,ﬂebt(t)e_a”[’)\gbt’#ebt(t)
with p = /b2 + dopet’. As the Taylor’s expansion of p + b is equal to —22Le + ebz(e), we

deduce that lim;_ oo (p+ b)t = 0 and lim;_ oo (p + b)e” = limy_ oo (p + b)e™® = —222. Hence,
it’s easy to check that

- 1 —b — —bA+p
) =g (S ) i ) = S
Therefore

. . alo .
lim E, (e’Aethffﬂebt Jo Xst) = (—b ~ ) exp (—x—b)\ * Lf, )
t—+00 oA—b—7Fn oA—b—Fn

In the other hand, using the first assertion of Lemma 3, we identify the Laplace transform of
the announced couple limit (Ry,,toRy,), which completes the proof. UJ

t
Remark : For b < 0, we can also give this representation ebt/ X,ds lw 1= L1+

0
L2 as t tends to infinity where L1 and L2 are two independent random variables, L1 has
a gamma distribution and L2 has a compound Poisson distribution. More precisely L, aw

['(a/o,0/b?) and Ly "% SV X where N "YW p(xb)o), for all k > 1, Xj "2 E(o/b%) and
(N, X1, -+, Xp, ) are mutually independent.

Proof of Proposition 4 Note that, the Laplace transform of fg ;—i converges to P,( bds

0 X,
o0) as pu — 0. If a > o, using standard evaluations, it is easy to prove that

" ds 15} % b 2x
P bt = [ = — — =1.
A %)= () oo -2 +9)

In the other case, a < o, we have

" ds 1 B2 b 21 a
p, (| & - ’ L P F (1,2——,
(0 XS<°°) I —%)(m)zoexp(% {‘“ ebt—lDl : -)




for Re(s) > Re(r) > 0, we obtain

ds e P s _a
P( X<OO>:F(1—_§)/O'€(ﬁ—U) v du.

After the change of variable, v =  — u, the last relation becomes

ds 1 B a
P, — = Yy od 1.
( X <oo) F(l—f)/o e ‘v v <

Now our task is to study the asymptotic behavior in distribution of the quantity fot )dT
when b > 0 and a > 0. Let y(t) be a (non-random) positive function increasing to +oo when
t — +o0o. If we replace i by i/v(t)? in relation (9), since log(3) = log(bx /o) — bt —log(1—e"),

) 5 Ji §s> B 1 ab 1 o | Auo
v(f s = —t— | — — —
tllﬂo E, <6 tllﬂo ohak P 20t 20 (a=0o)*+ ~(t)? 3| los(A)
ab 1 dpo 1
= 1 —t— | — —0)? —|bt|.
o P (20 [20 \/(a oy + ~(t)? N 2 )
e For a > o, we have

de b - 4 1
lim ]Ez<e W(UQIOX*) = lim exp(a—t—[a d 1+L+_

t—-+00 t—-+o0 20 20 v(t)?*(a —0)? 2

bt t 1
= lim exp< 2,u + ( )) .

T oo Y(t)2(a—o) = y(t)? A(t)?

Taking v(t)> = t, we deduce that + fo ds converges in distribution and of course in
probability to the constant b/(a — U)

e For a = o, we have

. s fy ;gs> B bt
tLIeroo E, <e © tggrnoo exp NGO NN

Taking now 7(t) = t, we deduce that - fo converges in distribution to 7.

It remains now to prove the last assertion. For b < 0, when ¢ goes to infinity in relation (9),
since v converges to 0 and § to —bx /o, we have

¢ ds Dk+%+3) [ —bx EAE R v 1 —bx
li Ex( —u fo ds> = ~F .z 12
e \© T(v+1) R R R S

b
x lim exp (2— [at 4 2z] — klog a)

t——+o00
Nk+%+3 sy bx v 1 —bx
= — |1 k+= 1, —
V—i—l ( ) exp(0)11<+2+2y+ 0)
Finally, we conclude by identifying the limit distribution with relation (3) in Lemma 1. U

10



3 Statistical Inference of the CIR model

Let us first recall some basic notions on the construction of the maximum likelihood estimator
(MLE). Suppose that the one dimensional diffusion process (X;);>o satisfies

dXt = b(@,Xt)dt + O'(Xt)th, Xo = Xy,

where the parameter 6 € © C RP, p > 1, is to be estimated. The coefficients b and o are two
functions satisfying conditions that guarantee the existence and uniqueness of the SDE for each
6 € ©. We denote by Py the probability measure induced by the solution of the equation on the
canonical space C(R;,R) with the natural filtration F, := o(Ws, s < t), and let Py, := Py|F;
be the restriction of Py to F;. If the integrals in the next formula below make sense then the
measures Py, and Py, 4, for any 6,60, € ©,t > 0, are equivalent (see Jacod [12] and Lipster and
Shirayev [17]) and we are able to introduce the so called likelihood ratio

dP Lh(0, X,) — b6y, X,) 1 [15%(6, X,) — b2(6,, X,)
e / s ’ stS——/ e ds . (12
! ST WA o2(X,) 2 J, o2(X,) sp- (12)

The process <Lf’00> is an F;—martingale.
>0

In the present section, we observe the process X7 = (X;)o<i<r as a parametric model
solution to equation (1), namely

dXt = (CL — bXt)dt + 20'Xtth,

where Xg =2 > 0,a > 0,b € R, 0 > 0. The unknown parameter, say #, is involved only in the
drift part of the diffusion and we consider the two cases § = b or § = a. This study includes
both ergodic (b > 0 and a > ¢) and nonergodic cases.

3.1 Parameter estimation 6 = b

The appropriate likelihood ratio (12), evaluated at time 7" with 6y = 0, is well defined and is
given by

1 /T
Lp(b) == L% = exp {%(x - Xr) + 4—/0 (2ab — bQXS)ds} .

o

The MLE by of b maximizes Ly(b), then

B CLT"‘JI—XT

= 13
’ fOT Xqds (13)
Hence, the error is given by
T
A XdWs
by — b= 2zl VAW

fOT X.ds

As mentioned in the introduction, the above error is obviously of the form M,/(M),, where
(M;)i>0 is a Brownian martingale with quadratic variation (M),. If this quadratic variation,

11



correctly normalized, converges in probability then the classical martingale central limit theo-
rem can be applied. Otherwise, the study of the couple (X7, fOT X;) will be helpful to investigate

the limit law of the error. The asymptotic behavior of by — b can be summarized as follows.

Theorem 1 The MLE of b satisfies
. b
1. Case b>0 : L, {\/T(bT — b)} :>/\/'(0,205).

—R
a4 L where (Ry;) is the CIR process, starting from 0,

2. Caseb=0: L, {T((ST — b)} —
solution to (2) and I; = f(f Rgds.

3. Case b < 0 : L, {e’bTﬂ(lA)T - b)} = %, where (G, R) is a couple of random variable

characterized with its joint moment generating-Laplace transform. For A € R and > 0,

bo\° A2/b
po/b+b po/b—+b
Therefore G and R are correlated, G is normal and R has the same distribution as toRy,,
to = —1/b, where (Rt)i>o is the CIR process, starting from x, solution to (2).

Proof :  In the case b > 0, by Proposition 3 and the central limit theorem given by Y.A.
Kutoyants (see Theorem 1.19 in [15]) we have

P, — hml/Tde—2 L {L/T\/de}:w\/(o )
b o s ba b \/T[) s s ’b.

T—oo T

Therefore we obtain the first assertion. In the second case b = 0, by Proposition 1 we have

Xr 1 (7
;Co{?,ﬁ/o XSdS} — (Rlall)-

Hence

< a+Z -3 a— Ry
72 JO §

For the last case b < 0, by Proposition 3 we have
T ~ ~
Eb {GbTXT, GbT/ XSdS} — <Rtoa 2(;0}%150> )
0

where to = —1/b and (R;);>0 is the CIR process, starting from z, solution to (2). It follows

that .
. Tl +2—Xr—b [ X
£b {bT — b} = Eb ¢ (CL iT TT fo 8) =0
el [ Xds

12



and also in probability, which proves the consistency of br. Now, in order to study the asymp-
totic behavior of by — b, we introduce the joint moment generating-Laplace transform of the

renormalized couple (ebT/ (= Xr—b fOT X,ds), e'" fOT Xsds), namely for A in the neighbor-
hood of the origin and > 0 we consider

Ez (6—)\ebT/2(XT+beT Xsds)—pebT fOT Xsds> _ Eac (e—)\ebT/2XT—()xebT/Zb—l-uebT)fOT Xsds> )

By noting that the result of the first assertion in Lemma 2 remains valid for small values of A,
the above quantity becomes equal to e~ u(De=¥xu(T) where

_ 1 2pe (b+p)/
o "\ 20M(e DT — eAT) 4 (9= b) + (p+ b)erT

AT ((p+b) + ( —b)efT) + 2(Ne?T/2b + petT) (ePT — 1)
20T — e3T) 4 (p = b) + (p + b)erT ’

with p = /b2 + 4o(AePT/2b + petT). Since p goes to —b and (p + b)T goes to zero as T' tends
to infinity, we have

and

w/\u( )

_ 1 —2
lim ¢, ,(T) = —— lim log b '
T—o0 0 T—oo (20Xe2T + p+ b)erT — 20

B —bT'/2 2
lim gy o(T) = lim — 20 (PFOF2
T=co T—oo (20 e2” + p+ b)erT — 2b

and

A Taylor’s expansion gives limy_..(20Ae2” + p + b)e’” = —20p/b and limy_.oo e 27/2(p + b) =
20\ /b. This completes the proof. 0J

3.2 Parameter estimation 6§ = a

According to relation (12), the appropriate likelihood ratio, evaluated at time 7" with 6y = 0,
T ds o . .
makes sense when P, ( f; §* < oo) =1 and is given by

Tax, 1 T a2 — 2abX,
0 0 s

The MLE a7 of @ maximizes Ly(a), then

T dX,
AR
ar = T ds
0 X,
Hence, the error is given by
fT AW,
. \/X
ar —a = —=
S
0 X,

13



As explained in the last subsection, we can apply the classical martingale central limit theorem
when fOT %, correctly normalized, converges in probability. Otherwise, using It6’s formula, we
rewrite the MLE as follows

log X7 —logac%—bT—i—ofOTﬁ

ar = T ds Xe (14)
0 X
and now we study the couple (log(Xr), OT )dTS) in order to obtain a limit law for the error. The

asymptotic behavior of ar — a can be summarized as follows.

Theorem 2 The MLE of a is well defined for a > o and satisfies

1. Caseb=0anda> o : Ea{\/logT(dT —a)}:>/\/(0,20(a—0)).

2. Caseb>0anda>o : Ea{ﬁ(dT—a)}:N(O,%b_a)).

1
3. Caseb=0anda =0 : L,{(logT)(ar — a)} = —, where 7, is the hitting time associ-
T1

ated with Brownian motion 71 = inf{t >0 : W, = —=}.

b
4. Case b >0 and a = 0 : Lo {T(ar —a)} = —, where 7y is the hitting time associated
2

with Brownian motion 1o = inf{t >0 : W, = \/%}
5. Case b< 0 and a > o : the MLE estimator ar is not consistent.
Proof : At first, from Proposition 2 and 4, we have P, ( OT )deS <o0)=1fora>o.
In the case b = 0 and a > o, by Proposition 2 and the central limit theorem, we have

.1 [Tds 1 1T aw,
P, — lim —=—, L,
T—oologT Jg Xs a—o0 ViegT Jo VX,
This establishes the first assertion. The second one is obtained in the same manner using
Proposition 4.
For the third case b = 0 and a = o, relation (14) yields

1

A

ar —a =

log X7 — logx

T ds
0 Xs

The task is now to find the asymptotic behavior of log X7. By a scaling argument the process
(X3¢/a) has the same distribution as a bidimensional square Bessel process, starting from =,
BESQ2. It follows that

law law
Xorja "2 || Br + ||> "2 T||By + 2/VT|]%,
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where (B;)i>o denotes a standard bidimensional Brownian motion. Hence, log X7/logT con-
verges in law to one and consequently in probability. This gives us the announced result.

For the case b > 0 and a = o, as in the above case we can rewrite the error
log X7 — logx + bT

T ds
0 Xs

A

ar —a =

Now, the CIR process (X;) can be represented in terms of a BESQ? as follows
Xy ' e—bTBESQg(%(ebT —1)).

Since log BESQZ(T))/log T converges in distribution to one, we deduce that (log X7 — logz +
bT')/T converges in distribution to b and consequently in probability. This gives our claim.
The only point remaining concerns the last case, b < 0 and a > ¢. On the one hand,
according to the above representation in law of the CIR process as a time changed BESQ?, we
have the convergence in distribution of log X7+ bT to the logarithm of BESQ?(—a/2b). On the

. t . . .
other hand, since ( 0 %) is an increasing process, we deduce the almost surely convergence
s/ 420

in the last assertion of Proposition 4. This completes the proof.
O

4 Numerical Simulations

Our aim in this section is to illustrate and test the practical behavior of the estimators errors
stated above. For this purpose, we need to generate at time T > 0, the CIR X, the so called
Lévy area fOT X,ds and fOT &

One way to do that is to use numerical schemes solving the SDE, like the famous Euler
scheme. However, any discretization scheme introduces bias into the simulation results; an
extensive discussion on this subject is given by Kloeden and Platen [14]. Nevertheless, it is
important to note that the discretization of the the CIR process present some troubles because
of the square root in the diffusion coefficient. Several papers deal with this problem, see for
example Alfonsi [1], Berkaoui, Bossy and Diop [2] and Deelstra and Delbaen [6]. However, the
proposed schemes do not cover the nonergodic case in all its generality.

In the other hand, it is well known that the CIR X7 is a non-central chi-squared random
variable that can be simulated exactly. Therefore, Broadie and Kaya [3] propose an exact
simulation of (Xr, fOT X,ds) after they compute the conditional Laplace transform of fOT Xsds

given Xp. In our context, we proceed analogously for the simulation of (X7, OT %) For this

aim, we have to explicit also the conditional Laplace transform of fOT )de given Xp. This result
is established in the subsection below to be used then in simulation.

4.1 On The Conditional Law of fot X.ds and f(f % Given X,

First, we give the conditional Laplace transform for the couple ( f(f X,ds, Ot %) given Xy, t > 0,
where (X}):>0 denotes a BESQ? process, starting from x, solution to (2) with ¢ = 2, namely
dXt = adt + 2\/ XtdI/Vt

15



Theorem 3 For the square Bessel process introduced above, we have

t t ds
B, (ool &

=) = Sm}\l/(;t_t) (x Y 1= VAt coth(V2X)

I (\/m/ smh(mt))
L (Vy/t)
for all X\ >0 and p > 0, with v = +/(a —2)%2 +8u/2 and v = a/2 — 1.

(15)

Proof On the one hand, by taking o = 2 in equation (4), we deduce that the fundamental so-
lution to the PDE uy = 22Uy, 4 au, — (Ax+£)u, satisfying the relation E, (e_”\fg Xads—p 5 % >

fo+oop(t> z,y)dy, is given by

V2 AL V2\ :
p(t,x,y) = m <E> exp (—T(a: +v) COth(@t)) I, <\/2)\xy/ Sth(@t)) :

On the other hand, by conditioning we rewrite

oo
t t ds t t ds
E, (e—woxsds wly 4 ) / E, <€_>‘f0XSd5_Nfo)Ts
0

Xy = y) Py, (y)dy,

where p, = o (%)V/ exp (52) I, (\/Zy/t) is the density of the Bessel process starting from z.
The result follows by identification.

O
Remarks Here we comment the above result, in order to situate it and compare it with some
known ones.

e From a probabilistic point of view, since we compute the conditional law of the couple
instead of the marginal ones, Theorem 3 extend both formulas (6.5.2) and (6.5.3) of
Proposition 6.5.1.1 p. 373, stated for a > 2, in Jeanblanc, Yor and Chesney [13].

e [t is worth to note that, in the case a < 2, when u tends to 0, we do not track down the
marginal Laplace transform, since fo is not finite almost surely. Indeed, in the general
case a > 0, this marginal Laplace transform is given by formula (2.m) page 432 of Pitman
and Yor [19], namely

E. (e_)‘f(szdﬂXt = y) V2 ) ( Tty [1 - \/_tcoth(\/_t)])

smh(\/_t
I (m/ smh(mt>)
L (vzy/t)

(16)
for all A > 0, with v = a/2 — 1.
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Now, we return to the general CIR process, starting from z, solution to (1), namely dX; =
(a — bXy)dt + /20 X;dW; and we use the above result, to derive the following conditional laws.

Theorem 4 For a CIR process solution to (1), on the one hand, we have for A > 0

X[ Xods _ _70‘) sinh(bt/2)
B, (e MIN0IX =y) = 5 Snh(v(\)/2)

I, (@\/@/ sinh(v()\)t/Z))

X exp <x2—+y [bcoth(bt/2) — 4(\) coth(y(A)t/Q)]) ; . (17)
’ I, (—\/@/ sinh(bt/Z))
o
with y(A) = Vb2 + 4o and v = % 1. On the other hand, we have for A >0
o
b :
- IV(A) (E\/@/ Slnh(bt/2)>
E, (eﬂ\fo XX, = y) = (18)

I, (g\/@/ sinh(bt/Q))

with y(\) = \/(a — 0)2+ 4o /o and v = ¢ 1
o

Proof Let us define the process Y; = Xy;/,, by a scaling argument, we have

dY, = (o — BY,)dt + 27/Y,dW,, Y, ==,

2 2b
with @ = 22 and 8 = —. We now write the Laplace transform
o o

tds 2\ 72 ds
E, (exp (—)\/0 Z) | X; = y) =E, (eXp (-;/0 Z Yoryo =y | -

Thanks to the change of law formula (6.d) of Pitman and Yor [19], we get

Y

o (oo [ £ y) - o R ) =)
x exp — :’y —=
o t

X, E, (exp (—% ot/ des> |Ra/o = y)

where (Ry)i=o is a BESQ2” process. In the same manner

¢ E, <exp (—(% + %) Ogt/Q de8> |Rat)e = ?J)
E, <exp (—)\/ Xst) | X; = y) = 2 rot)2 '
0 E, (exp <—2% 0 des) |Rat/o = y)

We complete the proof, by combining relations (15) and (16) with the last two equations.
U
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4.2 Numerical Results

The task now is to check the validity of the results obtained on our estimators and to understand
how fast the convergence actually takes place as T — oo, with computer simulations. By
relation (13), the illustrations of Theorem 1, about the MLE of b, involve the simulation of the
couple (X7, fOT Xds). Therefore, we use the exact simulation method proposed by Broadie and
Kaya [3] to generate it. For Theorem 2, concerning the MLE of a, we use relation (14) and we
introduce a new exact simulation method for the couple (X7, OT %) based on the theoretical
results of the above subsection.

4.2.1 The MLE of b

The method of Broadie and Kaya [3] is to simulate, at first, the random variable X7 with a
noncentral chi-squared distribution

law o(1—e7%) 2be 0
Xr = t>0 19
T 2% Nz \gl_ew) ) (19)

where X:f(nc) denotes the noncentral chi-squared random variable with d degrees of freedom
and noncentrality parameter nc. The second step is to deduce the conditional characteristic
function, say ®, of fOT Xsds given X by setting A = —iu,u € R, in relation (17). Then, the
cumulative distribution function F' of the conditional law is computed using Fourier inversion
method. More precisely, we have

Flz) =~ /_ i) gy = 2 /O ) e b () d

u ™ u

o0

This integral is approximated, using a trapezoidal rule with step discretization h, by an infinite
sum that is truncated to an order N, namely

Pla)~ 104 25 S gt gy,

T T 7

The choice of parameters h and N to achieve a desired accuracy is well explained in their paper.
Nevertheless, they draw attention to the continuity problem in the numerical representation
of the modified Bessel function of first kind, with a complex argument, that appears in the
numerator of the characteristic function ®. In fact, the modified Bessel function of first kind
characterized by the following power series

L =(3) 2 T +j+1)

J=0

where I'(z) is the gamma function and z is a complex number, presents a discontinuity problem
in the representation of the power term z”. Because this last function is multivalued and most of
software packages consider it equal to exp(vlog(z)), where log(z) is computed on the principal
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branch of arg(z). To avoid this difficulty, Broadie and Kaya carefully tracked arg(z) when
evaluating I,(z) and changed the branch when necessary by I, (ze™™) = e™™],(z), where m is
an integer value. Recently, Lord and Kahl [18] showed how to avoid this complex discontinuity
problem. They considered, up to a scaling coefficient, the complex-valued argument in the
modified Bessel function, z(u) = ~y(u)/sinh(y(u)t), where v(u) = V/b?> — 4oiu and evaluated
the characteristic function as ®(u)e’1%8) /z(u)¥, where ®(u) and z(u)” are evaluated using
the principal branch, however, log (z(u)) is evaluated as —y(u)t/2+log (v(u)/(1 — e7™*)), the
last logarithm term is evaluated on its principal branch. This correction term introduced by
Lord and Kahl [18] improves considerably our simulations.

The graphical representations of Figure 1 illustrate the limit law of the MLE br of b, stated
in Theorem 1. In order to do that, we simulate N independent trajectories of the normalized
error, with different values of parameters (x,a,b, ¢, T) to cover the various cases, and we plot
their histogram. When the limit is Gaussian, we normalize the error by the appropriate term
to compare the histogram with the standard Gaussian density. Otherwise, since we do not have
an explicit formula of the limit law density, we simply plot the histogram of the error as stated
in the theorem. Both histograms, on the top of Figure 1, deal with ergodic and nonergodic
cases, for b > 0. Those at the bottom, treat the cases b = 0 and b < 0. Note that in the latter
cases, we choose a < o to cover the subtle case when the CIR can reaches the state 0.

0.4 7"'2‘ 0.4 7‘_=;S
/ A A N
0.3 \ 0.3 _% N
\
0.2 0.2
0.1 0.1
0 0
-2 0 2 -2 0 2
Mo 0.3 [T
2 —
15 0.2
1
0.1
0.5
0 0
-3.5 -3 -2.5 -10 -5 0 5 10

Figure 1: Convergence in distribution of the error, by — b, correctly normalized, in different
cases, for a sample N = 10000, from the left to the right, we have (z,a,b,0,T) equal to
(1,2,1,1,1e+3), (1,0.5,1,1,1le + 3), (1,0.75,0,1, le + 2) and (1,0.75,—1,1,12).
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Remark From a practical point of view, note that when the theoretical rate of convergence
is of order T' (resp. T?) the limit distribution is well approximated from 7' = le + 3 (resp. T =
le + 2). However, when the theoretical rate of convergence is exponential then a stabilization
is observed only from 7" = 12 (See Figure 1).

4.2.2 The MLE of a

OT ;1(—55) in the same manner as below. First, we begin
by generating a random variable X using the property (19). Then, in order to simulate OT ;1(—‘1,
we use relation (18) to compute the cumulative distribution function of the conditional law. To
do that, we use the Fourier inversion method introduced previously.

The graphical representation below illustrates the limit law of the MLE ar of a stated
in Theorem 2. We simulate N independent trajectories of the correctly normalized error, as
explained in the subsection above, and we plot their histogram. Both histograms, on the top of
Figure 2, deal with ergodic and nonergodic cases, for a > ¢. Those at the bottom treat cases

b>0and b=0, fora =o0.

We proceed to simulate the couple (X7,

0.4 _77:\3 0.4 i
0.3 \ 0.3 A
0.2 0.2
0.1 0.1
075 0 2 07 0 2
1 1
0.8 0.8
0.6 0.6
0.4 0.4
% 5 10 % 5 10

Figure 2: Convergence in distribution of the error, ar — a, correctly normalized, in different
cases, for a sample N = 10000, from the left to the right, we have (z,a,b,0,T) equal to
(1,2,0,1,1e 4+ 100), (1,2,1,1,1e + 3), (1,1,0,1,1e + 50) and (1,1,1,1,1le + 2).
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Remark In this case, note that when the theoretical rate of convergence is of order v/T' (resp.
T) the limit distribution is well approximated from 7' = le 4+ 3 (resp. T' = le + 2). However,
when the theoretical rate of convergence is of order v/logl’ (resp. logT) then to observe a
stabilization T' = le + 100 (resp. 7' = le + 50) was needed (See Figure 2).

5 Conclusion

The precise description of the behavior of fOT X,ds and fOT )d(—ss established in the present paper
provides a new approach to overcome the problem of parameters estimation for the CIR model
in all its generality. When we estimate one of the drift parameter and suppose known the other
one, we obtain original results that are confirmed by exact simulation methods. A natural
question is now the problem of the global estimation for the CIR model. Answering this
question involves more complicated calculations and this is the object of a forthcoming work.
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