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ANISOTROPIC ADAPTIVE KERNEL DECONVOLUTION

F. COMTE®™ AND C. LACOUR"*

ABSTRACT. In this paper, we consider a multidimensional convolution model for which we
provide adaptive anisotropic kernel estimators of a signal density f measured with additive
error. For this, we generalize Fan’s (1991) estimators to multidimensional setting and use
a bandwidth selection device in the spirit of Goldenshluger and Lepski’s (2011) proposal for
density estimation without noise. We consider first the pointwise setting and then, we study
the integrated risk. Our estimators depend on an automatically selected random bandwidth. We
assume both ordinary and super smooth components for measurement errors, which have known
density. We also consider both anisotropic Holder and Sobolev classes for f. We provide non
asymptotic risk bounds and asymptotic rates for the resulting data driven estimator, together
with lower bounds in most cases. We provide an illustrative simulation study, involving the use
of Fast Fourier Transform algorithms. We conclude by a proposal of extension of the method
to the case of unknown noise density, when a preliminary pure noise sample is available.

Résumé. Dans ce travail, nous considérons un modéle de convolution multidimensionnel, pour lequel nous
proposons des estimateurs & noyau anisotropes pour reconstruire la densité f d’un signal mesuré avec un bruit
additif. Pour ce faire, nous généralisons les estimateurs de Fan (1991) a un contexte multidimensionnel et nous
appliquons une méthode de sélection de fenétre dans l'esprit des idées récentes développpées par Goldenshluger
et Lepski (2011) pour l'estimation de densité en ’absence de bruit. Nous considérons tout d’abord le probléme de
I’estimation ponctuelle, et nous étudions ensuite le risque global intégré. Nos estimateurs dépendent d’une fenétre
aléatoire sélectionnée de fagon automatique. Nous considérons les cas ol les composantes du bruit, supposées con-
nues, peuvent étre ordinairement ou super réguliéres. De plus, nous étudions des classes de fonctions f & estimer
aussi bien dans des espaces de Holder anisotropes que dans des espaces de Sobolev. Nous prouvons des bornes de
risque non asymptotiques ainsi que des vitesses de convergence asymptotiques pour nos estimateurs adaptatifs,
en méme temps que des bornes inférieures dans un grand nombre de cas. Des simulations illustrent la méthode en
s’appuyant sur des algorithmes de transformation de Fourier rapide. En conclusion, nous proposons une extension
de la méthode lorsque la loi du bruit n’est plus connue, mais remplacée par un échantillon préliminaire ot le bruit

seul est observé.
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1. INTRODUCTION

There have been a lot of studies dedicated to the problem of recovering the distribution f
of a signal when it is measured with an additive noise with known density. Several strategies
have been proposed since Fan [1991] in order to provide adaptive strategies for kernel (Delaigle
and Gijbels [2004]) or projection (Pensky and Vidakovic [1999], Comte et al. [2006]) estimators.
The question of the optimality of the rates revealed real difficulties, after the somehow classical
cases studied by Fan [1991]: the case of super smooth noise (i.e. with exponential decay of its
characteristic function) in presence of possibly also super smooth density implies non standard
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bias variance compromises that require new methods for proving lower bounds. These problems
have been studied by Butucea [2004], Butucea and Tsybakov [2008a,b| and by Butucea and
Comte [2009].

Then new directions lead researchers to release the assumption that the characteristic function
of the noise never vanishes, see Hall and Meister [2007], Meister [2008|. Others released the
assumption that the density of the noise is known. In physical contexts, where it is possible to
obtain samples of noise alone, a solution has been proposed by Neumann [1997|, extended to
the adaptive setting by Comte and Lacour [2011], another idea is developed in Johannes [2009).
Other authors assumed repeated measurements of the same signal, and proposed estimation
strategy without noise sample, see Delaigle et al. [2008].

All these works are in one dimensional setting. Our aim here is to study the multidimensional
setting, and to propose adaptive strategies that would take into account possible anisotropy for
both the function to estimate and the noise structure. As already explained in Kerkyacharian
et al. [2001], adaptive procedures are delicate in a multidimensional setting because of the lack
of natural ordering. For instance, the model selection method is difficult to apply here since it
requires to bound terms on sums of anisotropic models. In this paper, we use a unified setting
where all estimators can be seen as kernel estimators, and we use the method recently developed
in Goldenshluger and Lepski [2010, 2011] to face anisotropy problems. The originality of our work
is to use Talagrand inequality as the key of the deviation in the mean squared error case. This
idea is also exploited in a different context by Doumic et al. [2011]. And indeed, we succeed in
building adaptive kernel estimators in many contexts. The bandwidth is automatically selected.
We provide risk bounds for these estimators, for both pointwise risk when local bandwidth
selection is proposed and for the integrated mean square risk (MISE) when the global selection is
studied. We also consider both anisotropic Hélder and Sobolev classes for f, the Fourier-domain-
definition of the last ones allowing to also deal with the case of super smooth functions. Few
papers study the multidimensional deconvolution problem; we can only mention Masry [1991]
who considers mainly the problem of dependency between the variables without anisotropy nor
adaptation, and Youndjé and Wells [2008] who consider a cross-validation method for bandwidth
selection in an isotropic and ordinary smooth setting. Our paper considerably generalizes their
results with a different method, and provides new results and new rates in both pointwise and
global setting.

We want here to emphasize that our setting is indeed very general. We consider all possible
cases: the noise can have both ordinary smooth (O.S.) components (i.e. a characteristic function
with polynomial rate of decay in the corresponding directions) and super smooth (S.S.) compo-
nents (exponential rate of decay), and the signal density also. In particular, we obtain surprising
results in the mixed cases: if one component only of the noise is S.S. (all the others being O.S.),
in presence of an O.S. signal, then the rate of convergence of the estimator is logarithmic. On the
contrary, if the signal has k out of d components S.S. in presence of an O.S. noise, then the rate
of the estimator is almost as good as if the dimension of the problem was d — k instead of d. We
obtain also natural extensions of the univariate rates, and in particular the important fact that
the rates can be logarithmic if the noise is S.S. (for instance in the Gaussian case) but are much
improved if the signal is also S.S.: for instance, if the signal is also Gaussian, then polynomial
rates are recovered.

In spite of the difficulty of the problem, in particular because of the large number of parameters
required to formalize the regularity indexes of the functions, we exhibit very synthetic penalties
than can be used in all cases. We also provide more precise but more technical results. It is
certainly worth mentioning that the adaptive strategy we propose in the pointwise setting is
not only a generalization of the one-dimensional results obtained in Butucea and Comte [2009],
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but is also a different procedure. Lastly, we prove original lower bounds for both pointwise and
global setting, and this requires specific constructions.

The plan of the paper is the following. In Section 2, we describe the model and the assumptions:
the functional classes and the kernels used in the following. We both give the conditions required
in the following for the kernels and provide concrete examples of kernels fulfilling them. We define
the general estimator by generalization of the one-dimensional kernel to multidimensional setting.
In Section 3, we study the pointwise risk and we discuss the rates. We also assert the optimality of
most rates by proving lower bounds. Then we propose a pointwise bandwidth selection strategy
and prove risk bounds for the estimator in the case of Holder classes and for Sobolev classes. As
in the univariate case, adaptation costs a logarithmic loss in the rates. In Section 4, we provide
global (upper and lower) MISE bounds and describe an adaptive estimator, which is studied
both on Nilkols’kii (see Nikol’skil [1975] and Kerkyacharian et al. [2001]) classes and for Sobolev
densities. Here, it is possible that adaptation has no price and that the rate corresponds exactly
to the optimal one found without adaptation. We provide in Section 5 illustrations and examples
in dimension 2, for models having possibly very different behavior in the two directions. We give
results of a small Monte-Carlo study, obtained by clever use of IFF'T to speed the programs. Up
to our knowledge, these effective experiments are the first ones in such a general setting. In a
concluding Section 6, we pave the way for a generalization of the method to the case where the
known noise density is replaced by an estimation based on a preliminary sample. To finish, all
proofs are gathered in Section 7.

2. MODEL, ESTIMATOR AND ASSUMPTIONS.

2.1. Model and notations. We consider the following d-dimensional convolution model
Yi1 Xi1 €1

(1) Yi=| : =X, +e=|: +1 : ,i=1,...,n.
Yia Xid €id

We assume that the ¢; and the X; are i.i.d. and the two sequences are independent. Only the
Y;’s are observed and our aim is to estimate the density f of X; when the density f. of € is known.

As far as possible, we shall denote by = variables in the time domain and by ¢ or u variables
in the frequency domain. We denote by ¢* the Fourier transform of an integrable function g,
g*(t) = [ et g(z)dx where (t,z) = 2?21 tjz; is the standard scalar product in RY. Moreover
the convolution product of two functions g1 and gs is denoted by g1 *g2(z) = [ g1(x —u)g2(u)du.
We recall that (g1 x g2)* = ¢g7g5. As usual, we define

loll = [ lgte)ide and ||g||=||g||2=( / |g<x>|2dx>l/2.

The notation z; means max(z,0), and a < b for a,b € R? means a; < by,...,aq < by. For two
functions u,v, we denote u(z) < v(x) if there exists a positive constant C' not depending on x
such that u(x) < Cv(x) and u(x) = v(x) if u(z) < v(z) and v(z) < u(x).

2.2. The estimator. Let us now define our collection of estimators. Let K be a kernel in L2(R%)
such that K* exists. Then we define, for h € (R* )4,

1 Ty T4 " _ K1)

£
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The kernel K is such that Fourier inversion can be applied:

L@ = (20 [ ARG 0 520t i F20) £ 0.

Considering that fy = f % f. and thus f* = fy/fZ, a natural estimator of f is such that

i) = FO)Ly0) = K02, where T (1) Ze ),

provided that f! does not vanish, and thus, by Fourier inversion,

R 1 &
)=~ > Lz — Vi),
=1

Note that our estimator here is the same, in multivariate context, as the one proposed in one-
dimensional setting by Fan (1991). It verifies

o = Kn(t)f7(t)  sothat  E(fp) = Kpx f =: fn

f(@)

To construct an adaptive estimator, we also introduce auxiliary estimators involving two kernels.
This idea, already used in Devroye [1989], allows us in the following to automatically select the
bandwidth A (see section 3.4), following a method described in Goldenshluger and Lepski [2011].
We consider

E(fx(t)) = Kiy (1)

Frw (@) = Kpy  fi(2),
which implies that

f ()

fe(t)

Note that, for all z € R?, we have fhﬁ/(aj) = fh/ﬁ(x). The estimator which is finally studied is
f;} where £ is defined by using the collection ( fh,hr).

fﬁ,h'(t) = K (1) K (t) 2%

2.3. Noise assumptions. We assume that the characteristic function of the noise has a poly-
nomial or exponential decrease:

(H.)  3Jae®p)4pe®)Y,BeRYB; >0if pj=0)s. t. Vi€ RY,

d
Ht2+1 ~Hi/2 exp(—ayt;]P7).

Note that this assumption implies fX(t) # 0, V¢ € R%. A component j of the noise is said to
be ordinary smooth (OS) if a; = 0 or p; = 0 and super smooth (SS) otherwise. We take the
convention that a; = 0 if p; = 0 and p; = 0 if a; = 0.

Let us recall that exponential or gamma type densities are ordinary smooth, and that Cauchy
or Gaussian densities are super smooth. The Gaussian case is considered in many problems
and enhances the interest of super smooth contexts. But exponential-type densities keep a
great interest in physical contexts, see for instance the fluorescence model studied in Comte and
Rebafka [2010] where the measurement error density is fitted as an exponential type distribution,
belonging to the ordinary smooth class.
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To be more precise, we introduce the following notation. We denote by OS the set of directions
J with ordinary smooth regularity (a; = p; = 0), and by SS the set of directions j with super
smooth regularity (p; > 0) so that under (H.),

2@~ T @075 TT (6 + 1)/ exp(—ate]™).

jeOS keSS

2.4. Regularity assumptions. We consider in the sequel several types of regularity for the
target function f, associated with slightly different definition of the estimator: the choice of the
kernel depends on the type of regularity space. We used Greek letters for the noise regularity,
and now, we use Latin letters for the function f regularity indexes.

First, for pointwise estimation purpose, we consider functions f belonging to Holder classes
denoted by H(b, L), b = (b1,...,bq) such that:
the function f admits derivatives with respect to x; up to order |b;] (where |b;] denotes the
largest integer less than b;) and

olbil ¢

be
bi—|bs
W(m,...,xj—1,x;,xj+1,...,xd) (z)| < Lla, — a1,

(Ox; )“’J

Next for global estimation purpose, the functional spaces associated with standard kernel
estimators are the anisotropic Nikol’skii class of functions, as in Goldenshluger and Lepski [2010],
see also Nikol’skil [1975], Kerkyacharian et al. [2001]. We consider the class N/ (b, L) which is the
set of functions f : R — R such that f admits derivatives with respect to x;j up to order |b;],
and

(1) ||( ) H <L, forallj=1,...,d, where ||.| denotes the L?(R%)-norm.
(7i) For allj —1,...,d, for all t € R,

2

be olbil 21 (3(bs— b,
. . . _ D
/‘ (0z;) bJ F TG T Y T T) ;)] (z)| do < LPJy[*

Lastly, and for both pointwise and global estimation, we shall consider general anisotropic
Sobolev spaces S(b,a,r, L) defined as the class of integrable functions f : R? — R satisfying

d
Z/ |f5(t, - ta)[P(1 + t5)" exp(2a;t;]")dty . . . dtq < L7,
j=1

for a; > 0,7; > 0,b; € R, when j = 1,...,d. We set a; = 0 if r; = 0, and reciprocally, and
in this case, b; > 1/2 (otherwise b; € R). If some a; are nonzero, the corresponding directions
are associated with so-called "super smooth" regularities. To standardize notations, we set
a; = rj = 0 when Hélder or Nikol’skii regularity is considered.

We refer to Triebel [2006] for definitions and comparison of these spaces with other type of
anisotropic regularity spaces such as Besov spaces.

We can note that Sobolev spaces allow one to take into account a global regularity rather
than a pointwise one. Nevertheless, they have a convenient Fourier-domain representation, in
particular when one wants to consider super smooth or analytical functions, even in pointwise
setting. If the noise density can have such property in the case of Gaussian measurement error,
it is natural to think that the signal density may have the same behavior.
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2.5. Assumptions on the kernel. For the estimators to be correctly defined, the kernel must
be chosen sufficiently regular to recover integrability in spite of the noise density.

We assume that K(z) = K(z1,...,2q) = H?:l K(x;). This assumption is not necessary, but
simplifies the proofs. Besides, the kernels used in practice verify this condition. Moreover, we
recall that K belongs to L?(R%) and admits a Fourier transform.

To ensure the finiteness of the estimators, we shall use the following assumption:

Kvar(B) For j € OS: [|K;(u) 12(1 4+ u?)%du < oo and J K (w)](1 +u?)5i2du < oo
For j € §S: Kj(t) = 0 if [t| > 1 and supj <y [K; (¢ )\ < 00

Moreover, we may require a classical assumption to control the bias for functions in Holder or
Nikol’skii spaces described above.

Korder(¢) The kernel K is of order £ = ({1,...,4q) € RY, ie.

* [K(x)dr =1

* V1 gjgd,Vlgkgﬁj,fxé‘?K(a:)da;:0

x* V1 <j<d, [(1+|z;)%|K(z)|dr < oo

Note that this implies condition (A2) used in Fan [1991] which is stated in the Fourier

domain. Condition Korder(¢) is verified by the following kernels defined in Goldenshluger
and Lepski [2010]. We start by defining univariate functions u;(z) such that [wu;(z)dz = 1,
[ 1z|% |uj(z)|dz < +00 and then

_ {; k1l T
@) Kot =30 () 0
Then Kj; is a univariate kernel of order ¢;. The multivariate kernel is defined by
d
(3) K(z) = K(x1,...,2q) = [ [ K;(x;)-
j=1

The resulting kernel is such that [ H] 15
{1,...,d}, and thus satisfies Korder(¥).

K(z)dxy...drg = 0if 1 < k;j < ¢ for one j €

We can give an example of kernel satisfying Assumptions Kvar(3) and Korder(¢). We can
use the construction above with wu;(x;) = vg,12(x;) where

sin(x P N 2mpe
() = e () ,0) = e 03(0) = Ty x Lo

p times
and ¢, is such that f vp(x)dr = 1. This is what can be done when the function under estimation
is assumed to be in a Holder or in a Nikol’skii space.
When considering Sobolev space, since Assumption Kvar(3) only is required, we simply use

the sinus cardinal kernel denoted by K = sinc and defined by

() = Dy (1) = i(t), () = )

1
K;(0) = —.
7T$j ) ]() T
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Remark. When only ordinary smooth noises are considered on Holder or Nikol’skii spaces, we
may also use other type of kernels. For instance, the construction of kernel of order ¢ based on

1\ Wi+t 1\ Wi+l
uj(z;) = ¢ <ﬂfj - 5) (xj + 5) Ip1 1y(z)

would suit. Indeed, it can be proved that KJ(t;) = O(|t;|~(L%1+2)) swhen |t;| — +oc.

3. POINTWISE ESTIMATION

3.1. Bias and variance. Let z¢ be a point in R?. We aim to study the risk of the estimator
fn of fat point zo: |f(zo) — fa(zo)|- Recall that fp, = E(fy) = Kj + f and that

E|f(x0) = fa(wo)* = | f(x0) = fu(wo)” + El fn(xo) — fu(xo)*.

bias variance

We first control the bias. We define

{Hf ~ falloo if | Ky < oo

BO(h) = Hf* o f;:”l/(Qﬂ-)d otherwise

We recall that, when considering all types of spaces (Holder and Sobolev), we standardized
notations by setting a; = r; = 0 when Holder regularity is considered. The following proposition
holds.

Proposition 1. The bias verifies |f(xo) — frn(zo)| < Bo(h) and, under assumptions

o f belongs to Holder class H(b, L) and the kernel verifies Korder(¢) with £ > [b], or
o f* € LY(R), f belongs to Sobolev class S(b+1/2,a,r,L) and K = sinc,

Then By(h) S L Z;l:l h?j+rj/2 eXp(—ajhj_rj).

Thus, we recover the classical order h?j when a; = 0. Let us now study the variance of

estimators f.

Proposition 2. The variance verifies E|f,(zo) — fa(20)|? < Vo(h) where
2
1) ‘
d

1 (pj=1)4+p;—1-25; —pj
Vo(h) < - H h;” ! T exp(2ah; ™).

Jj=1

K|
Iz

Moreover, under (H.) and Kvar(3), if h; <1 for all j,

K
fz

) Vo) = oz min (IIfS\Il .

When fZ =1 (no noise), we obtain the classical order [[; 1/(nh;).
Eventually, the bound on the MSE is obtained by adding the squared bias bound and the
variance bound.

3.2. Rates of convergence.



8

3.2.1. Homogeneous cases. We first give the bandwidth choices and rates of convergence which
are obtained when all components of both f and f. have the same type of smoothness (all OS
or all SS). Recall that in dimension 1, the minimax rates are logarithmic when the noise is super
smooth, unless the function f is super smooth too : see Fan [1991], Pensky and Vidakovic [1999],
Comte et al. [2006].

First, consider that both the function f and the noise are ordinary smooth. We can compute
the anisotropic rate that can be deduced from a "good" choice of h = (hy,...,hq). Indeed,

setting the gradient of h%bl + -+ hibd +nt H?:l hi_(%ﬁl) w.r.t. h to zero, we easily obtain

h?f’;},t = hibgpt. Therefore the optimal bandwidth choice to minimize the risk bound is
(5) R opt X 1/ (20465 3 [(26:+1) /bi])

and the resulting rate is proportional to
_ Lyd 2641
(6) Y =n 2= ),

Secondly, consider the case where the noise is super smooth (all (3;,p;) nonzero) but the
function is ordinary smooth. Then h; o = ((2a; 4+ 1)/log(n))'/?i and the rate is of order

(7) U = [log(n)]~2mim<i<a(bi/ps)

We can remark two things in this case: the rates are logarithmic, and the bandwidth choice is
known because it only depends on the parameters of the noise density, which is assumed to be
known. This explains why no bandwidth selection procedure is required here, as long as only
classical Holder reqularities are considered for f.

Now consider the case where the noise is ordinary smooth (all p;’s are zeros) but the function
is super smooth (with all (a;,7;) nonzero). Then we take h; oyt = (a;/log(n))"/"s and the rate is

(8) Y = [log(n)]zle(%ﬁl)/rj /’I’L

We can see that here, the rates are very good. It is worth mentioning that the first paper
considering super smooth function f is Pensky and Vidakovic [1999].

We do not give a general bandwidth choice in the case where both functions can be super
smooth, because it is very intricate. General formula in dimension 1 are given in Lacour [2006],
see also Butucea and Tsybakov [2008a,b|. We can just emphasize that in such case the rates can
be considerably improved, compared to the logarithmic issue above. We give an example below.

Super Smooth f/Super Smooth f. example. For instance, it is easy to see that the compro-
mise between a bias of order exp(—1/h?) and a variance of order exp(1/h?)/n is obtained for
h = +/2/log(n) and gives a rate of order 1/y/n. To be even more precise, the optimal rate in
dimension 1, if the signal is V(0 62) and the noise N'(0, 02), is n~ Y/ (140" [log(n)]~(1H1/(14+6%)/2,
02 = 02 /02, for 1/hop = /[log(n) + (1/2)log(log(n))]/(c? + 02).

As the bandwidth choice is very difficult to describe in the general case, this enhances the
interest of automatic adaptation which is proposed below, when Sobolev spaces are considered.
Note that optimal choices of the bandwidth are of logarithmic orders in all those cases.

3.2.2. Discussion about mized cases. Let us consider now the case where the function is still
ordinary smooth, but components 1 to jy of the noise are ordinary smooth while components
jo + 1 to d are super smooth, 1 < jy < d. Then it is clear that exponential components
must first be "killed" by choosing logarithmic bandwidths and as the bandwidths are involved
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additively in the bias term, the rate becomes logarithmic. More precisely, taking for j = 1,..., jo,
Rjopt o< n~ Y/ 24R3H) and for j = jo 4+ 1,...,d, hjop = [log(n)/(4da;)]~1/P gives a variance
term of order

O 1 L R [ e JCLTION)

Jj=1 J=jo+1
oc 10/ CAFH(A=50)/(2d) 160w () = 12 10g¥ (n),

where w = z;-l:j0+1(2ﬂj +1—pj — (pj —1)+)/p;. Therefore, the variance is negligible and the
rate is determined by the bias terms and is proportional to

9) U = [log(n)] =2 ™Mo +1<i<abi/ps)

The conclusion is that the presence of one super smooth component of the noise implies a loga-
rithmic rate, when the function to estimate is ordinary smooth (and bandwidth selection is not
required).

The other case we can handle is when the noise has all its components ordinary smooth, but
the function has its jg first components ordinary smooth and the d — jy last ones super smooth.
Let us take d = 2 and jo = 1 for simplicity. Clearly, we can choose hg oy = (log(n)/az) /"2, so
that the MSE for (hi opt, ho,opt) is proportional to

h%?lpt + h2P242 oxp(—2a0h,"2,) + n~lhy 2o 201

o 2,0pt 2,0pt 1,0opt 2,0pt
o h%?;pt +n—2[log(n)]—(2b2+r2)/r2 +’I’L_lhiigtl_l[log(n)]@@—i_l)/m-

Therefore, the optimal choice of hy is obtained as in dimension 1 with respect to a sample
size n/[log(n)]2%2+1/72 and we find hy g x (n/[log(n)]202+1)/r2)=1/261+261+1) " The final rate
is proportional to (n/[log(n)]2%2+1)/r2)=2b1/(201+20141)  This is the rate corresponding to the
one-dimensional problem, up to a logarithmic factor. In the general case, we obtain a rate
proportional to

oy | YO )

d
(10) Yn=|n/ J] (ogn) ™

Jj=Jjo+1

In other words, we obtain in dimension d, the rate corresponding to dimension jy of the OS-OS
problem, up to logarithmic factors.

3.3. Lower bounds. To get a validation of our method, we need to prove lower bounds for the
rates computed above, at least in part of the cases. In particular, we can extend the results of
Fan [1991]| and of Butucea and Tsybakov [2008b]| to the multivariate setting. Our next result
is not straightforward and requires specific constructions, since it captures mixed cases which
could not be encountered in univariate setting.

Theorem 1. We assume that the noise has its components independent. We also assume that,
forj=1,...,d, and for almost all u; in R, fa*lj(uj) admits a derivative and

(11) Jug | % exp(osus )| (f2, ) ()] is bounded,

for a constant 3 such that 3; > B; if e1,; is OS. Moreover, either
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Case A: For j = 1,...,d, the components €; are ordinary smooth, D = H(b, L) or D =
S+ 1/2,a,r, L) with r; < 2, and if 1 < r; < 2, fa*lj(uj) admits in addition a sec-
ond order derivative for almost all u; in R such that ]ujlﬁgl exp(ay[u;|?)[(f2, )" (us)] is
bounded, with (3] a positive constant.

or

Case B: There exists at least one component of € which is super smooth and D = H(b, L) or D =
S(b+1/2,0,0,L).

Then for any estimator fn(:zto), and for n large enough,

sup Ey | (fu(@0) = f(0))?] % vn

feD

where 1y, is defined by (6) in Case A and D = H(b,L), by (10) in Case A and D = S(b +
1/2,a,r,L) with all vj’s less than 2, and by (9) in Case B.

Note that our condition on the noise improves Fan [1991]’s conditions: in the OS case, Fan
requires a second order derivative of f and in the SS case, he gives a technical condition which
is difficult to link with the functions at hand. The improvement took inspiration in the book of
Meister [2009] who also had first order type conditions.

We therefore conclude that the rates reached by our estimators for estimating an ordinary
smooth function or a super smooth function if the noise is ordinary smooth, are optimal. We
also have optimality in the case of an ordinary smooth function f and super smooth noise.

3.4. Adaptive estimator. Now, our aim is to automatically select a bandwidth in a discrete set
Ho (described below) such that the corresponding estimator reaches the minimax rate, without
knowing the regularity of f. We may also ignore if f is ordinary or super smooth, or partially
both, depending on the direction.

3.4.1. General result. We have at our disposal estimators fh(xo) and fh,hr(azo) = Ky % fh(azo),
for zo = (20,1,...,%04) € R? such that fh,hr(azo) = fh/ﬁ(azo). We define

(12) Ag(h, ) = sup [\fh'(ﬂfo) — o (wo)| — ‘70(}1')] :
h'eHo 4

and

h(wo) = arg min {Ao(h,l’o) + ‘70(}1)}

with
(13) Vo(h) = colog(n)Vo(h)

and cg is a numerical constant to be specified later. The final estimator is f(zo) = fﬁ(xo)(xo).

The term Vp(h) corresponds to the variance of the estimate f,(x¢) multiplied by log(n). Now,
we can state the result concerning the adaptive estimator. Define

(K) = {HKul if || K|y < oo

|IK*||oo  otherwise
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Theorem 2. Assume that N(K) < oo and let

Ho = {h® st h(.k) <1, forj=1,....d, Vo(h®) <1,

-2
h<’“> S loem) e,

1 n

(14) H h“”

Let q be a real larger than 1. Assume that co > (4(1+ || K*||oo)(2€ + q))%/ min (|| #[|1,1) . Then,
with probability larger than 1 — 4n~9,

(15) (o) — flao)] < inf {(1 T ON(K))Bo(h) + 3 Vo<h>}.

heHo
We can make two comments about this result.

(1) Inequality (15) is a trajectorial oracle inequality, up to the log(n) factor in the term Vo (h)
which appears in place of Vjy(h).

(2) Condition (14) is typically verified if | K}/ f2]|2 > log(n) and max(||K; /fX|13, | K}/ f2]7) <
n. It is just slightly stronger than assuming the variance Vy(h) bounded.

It is also important to see that we can deduce from Theorem 2 a mean oracle inequality.
More precisely, we have |f(20) — f(zo)| < (IKG;/ f2ll +1f(z0)]). Then, for h € Ho, ||}/ f2]T <
(n/log(n))||K;/ f2]13 and Vo(h) < 1imply ||K;/f2]|? < n. Thus |f(zo)— f(x0)|* < n. Therefore,
Theorem 2 implies that, Vh € Hy,

2
- ~ C
(16) B f(an) ~ fan)?) < {14 29D Ba) + 3 Ta) ) + S,
provided that we choose ¢ > 2 in Theorem 2.

3.4.2. Study of Condition (14). Let us define hopr = (R opt, - - -, ha,opt) the minimizer of the right
hand side of equation (16):

hopt = arg min {Bg(h) + f/o(h)} .
ER
Note that l_zopt here corresponds to theivalue of hepe computed in Section 3.2 where n is replaced
by n/log(n). We need to check that h,p belongs to Hy to ensure that the infimum in (15) is
reached.
This is what is stated in the following Corollary.

Corollary 1. Assume that (H.) holds and either

1. f belongs to Hélder class H(b, L), the noise has all its components OS and the kernel
verifies Korder(¢) with £ > |b], Kvar(B), and is such that K is lower bounded on
[—qj,q;] forq; >0, and j=1...,d, or

2. f* € LY(R), f belongs to Sobolev class S(b+1/2,a,r, L) and K = sinc.

Then hopt € Ho defined by (14) and thus the infimum in Inequality (15) is reached.

In particular in case 1., we have
(17) (1 (x0) — flwo) ) = O((n/ log(m)) ™"/ T2 X5 700,

We can notice that the proof of Corollary 1 relies on the intermediate result stating that
Condition (14) is equivalent to the following one:

2/32+1)

d
(18) [T1Y " < n/tog(n).

=1
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The consequence of Corollary 1 is that the right hand side of (15) always leads to the best
compromise between the squared bias B3(h) and Vy(h), that is the optimal rates of section 3.2
with respect to a sample size n/log(n).

Remark 1. As we already mentioned, we have an extra log(n) factor in Inequality (15). In case
1. above, we can concretely see the loss in the rate by comparing the right-hand-side of (17) to the
optimal rate (6). This logarithmic loss, due to adaptation, is known to be nevertheless adaptive
optimal for d = 1, see Butucea and Tsybakov [2008a,b] and Butucea and Comte [2009], and we
can conjecture that it is also the case for larger dimension.

Remark 2. In the case of a noise having super smooth components and of a function f known
to belong to an Hdélder space, we already mentioned that no bandwidth selection is required.
Indeed, we just have to take h; = (log(n)/Qaj)_l/pJ’ for the super smooth components and h; =
n =Y/ @d@Bi+1) for ordinary smooth components, and the rate has a logarithmic order determined
by the bias term, see (9). This is the reason why general adaptation is studied only on Sobolev
spaces. The rates can be then considerably improved compared to the rate (9).

4. GLOBAL ESTIMATION

Here, we study the procedure for global estimation. In this section we assume that f belongs
to L2(RY).

4.1. Bias and variance. We study now the MISE E||f — f,/|2, made up of a bias term plus a
variance term. We can prove the following bound for the bias.

Proposition 3. Under assumptions

e [ belongs to Nikol’skii class N'(b, L) and the kernel verifies Korder(¢) with ¢ > |b|, or
e f belongs to Sobolev class S(b,a,r, L) and K = sinc,

d b —r.
then || f — full < LEj:l hy’ exp(—ajhj 7).
Let us now bound the variance of the estimator.

Proposition 4. We have

1 2

Ellfo = Jull* < V(h) where V(h) = G

Ky
fe

Moreover, under (H.) and Kvar(3)

J

d
1 iag i, .
V(h) < =T h 727" exp(2a;0, 7).
n
J=1

We emphasize that the rates of convergence (6), (7) and (8) are formally preserved here,
for the same optimal bandwidth choices, but with a definition of the parameters b; which is
different (in case 2. here, f belongs to S(b,a,r, L) while in the pointwise setting it was chosen
in S(b+ 1/2,a,r,L)). Therefore, we refer to section 3.2 for all remarks concerning the quality
of the rates and to the cases where part of the components of f or f. are ordinary smooth and
others are super smooth.

Lower bounds corresponding to the integrated risk can be obtained, through non straightfor-
ward extensions of the pointwise case. Thus, we get the following result.
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Theorem 3. Consider either Case A with D = S(b,a,r, L) and all r;’s less than 2 or Case
B with D = §(b,0,0, L) as described in Theorem 1, still under the general assumption that the
noise has its components independent and fulfill (11). Then for any estimator f,, and for n large
enough,

swpEy (1o = FIF] 2 v
feD

where 1, is defined by (6) in Case A when r = a = 0, by (10) in general Case A where
D = S(b,a,r, L) with all rj’s less than 2, and by (9) in Case B.

Next, we study when these rates can be reached adaptively.

4.2. The global adaptive estimator. Here, we describe the adaptive estimation. As previ-

ously, we define
A = sup [ i = fuael =700

_l’_
h = arg mln { )+ \/ }
with V(h) defined by

(19) V(h) = (1+ | K*[loo)*(1 + 2)*V (R)C(h)

where 7 is a numerical constant and C'(h) > 1 is a correcting term discussed below. Ideally,
this term would be a constant but in super smooth cases, this may not be possible. The final
estimator is f = fh

We give first an adaptive trajectorial result in term of a general constraint on C'(h).

and

Theorem 4. Assume that || K*||o < 0o and let
Ho= (h® st b <1, forj=1,....d v(h®) <1,

(20) C(h)max(L, | K5/ f213/1 K5/ f211%) = (logn)?  for k=1,....[n]}.
Then, with probability larger than 1 — nfe~Min(n,1)n/46](og n)?

(21) 17~ 70 jut {0+ 20K )T = 5l 43700}

Remark 3. Clearly, asymptotically whenn gets large, Ve > 0, nce~min(n.1)n/46)(og n)* — O(1/n"7)
for any integer q. But in practice, the cardinality |n¢| of H should not be too large.

Note that, as in the pointwise setting, we can write
1= FI <A+ IAE < IF1+ /Y (R) < (IF1l+ v
as h is chosen in H. Therefore, Inequality (21) implies that
2
_ _ - Ca(n)
22 E(||lf — fII?) < inf § (14 2[|K* o)l f — 3\ V(h
(22) (17 = £17) < jug {0+ 20 1)l = fll 437 )+

Now we can study condition (20) in our usual specific settings. Let us define ﬁopt as the
optimal bandwidth choice:

hopr = arg min {||f — fu]* +V(h)}.
heRrd
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As in the pointwise setting, the optimal compromise is automatically reached by the estimator
if hope belongs to H; but contrary to the pointwise setting, we may preserve a rate without loss
if C(h) can be taken equal to a constant. We can prove the following result.

Corollary 2. Assume that (H.) holds, that the noise has all its components OS and either

1. f belongs to Nikol'skii class N'(b, L), and K wverifies Kvar(B), 0 < sup,, er \K;(u)]uzﬁj < 00
forj=1,...,d, Korder({) with { > |b],

or

2. f* € LY(R), f belongs to a Sobolev class S(b,0,0,L) and K = sinc.

Then, we can take C'(h) = 1 and we have hoy € H (where H as defined in Theorem 4). Thus,
the infimum in Inequalities (21) and (22) are reached. That is, we have

26;+1

(23) E(If - fI) = 0 /a0,

Clearly in the case of ordinary smooth noise and function f, the estimator automatically
reaches the optimal rate, without requiring the knowledge of the regularity of f, which is never-
theless involved in the resulting rate.

If we want to use constraint (20) in the general setting, we have to choose C'(h) = log®(n) and
then, a systematic loss occurs:

Corollary 3. Assume that (H.) holds, that fre L' (R), f belongs to Sobolev class S(b,a,r, L)
and K = sinc. Take C(h) = log*(n). Then hop: € H and the infimum in Inequalities (21) and
(22) are reached.

Nevertheless, if H is more precisely specified, we can prove a better result in expectation:

Theorem 5. Assume that (H.) holds, that f* € LY(R), f belongs to Sobolev class S(b,a,r, L)
and K = sinc. Define now for M given, M < n,
1

Si=lo o dk=1. M, with V(K™ < 1}

Har = {h(k) s.t. hgk)
Choose
d —2pi1,.>1/2
(24) C(h) = 1"‘2}1] 7= ]]‘szl/Q'
j=1
Then choose M such that ﬁopt € Hyr (M = n always suits). Then we have

- ~ 02
25 E(||f — <3 inf — V(h —.
29 17 -0 <3, im8 {15 -5l + 7} + 2
Remark 4. By hopt € Har, we mean that 1/[1/hopt] € H where [x] denotes the integer part of
x. In the formulation above, the infimum in (25) is necessarily reached.
The exact choice instead of (24) is the following
d
(26) C(h) = ijh;(2ﬁj—1)++(ﬁj—1)+
j=1
for constants w; depending on «j, 3;, p; that can be specified (see Section 7.11 in Appendix).
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Let us discuss the possible loss in the rate of convergence of the estimator resulting from the
choice (24) of C(h) and Inequality (25).

(1) If f.

to H, the optimal rate (n

is ordinary smooth, equation (24) says that C(h) = 1 and therefore, as ﬁopt belongs

2ﬁ1+1
-1/(1+3 XL 5 ) or UOg(n)]Z?:l(?ﬁjJrl)/w /n) is automatically

reached by the estimator.
(2) If f. is super smooth, equation (24) says that the variance term has to be slightly in-
creased.

(a)

(b)

Nevertheless, if the function f is ordinary smooth, the minimization in (22) still
yields to the optimal rate. Indeed, in that case the variance is made negligible with
respect to the bias by the optimal bandwidth choice (see the computations in Section
3.2).

When f is also super smooth, if all p;’s are less than 1/2, then there is no loss.
Otherwise, the optimal bandwidth choice is such that, in part of the cases, the
bias is dominating, and then there is still no loss. When some of the p;’s are
larger than 1/2 and the variance is dominating, there is a loss. But as the selected
bandwidths have logarithmic orders in the concerned cases, the rates are deteriorated
in a negligible way and less than if they were computed with respect to a sample
size n/[log(n)]?™a%i i instead of n. In other words, the loss is always negligible with
respect to the rate.

5. NUMERICAL ILLUSTRATION

5.1. Implementation. The theoretical study shows the advantages of the kernel sinc. It has
also good properties for practical purposes, since it allows to use Fast Fourier Transform. Thus

we consider

in this section, in the case d = 2, the kernel K(x,y) = sinc(x)sinc(y)/72. Let us

denote ¢y, j(x) = 7/\/hihoK(x1/h1 — 7j1,22/ha — 7j2). The main trick used here follows from
model selection works on deconvolution (see Comte et al. [2006] and Comte and Lacour [2011]).
It is shown therein that (¢p j);ez2 is an orthonormal basis of the space of integrable functions
having a Fourier transform with compact support included into [—1/hy,1/hi] x [—1/hg,1/hs].
Then fh can be written in this basis: fh = z cph ,j with

N
aj =

1 ~ ik 1/h1 1/hs /? ) ) )
m/f;(pzd _ vV 2/ / 2)6”(“1h131+“2h2]2)duldu2.

’LL1,
l/hl l/hg j;

The interesting point is here that such coefficients can be computed via Fast Fourier Transform.
So we implement our estimator in the following way

fn= Z Z d?tph,j

[711<M |j2|<M

with M = 64. Moreover, we use that with cardinal sine kernel, we have f}, » = fvs/, by denoting
h Vv h' = (max(hy, b)), max(he, h})). )
Then in the pointwise setting, we compute Ag(h, zg) as given by (12) with Vy(h) given by (13)

and cg = 0.01. Thus, the plots of the selected estimators fh(mo)(xo) are given on a grid of points

xp in a domain which is specified in each example.
In the global setting, we can exploit additional useful properties of the representation. Indeed,

for all b’ h",

2

B F
70w T g

= 1p,,

h r 1 [k %
e = ol = gl = il =
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FIGURE 1. Example 2, global bandwidth selection, with n = 500. Top right:
true density f, top left: estimator f, bottom: sections, dark line for f and light
line for the estimator

with Dy = [=1/h1,1/h1] x [=1/hga,1/hs]. Then, if Dp» C Dy,
7 2 7 2

0% v

fz [z
where we have ||f3]2 = j \&?\2. Then the computation of

Aw) = s [P = Ul = V0]

is considerably accelerated. We choose V (k) = 0.051og?(n)V (h), that is C'(h) in formula (19) is
taken equal to logQ(n) as recommended by Corollary 3. Once the bandwidth is selected in the

f; 2
=l = 11,

fe

1

= a2
47T Dh’

1

D
4m* Jp,,

1

T 42
4% Jp, \Dyn

= Fur||?

global setting, we have the coefficients dé’ and thus, we can plot fh(m, y) at any point (z,y).
We take H and Hy included in {4/m,1 < m < 3n'/*}.

5.2. Examples. Now we compute estimators for different signal densities and different noises.

Let A =6, u=1/4.
Example 1 Cauchy distribution: f(z,y) = (7?(1+22)(1+%?))~! on [~4,4]? with a Laplace/Laplace

noise, i.e.
2 2 2
foloag) = e ) =

The smoothness parameters are by =bs =0, 11 =ro =1, f1 = o =2 and p; = p2 = 0.
For this example, we can compute that the rate is of order (log(n))'/n.




Example

17

i
) «“‘\\\'\A"-"

0.04 0.3
X = 2.2857

0.02

-0.02 -0.1
0

FIGURE 2. Example 3, pointwise bandwidth selection,with n = 500. Top right:
true density f, top left: estimator f, bottom: sections, dark line for f and light
line for the estimator

2 Mixed Gaussian distribution: X; ; = W/v/7 with W ~ 0.4N(0,1) + 0.6 N (5,1), and X; 5

independent with distribution N(0,1). We estimate the density on [—2, 4]%. We consider
that the noise follows a Laplace/Gaussian distribution, i.e.

2
felz,y) = )‘—Alrl 1 eV ) g y) = A e HY?/2

2° /27 ’ N+ a2¢
The smoothness parameters are by = by = 0, ri = 19 = 2, 1 = 2, o = 0 and
pr = 0, an = p?/2, pp = 2. Here the rate of convergence is n~'6/17[log(n)]%3/3 in
the global setting and n~'%17[log(n)]?*/17 for the bandwidths h;* = /Tlog(n) and

= /alog(n) — blog(log(n)) for a = 16/17 and b = 40/17 in both cases. We use that
2
2 =1/16.

n=100 n=300 n=500 mn=750 n=1000
Ex 1 Global 0.419 0.289 0.215 0.161 0.137
Ex 1 Pointwise 0.269 0.140 0.101 0.083 0.068
Ex 2 Global 3.615 1.699 0.761 0.473 0.367
Ex 2 Pointwise 3.477 1.714 0.799 0.526 0.363
Ex 3 Global 0.800 0.402 0.303 0.248 0.212
Ex 3 Pointwise 0.622 0.293 0.212 0.167 0.138

TABLE 1. MISE x100 averaged over 100 samples
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Example 3 Gamma distribution: X;; ~ I'(5,1/v/5) and X; 5 ~ I'(5,1/1/5). We estimate the density
on [0,8]%. The noise follow a Gaussian/Gaussian distribution, i.e.

fol,y) = ogem @A 0)

" 2 (22442)/2
STt f2(,y) = e

I

Soby =by =51 =1r0=0, 08 =0 =0 a1 =ay = p?/2and p; = py = 2. This is
an example with pointwise rate [log(n)]~* and global rate (log(n))~%/2 (which is not so
slow, for instance, for n = 1000, this term is smaller than 1/n).

n=100 n=300 n=500 mn=750 mn=1000
Ex 1 1.48 2.04 2.01 1.96 1.97
Ex 2 1.08 1.03 1.05 1.07 1.25
Ex 3 1.36 1.53 1.57 1.57 1.62

TABLE 2. Coracle averaged over 100 samples

For these examples, we apply both global and pointwise estimation procedure, and we compute
the Mean Integrated Squared Error on a grid of 50 x 50 points. The MISE (multiplied by 100,
averaged over 100 samples) is given in Table 1. For each path, we also compare the MISE for
the global procedure with the minimum risk for all bandwidths of the collection. Table 2 gives
the empirical version of the oracle constant defined by

F_ rl2
Coracle = E < Hf AfH > .
infhen | fn = fI?

It shows that the adaptation is performing, since the risk for the chosen h is very close to the
best possible in the collection (the nearest of one Coracle, the better the algorithm).

We also illustrate the results with some figures. Figure 1 shows the surface z = f(z,y) for
Example 2 and the estimated surface z = f (z,y) obtained by global bandwidth selection. For
more visibility, sections of the previous surface are drawn. We can see the curves z = f(x, —0.3)
versus z = f(x,—0.3) and the curves z = f(—0.3,y) versus z = f(—0.3,y). For this figure, the
selected bandwidth is h = (0.29,0.57). Thus, the bandwidth in the first direction is twice smaller,
to recover the two modes: this shows that our procedure takes really anisotropy into account.
Figure 2 is an analogous illustration of Example 3, but with a pointwise bandwidth selection, as
described in Section 3. We obtain a slightly more angular figure. Nevertheless, we can notice by
observing Table 1 that the MISE is almost always smaller for this kind of estimation.

To conclude this section, we would like to mention that we can keep good results even in
case of dependent components of both the noise and the signal. More precisely, we can take
X ~ N(0,%) and € ~ N(0,%,) with ¥ = ( _(1)'7 (2)'7 and ¥, = 1072 0'125 100225 ;
with X and e independent. We present in Figure 3 an illustration of the results for the global

method.

6. CONCLUDING REMARKS: THE CASE OF UNKNOWN NOISE DENSITY

The assumption of the knowledge of the error distribution is often disputed. Relaxing this
assumption requires conditions for obvious reasons of identifiability. Here is a quick description
of what can be done in case of additional observations of the noise €_1,...,e_n (think of a
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FIGURE 3. Dependent case, global bandwidth selection,with n = 500. Top right:
true density f, top left: estimator f, bottom: sections, dark line for f and light
line for the estimator

measure device calibrated without signal). We use this preliminary noise sample to estimate f
in the following way

1 .
1 Ly by > N—1/2 ——  if |[ff(x)| > N7V2,
{l E(Ai‘z } — fe*(x) €

fi(z) Sz 0 otherwise,

where f*(z) = N~ Zjvzl e~ -5} is the natural estimator of f*. Then it is sufficient to write

fr(®)
f(t)

to define new estimators of f in this context. Adapting all the previous results in this framework
is beyond the scope of this paper, but we can observe the effect of this modification on the
integrated squared error, for instance. The bias is unchanged, but an additional term appears in
the variance:

Proposition 5. We have E||f;, — full*> < V(h) + W(h) where

Fa(t) = Ki(1)

W(h) =

|

It is possible to give a bound of W (h) in term of the smoothness indices of f. and f but
we skip this tedious formula, which is just a generalization of Lemma 2 in Comte and Lacour
[2011]. In the case of an ordinary smooth function and a fully ordinary smooth noise, we obtain

—2 —b;
W) £ N T by O
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Thus, we get new rates of convergence in terms of n and N. If N > n, W(h) is always
smaller than V (k). In this case, an adaptive procedure is conceivable, replacing V' (h) by V(h) =
n | K5/
proved by controlling terms of the form [||f5 — fu/|2 — V/(h)]+. This was successfully established

in Comte and Lacour [2011] in dimension 1, but such a study in dimension d would be much too
long here.

2
/n and modifying H in the same way. The efficiency of this strategy can be

7. PROOFS
We start with three useful lemmas.

Lemma 1. Consider ¢, s nonnegative real numbers, and v a real such that 2y > —1 if c =0 or
s =0. Then, forallm>0

o [M (2% 4+ 1)7 exp(clzlis)da &~ mPIT1=sem”,
and if in addition 2y > 1 if c=0 or s =0,

o [*(2? + 1)V exp(—clz|)dx m~ m~ P FI=semem”,

Proof of this lemma is based on integration by parts and is omitted. See also Lemma 2 p. 35
in Butucea and Tsybakov [2008a].
Lemma 2. [Bernstein inequality] Let Ty, ..., T, be independent random variables and S,(T) =
Sow Ty — E(T;)]. Then, forn >0,
2

nn nn
P(|Sn(T) — E(S,(T))| > nn) < 2max <exp <_Z> , €Xp <_4_b>> ,
where Var(T1) < v and |T1| < b.

It is proved in Birgé and Massart [1998], p.366 that P(|S,(T) — E(S,(T))| > nn) <
2exp (—nn?/(2v* 4 2bn)). Lemma 2 follows.

Lemma 3. [Talagrand Inequality] Let Y1, ..., Y, be i.i.d. random variables and v, (t) = L 3% | |y (Y;)—
E(:(Y;))] for t belonging to B a countable subset of functions. For any n > 0,

(27)  P(sup|vn(®)] = (1 +20)H) < max <exp <_”_2"THQ> exp <_w@>> .

teB 6 21 M
and
37T v 772 'rLH2 21 M AL)n nH
28 E 6 —(1 QH] </ Z )l o O st
(28) jélglvn()l (14 2n) LSV Ve +M1ne
with

sup [[9t][o0 < M, E[sup\un( )\] < H, sup— ZVar (e (Yg)) <
teB teB " 2

Proof of Lemma 3:  We apply the Talagrand concentration inequality given in Klein and Rio
[2005] to the functions s*(x) = t(z) — E(t(Y;)) and we obtain

nA?
P (8] > H+ )\ < _ '
@2;3’” () = H+ ) _exp< CEY M)+6M)\>
Then we modify this inequality following Birgé and Massart [1998] Corollary 2 p.354. It gives
A% min(n, 1)A
(29) P(jélg ()] > (1+0)H 4+ X\) < exp (-% min <2v, %)) _
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To conclude for (27), we set A = nH.
For (28), we take A = nH + u and write

“+oo
E[ sup [vp(t)] — (1 + 277)H] < / P ( sup |vu ()] = (1+n)H +nH + u) du
teB(0,1) + 0 teB(0,1)

too _nn*H” H2 u? +o0 nn(nA1)H n(nAlu
< 6v — 6o du + e~ 2iM e 2iM du
0

37T mz H2 21M _nn(nALH
= —6 76 21M
V n(n A1)

7.1. Proof of Proposition 1. In the first case, the bias term is the same as in density esti-
mation (see Tsybakov [2009]) and the use of Taylor formula to partial functions t — f(x; —
vihy, .o xior = victhio1, b g, .. xg) yield

which is the result of (28).00

| fr(z0) — f(20)] < LZ J 1zl ’|K |dmh§j,

J

In the second case, since f*, fi € L!(R), we can write

1 —i({xo,u *
f(@o) = f(wo) = W/e foo- >]1(Hj:1[_1/hj,1/hj})c(Uj)f (u1, .. ug)dus . .. dug

Then, for f € S(b,a,r, L), the bias term is

d
‘f(x()) — fh(xo)‘ < ]l|uj|>1/h ’f ULy ,ud)\dul v dud
d
< []lu3>l/h T+ i)t/ eXP(_ak|uk|rk)]
j= k=1
d
X [\f*(ul, ceyUg)] H(l + ul)oe/? exp(ak\uk\rk)] duy ... dug
k=1
I d 1/2
< 1+ u?) 7% exp(—2a;|ul)du
(2m)? = </|u>1/h ( ) (=2aj[uf)

since
[T+ ud) ="/ exp(—ap|up|™) < 1
k)

Then, using Lemma 1, |f(xzg) — frn(zo)| < LZ]_ plitra 2 eXP(—ajhj_r)-

7.2. Proof of Proposition 2. The independence of the observations gives

. ) i(u,Y1)
Var(fr(zo)) = %Var <ﬁ/6_Z<U7EO>K}t(U) ef*(u) du) ‘
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A simple bound of the variance by the expectation of the square yields Var(fj, (o)) < (n(27)%%)~ YK £213.
But we can also write

Var( (et = [ [ eitmeao EEEEES (1 0 o) = i 5 (o)) dudo

// Zi? ;;) |3 (u —v)|dudv

2
U)
)dt <
S [ 1530 < | 7
using Schwarz inequality.
Now, under (H.), (27)?¥nV;(h) is bounded by the minimum of

[

2

* K* u)h)
Hfs||1j1_[/' 21 1) 51/2exp( ajlu;|P7)

i/

If j € SS,ie p;>0then K;(t) =0if |t| > 1. Consequently, using Lemma 1,

/

de

and
2

K7 (ujh;)
(uf +1) 51/2exp( ajlug|Pi)

(u2 + 1) P/ exp(—ay|ul)

2 1/h;
du = / ’ ]K]*(uh)lz(u2 +1)% exp(2a|ul?)du
—1/h;

2 1/hs 2
< UG [ 1) explzag ful
—1/h;
< hj_zﬁj_H—pJ exp(2a;h; 7.
In the same way
K (uh,) 1/h;
g - * 2 Bi/2 1oy |Pi

= K> (uh)|(u” + 1)%7“ exp(a;|ul? ) du

/ (u2_|_1)—6j/2exp(_aj|u|pj) /—1/hj| ]( )|( ) p( J| | )

1/h;

< 1K oo / (u? + 1)/ exp(a|ul® ) du
—1/h;

h;ﬁj_l+p]

A

exp(ajh; .

Now, if j € OS, i.e. aj = p; =0, then

/ K7 (uhy)

(u 4+ 1)~Fi/2
and /

K7 (uhj)
obtain the following bound for nVj(h)

2
du=n7" [ 1K @P (b + )Pdu 17 [ 1K @R+ 1)bdu

du < hj_l_ﬁj/|K;(u)|(u2 + 1)%/2du. Finally, using that h; < 1, we

(u2 + 1)=Pi/2

d
H II]II] 1+p])h]_2:6J I+p; exp(2a] i H h_l 205 _ thpj_1)+hj—2ﬁj_1+Pj exp(2ajhj_pj).

jeSsSs j€0S j=1
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7.3. Proof of Theorem 1. We shall consider two cases:

e Case A: the noise is OS and f belongs to D = H(b,L) or D = S(b+ 1/2,a,r, L), with
0<r;<2forallj=1,...,d.
In this case we set h,, such that h,; = n 1/ (265465 32, [(28i+1)/bi]) i r; = 0 (ordinary
smooth components of f) and h,,; = (log(n)/(2a;))~'/" when r; > 0 (super smooth
components). Moreover v, is defined by (10) (recall that we standardized notations by
setting r; = 0 when Holder smoothness is considered, thus in the case of none super
smooth components, we retrieve optimal h,, given by (5) and rate (6)).

e Case B: the noise has at least one SS component and f belongs to D = H(b, L) or
D=S8(b+1/2,0,0,L).
Then we set hy, j = n~ /2042041 for j € OS, and for j € SS, hy,; = (277 log(n) /o)~ /P5.
We recall that in this case v, = [log(n)] =2 ™ess(bi/ps),

Before starting with the proof, we need to define preliminary material.

Let H be the kernel function defined in Fan [1991], which is such that: [H =0, H(0) # 0,
H € H(b;,L) N S(b;,0,0,L), for i = 1,...,d, |H(z)| = O(z~%) as |z| — oo with § > 3, and
H*(t) =0, (and thus also (H*)'(t) = 0, (H*)"(t) = 0) when |¢| is outside [1,2].

We also use g5 the symmetric stable law with characteristic function ¢ (u) = exp(—|u|®) where
0 < s < 2. An interest of this function relies on the Lemma:

Lemma 4. The density gs satisfies the following properties:
* g;'(x) = O(lz[*")
o Ifs <1, forallb> 0, there exists L' such that gs belongs to the Holder space of dimension
one H(b,L').

Proof of Lemma 4: Since the density is symmetric, we only consider positive x. Devroye
[1986] shows that, for z > 0, gs(z) = 27! > 521 bj(x7%)7 with

(—1)7~T(sj + 1) sin(sjm/2)
!

b =

First, we can write

gs(z) = bz o(z571)
as © — o0, which proves the first point for s < 1. The case s > 1 can be found in Butucea and
Tsybakov [2008b]. The power series » bjuj converges for all x (as pointed by Devroye, Stirling
formula allows to show a geometric convergence —in fact of order j7 (5_1)). So it is differentiable
with differentiate > jbjuj ~1 Then, an easy computation leads to

gi(x) = Z bi(—1—sj)x 972 =by(~1—8)x "2 +o(z7*7?%)
j=1

in some neighbourhood of infinity. In the same way, for all £ > 0,

ggk—i-l)(x) _ Cx—s—k—2 +0($—s—k—2)‘
But Hélder inequality provides \ggk)(a:’) — ggk)(g;)] <(f ’ggkﬂ)‘p)l/p]a: — 2/|P7F where 1/p =
1+k—0b. Sinces+k+2>k+1—-0b,p(s+k+2)>1and g™ is in LP. Thus g, € H(b, L")
with I/ = || |,. O
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Now, we define two couples (fo, f1,4) and (fo, f1,5). From now on, we assume that zy =
(0,...,0) since it is sufficient to translate functions at point xg in the other cases.

Case A. Let

with ¢; positive constants large enough (they will be made precise later). Here s; = s < 1 for
j=1,...,dif D=H(,L), and if D = S(b+ 1/2,a,7,L), for r; <1, r; < s; < 1 and for
1<r; <2, r; <s; <2. We also define

fra() +CWHH<% 7])

Case B. Here we consider fy with s; = s < 1 for all j, and

fin() +czh <> )

1<i<d, i#j

where ¢ is a constant to be specified later.

In the sequel we show that, for Z = A, B,

1) fo and f1,z are density functions and belong to D.

2) x (P]Z‘lZ,P;%) < n~! where Py (resp. P} ) is the probability associated with the
distribution of a sample Y1, ..., Y, for density of Y3 given by f1 7 (resp fo) and x*(P, Q) =
[ (dP/dQ —1)*dQ.

3) 1f1,z(z0) — fo(zo)| = Cbp.

Then it is sufficient to use Theorem 2.2 (see also p.80) in Tsybakov [2009] to obtain Theorem 1.

Proof of 1).

Hypothesis functions are densities

First, fo are densities by construction. Second, the definition of H guarantees that, for Z = A, B,
f f1,z = 1. To ensure the positivity of fi z, it is sufficient to prove that |fi z — fo| < fo. But, as
|| — oo,

_ 1-96
fo @) fral@) = fo@)| < ev/Vo(hn) Hh 2T <1
7j=1
for ¢ small enough, since 6 > 3 > max(s;) + 1. In the same way, for case B, as |z| — oo,

()‘le( ‘< Zhb+5 sj+15 <1

for ¢ small enough.

Belonging to the Hélder space
Recall that we take s < 1 when D is an Holder space. Since gs is in Holder space of dimension

one for any smoothness (Lemma 4), fo € H(b, L") for some L', and it is sufficient to choose ¢; to
have L' < L/2.
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Now let G4(.) = (fLA — fo)(xq,. .. yLj—1y « s LTjtlye - ,xq). Since H € H(bj,L),

By — P @) = /T W (2N g (T
Gt e ol I} <2h ,J>‘(2h’”) " <2hn,i> " <2h>‘

J#i

e H|% " L/ Vo (hn) (2R ) " — |,

Then f1 4 — fo € H(b,L/2) as soon as c|H||% 1/ Vo(hn)(2hn ) ~% < 1/2, which holds for our
selected hy, and suitable c. Thus fo and f1 4 belong to H(b, L).

IN

Now let Gp(.) = (fl,B — fo)(xq,. .. yLj—1y « 3 Tjtly--- ,xq). Since H € H(bj,L),

k k x’ x,; _
G5 () =GR @) < ehlihi H“f’(hnj)—H(’f’ (ﬁj)‘ugsuzol
+eLllgsl52 1 Hloo > htplz — /|7
pF#j
x/ bj—k
< chlhthL| T - 1951195 + cdL||gs |2 2| H || oo |2 — 2'|%
n,J

Then f1,5 — fo € H(b, L/2) if ¢ is chosen small enough, so that f; g belongs to H(b, L).

Belonging to the Sobolev space
By construction and because s; > r;, for ¢; large enough, fo € S(b+1/2,a,r,L/2) for r; < 2,
j=1,...,d. The computation of the Fourier transform of f; 4 — fo gives

d
|(f1,A - fO)*(t)| =Cv VO(hn) H 2hn,j|I{>i< (2tjhn,j) |

J=1

Therefore

d
/\flA—fo (O Y (1 + )22 exp(2ayt; |7 ) dt

J=1

IN

AVo(hn Zh /|H* (2tjhn ) [2(1 + 312 exp(2a;t;]™) dthhnk/|H (2t )b k) |Pdty
k#j
d

H)c*Vy(hy, Z % exp (2a; n;j),

IN

using that H*(t) = 0 when [t| is outside [1,2]. Then fi1 4 — fo € S(b+1/2,a,r,L/2) as soon
as C(H)c*Vy(hn)h,, %bi exp(2a;h; ") < L?/(4d). This is verified for h, as chosen (the variance
dominates the bias)’. 7

The computation of the Fourier transform of f1 g — fo gives

d

(18— fo)*( —th”'f“H* (thni) [ i (to)-

0=1,0£k
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Therefore

d
Z / [(f1, — fo)" ()]A(1 + t3) T/ 24

< 2d2h2b+2/\H*thm (1 + 1) 2, H /]gs )[2dt;

i=1,i#7j

+d Y / [ (tiha, ) P, /<1+t2>b+1/2\gs< )[2dt; / 9% (t) [2dte
1<j,k<d,j#k £k, L]

which is bounded since [ |H* (t;h, ;) [*(1 —|—t§)bj+1/2dtj = O(h_zbj_2), J@ +t§)bj+l/2|g;"(tj)|2dtj

n?]

is a finite constant and hib,’fz [ g2 (tihn )| ?dty = O(hib,’fl) = 0(1) . Then there is some ¢ such
that fi,p — fo € S(b+1/2,0,0,L/2).

Proof of 2). Chi-square divergence
For Z = A, B, since the observations are i.i.d., (P}‘ z’PJ%) =(1 —I—XQ(PfLZ, P )" —1 (see e.g.

Tsybakov [2009] p.86). Thus, it is sufficient to prove that x*(Py, ,, Pf,) = O(n™!) where

(P, Pry) = / (Frz # fo— fox fo)(fox o) !

Recall that we assume the independence of the noise components. Let us denote

1 . 1 .
q;(x;) :/c_jgsj <$J y> fer;(y)dy = o s <c_> * fer5(25)

so that [, qj(zj) = (fo * fe)(z). Then

X*(Py 4, Pry) = Volhn ﬁ/(/ <2h;7]-y> fel,j(y)dy>2q;l(wj)dxj

and

d 2
2b; Tj—yY -
(P, Pry) < chZhn,;- / ( / H< e >fel,j(y>dy> g; ' (w;)da;

),

xH/qZ and /qi(az)dac =1,

J#i

Now it follows from our Lemma 4 and Fan [1991]'s Lemma 5.1 that g;(x;) > Clz;|~%Y for
|z;| large enough, say |z;| > A > 1. Indeed Fan [1991|’s proof of his Lemma 5.1 works in our
case because of the heavy tail property in Lemma 4. Using this property, we prove that

(30) / </H (w;l—y> fel’j(y)dy>2qj_ (xj)dx; = O(h ﬁJ"‘lexp(—Ql—pjajh;Zj)).

n7]
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Let us bound the term [ (H (. /2hy, ;) * fa1,j)2 (a;j)qj_l(mj)da:j = I; + I where [; is the integral
for |;| < A and I for |zj| > A. Since gj(x;) > C|x;|~%~1 for |z;| large enough

2
Iy = / (. FBhng)  for ) dmjﬁ/ (H (- [2hn3) % feo, 7)) || da
|z;>A |zj|=A

qj(z5)

2
(31) < / (H( . [2hy, ) * fer, (mj)a:j) dx;
|zj|=A
if r; < s; < 1. Then, with Parseval equality

o< [ (HC /2005 fa 0))" dy = [ (2o H 2Rz 2, () P

< 2 / 452 (") @hagu) £, () Pdu + 2 / (2 B (2D ) () ()P

S /hi SICHY (2R, 50) [ |u] 757 exp (=20 |’ )du
/h (H* (2hy, ju)|? w5 exp(—2a;|ulf)du
< B2 exp(— ol hiq ) / () (0) 2[o] =2 do
~ n’j p ] ]
1<v]<2
s o2 magh ) [ )P
’ 1<]v[<2
(32 5 (T exp(-21iaih ).

If1<7r; <sj <2, then xj in (31) must be replaced by a:? and the same computations can be
done with derivatives of order 2. The other term can be bounded in the same way, using that
g; > C for |z;| small

L = /I:c |<A(H( 2R ) # feyy (@) 05 () day < C_l/ (H (. [2hng) * - (x7))° da

|:Cj|<A

(335 / 120, H (2 ) f7,(w) P S B2 exp(—21 ok ”) / |H* (0)[Pv™% dv
1<|2hy, jul<2
Finally, by gathering (33) and (32), we obtain (30). Thus, in the OS case, we get

28, +1
Xz(PfLA’Pfo S Hh i

For the other case, we get

X2(PflyB,PfO) ,S Z h2bjh2ﬁj+l+ Z h2b +263+1 ex ( 21 p]ajh P]) < n_l

n,J n,J
jeOs JESS

by using the choices of the h,, ;’s.

Proof of 3) Rate We can see that |f1 4(0) 0)| = cy/Vo(hn)|H(0)|4, and |f1 5(0) — fo(0)| =
c(zf 1h, ])\H (0)]]gs(0)|4~t, which all have the announced order of the rate v, for the selected

n-

This ends the proof of Theorem 1. [J
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7.4. Proof of Theorem 2.

7.4.1. Proof of Theorem 2. We want to bound |f(zo) — f(z0)|. Let h € Hgy be fixed. The

following decomposition holds:

[F(@0) — F(@0)] < Figany@0) — Fu ey @0)] + iy any (#0) = Fi ()| + | i (a0) — £ (o)

D1 D2

Dy < Ag(h,x0) + 4/ Vo(h(zo))-

And by definition of Ag(h(z0), zo),

By definition of A(h,x),

D2 § Ao(il(xo),xo) + ‘7()(}1)

Therefore
D1+ Dy < Ag(h,m0) + 1/ Vo(h(z0)) + Ao(h(o), m0) + \/ Vo(h) < 2 [Ao(h,xo) + %(h)] ;
by using the definition of h(zg). Thus

(34) |f(x0) = f(wo)| < 240(h, m0) + 24/ Vo(h) + | fa(wo) — f(x0)-
To study Ag(h,xo), we can write
Fw(@o) = fap (o) = fur(zo) = fur(wo) = (Fup (w0) = fapr (o)) + far(wo) = fam (o),
where
fulzo) = E(fn(z0)) = Kp * f(z0)
fnn(20) E(fan(20)) = Kp * Kp, > f (o).

For any A/,
[ (@0) = fhn (o) = [Kp % (f = Ki % f)(wo)| < N(K)Bo(h).
We get back to the definition of Ag(h, zg)

Aolhyzg) = sup [|fh/<:co>—fh,hf<xo>|— w)]
h'eHo 4
(35) < sup [\fhf@o)—fhf(xo)r— Vo<h'>/<1+HK*Hoo>}
h'eHo +
T sup [|fh,h/<:co>—fh,hf<xo>|—||K*uoo %(h/)/mnK*um)] - N(K)Bo(h)
h'eHo +

We can prove the following concentration result:

Proposition 6. Under the Assumptions of Theorem 2, for all h,h' € HZ, for all p > 1,

(36) P <rfh<:co> ~ fa(ao)l > () %(h)) < o/,
(37) P (rfh,hm) ~ frleo)) > A OIE oo/ Vow)) <2/,

as soon as c1(p)?co > 16p?/ min (|| f2||1,1).
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The proposition is proved below. It implies that if ¢;(p) = 1/(1 + || K*||s) and ¢o > 16p*(1 +
1+ | o0)? / min (1| £2]]1, 1),

P{ sup [1Fate0) = fuloo) = T/ + 11| > 0f <2 3 0w <o
.

heHo heHo
as Card(Hp) < nc. In the same way, for all h € H),
B{ sup | Fuelan) = fuelon) = 15 e Fot /0 + HK*HOO)L >0f <2
Thus, the following set
0 = { sup [Ifuan) = futenl = T/ 1+ 1K) =0}

h'eHo +
{oe o, sup |luaoto) = )] = 1 Vo)1 4 171 | =0}
h'e€Ho +
has probability larger than 1 — 4n?"P. Now we choose p = 2¢ + ¢ and then ¢y > 16(1 +
1 K*|ls0)?(2€ + ¢)?/ min (|| f2|1,1). Thus P(Q) > 1 — 4n 9.
By gathering inequalities (34) and (35), we have on 2

|f(z0) — f(z0)]

IN

240 (h, m0) + 24/ Vo(h) + | fu(@0) — f(20)]

< 2N(K)Bo(h) + 21/ Vo(h) + | fa(x0) — f(w0)|

But, still on

|fu(z0) — f(zo)] < Bo(h) + | fn(zo) — falzo)] — v/ Vo(h) /(1 + [ K*|lc0)
+4/Vo(h) /(1 + || K|
< Bo(h) +/Va(h)

Then, on 2,
|f (o) — f(xo)| < (14 2N(K))Bo(h) + 3/ Vo (h),
which ends the proof of Theorem 2. [J

7.4.2. Proof of Proposition 6. Let us define the independent random variables

—i(u,x * €
(2 )d/e (u, 0>Bh(u)

) ™

Zk(x()) =

Clearly,

fulo) = fulwo) = = 3" [Zulwo) — B(Zy(wo))]

k=1

We apply Bernstein Inequality recalled in Lemma 2 to the Zx(x¢)’s, with n = ¢1(p)\/ Vo(h). We
find
K (u)

Fruy |0

1Z1 ()] < (2m)~ /
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and Var(Zi(zg)) < nVy(h). We obtain

P<Kﬁ@®—ﬁ¢mﬂ>ﬁ@)ﬁMm>SP<WMﬂmD—E@AﬂmDH2q@)fﬁm>

n(e1(p)y/Vo(h))? n(e1(p)y/ Vo(h))
(38) < 2max (exp ( A ,exp | — " ,
where ¢;(p) is chosen such that
new(p)*Vo(h)
(39) W > plog(n)

that is ¢1(p)?co > 4p (o is the constant in the definition of Vj(h)). Moreover,

/e (p)*Vo(h) Ve (p)2eo nVo(h)
4b = 4 v/ nlog(n) 22

But for h € Hy,

*

fz

K |?
[z

-2
. N log(n
n%@yyzmm<wwl J>z@ s(n)
1

with ¢3 = min (|| fZ||1,1). Thus

ny/e1(p)?Vo(h)

> pl
i > plog(n)

(40)

provided that \/c3c? (p)co > 4p. Note now that this last condition also ensures the first constraint
c1(p)?co > 4p. Therefore, inserting (39) and (40) in (38) implies the first inequality (36) of
Proposition 6.

To prove (37), we follow the same line. For the study of

Frpr (o) = fup (o) = Kn * (frr — fr) (o),

we can simply replace Kj(u) by Kj(u)K}, (u), with |K;(u)| < ||K*|l« so that it adds a term
||l *|| 0o in the previous computations. Thus we get (37) and this end the proof of Proposition 6. O

7.5. Proof of Corollary 1. Let us denote |f7;(¢)| the j-th component of the order of the noise
characteristic function, i.e. |fX;(¢)] = (1+ t2)7%i/2 exp(—a|t|P7). First, we write

IS/ o (f K h) L2, )t
IEG/F205 8 JIEG (thy) 212 () 2dt

0\ (1 )l g ) )’
Hh_ 1;[ SR (ug) [P £2 (g /1) |2 du

A
~
Q.
’[l
<.
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Consider now case 1. Under (H.), in the OS case, we get

(/15 )1+ (g )25 2 )
SR (ug) [P+ (u;/hy)?)Pi dug

1/ 2113
1K/ #2113

Il

P

Il

AN
-
| =

<
Il
-
S
<

2
(157 () 062 + ) 2
TR ) P (R + )P du

AN
-
| =

o\ (G )] ) 2du;) !
< L J J 7) Cle. K L
s (1L ) I 225 =0 R -

=1 S f|KJ (uj)] uj duy j=1 1

because 0 < h; <1 and the assumptions make all integrals finite.

Consider case 2., where K; = sinc, and use the equivalence Lemma 1. Then we get straightfor-
wardly

* * d
VSR et
155/ £203

Therefore heyt belongs to Hy if condition (18) is satisfied. Let us explain why constraint (18)
is fulfilled in the two cases of Corollary 1.
First, in case 1., it follows from (5) that h; ., are such that

d d d
T/ Riop) < QT REpe) 2% T i) o</ log(n)
i=1 i=1 i=1,i#]

for j = 1,...,d which implies clearly that they satisfy the constraint H?Zl(l/hj) < n/log(n).
This is the reason why (18) and thus (17) hold.

Second, in case 2., the general constraint is also satisfied by the optimal bandwidths because
the negative powers on the h;’s get smaller when p; increases, and each time a p; is nonzero, it
is associated to a logarithmic order for the h;’s. Condition (18) can also easily be checked for
mixed cases. Therefore, }_lopt also belongs to Hp and Corollary 1 is proved. [

7.6. Proof of Proposition 3. In the first case, standard methods (see Tsybakov [2009] or
Kerkyacharian et al. [2001]) yield

d

i=1
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In the Sobolev case, Parseval formula gives || f, — f||* = (27)~¢||f; — f*||* and

[F |f* (u) Pdu

/(\H?—l[_l/hjvl/hj])c

IN

d
> [ exp(=2a sl i1,
j=1
If*(u1,. .., uq)]?(1 + u?)bj exp(2a;|u;|"7)duy . .. du;

d
< L Z h?bj exp(—Qajhj_rj )
j=1

7.7. Proof of Proposition 4. The first bound is obtained by writing

. 1 K —~ 1
Ellfn — fal® = 2n)d /Var< ;f{;) < W/

Now we use the bound on || K}/ fX||* proved for Proposition 2:

* 2
Kh ituy)

fz

d
-2 ._1+ . — s —1—-203.: -2 ,_1+ . —
nV(h) < H h; Fi=1te; exp(2a;h; 7y H h; fi — th Pi=ite; exp(2a;h; .
JESS j€os j=1

7.8. Proof of Theorem 3. The proof uses all the tools given in the proof of Theorem 1 and
we refer to it. We consider almost the same two cases.

e Case A: the noise is OS and f belongs to D = S(b,a,r, L), with 0 < r; < 2 for all
j=1,....,d.

e Case B: the noise has at least one SS component and f belongs to D = S(b,0,0, L).
In both cases, the bandwidth h,, and the rate 1, are as in the proof of Theorem 1. We also
keep the same functions H, gs, fo. Next, we define below a collection of alternatives (fy)g in
case A, and a single alternative in case B. We follow the same three steps as previously, with,
in step 3), integral norms instead of pointwise distance. We will use an integral on a compact
set [a,b] = H?Zl[aj,bj] in case A (which nevertheless minorates the norm on R%) and on R?
in case B. Here, we consider the two cases separately, the extension of the first one being more
complicated than the extension of the second one.
Case A, OS-noise: We take

d L
fG(x) :fO(x)‘FC\/WZQkHH(x]Tn;LM)

ke j=1

with K = {1,..., My} x -+ x {1,..., Mg}, 0 € {0,1}M>=>xMa ppo = th_lj, Tk is a vector
with j-th coordinate x,,1; = a; + k;(bj — a;)hy ;. Moreover, we assume that b; —a; > 1/(27) for
j=1,...d.

Let 6 a sequence in {0,1}*. For i = 0,1, we denote 6 the sequence such that (%), =i and for
all | € K different from k, (6%); = 6;. We now follow the three announced steps.

1) Hypothesis functions are densities
We already know that fj is a density and the definition of H guarantees that [ fp = 1. To ensure
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the positivity of fy, it is sufficient to prove that |fy — fo| < fo. But, as |z| — oo,

S +1 1
(41) (@) folw) < eV H Pt H g~ ) <
for ¢ small enough, since 6 > 3 > s; + 1.
Belonging to the Sobolev space S(b,a,r,L/2), r; < 2.
The computation of the Fourier transform of fy — fo gives
|(fo— fo)"(t)]" = H2 |H* (2t hn])| [v(t1 (b1 _al)hn,la---atd(bd_ad)hn,d)|2’

where

_ Z ekei<t,k>

kel

Therefore, using that H*(t) = 0 when |¢| is outside [1, 2],
d
/|f0—f0 |2Z 1—|-t2 )% exp(2a;t;|"7)dt
j=1

< AV(ha) Y by exp(2ajh;"j)/yH* (2t) [P+ )%

Jj=1

th,l‘H* (2tl) ’2‘?)(151(1)1 - al), e ,td(bd - ad))lzdt
I#]

d
* 2b —T;
< C2HH \QdV Zh n,j exp 2aj j / thl/ ”U(tl(bl —al),...,td(bd—ad))]2dt

But v is 2m-periodic so that

d d
1 _ _ -1
(42) L /[O » w)|?du = Zek < Card(K) = ];[ j];[lh]

and, using that 1/(b; — a;) < 2m,

.E&
&
|
£

/[/ y w(ti(by — a1), ... ta(by — aq))dt =
1/2,1

1
=1 2(bj 7a,j) ’bj —a; }

) / o) Pdu
[0,27]¢

DL

kek

<
Il
—

IN
jamb
—~
=
<.
|
s}
<

<
Il
—

IN
==
N
3

<
Il
-

)/ \v(ul,...,ud)IZdul..
I15-4( !

. dud
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Then using (42), we get

d
/I(fe—fo (DS (1 +£2) exp(2as/t]™)dt
J=1

d d
< AVi(hy) Z hi’_jzb exp(2a;h; th ! ZQ% < AV (hy) Zh;j-bj exp(2ajhj_”) < (L/2)?
j=1 Ak j=1

for ¢ small enough.

2) Chi-square divergence
Let some k € K. We shall first compare fo and fo(. — 2,%). Since gs; is symmetric, we only

study the case of x; > 0. First remark that for ; large enough,
s;+1 < 23j(

€.

sj+1 2s]x3]+1 <
J

Tj = Tnkj) ki S (L5 = Tnkj)
Then, according to Lemma 4, for x; large enough,

X 1 1 S si+1 e Tj — Tnkj
J s+ J jT ) \l—s J nkj
" (—) = L P 4 ) 2 g (7 ) |

Sj-i—l

Moreover, for z; small, i.e. in an interval I, since gs; is continuous and gs,(0) > 0,

Tj — Tnkj . - x;
oy () <l o < (it ) s, ().
J J

j
Thus, for all k € K, fo Z fo(. — ). In addition, we use (41) to conclude

1
f@ *fa > §f0 * fa > Il?ealé(fo *fa( _xn,k)'
This implies
2 2
X2(Pf Pf ):/(fei*fs_feg*fs) < (fe}c*fs_feg*fs) :X2(Pf Pf)
o0’ oy feg*fa ~ fox fe(- — Tn k) hAT o

where fo and f1, 4 are defined in the proof of Theorem 1. Hence, using the corresponding part
of the proof of Theorem 1, we get X2(Pf90 ) Pfel) = O(n~1), uniformly in 6.
k k

3) Rate.

For some estimator fn, let us denote the quadratic risk by

R = supE; / (Fule) — f(2))%dr,
f [a,b]

and by Ag(z) = \feg—f% (2)]/2 = |\/V(hy) H;lzl H <%> |/2. Using a Bernoulli distribution
for # and Markov inequality, we can prove as in Fan [1993] that

Ap(z)?
K

Sl}pEf(fn(x) — f(x)? > max Eg(Snk(6))

where Sy, (0) = Z}ZO ]P’%(]fn(x) — fo ()] > Ag(z)). Now, given our bound on the chi-square

divergence, Theorem 2.2 (iii) in Tsybakov [2009] shows the existence of a constant s. such that
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2

d
Se 9 Tj — Tk
> ¢ — \/ 2y 7nkj
R > 5 [a’b}m]?XAk(w) de =C [mb]mkax V(hn)I;[H< 2 ) dx
v S [ w1 (27 a2 vy [ T ()
= max - x> - x
lek 2h lek /P j=1 2P,

with Dy = [a1 + (I1 — 1)(b1 — a1)hn,1, a1 + 1i(by — ar)hna] X -+« X [ag + (lg — 1) (bg — aq)hn.d, aqg +

ld(bd — ad)hn,d]. But
x5 — i \ |2
H J ntj
< 2hn 5 >

aj+lj(bj—a;)hn,; bj—aj; )
/ dny = oy [ 11y 2P
aj+(l;—1)(bj—a;)hn,; 0

Thus

x
Vv
==
D‘
\@
g':
8
=
N
o
=

b'—a]
> H / (—a;/2)de; > C'V (hy)

Since V' (hy,) & 1)y, this ends the proof of the lower bound in case A for the integrated risk.

Case B. Noise with at least one SS component. Here, we can extend the proof of Case B of the
pointwise setting more directly. We take fy as previously and define

d
fl(ac):fo(ac)—kahfj;;l/zH(hwj) [T H@).
j=1

" 1<i<d, i#j

Let us follow again the three steps of the proof of Theorem 1 and Theorem 2.2 in Tsybakov
[2009].

1) Clearly, with the previous computations, fy and f; are densities (for ¢ chosen small enough),
and belong to the Sobolev space S(b,0,0, L).

2) Let us study the y2-divergence.

2(Pp,, Pp,) < c2d2h2b’ 1/(/ <

XH/H fm

J#Z

)qu( )d )zq;%xj)dxj

= 2dz h2b._1/ /2hn j) f€1,j)2 (:Ej)q]'_l(‘,nj)dxj X O(l)v

since replacing h,,; by 1 in equation (30) implies [(H * f.;)%q; " = O(1). Thus we get

2b +26; 2b +25; ;
Xz(PfNPfo Z h T+ Z h ‘e 21 pJajhnZJ)
jeoSs jeSS
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and with h,, ; = n =/ @342+ for j € OS and hy, ; = (279 log(n)/a;) "1/ for j € SS, we get
an order less than 1/n.

3) Rate.
lfo— AP - QMJ/H%7:>@JT/H:mmZ
" i#]
—I-QZhJ 1/2 bk 1/2/ / < > < >HH332 HHﬂfédiUl vy
Jj<k i#] L#k
= zyWWHuwmﬂ*1
4azm”mZfﬂ/H&?JH%M%/HG?JHWMMWNW”
j<k J ik
= zyﬁme
since
/H <haj—j]> H(z;)dz; =0 for hy,; < 1/2.
Indeed

€T I, N .
/H <HJJ> H(:L'J)dl‘] = 2—7: /H (thn’j)H (t)dt =0
since H* is supported by [1, 2] and H*(thy, ;) has support [1/hy, j,2/hy ;] C]2,+00) for h, ; < 1/2.
This ends the proof of the lower bound in case B and thus of Theorem 3.0J

7.9. Proof of Theorem 4.

7.9.1. Proof of Theorem 4. The beginning of the proof is the same as the one of Theorem 2. Let
h € 'H be fixed. The following decomposition holds:

(43) 1F = £ < 155 = Fuall+ 1 = Full 115 — 71

D3 Dy

By definition of A(h),

D3y < A(h) +1/V(h).

D4 < A \/
Therefore
(44) D3+ Dy < Ah) +/V(h) + A(h) +/V(h) <2 [A(h) + \/V(h)] :

by using the definition of h. To study A(h), we can write
Fo = o = S = fw = (Fuw = Fu) + for = fa-

And by definition of A(h),

But
[ frr = frwe |l = [[Kp x (f — Knx O < [ Kplloollf — f * K|
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as ||u* || < ||u*|sollv]|, for functions u with Fourier transform and v € Lo(RY). As || K]0 =
1K || oo, we get

1fh = frp | < K |loo|lf = fall-
In the same way,
e = Frell < I oo | frr = frl-
Then
[fhr = Frprll < (L (1K (o) frr = frll + 1K oo 1 f = Fall-
We get back to the definition of A(h)

A(h) = sup {nfh/ uwl W(h')]
h'eH +
(45) < (14K ) sup [nfh/—fh/n— V(h'>/<1+||K*uoo>] IR sllf = ful
h'eH +

We can prove the following concentration result:

Proposition 7. [Variance concentration| Under the assumptions of Theorem 4, for all h' in 'H,

P{ e = il = P00+ 1710} < oxp (220 10gy?)

This proposition is proved below.
Then, if we define

Q={vh' e |fw— fwll < V)AL + K o)},
then P(Q°) < > pen e~rlosn)® < card(H)e "(1°8™)? with x = min(n, 1)n/46. Now, gathering
the terms yields, on 2, Vh € H,
1= £l < 20K loollf = full + 24/ V(B) + 1 fn = [
< (V42K o) |Lf = full + 2/ V() + (| fn = ful
But, on Q, || f = full < /V(R)/(1 + | K*||) < 4/ V(h). Thus, on €,

1f = FIl < @+ 20K o) LS = full +3y/ V()
which ends the proof of Theorem 4. [

7.9.2. Proof of Proposition 7. Let B(0,1) = {t € L?(R?) nLY(R%), [|t|| = 1}. We can note that
fn and f;, belong to L2(R?) N L'(R?), and

Ifo—full = sup (fn— fu,t) = sup (fu— fa,t)

t€B(0,1) teB(0,1)

where B(0,1) is a dense countable subset of B(0,1) (thanks to the separability of L?(R)?, such
a set exists).
Now

Fu Bty = = S W(¥5) ~ B (¥i))] = va(1)
=1
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where

K (w)

T/Jt(l/) = fg( )

1)d/ei(u,y>t*( u)

(2m)d

then v, (t) is an empirical process, such that t — v, (t) is continuous.

We can apply Talagrand

and v.

First

E| sup v2(t)
teB(0,1)

Next,
sup  [|[Yilee =
teB(0,1)
<
Last,
sup Var(¢y(Y1)) <
teB(0,1)
<

Inequality recalled in Lemma 3. To this aim, we compute H?, M

)<, s

E( sup (fr — fu.t) sup Hfh—fh” £
t€B(0,1)

< E(fn—ful?) <V(R) <V H2
sup  sup | m—— [ "Vt (—u)—m<du
teB(0,1) yeR4 (27T)d fa (u)

/
1 * (12 K;:(u)2 n .
B ) (”t ® [ 7 d“) = Vv =k
qul K;:(u) 2
o ® / O ma
R R0
enth, @n Ry fr(uy 1l vddude

Clearly we can get first sup,c g1y Var(¢:(Y1)) < nV(h). But we can also apply Cauchy-Schwarz
Inequality with respect to the measure |fy, (u — v)|dudv and we obtain thus

sup Var(y;(Y1))

teB(0,1)

Therefore,

Inequality (27) gives

P(sup |v,(t)] > (1 + 2n)H) < max

teB

< (2 2d//| u) |f3; (u = v)|dudv
1 K (u)[” *)[2 d
= @ W | ey / e
1
WHKﬁ/f?Hgo-
1
= i min(|| K/ £212, | K/ £211%).
p{—% » €XP 21 '
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Now, it is sufficient to use assumption (20) to obtain nH?/v > (logn)?. Moreover (142n)H =

VV(h)/(1+ | K*|loc). Then
Bl a0 = T/ 4 171 < ma (oxp (<2 Qo) e (22010 5

teB
i 1
< exp (‘W(log”f) '

0

7.10. Proof of Corollary 2 and Corollary 3. We proceed as in the proof of Corollary 1 and
we get

JIEG (thy)P1f2 ()| 2dt
1 SUPy; €R|K*(tj )|2|fe*,j(tj)|_2

(ﬁhl [T s V21 (g /)| ~2du

* * d
K/ f2113 - H
K/ f2112

Q

SupuJER‘K*(uj)’2‘f:j(uj/h =

* * d
15/ £2113 ~ (11 1
1K/ f2 113 im1ha ) o sy er K (ug) P (R +uf) s

LR )|+ ud)Pdu,

d

2
—
T =

o5 C(e, K)

j=1 SupuJ€R|K*(u])|2u 7

1
1hj’

e 1.
) ‘ f\K;(unr(h;w;)ﬁjduj

because 0 < h; < 1 and the assumptions make all terms finite.

The result of Corollary 3 is obvious. Indeed, the choice C'(h) = log?(n) ensures that condition
(20) is fulfilled and thus hey € H.

To understand why it can not be improved, consider case 2. (in the general terminology of
Corollary 1), where K; = sinc, and use the equivalence Lemma 1. Then we get straightforwardly

15/ F2 1%

Then we obtain the same order as in case 1. above if the p;’s are all zero, thus the same conclusion
holds for K taken as sinc and f ordinary smooth.
It also follows from (46) that condition (20) in the definition of H is equivalent to

K* * (]2 d .
(46) max(l, ” h/fs ”2 ) ~ H h] (I=pj)+
j=1

d
(47) [Tr ") 2 10g* ().

In the case of ordinary smooth fZ, consider the case where the function f is super smooth. Then
the condition (47) can be written [[,(1/h;)C(h 2 log®(n). This is not necessarily satisfied by
the optimal bandwidths which have logarithmic orders, if we only set C'(h) = 1. But as the
powers of log(n) involved in ﬁopt depend on the regularity of f, which is unknown, the quantity
missing to reach log? (n) is unknown. In the case of super smooth f7, it is clear that if all p;’s
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are larger than one, C'(h) = log?(n) is the only possible choice for condition (47) to be fulfilled.
U

7.11. Proof of Theorem 5. The proof starts like the proof of Theorem 4 but we replace
Proposition 7 by a bound in expectation obtained in an analogous way, but by using equation (28)
instead of equation (27). As all bounds M, v, H have been computed in the proof of Proposition
7, we easily obtain that

& (1 = sull P00+ 1K) §C<\ﬁ——+ w_f>
+

To obtain the result, we need to prove that, in case 2. of the above terminology and with our
new definition of H, we have

n?_ V(h)
Zfe T < oo

heH

Now we use the previous evaluations and in particular (46). We write C'(h) = Z;-lzl Cj(kj).
The following inequalities hold.

d
) p (I=pj)4
Sovae g S [LRp e ek) eni G I

heH 1<ki,....kg<M \j=1

A

d
. 1—
Z H kﬁj—(pj—l)+/2€ajk53 _K’Zj 1Cj(k; ) ( pj)+
J
1<ky, o kg<M \j=1

d
< H Z kﬁj—(pj—1)+/2606jkpj—"@Cj(’f)/f(lfpj)+ =3,
j=1 \1<k<M

where & can be specified in function of n? /6 and the constants involved in Lemma 1. This explains
why we choose C;(k) = 1 if 0 < p; < 1/2 which corresponds to the case where k?i < k(17ri)+ =
k'=Pi. We choose C;(k) = (20 /k)k?5 71 if 1/2 < p; < 1 because then a;jkPi — kC;(k)kU1—Pi)+ =
—aijkPi. In the same way, we take C;(k) = (2c/k)k?7 if p; > 1. Then the sums over k are
bounded and ¥ < 4o00. These values give formula (26) which is overestimated by the proposal
(24) in order to avoid the specification of tedious constants.

Thus, we have

- ~ % b _(71211)77\/5 Q/
h;E <||fh/ el =T/ 11K uoo>>+ <c (% + card(Har)e ) <<

since card(Hys) < nf.
Therefore, it follows from (45) that, as || K*|« = 1 for K =sinc, then
2"

E(A(R)) < Tn +2[f = fall

and inserting this in (43) and (44) yields

E(1F — FI) < 31F — full + 3V (1) + 22

which is (25). This ends the proof of Theorem 5. [J
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7.12. Proof of Proposition 5. First, note that Neumann’s Lemma 2.1 (see Neumann [1997],
and in particular the proof of the Lemma 2.1 page 323) can be straightforwardly extended to
the multivariate setting. Define

The result can be written

1 N1
B(ROP) <€ e A ram )

Then the following decomposition holds:

_ 1 T fx

I = Fll = s | i [f’”f;fyﬂf;—f;)mfw ‘

and thus
_ E _x 2
Bl -l 5 [igop= o0

n / K (0)PE( fy (1) — (0 PIE(R@))dt + / G (0) 21 5. () PER () Pde

LIKA? 1| K2 K1
s a7l E

where the second term is obtained by bounding R(t) by 1/|f#(¢)|> and the last one uses the
second bound of R(t) and the fact that fy = f*fZ. The first two terms are V(h) and the last
one is W (h). Thus, we obtain E(||f, — fzl|?) S V(h) + W(h). O
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