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ANISOTROPIC ADAPTIVE KERNEL DECONVOLUTION

F. COMTE®™ AND C. LACOUR**

ABSTRACT. In this paper, we consider a multidimensional convolution model for which we
provide adaptive anisotropic kernel estimators of a signal density f measured with additive
error. For this, we generalize Fan’s (1991) estimators to multidimensional setting and use
a bandwidth selection device in the spirit of Goldenschluger and Lepski’s (2011) proposal fr
density estimation without noise. We consider first the pointwise setting and then, we study
the integrated risk. Our estimators depend on an automatically selected random bandwidth.
We assume both ordinary and super smooth components for measurement errors, which have
known density. We also consider both anisotropic Hélder and Sobolev classes for f. We provide
non asymptotic risk bounds and asymptotic rates for the resulting data driven estimator, which
is proved to be adaptive. We provide an illustrative simulation study, involving the use of Fast
Fourier Transform algorithms. We conclude by a proposal of extension of the method to the
case of unknown noise density, when a preliminary pure noise sample is available.

March 2011
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1. INTRODUCTION

There have been a lot of studies dedicated to the problem of recovering the distribution f of
a signal when it is measured with an additive noise with known density. Several strategies have
been proposed since Fan (1991) in order to provide adaptive strategies for kernel (Delaigle and
Gijbels (2004)) or projection (Pensky and Vidakovic (1999), Comte et al. (2006)) estimators.
The question of the optimality of the rates revealed real difficulties, after the somehow classical
cases studied by Fan (1991): the case of super smooth noise (i.e. with exponential decay of its
characteristic function) in presence of possibly also super smooth density implies non standard
bias variance compromises that requires new methods for proving lower bounds. These problems
have been studied by Butucea (2004), Butucea and Tsybakov (2007, 2008) and by Butucea and
Comte (2009).

Then new directions lead researchers to release the assumption that the characteristic function
of the noise never vanishes, see Hall and Meister (2007); Meister (2008). Others released the
assumption that the density of the noise is known. In physical contexts, where it is possible to
obtain samples of noise alone, a solution has been proposed by Neumann (1997), extended to
the adaptive setting by Comte and Lacour (2011), another idea is developed in Johannes (2009).
Other authors assumed repeated measurements of the same signal, and proposed estimation
strategy without noise sample, see Delaigle et al. (2008).

All these works are in one dimensional setting. Our aim here is to study the multidimensional
setting, and to propose adaptive strategies that would take into account possible anisotropy for
both the function to estimate and the noise structure. As already explained in Kerkyacharian

et al. (2001), adaptive procedures are delicate in a multidimensional setting because of the lack
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of natural ordering. For instance, the model selection method is difficult to apply here since it
requires to bound terms on sums of anisotropic models. In this paper, we use a unified setting
where all estimators can be seen as kernel estimators, and we use the so-called "Lepski methods"
recently developed in Goldenschluger and Lepski (2010, 2011) to face anisotropy problems. The
originality of our work is to use Talagrand inequality as the key of the deviation in the mean
squared error case. This idea is also exploited in a different context by Doumic et al. (2011). And
indeed, we succeed in building adaptive kernel estimators in many contexts. The bandwidth is
automatically selected. We provide risk bounds for these estimators, for both pointwise risk when
local bandwidth selection in proposed and for the integrated mean square risk (MISE) when the
global selection is studied. We also consider both anisotropic Holder and Sobolev classes for f,
the Fourier-domain-definition of the last ones allowing to also deal with the case of super smooth
functions to recover. Few papers study the multidimensional deconvolution problem; we can
only mention Youndjé and Wells (2008) who consider a cross-validation method for bandwidth
selection in an isotropic and ordinary smooth setting. Our paper considerably generalizes their
results with a different method, and provides new results and new rates in both pointwise and
global setting.

We want here to emphasize that our setting is indeed very general. We consider all possible
cases: the noise can have both ordinary smooth (O.S.) components (i.e. a characteristic function
with polynomial rate of decay in the corresponding directions) and super smooth (S.S.) compo-
nents (exponential rate of decay), and the signal density also. In particular, we obtain surprising
results in the mixed cases: if one component only of the noise is S.S. (all the others being O.S.),
in presence of an O.S. signal, then the rate of convergence of the estimator is logarithmic. On the
contrary, if the signal has k out of d components S.S. in presence of an O.S. noise, then the rate
of the estimator is almost as good as if the dimension of the problem was d — k instead of d. We
obtain also natural extensions of the univariate rates, and in particular the important fact that
the rates can be logarithmic if the noise is S.S. (for instance in the Gaussian case) but are much
improved if the signal is also S.S.: for instance, if the signal is also Gaussian, then polynomial
rates are recovered.

In spite of the difficulty of the problem, in particular because of the large number of parameters
required to formalize the regularity indexes of the functions, we exhibit very synthetic penalties
than can be used in all cases. We also provide more precise but more technical results. It is
certainly worth mentioning that the adaptive strategy we propose in the pointwise setting is not
only a generalization of the one-dimensional results obtained in Butucea and Comte (2009), but
is also a different procedure.

The plan of the paper is the following. In Section 2, we describe the model and the assumptions:
the functional classes and the kernels used in the following. We both give the conditions required
in the following for the kernels and provide concrete examples of kernels fulfilling them. We define
the general estimator by generalization of the one-dimensional kernel to multidimensional setting.
In Section 3, we study the pointwise risk and we discuss the rates. Then we propose a pointwise
bandwidth selection strategy and prove risk bounds for the estimator in the case of Holder classes
and for Sobolev classes. As in the univariate case, adaptation costs a logarithmic loss in the rates.
In Section 4, we provide global MISE bounds and describe an adaptive estimator, which is studied
both on Nilkols’kii (see Nikol’skii (1975) and Kerkyacharian et al. (2001)) classes and for Sobolev
densities. Here, it is possible that adaptation has no price and that the rate corresponds exactly
to the optimal one found without adaptation. We provide in Section 5 illustrations and examples
in dimension 2, for models having possibly very different behavior in the two directions. We give
results of a small Monte-Carlo study, obtained by clever use of IFFT to speed the programs. Up
to our knowledge, these effective experiments are the first ones in such a general setting. In a
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concluding Section 6, we pave the way for a generalization of the method to the case where the
known noise density is replaced by an estimation based on a preliminary sample. To finish, all
proofs are gathered in Section 7.

2. MODEL, ESTIMATOR AND ASSUMPTIONS.

2.1. Model and notation. We consider the following d-dimensional convolution model
Yi1 Xi1 €i1

(1) Yi=| : =X, +e=|: + 1 : ,i=1,...,n.
Yid Xid €id

We assume that the ¢; and the X; are i.i.d. and the two sequences are independent. Only the
Y;’s are observed and our aim is to estimate the density f of X; when the density f. of € is known.

As far as possible, we shall denote by = variables in the time domain and by ¢ or u variables
in the frequency domain. We denote by ¢g* the Fourier transform of an integrable function g,
= [P g(x)dx where (t,z) = Zd L tjz; is the standard scalar product in R%. Moreover

the convolutlon product of two functlonb g1 and go is denoted by g1 xg2(z) = [ g1(z —u)g2(u)du.
We recall that (g1 * g2)* = gjg¢5. As usual, we define

lolls = [ lo@)ldz and gl = gl = ( / |g<x>|2dx>>l/2.

The notation x4 means max(zx,0), and a < b for a,b € R? means a; < by,...,aq < by. For two
functions u, v, we denote u(x) < v(x) if there exists a positive constant C' not depending on x

such that u(x) < Cv(x) and u(z) =~ v(x) if u(z) S v(x) and v(z) < u(x).

2.2. The estimator. Let us now define our collection of estimator. Let K be a kernel in L?(R%)
such that K™ exists. Then we define, for h € (Ri)d,

1 x1 xd> . K;
Kplzx)=—+K|[-—,...,— | and L7;\(t) = =2—=.
n(®) hy.. hy (hl hy () (b
The kernel K is such that Fourier inversion can be applied:
L) = (2m) 0 [ K 0/ 1200

Considering that f* = fy-/fZ, a natural estimator of f is such that

fr(®)
fx@)
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where ﬁ(t) = it V)

SHE
o

Frt) = Fp(t) Loy (1) = K (8) =

i
I

and thus
1 n
= Y Lylz = Ya),
k=1

Note that our estimator here is the same, in multivariate context, as the one proposed in
one-dimensional setting by Fan (1991). It verifies

B 0) = Ki0TED = 5070 ot B = Kux s = i

To construct an adaptive estimator, we also introduce auxiliary estimators involving two kernels.
This idea, already used in Devroye (1989), allows us in the following to automatically select
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the bandwidth h (see section 3.3), following a method described in Goldenschluger and Lepski
(2011). We consider

frp (@) = K % fr(@),
which implies that

fial) = K ORGP,

Note that, for all z € R%, we have fh’h/(x) = fh/,h(x). The estimator which is finally studied is
fﬁ where h is defined by using the collection ( fh,h/)-

2.3. Noise assumptions. We assume that the characteristic function of the noise has a poly-
nomial or exponential decrease:

(H) 3Jae®p)4pe®)YBeRYB; >0if pj=0)s. t. V€ RY,
d
F20) = T + 1772 exp(—ayt 7).
j=1

Note that this assumption implies f¥(t) # 0. A component j of the noise is said to be ordinary
smooth (OS) if a; = 0 or p; = 0 and super smooth otherwise. We take the convention that a; = 0
if pj =0 and p; =0 if a; = 0.

Let us recall that exponential or gamma type densities are ordinary smooth, and that Cauchy
or Gaussian densities are super smooth. The Gaussian case is considered in many problems
and enhances the interest of super smooth contexts, but exponential-type densities keep a great
interest in physical contexts, see for instance the fluorescence model studied in Comte and Re-
bafka (2010) where the measurement error density is fitted as an exponential type distribution,
belonging to the ordinary smooth class.

To be more precise, we introduce the following notation. We denote by OS the set of directions
J with ordinary smooth regularity (a; = p; = 0), and by SS the set of directions j with super
smooth regularity (p; > 0) so that under (H.),

2@~ T @&+ 07572 1 @+ 1) exp(—agltx|*).
jeos keSS

2.4. Regularity assumptions. We consider in the sequel several types of regularity for the
target function f, associated with slightly different definition of the estimator: the choice of the
kernel depends on the type of regularity space. We used Greek letters for the noise regularity,
and now, we use Latin letters for the function f indexes.

First, for pointwise estimation purpose, we consider functions f belonging to Holder classes
denoted by H(b, L), b = (b1,...,bq) such that:
the function f admits derivatives with respect to x; up to order [b;] (where [b;] denotes the
largest integer less than b;) and

olbil ¢

olbil ¢
Gyl

T, X T, 2g) — ———— (x)| < L)t — x| )
’x_]*laxjax]ﬁ»l) ;xd) (61-])@]] (ﬂj) ~ L|$J :C]| J J
Next for global estimation purpose, the functional spaces associated with standard kernel esti-
mators are the anisotropic Nikol’skii class of functions, as in Goldenschluger and Lepski (2010),
see also Nikol’skil (1975), Kerkyacharian et al. (2001). We consider the class N (b, L) which is
the set of functions f : R* — R such that f admits derivatives with respect to xj up to order
|b;], and



(2) H ) b —| <L forallj=1,...d where||.| denotes the L*(R")-norm.

()Forall]—l .,d, for all t € R,

2

b; b;
aL JJf 6L ]Jf (.%') d.%' S L2‘y’2(bj_\'ij)'

W(wl TG, T Y, Ty yTd) — W

Lastly, and for both pointwise and global estimation, we shall consider general anisotropic
Sobolev spaces S(b,a,r, L) defined as the class of integrable functions f : R? — R satisfying

d
/’f*(tl,..., H 1—|—t JeXp(Qaj]tj]rf)dtl...dtd < L.

We set a; = 0 if r; = 0, and reciprocally. If some a; are nonzero, the corresponding direction
are associated with so-called "super smooth" regularities. To standardize notations, we set
aj = r; = 0 when Holder or Nikol’skii regularity is considered.

We can note that Sobolev spaces allow one to take into account a global regularity rather
than a pointwise one. Nevertheless, they have a convenient Fourier-domain representation, in
particular when one wants to consider super smooth or analytical functions, even in pointwise
setting. If the noise density can have such property in the case of Gaussian measurement error,
it is natural to think that the signal density may have the same behavior.

2.5. Assumptions on the kernel. For the estimators to be correctly defined, the kernel must
be chosen sufficiently regular to balance the noise.

We assume that K(z) = K(x1,...,24) = H?Zl K;(x;). This assumption is not necessary, but
simplifies the proofs. Besides, the kernels used in practice verify this condition. Moreover, we
recall that K belongs to L2(R%) and admits a Fourier transform.

To ensure the finiteness of the estimators, we shall use the following assumption:

Kvar(8) For j € OS: [|K}(u)]*(1 +u?)%du < oo and [ |K}(u)|(1+ u?)%2du < 0o
For j € 55t K;(t) = 0if [¢| > 1 and supj<; [K;(t)| < o0

Moreover, we may require a classical assumption to control the bias Hélder or Nikol’skii spaces
described above.

Korder(¢) The kernel K is of order £ = (f1,...,4q) € R%, i.e.
* [K(x)dr =1
x V1 Sjgd,VlSkgﬁj,fx?K(x)dm:O
* V1 <j<d, [(1+|z;)%|K(z)|dr < oo
Note that this implies the condition used in Fan (1991) which is stated in the Fourier domain.
This condition is verified by the following kernels defined in Goldenschluger and Lepski (2010).

We start by defining univariate functions u;(z) such that [ w;(z)dxr =1, [ |z]%|uj(z)|dr < +oo
and then

(2) Kj(z)) = ( 4 >(—1)k+1%uj(?)-
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Then Kj is a univariate kernel of order ¢;. The multivariate kernel is defined by
d
(3) K(z) = K(21,...,24) = | [ K;(x;)-
j=1

The resulting kernel is such that fH?:1 x?jK(x)dxl co.drg = 0if 1 < kj < ¢ for one j €

{1,...,d}, and thus satisfies Korder(¢).

We can give an example of kernel satisfying Assumptions Kvar(3) and Korder(¢). We can
use the construction above with u;(z;) = ve,42(z;) where

sin(z P . 27mpe
vp(x) = ¢p (#) ; vp(0) = cp, Up(t) =~ o p]l[fl,l] Koo *]1[71,1](1975)7

~
p times

where ¢, is such that [ v,(z)dz = 1. This is what can be done when the function under estima-
tion is assumed to be in a Holder or in a Nikol’skii space.

When considering Sobolev space and Assumption Kvar(/3) is required, we can simply use the
sinus cardinal kernel denoted by K = sinc and defined by
x « sin(z;) 1
Ki(t) =11 t) = vi(t), Kjx;)= ijij(O) =
Remark. When only ordinary smooth noises are considered on Holder or Nikol’skii spaces, we
may also use other type of kernels. For instance, use the construction of kernel of order ¢ based

on 1\ Wil+t 1\ WBil+1
uj(z;) = ¢ (%‘ - 5) (mj T 5) g a(s).

Indeed, it can be proved that K7 (t;) = O(|t;|~(%iJ+2)) when |t;]| — +o0.
3. POINTWISE ESTIMATION

3.1. Bias and variance. Let 2y be a point in R?. The aim is to study the estimator fh of f,
and more precisely its risk at point zq: |f(zo) — frn(zo)|- It is well known that

E| f(20) — fn(z0)]> = | f(w0) — falz0)|® + E| fu(w0) — fu(zo)[?

bias variance
(recall that f), = E(fh) = K, * f). We first control the bias. We define
£ = fill1/(2m)%  otherwise

The following proposition holds.

Proposition 1. The bias verifies |f(xo) — fn(xo)| < Bo(h) and, under assumptions

e f belongs to Holder class H(b, L) and the kernel verifies Korder(¢) with £ > |b], or
o f* € L', f belongs to Sobolev class S(b+1/2,a,7,L) and K = sinc

Then Bo(h) < LY 4, b2 exp(—a;h; ™).

Note that we recover the classical order hl;-j when a; = 0. Let us now study the variance of

estimators fh.



Proposition 2. The variance verifies E|fn(zo) — fa(z0)]? < Vo(h) where
K |* | K 2)

fz
1 d
Vo(h) S e H § Dt =1=26 exp(2a;h; .
]:
When fZ =1 (no noise), we obtain the classical order [];1/(nh;).

Eventually, the bound on the MSE is obtained by adding the squared bias bound and the
variance bound.

(4) Vo(h) = Wl (erHl

Moreover, under (H.) and Kvar(3), if h; <1 for all j,

3.2. Rates of convergence.

3.2.1. Homogeneous cases. We first give the bandwidth choices and rates of convergence which
are obtained when all components of both f and f. have the same smoothness. Recall that
in dimension 1, the minimax rates are logarithmic when the noise is super smooth, unless the
function f is super smooth too : see Fan (1991), Pensky and Vidakovic (1999), Comte et al.
(2006).

First, consider that both the function f and the noise are ordinary smooth. We can compute
the anisotropic rate that can be deduced from a "good" choice of h = (hy,...,hq). Indeed, let
us look at

d
0 2b 2b, -1 —(28;+1)
o (h Pk B T ]y

i=1

d
— 2bjh§bj*1_(2ﬁj+1)n—1h;(25j+2) H hi_(2ﬂi+1).

i=1,i%j
Setting this to 0 for all j yields
2 1+1 2b;4+206;+1 -1 .
(5) H hlgpt Gopt . ooxmT o gj=1,....d
i=1,i#j
and thus hj opt = hibgpt Therefore the optimal bandwidth choices are

B opt 0 (n~ Y/ (@bitbi CiLal@8+1)/bi)
and the resulting rate is
©) VO, 2

Secondly, consider the case where the noise is super smooth (all (3;,p;) nonzero) but the
function is ordinary smooth. Then h; o = ((20; 4+ 1)/log(n))'/?s and the rate is

(7) llog(n)]~2™im<i<albs/ps),

We can remark two things in this case: the rates are logarithmic, and the bandwidth choice is
known because it only depends on the parameters of the noise density, which is assumed to be
known. This explains why no bandwidth selection procedure is required here, as long as only
classical Holder regularities are considered.



Now consider the case where the noise is ordinary smooth (all p;’s are zeros) but the function
is super smooth (with all (a;,7;) nonzero). Then we take h; o = (a;/log(n))'/"s and the rate is

®) log(m)>=5=1 G4/ .

We can see that here, the rates are very good. It is worth mentioning that the first paper
considering super smooth function f is Pensky and Vidakovic (1999).

We do not give a general bandwidth choice in the case where both functions can be super
smooth, because it is very intricate. General formula in dimension 1 are given in Lacour (2006),
see also Butucea and Tsybakov (2007, 2008). We can just emphasize that in such case the
rates can be considerably improved, compared to the logarithmic issue above. For instance, it
is easy to see that the compromise between a bias of order exp(—1/h?) and a variance of or-
der exp(1/h?)/n is obtained for h = \/2/log(n) and gives a rate of order 1/y/n. To be even
more precise, the optimal rate in dimension 1, if the signal is A'(0,02) and the noise NV(0, 02), is
V40 [log (n)] ~(H/AH0/2 62 — 62 /62 for 1/hey = +/[log(n) + (1/2)log(log(n))] /(02 + 02).
As the bandwidth choice is very difficult to describe in the general case, this enhances the inter-
est of automatic adaptation which is proposed below, when Sobolev spaces are considered. Note
that optimal choices of the bandwidth are of logarithmic orders in all those cases.

3.2.2. Discussion about mized cases. Let us consider now the case where the function is still
ordinary smooth, but components 1 to jy of the noise are ordinary smooth while components
jo + 1 to d are super smooth, 1 < jo < d. Then it is clear that exponential components
must first be "killed" by choosing logarithmic bandwidths and as the bandwidths are involved
additively in the bias term, the rate becomes logarithmic. More precisely, taking for j = 1,..., jo,
Rjopt o n~ Y/ 24R3+) and for j = jo 4+ 1,...,d, hjop = [log(n)/(4da;)]~1/?i gives a variance
term of order

Jo d

n—l Hh;jggfl H hg'fiogbftl)++(ﬁ’jfl)*2ﬁj eXp(zajhjif;;t)
Jj=1 J=jo+1
x n—1+jo/(2d)+(d—jo)/(2d) log“’(n) _ n—1/2 logw(n),

where w = Z?:jo+1(2ﬂj +1—pj — (pj —1)4+)/p;. Therefore, the variance is negligible and the
rate is determined by the bias terms and is proportional to

(9) [log(n)]~ ™no+1<i<albi/ps)

The conclusion is that the presence of one super smooth component of the noise implies a loga-
rithmic rate, when the function to estimate is ordinary smooth (and bandwidth selection is not
required).

The other case we can handle is when the noise has all its components ordinary smooth, but
the function has its jg first components ordinary smooth and the d — jy last ones super smooth.
Let us take d = 2 and jo = 1 for simplicity. Clearly, we can choose hg opr = (log(n)/az)~1/"2, so
that the MSE for (hq opt, h2,0pt) is proportional to

B0+ B3 exp(—2a2hy12) + 0 thy ot hy 2

2,0pt 2,0pt 1,0pt 2,0pt
o h%f}olpt +n—2[log(n)]—(2b2+7‘2)/7‘2 +n—lhiigtl*l[log(n)](2ﬂ2+1)/7’2.

Therefore, the optimal choice of hy is obtained as in dimension 1 with respect to a sample size
n/[log(n)]?%2+t0/m2 and we find hyop oc (n/[log(n)]@F+1D/r2)=1/20i4201+1) - The final rate is
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proportional to (n/[log(n)](2%2+1)/r2)=201/(2614+2b1+1)  Thjg is the rate corresponding to the one-
dimensional problem, up to a logarithmic factor.

More generally, we obtain in dimension d, the rate corresponding to dimension jy of the OS-OS
problem, up to logarithmic factors.

3.3. Adaptive estimator.

3.3.1. General result. Now, our aim is to automatically select a bandwidth in a discrete set
Ho (described below) such that the corresponding estimator reaches the minimax rate, without
knowing the regularity of f. We have at our disposal estimators fh(azo) and f’h,h/(azo) = K *
fh(azo), for xo = (x0,1,...,%0,4) € R? such that f’h,h/(azo) = fh’,h(SCO)- We define

(10) Aol o) = sup |L(ao) = ool = /To()
€Ho +
and
i) = arg i { o) + /T |
with
(11) Vo(h) = colog(n)Vo(h)

and cg is a numerical constant to be specified later. The final estimator is f (x0) = fﬁ(m)(xo).

The term Vj(h) corresponds to the variance of the estimate f, () multiplied by log(n). Now,
we can state the result concerning the adaptive estimator. Define

Kl i [[K ] < oo
(K) = 4 .
|IK*||co  otherwise

Theorem 1. Assume that N(K) < oo and let

Ho = {n® <1, forj: 1,....d, Vo(h®™) <1,

-2

1
h(k) > 0g(n) fork=1,...,|n|}.
1 n

(12) H h““’

2

Let q be a real larger than 1. Assume that co > (4(1 + ||K*||eo)(2€ + ¢))?/min (|| £2]|1,1) . Then,
with probability larger than 1 — 4n~9,

(13) |Fa) = flao)] < inf

{(1 + 2N(K))By(h) + 3 ffo(h)} :

We can make two comments about this result.

(1) Inequality (13) is a trajectorial oracle inequality, up to the log(n) factor in the term Vj(h)
which appears in place of Vy(h).

(2) Condition (12) is typically verified if || K/ £2]|3 > log(n) and max(| K/ f2[3, || K/ £2]13) <
n. It is just slightly stronger than assuming the variance Vy(h) bounded.

It is also important to see that we can deduce from Theorem 1 a mean oracle inequality.
More precisely, we have | f(zo) — f(x0)| < (IK; /|1 + | f(x0)])- Then, for h € Ho, K5/ 203 <
(n/log(n))||K;/f2]13 and Vo(h) < 1imply ||K;/f2]|? < n. Thus |f(zo) — f(x0)|> < n. Therefore,
Theorem 1 implies that, Vh € Hj,

C

2
(1) Blf(eo) ~ fan)? < { (14 20K Bl + 397t |+ .
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We just have to choose ¢ > 2 in Theorem 1.

3.3.2. Study of Condition (12). Let us define }_lopt = (ﬁl,gpt, . ,}_'Ldppt) the minimizer of the right
hand side of equation (14):

hopt = arg min {Bg(h) + %(h)} .

d
heR%

Note that Bopt here corresponds to the value of h,,; computed in Section 3.2 where n is replaced
by n/log(n). We need to check that h,y: belongs to Ho to ensure that the infimum in (13) is
reached.

This is what is stated in the following Corollary.

Corollary 1. Assume that (H.) holds and either
1. f belongs to Holder class H(b, L), the noise has all its components OS and the kernel
verifies Korder(¢) with ¢ > |b], Kvar(B), and is such that K; is lower bounded on
[—qj,q;] forq; >0, and j=1...,d, or
2. f* € LY, f belongs to Sobolev class S(b+1/2,a,r, L) and K = sinc.
Then hopt € Ho and thus the infimum in Inequality (13) is reached.
In particular in case 1., we have
28;+1

(15) E(|f(x0)—f(x0)|2):O((n/log(n))*l/u*%zgﬂ sl

We can notice that the proof of Corollary 1 relies on the intermediate result stating that
Condition (12) is equivalent to the following one:

d
(16) H hg-prl) < n/log(n).
j=1

The consequence of Corollary 1 is that the right hand side of (13) always leads to the best
compromise between the squared bias B3(h) and Vy(h), that is the optimal rates of section 3.2
with respect to a sample size n/log(n).

Remark 1. As we already mentioned, we have an extra log(n) factor in Inequality (13). In case
1. above, we can concretely see the loss in the rate by comparing the right-hand-side of (15) to the
optimal rate (6). This logarithmic loss, due to adaptation, is known to be nevertheless adaptive
optimal for d =1, see Butucea and Tsybakov (2007, 2008) and Butucea and Comte (2009), and
we can conjecture that it is also the case for larger dimension.

Remark 2. In the case of a super smooth noise on Hdolder spaces, we already mentioned that no
bandwidth selection is required. Indeed, we just have to take h; = (log(n)/2a;)~/?i for the super
smooth components and h; = n =Y/ (2d26;+0) for ordinary smooth components, and the rate has a
logarithmic order determined by the bias term, see (9). This is the reason why general adaptation
1s studied only on Sobolev spaces. The rates can be then considerably improved compared to the
rate (9).

4. GLOBAL ESTIMATION

Let us now study the procedure for global estimation. In this section we assume that f belongs
to L2(R).



11
4.1. Bias and variance. We study now the MISE E| f — fh\|2, made up of a bias term plus a
variance term. We can prove the following bound for the bias.

Proposition 3. Under assumptions

e [ belongs to Nikol’skii class N (b, L) and the kernel verifies Korder(¢) with £ > |b], or
e [ belongs to Sobolev class S(b,a,r, L) and K = sinc

Then ||f — full S LY 0, b, exp(—ajh;rj)
Let us now bound the variance of the estimator.
Proposition 4. We have E||f, — fu|?> < V(h) where

1
(2m)dn

V(h) =

h
[z
Moreover, under (H.) and Kvar(3)

d
1 _
_ H 1-28;5+p; eXp(2a] h] PJ)

B

We emphasize that the rates of convergence (6), (7) and (8) are formally preserved here,
for the same optimal bandwidths choices, but with a definition of the parameters b; which is
different (in case 2. here, f belongs to S(b,a,r, L) while in the pointwise setting it was chosen
in S(b+1/2,a,r,L)). Therefore, we refer to section 3.2 for all remarks concerning the quality
of the rates and to the cases where part of the components of f or f. are ordinary smooth and
others are super smooth.

4.2. The global adaptive estimator. Now, we describe the adaptive estimation. As previ-

ously, we define
A = sup [ = el = /700)]

Jr

h = arg mln { )+ \/ }
with V(h) defined by

(17) V(h) = (1+[|K*[l)*(1 +20)*V (R)C(R)

where 7 is a numerical constant and C'(h) > 1 is a correcting term discussed below. Ideally,
this term would be a constant but in super smooth cases, this may not be possible. The final
estimator is f = f

We give first an adaptive trajectorial result in term of a general constraint on C'(h).

and

Theorem 2. Assume that || K*||o < 0o and let
H o= {® hM <1, forj=1,....d V(h®) <1,
(18) C(h) max(L, || Ky / f2 H /HKh/f 13) = (ogn)* fork =1,.... |n‘]}.

Then, with probability larger than 1 — nfe~Mmin(n,1)n/46](og n)?

(19 1771 < jug { @+ 20810l = Al + 3700 .
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Remark 3. Clearly, asymptotically when n gets large, Ve > 0, n¢e~min(n,1)n/46](log n)* — O(1/n™9)
for any integer q. But in practice, the cardinality |n€| of H should not be too large.

Note that, as in the pointwise setting, we can write

1F = FI < WA+ 1AL < A+ /nV(R) < ILFI+ v

as h is chosen in H. Therefore, Inequality (19) implies that

(20) wa—ﬂD§££%1+mxwwwf—hu+mHNm}+Q%?_

Now we can study condition (18) in our usual specific settings. Let us define hopt as the
optimal bandwidth choice:

hopt = arg mln{”f - th + V(h)}
heR4

As in the pointwise setting, the optimal compromise is automatically reached by the estimator
if hope belongs to H; but contrary to the pointwise setting, we may preserve a rate without loss
if C(h) can be taken equal to a constant. We can prove the following result.

Corollary 2. Assume that (H.) holds, that the noise has all its components OS and either

1. f belongs to Nikol’skii class N'(b, L), and K wverifies Kvar(8), 0 < sup, g \K;-‘(u)]umﬂ' < 00
forj=1,...,d, Korder({) with £ > |b],

or

2. f* € LY, f belongs to a Sobolev class S(b,0,0, L) and K = sinc.

Then, we can take C(h) = 1 and have hoy € H (where H as defined in Theorem 2). Thus,
the infimum in Inequalities (19) and (20) are reached. That is, we have

2ﬂgvi+1 ))

(21) E(|f — f]?) = 0~/ 5 =

Clearly in the case of ordinary smooth noise and function f, the estimator automatically
reaches the optimal rate, without requiring the knowledge of the regularity of f, which is never-
theless involved in the resulting rate.

If we want to use constraint (18) in the general setting, we have to choose C(h) = log?(n) and
then, a systematic loss occurs:

Corollary 3. Assume that (H.) holds, that f* € L', f belongs to Sobolev class S(b,a,r, L) and
K = sinc. Take C(h) = log?(n). Then hop € H and the infimum in Inequalities (19) and (20)
are reached.

Nevertheless, if H is more precisely specified, we can prove a better result in expectation:

Theorem 3. Assume that (H.) holds, that f* € L', f belongs to Sobolev class S(b,a,r, L) and
K =sinc. Define now for M given, M < n,

1
HM:UWX%MZEJ:LUW¢k:L”wM;mmvww)gu.
Choose

d —2p;1 :>1/2
(22) C(hy=> h; "=
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Then choose M such that ﬁopt € Hyr (M = n always suits). Then we have

23 B - 7 <351 {17 -+ T+ 2

Remark 4. By hoy € Hyr, we mean that 1/[1/hop] € H where [x] denotes the integer part of
x. In the formulation above, the infimum in (23) is necessarily reached.

The exact choice instead of (22) is the following

d
(24) C(h) = ijh;(QPj*1)++(Pj*1)+
j=1

for constants w; depending on «j, 3}, p; that can be specified (see Section 7.9 in Appendix).

Let us discuss the possible loss in the rate of convergence of the estimator resulting from the
choice (22) of C(h) and Inequality (23).
(1) If f. is ordinary smooth, equation (22) says that C(h) = 1 and therefore, as hy belongs

d 2B;+1
VAT ) o [log(n)]zg:l(wjﬂ)/rj /n) is automatically

to H, the optimal rate (n
reached by the estimator.

(2) If f. is super smooth, equation (22) says that the variance term has to be slightly in-
creased.

(a) Nevertheless, if the function f is ordinary smooth, the minimization in (20) still
yields the optimal rate. Indeed, in that case the variance is made negligible with
respect to the bias by the optimal bandwidth choice (see the computations in Section
3.2).

(b) When f is also super smooth, if all p;’s are less than 1/2, then there is no loss.
Otherwise, the optimal bandwidth choice is such that, in part of the cases, the
bias is dominating, and then there is still no loss. When some of the p;’s are
larger than 1/2 and the variance is dominating, there is a loss. But as the selected
bandwidths have logarithmic orders in the concerned cases, the rates are deteriorated
in a negligible way and less than if they were computed with respect to a sample
size n/ log? ™™ i (n) instead of n. In other words, the loss is always negligible with
respect to the rate.

5. NUMERICAL ILLUSTRATION

5.1. Implementation. The theoretical study shows the advantages of the kernel sinc. It has
also good properties for practical purposes, since it allows to use Fast Fourier Transform. Thus
we consider in this section, in the case d = 2, the kernel K (z,y) = sinc(z)sinc(y)/m2. Let us
denote @y, j(x) = m/\/hiho K(x1/hy — 7j1,22/he — 7j2). The main trick used here follows from
model selection works on deconvolution (see Comte et al. (2006) and Comte and Lacour (2011)).
It is shown therein that (¢p j)jez2 is an orthonormal basis of the space of integrable functions
having a Fourier transform with compact support included into [—1/hy,1/h1] x [=1/ha,1/hs].
Then fh can be written in this basis: fh = Zj &?gph,j with

1/h 1/h *
d? 2/fh hj _ \/hth /h1 / /h2 f )eiw(ulhljl-i-ughgjg)
47

Ul, du1dU2.
1/h1 l/hg fé‘
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The interesting point is here that such coefficients can be computed via Fast Fourier Transform.
So we implement our estimator in the following way

fo=Y_ > dien,
[711SM |j2|<M
with M = 64. Moreover, we use that with cardinal sine kernel, we have f3, j» = fp,y5/, by denoting
h Vv h' = (max(hy, h}), max(he, h))).

Then in the poinwise setting, we compute Ag(h, o) as given by (10) with Vg (k) given by (11)
and ¢y = 0.01. Thus, the plots of the selected estimators fﬁ(mo)(xo) are given on a grid of points
xp in a domain which is specified in each example.

In the global setting, we can exploit additional useful properties of the representation. Indeed,

for all A/, K",

— — 2

A 1 . Lfs Iy

2 * * 112 Y Y

1w = fur 7 = 5 e = ™ = FrlDw _E*]th”
with Dy, = [—1/h1,1/h1] X [—1/h2,1/h2]. Then, if Dy C Dy,
1 2 =P il
I for = furl)? = o f_z =2 f_i ~ 2 f_i = 1fwll® = Il 1%,

™ Dh/\Dh” 5 ™ Dy, 5 ™ Dyn 1S5

where we have || f,|? = > \d?\Q. Then the computation of

A = sup [l = Ul = /7 0)
.

is considerably accelerated. We choose V (k) = 0.051og?(n)V (R), that is C'(h) in formula (17) is
taken equal to log2(n) as recommended Aby Corollary 3. Once the bandwidth is selected in the

global setting, we have the coefficients d? and thus, we can plot fB(CC, y) at any point (z,y).
We take H and M included in {4/m,1 < m < 3n'/4}.

5.2. Examples. Now we compute estimators for different signal densities and different noises.
Let A=6, p=1/4.
Example 1 Cauchy distribution: f(z,y) = (72(1+22)(1+4?))~! on [~4,4]? with a Laplace/Laplace
noise, i.e.

AN Nl gy = N A
fs(xvy)_Ze € ’ fe(xuy)_ )\2+.%'2 )\2+y2
The smoothness parameters are by = by = 0,71 =ro =1, f1 = o =2 and p; = po = 0.
For this example, we can compute that the rate is of order (log(n))'°/n.
Example 2 Mixed Gaussian distribution: X; 1 = W/v/7 with W ~ 0.4N(0,1) + 0.6 N (5,1), and X, 5
independent with distribution N(0,1). We estimate the density on [—2, 4]?. We consider
that the noise follows a Laplace/Gaussian distribution, i.e.

Ay 1 2 /(22 A2 202 /2
fe($ay):§e |z|lu— %e y/(,u)7 f:($,y):)\2+x2e wys/
The smoothness parameters are by = by = 0, r1 = ro = 2, f1 = 2, fo = 0 and

pr = 0, ag = p?/2, po = 2. Here the rate of convergence is n~19/1[log(n)]%3/3* in
the global setting and n~19/1[log(n)]?*/17 for the bandwidths h;! = /7log(n) and
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FIGURE 1. Example 2, global bandwidth selection, with n = 500. Top right:
true density f, top left: estimator f, bottom: sections, dark line for f and light
line for the estimator

hy! = \/alog(n) — blog(log(n)) for a = 16/17 and b = 40/17 in both cases. We use that

p? =1/16.
n=100 n=300 n=500 n=750 mn=1000
Ex 1 Global 0.419 0.289 0.215 0.161 0.137
Ex 1 Pointwise 0.269 0.140 0.101 0.083 0.068
Ex 2 Global 3.615 1.699 0.761 0.473 0.367
Ex 2 Pointwise 3.477 1.714 0.799 0.526 0.363
Ex 3 Global 0.800 0.402 0.303 0.248 0.212
Ex 3 Pointwise 0.622 0.293 0.212 0.167 0.138

TABLE 1. MISE x100 averaged over 100 samples

Example 3 Gamma distribution: X;; ~ T'(5,1/v/5) and X; 5 ~ T'(5,1/v/5). We estimate the density
on [0, 8]2. The noise follow a Gaussian/Gaussian distribution, i.e.

fe(z,y) = -

27 2
8061:62:5,r1:7“2:0,51:62:0,041:a2:u2/2andp1:p2:2. This is an
example with pointwise rate [log(n)]~* and global rate(log(n))~%? (which is not so slow,
for instance, for n = 1000, this term is smaller than 1/n!).

e~ (@ +y?)/(2p2) Fxy) = oM (@?+y?)/2

?

For these examples, we apply both global and pointwise estimation procedure, and we compute
the Mean Integrated Squared Error on a grid of 50 x 50 points. The MISE (multiplied by 100,
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FIGURE 2. Example 3, pointwise bandwidth selection,with n = 500. Top right:
true density f, top left: estimator f, bottom: sections, dark line for f and light
line for the estimator

n=100 n=300 n=500 mn=750 n=1000
Ex 1 1.48 2.04 2.01 1.96 1.97
Ex 2 1.08 1.03 1.05 1.07 1.25
Ex 3 1.36 1.53 1.57 1.57 1.62

TABLE 2. Cyracle averaged over 100 samples

averaged over 100 samples) is given in Table 1. For each path, we also compare the MISE for
the global procedure with the minimum risk for all bandwidths of the collection. Table 2 gives
the empirical version of the oracle constant defined by

Coracle = E ( Hf _Afuz ) .
infren || fn — f1?

It shows that the adaptation is performing, since the risk for the chosen h is very close to the
best possible in the collection (the nearest of one Copacle, the better the algorithm is).

We also illustrate the results with some figures. Figure 1 shows the surface z = f(z,y) for
Example 2 and the estimated surface z = f (z,y) obtained by global bandwidth selection. For
more visibility, sections of the previous surface are drawn. We can see the curves z = f(x, —0.3)
versus z = f(x,—0.3) and the curves z = f(—0.3,y) versus z = f(—0.3,y). For this figure, the
selected bandwidth is h = (0.29,0.57). Thus, the bandwidth in the first direction is twice smaller,

to recover the two modes, that shows that our procedure takes really anisotropy into account.
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FIGURE 3. Dependent case, global bandwidth selection,with n = 500. Top right:
true density f, top left: estimator f, bottom: sections, dark line for f and light
line for the estimator

Figure 2 is an analogous illustration of Example 3, but with a pointwise bandwidth selection, as
described in Section 3. We obtain a slightly more angular figure. Nevertheless, we can notice by
observing Table 1 that the MISE is almost always smaller for this kind of estimation.

To conclude this section, we would like to mention that we can keep good results even in
case of dependent components of both the noise and the signal. More precisely, we can take
X ~N(0,%2) and ¢ ~ N(0,%,) with ¥ = ( _(1)'7 2'7 ) and ¥, = 1072 ( 0'125 100225 ) ,
with X and e independent. We present in Figure 3 an illustration of the results for the global
method.

6. CONCLUDING REMARKS: THE CASE OF UNKNOWN NOISE DENSITY

The assumption of the knowledge of the error distribution is often disputed. Relaxing this
assumption requires conditions for obvious reasons of identifiability. Here is a quick description
of what can be done in case of additional observations of the noise €_1,...,e_n (think of a
measure device calibrated without signal). We use this preliminary noise sample to estimate f
in the following way

1 el B B
U Ypr@enry @ if |f2(z)| > N~1/2
Fx - R €
2 (@) f2(@) 0 otherwise

where f*(z) = N~! Zjvzl e~“®e=5) is the natural estimator of f*. Then it is sufficient to write

fr(®)
fx(t)

Fa(t) = Kj(H) 3
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to define new estimators of f in this context. Adapting all the previous results in this framework
is beyond the scope of this paper, but we can observe the effect of this modification on the
integrated squared error, for instance. The bias is unchanged, but an additional term appears in
the variance:

Proposition 5. We have E||f, — fx]|*> < V(h) + W (h) where

* px |12
W(h) = it

ww |

It is possible to give a bound of W (h) in term of the smoothness indices of f. and f but
we skip this tedious formula, which is just a generalization of Lemma 2 in Comte and Lacour
(2011). In the case of an ordinary smooth function and a fully ordinary smooth noise, we obtain

2(8;—b;
W(h)<N1H]1J(J )'
Thus, we get new rates of convergence in terms of n and N. If N > n, W(h) is always

smaller than V(h). In this case, an adaptive procedure is conceivable, replacing V (h) by V (h) =
n | &5/ 7z
proved by controlling terms of the form [||f5 — ful|> — V/(k)]4. This was successfully established

in Comte and Lacour (2011) in dimension 1, but such a study in dimension d would be much
too long here.

2
/n and modifying H in the same way. The efficiency of this strategy can be

7. PROOFS
We start with three useful lemmas.

Lemma 1. For all m > 0,
o [ (2% +1)7 exp(c|z|®)dr = m*TTI=s ™
o [(a?+ 1 “Vexp(—c|z|*)dr & m~2Fmsemem”,

Proof of this lemma is based on integration by parts and is omitted. See also Butucea and

Tsybakov (2007, 2008).

Lemma 2. [Bernstein inequality] Let T, ..., T, be independent random variables and S, (T) =
Yow Ty — E(T;)]. Then, forn >0,

2
nn nmn
— > < 0 _
P(|Sp(T) —E(S,(T))] > nn) < 2max (exp( 1o ) 7exp( 4b>> ,
where Var(Th) < v and |T1| < b.

It is proved in Birgé and Massart (1998), p.366 that P(|S,(T) — E(S,(T))| > nn) <
2exp (—nn?/(2v* + 2bn). Lemma 2 follows.

Lemma 3. [Talagrand Inequality] Let Y1, . .., Y, be i.i.d. random variables and v, (t) = L 3% | |y (Y;)—
E(y(Y;))] for t belonging to B a countable subset of functions. For any n > 0,

>nH? in(n, 1)n nH
(25) P(sup |vy,(t)] > (14 2n)H) < max (exp <_n_n_) , exp <—wn—)> .
tcB 6 v 21 M

and

3 202 21 M _(rdan
(26) E| sup |yn(t)|—(1+2n)H} < 1/_77\/§e% L
teB(0,1) + 2\Vn nAlmn
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with

sup ||t ]|co < M, E[sup|yn( )|] <H, sup— Z\/ar (e (Yg)) <
teB teB

Proof of Lemma 3: We apply the Talagrand concentration inequality given in Klein and Rio
(2005) to the functions s'(x) = t(x) — E(¢(Y;)) and we obtain

n\2
P D> H 4N < _ .
(f:jg’y()’_ * )—eXp< 2(v+4HM)+6M)\>

Then we modify this inequality following Birgé and Massart (1998) Corollary 2 p.354. It gives

A2 1A
(27) P(fg ()] > (1+n)H + ) < exp (-% min (20, mm;#)) _

To conclude for (25), we set A = nH.
For (26), we take A = nH + u and write

+o0o
E[ swp |n(t) - (L+20)H] < / P( sup Ivn(t)|2(1+77)H+77H+U> du
teB(0,1) + 0 te B(0,1)

+oo _71,7]2H2 _nu +o0 _nn(nAD)H  n(nAlu
e 6v 6v du + e 2IM e 2IM du
0
37T _nn?H? 21M _nn(nAHH
= —e 6v 76 21M
V 2 n(nAl)

7.1. Proof of Proposition 1. In the first case, the bias term is the same as in density esti-
mation (see Tsybakov (2009)) and the use of Taylor formula to partial functions ¢ — f(x; —
vihy, .. Tior —victhio1, b g, .., xg) yield

| fn(20) — |<LZI|$]| o |dxh;, .

IN

which is the result of (26).00

In the second case, since f*, f; € L', we can write

1 —i(x0,u *
f(xo) = fulzo) = (27r)d /e fo. >]1(H?:1[—1/hj,1/hj})c(uj)f (u1,...,uq)duy ... dug

Then, for f € S(b,a,r, L), the bias term is

d
‘f(.%'o)—fh(xo)‘ < (271.[.)dZ/1|Uj|21/hj’f*(u17""ud)‘dul"'dud

1 T
< g/ [ﬂu]»/h LA+ ™ exp(=anful k)]
j=1 k=1
d
X [|f*(u1, ug)l JT A+ ug)? exp(ak|uk|r’“)] duy ... dug
k=1
<

;A 1/2
(14 u? ~b exp(—2a;|ul)du
dZ</|u>l/h ) exp(-2a,ful”) )

J=1
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since
[T+ ud) 2 exp(—afurl™) < 1.
k#j

Then, using Lemma 1, | f(z0) — fr(zo)| < L3¢ plitri/21/2 exp(—ajh;").

J1J 7%

7.2. Proof of Proposition 2. The independence of the observations gives

R ) i(u,Y1)
Var(fr(zo)) = %Var <(271r)d /e‘““’“’)ffﬁ(u)%du> .

£

A simple bound of the variance by the expectation of the square yields Var(fy,(zo)) < (n(2m)2%)~1 K/ 213

But we can also write

Var(fuleo)n(em = [ [ et %Wu ) = £ ) () e

£

//“ =

/ £ Oldt <
using Schwarz inequality.
Now, under (H.), (2m)??nV;(h) is bounded by the minimum of

| fy(u — v)|dudv

1

2

K*uh
hy) "
J

HfaHlH/' +1 ﬁ/Qexp( "uj’pj)

1/

If j € SS,ie p;>0then K;(t)=0if |t > 1. Consequently, using Lemma 1,

/

and

(u]hj)
U + ﬁ]/Z exp(—aj|uj|pj)

Uj

(u? + 1) 5572 exp(—ay|ul?)

2 1/h;
du = / | K (uh)| 2(u? + 1) exp(2a;|ulfi)du
1/h;

IN

1/h;
1K1 [ 0 1% exp(zagups

=28 —1+p;
h] J J

N

exp(2a;h; )

In the same way

K7 (uhy) p
(u? + 1)/ Zexp(—aglul) |

1/h;
N /1/; K7 (uh)|(u® + 1)%72 exp(a|ul? )du
- )

1/h;
< K e / 1) el
- J

—Bi—1+p P
S b ]exp(a]h] 7)
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Now, if j € OS, i.e. aj = p; = 0, then

/ K*(uh) 2

U
and/

K ;-‘ (uhj)
obtain the following bound for nVy(h)

~

—1-8; " ) . .
m du < h; ]/]Kj (u)|(u® + 1)%/2du. Finally, using that h; < 1, we

d
H min( 1erj)h;m] e exp(2a;h; ) H h; P thprl”h;zﬁrlﬂj exp(2ajh;pj).

JESS j€E0S j=1
7.3. Proof of Theorem 1.

7.3.1. Proof of Theorem 1. We want to bound |f(zo) — f(z0)|. Let h € Hy be fixed. The
following decomposition holds:

[F(@0) — F(@0)] < Figay@0) = Fu ooy @0)] + i iy (#0) = Fi ()| + | (a0) — f (o)

D1 D2

Dy < Ag(h, o) + 1/ Vo(h(zo)).

And by definition of Ao(ﬁ(xo), xo),

By definition of A(h,zg),

Dy < Ag(h(x0), o) + \/ Vo (h).

Therefore
D1+ Dy < Ag(h, x0) + \/ Vo(h(0)) + Ao(h(z0), x0) + 1/ Vo(h) < 2 [Ao(h,xo) + %(h)] :
by using the definition of A(xo). Thus

(28) |f(20) — f(z0)] < 240(h, x0) + 24/ Vo(h) + | fu(zo) — f (o).
To study Ag(h,xo), we can write
fw(@o) = fa(xo) = fw(zo) = fur(z0) = (frr(x0) = frw(20)) + frr(0) — frpr (o),
where
fulzo) = E(fu(z0)) = Kp * f(x0)
fp(@0) = E(fnn(xo)) = Kp* K * f(0).
For any P/,

| fr(@0) = frp(z0)| = [Kpr * (f — Kp* f)(z0)| < N(K)Bo(h).
We get back to the definition of Agy(h,xo)

Ao(hyzg) = sup [|fh/<xo>—fh,h/<xo>|— %(h’)]
h/EHO +

(20 < sup [\fh«xo)—fh/(xo)r— Vo<h'>/<1+uK*uoo>}
h'eHo +

T sup [rfh,h«xo)—fh,h/(xo)\—HK*HOO %<h'>/<1+rrf<’*uoo>] T N(E)Bo(h)
h'eHo +
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We can prove the following concentration result:

Proposition 6. Under the Assumptions of Theorem 1, for all h,h' € H2, for allp > 1,
(30) P (Utan) = el > sty () ) < 2/,
(31) P ((ialian) = fue(an)| > e DHIE oo/ Tk ) < 2/,

as soon as c1(p)?co > 16p?/ min (|| f2||1,1).

The proposition is proved below. It implies that if ¢1(p) = 1/(1 + || K*|s) and co > 16p%(1 +
1" |o0)?/ min (1| £2]]1, 1),

P{sup [|fh<xo>—fh<xo>|— %(h)/(HHK*Hio)} >o}sz S 0P < one
X

h€eHo heHo
as Card(Hp) < nc. In the same way, for all h € H),
P { sup [ 1aaetoo) = fuselan)l = oo/ To) /1 + 1K )| >0} < 200
Thus, the following set
0 = { s |Uleo) = ool =T/ + 111 =0}

h'e€Ho

{oe o, sup [ Faotian) = fuacton) = 151y To)/ 0+ 1571)] =0}
h'eHo +
has probability larger than 1 — 4n2"P. Now we choose p = 2¢ + ¢ and then ¢y > 16(1 +
| K" |loo)?(2€ + q)2/ min (|| f2||1,1). Thus P(2) > 1 —4n~—9.
By gathering inequalities (28) and (29), we have on {2

|f(x0) — f(z0)| 240 (h, m0) + 24/ Vo(h) + | fu(@o) — f(20)]

< 2N(K)Bo(h) + 21/ Vo(h) + | fa(x0) — f(w0)|

IN

But, still on

~

[fn(x0) — f (o) Bo(h) + [ fa(x0) = fa(zo)l = / Vo(h) /(1 + [ K" [loc)

Vo(h) /(1 + || K*loc)

IN

IN

Bo(h) + 1/ Vo(h)
Then, on 2,

|f (o) — f(wo)| < (1+2N(K))Bo(h) + 34/ Vo (h),
which ends the proof of Theorem 1. [
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7.3.2. Proof of Proposition 6. Let us define the independent random variables

p 1 it IO)[(* ei(u,Yk) d
o) = oy [ K0 oy

Clearly,
o) = fulwo) = = 3" [Zulwo) — B(Zy(w0))]

k=1

We apply Bernstein Inequality recalled in Lemma 2 to the Zi(zo)’s, with n = c1(p)y/ Vo(h). We
find
£ (u)

Fruy |0

Z1ao)] < 2m) " [
and Var(Zi(zg)) < nVy(h). We obtain

P(!(fh(xo)—fh(xo)\>cl(p) Vo<h>)SP(\sn<Z<xo>>—E<sn<2<wo>>>r2c1<p> %<h>)

n(c Vo(h))? n(c Vo(h
(32) < 2max | exp (15122‘/\0/(};))( ) o [ - (1(?)46 0(h)) ’
where ¢;(p) is chosen such that
ne1(p)*Vo(h)
(33) W > plog(n)

that is ¢ (p)2co > 4p (co is the constant in the definition of Vy(h)). Moreover,

n/er()?Vo(h) /ey (p)2e [ nVo(h)
m = 14 Ox/nlog(n) 272.

But for h € Hy,

K2 K| ~2 log(n)
nVo(h) /0% = min | [If2]ly |2 |22 1) e
: fa 2 fs 1 n
with ¢z = min (|| fZ]|1,1). Thus
ny/e1(p)?Vo(h)
(34) VAR plog(n)

4b

provided that 4/ 030% (p)co > 4p. Note now that this last condition also ensures the first constraint
c1(p)®co > 4p. Therefore, inserting (33) and (34) in (32) implies the first inequality (30) of
Proposition 6.

To prove (31), we follow the same line. For the study of

Frw(@o) = frn (o) = Kp x (fur — fur) (o),

we can simply replace Kj(u) by Kj(u)K}, (u), with |K}(u)| < ||K*|l« so that it adds a term
|l *|| 0o in the previous computations. Thus we get (31) and this end the proof of Proposition 6. O
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7.4. Proof of Corollary 1. Let us denote [fZ ;(¢)| the j-th component of the order of the noise

characteristic function, i.e. [fZ;(¢)] = (1 + t2)Fi/2 exp(—a|t|P7). First, we write

LT (15 I 2 0) )
1K/ 2015~ f|K*(t D) 2Lf2 ()] ~2dt

Jj=1

- (gl K 172 /) s )
~ |\ Ll e T (g ) PI2 (g )| 2l

Consider now case 1. Under (H.), in the OS case, we get

( K (ug)| (1 + (uj/hj)2)‘%7'/26“’&)2
S (ug) 21+ (u;/hy)?)Pi du;

A
EUAHS

z&
::1

x
h]

<.
Il
-

2
( | K ( uj)\(hj2 —l—uf)ﬁj/zduj)
\K* u;)|? (h? —|—u§)ﬁiduj

N

kN
=]
::]g

<.

j=1

<.
Il
-

(1K )1+ ) Pdy)

41
II K)Hh—j-

) N 28, =
17 ) j=1 f‘Kj(uj)Puj " dug j=1

-
=]

S

<
Il

because 0 < h; <1 and the assumptions make all integrals finite.

Consider case 2., where K; = sinc, and use the equivalence Lemma 1. Then we get straightfor-
wardly

1K/ £213 e
15/ f2113 1}

Therefore hopt belongs to Hy if condition (16) is satisfied. Let us explain why constraint (16)
is fulfilled in the two cases of Corollary 1.
First, in case 1., it follows from (5) that h; ., are such that

d

d
(H 1/Bi70pt) < (H(thopt 2131_1 H h] opt X n/ log(n)
i=1

i=1 i=1,i#j

for j = 1,...,d which implies clearly that they satisfy the constraint H?Zl(l/hj) < n/log(n).
This is the reason why (16) and thus (15) hold.

Second, in case 2., the general constraint is also satisfied by the optimal bandwidths because
the negative powers on the h;’s get smaller when p; increases, and each time a p; is nonzero, it
is associated to a logarithmic order for the h;’s. Condition (16) can also easily be checked for
mixed cases. Therefore, Bopt also belongs to Hp and Corollary 1 is proved. [

7.5. Proof of Proposition 3. In the first case, standard methods (see Tsybakov (2009) or
Kerkyacharian et al. (2001)) yield

d

b.

Ifrn — fll < C(K,d, b)LZth_
7=1
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In the Sobolev case, Parseval formula gives || f, — f||? = (27)~¢||f; — f*||* and

[F e |f* (u) PP du

/(H?_l[—l/hj,l/hj])c

IN

d
Z/(l + )" exp(—2a;|u;| )Ly, > 1/n,
j=1
|f*(ug, ..., uq)]*(1 + u?)bj exp(2a;|u;|"7)duy . .. du;
d
< LY R exp(—2a;h; 7).
j=1

7.6. Proof of Proposition 4. The first bound is obtained by writing

X 1 Kj — 1
Bl = 1 = o [ Vor (725 < o |

£

* 2
Kh i(u,Y7)

e
Iz

Now we use the bound on ||Kj/fX||? proved for Proposition 2:
d
—2B;—1+p; —pj —-1-28; —28;—1+4p; —pj
nV(h) < H h; ™ & exp(2a;h; ) H h; 7= th e exp(20h; .
JESS j€0s j=1
7.7. Proof of Theorem 2.

7.7.1. Proof of Theorem 2. The beginning of the proof is the same as the one of Theorem 1. Let
h € 'H be fixed. The following decomposition holds:

(35) If=fl < If; - fh,;;H + Hfh,;; — Full + 1 fn = 11

D3 Dy

By definition of A(h),

D3 < A(h) +\/V(h).
And by definition of A(h),
Dy < A(h) + 1/ V(h).

Therefore

(36) Da+ D1 < A0+ V() + A +\/7(0) <24 + 7).

by using the definition of h. To study A(h), we can write

fwr = Fow = fwr = fw = (o = far) + for = -
But
1frr = full = 1K (f = K x Il < 1K lloollf — f * Kl
as |luxv|| < ||u*|loo||v||, for functions u with Fourier transform and v € La(R%). As [|K}|leo =
1K™ || oo, we get

[ frr = frp | < WK ool f = fall-

In the same way,

I nn = Frmrll < 1K looll for = fil-
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Then
1fnr = Frell < (U4 B o) L = Sl + 1B ool f = foll-
We get back to the definition of A(h)

Ah) = sup [Hfh/ =l \/Wh')]
h'eH +
B < (14 K" e) sup [ufh/—fh/u— V(h'>/<1+ru<’*uoo>] I ollf = full
h'eH +

We can prove the following concentration result:

Proposition 7. [Variance concentration] Under the assumptions of Theorem 2, for all h' in 'H,

Pl = el = T+ 1) | < e (=220 g y?)

This proposition is proved below.
Then, if we define

Q={vl' e " |fw — fwll < V)1 + K o)},

then P(Q°) < > ey e~rlogn)?* < card(H)e *10s™)” with x = min(ny, 1)n/46. Now, gathering
the terms yields, on , Vh € H,

il

IN

WK oollf = full + 2/ V(0) + 1o — £
< A+ 2K w)If = full + 270 + 1o — ful
But, on Q. [|fu — ful < \/V(h)/(1+ [ K*[loc) < \/V (k). Thus, on €,

1F = 71 < (L + 21K o)l = full +3y/V ()

which ends the proof of Theorem 2. [

N

7.7.2. Proof of Proposition 7. Let B(0,1) = {t € Ly(R?) NL1(R%),[|t]| = 1}. We can note that
fn and fj, belong to La(R?) N 1L;(R?), and
Ifn = fall = sup (fa— fat) = sup (fa— fu.t)
teB(0,1) teB(0,1)
where B(0,1) is a dense countable subset of B(0,1) (thanks to the separability of Lg(R)?, such
a set exists).
Now

(o= ) = - D2 1l¥D) ~ B (¥)] = (1)

where ()
1 ~ K (u
U(y) = —/e““’y)t*(—u —f du.
)= Tz
then v, (t) is an empirical process, such that t — v, (t) is continuous.
We can apply Talagrand Inequality recalled in Lemma 3. To this aim, we compute H?, M
and v.
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First

E( sup Vﬁ(ﬂ) = E( sup (fr — fa,t) > ( sup || fn — full? HtH2>
t€B(0,1) t€B(0,1) teB(0,1)

< E(|lfa—fllP) <V(R) <V =: H”.
Next,
1 iu,y) g Kj(u)
sup (Yt = sup sup |7 [ "V (—u) L ~du
teB(0,1) teB(0,1) ycRd (2m) fE(u)
/
1 Ki(u |
< sup e Ht*H?/ W 0 < eV = M.
teB(0,1) (2m) fE(u)
Last,
K*
sup Var(¢y(Y1)) < sup E / 1)y f(u) du
teB(0,1) teB(0,1) fe (u)
o Ea) K (—v)
< sup / f f Iy, (u — v)dudv
teB(0,1) fr(u) fi(—v) it
Clearly we can get first sup,c g1y Var(¢¢(Y1)) < nV(h). But we can also apply Cauchy-Schwarz
Inequality with respect to the measure |fy, (u — v)|dudv and we obtain thus
sup Var(yy(Y1)) <  sup 2 [t*( | fy, (v — v)|dudv
te€B(0,1) t€B(0,1)
1 Ky (u) 2
< sup f sup ||t*]] /|fy )|dz
(2m)%? epa | f2(u) teB(0,1) '
1
< - K* * |2 )
= (27T)dH h/fz—:Hoo
Therefore,
1 . * /P * | px
V= Gy min(|| K4/ £2 13, 155/ f211%)-

Inequality (25) gives
2 H2 : 1
P(sup |v,(t)| > (14 2n)H) < max <exp (_n_n_> , €Xp <—W\/ﬁ)> .
5 v

teB 6

Now, it is sufficient to use assumption (18) to obtain nH?/v > (logn)?. Moreover (142n)H =

\/V(h)/(1 +||K*||s0). Then
Plap ()] = T ()/(1 4+ K1) < max (ex0 (—%2(10gn)2> )

i 1
< exp <—%¥j’)n(logn)2> .

A
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7.8. Proof of Corollary 2 and Corollary 3. We proceed as in the proof of Corollary 1 and
we get

IR/ f215 ﬁ U () P2 ()| 2dt;
KR/ £ oy sup, e 1S (hy) PIEZ (8)12

ﬁ; K )P g )|
= h 1SupujeR|K;<(U])|2|f:7](u]/h])|*2

To prove Corollary 2, consider case 1. Under (H.), in the OS case, we get

Q

j=

d d )
IK:/f25 Hi J 1K (u)|(h2 + u2)Pi duy
15/ f211% o hi ) o SWPyer | K (uy) |2 (h3 + u3)Ps
ﬁ 1\ & SIS ()| (1 + u2)Piduy Cle. K) 4
~ - = £ E —
. % 2[3 bl i
j=1 h j=1 Supu]€R|K (UJ)|2U ’ j=1 h;

because 0 < h; < 1 and the assumptions make all terms finite.

The result of Corollary 3 is obvious. Indeed, the choice C'(h) = log?(n) ensures that condition
(18) is fulfilled and thus Ay € H.

To understand why it can not be improved, consider case 2. (in the general terminology of
Corollary 1), where K; = sinc, and use the equivalence Lemma 1. Then we get straightforwardly

LTI A St
38 x(1 h. J
(38) max(L, 7 e H

Then we obtain the same order as in case 1. above if the p;’s are all zero, thus the same conclusion
holds for K taken as sinc and f ordinary smooth.
It also follows from (38) that condition (18) in the definition of H is equivalent to

d
(39) [Tr " ) 2 1083 ().

In the case of ordinary smooth f7, consider the case where the function f is super smooth. Then
the condition (39) can be written [[,(1/h;)C(h 2 log®(n). This is not necessarily satisfied by
the optimal bandwidths which have logarithmic orders, if we only set C'(h) = 1. But as the
powers of log(n) involved in ﬁgpt depend on the regularity of f, which is unknown, the quantity
missing to reach log? (n) is unknown. In the case of super smooth f7, it is clear that if all p;’s
are larger than one, C'(h) = log?(n) is the only possible choice for condition (39) to be fulfilled.
O

7.9. Proof of Theorem 3. The proof starts like the proof of Theorem 2 but we replace Propo-
sition 7 by a bound in expectation obtained in an analogous way, but by using equation (26)
instead of equation (25). As all bounds M, v, H have been computed in the proof of Proposition
7, we easily obtain that

f Y v, Vi V(R _ arnm
B (I = full = P01+ ||K*||oo>>+ <c (\/g it #6(“%) |
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To obtain the result, we need to prove that, in case 2. of the above terminology and with our
new definition of H, we have

,
)
Z\/—e T < oo,

heH

Now we use the previous evaluations and in particular (38). We write C'(h) = 2?21 Cj(k;).
The following inequalities hold.

d
2y (1—pj)
E \/56_71671‘/5’}1) =S E I | j =P =)+ /2 ok ; e F 5= Gtk Tl by 0

heH 1<k1,....kg<M \j=1

d
pj (I—pj)
Z Hk]@j—(pj—l)+/2eajkjf e—f@Z?:le(k;j)kj A
1<ky,....kg<M \j=1

AN

d
S TIL S k(e rzeans= AL N
j=1 \1<k<M

)

where  can be specified in function of n? /6 and the constants involved in Lemma 1. This explains
why we choose C;(k) = 1 if 0 < p; < 1/2 which corresponds to the case where k5 < k(1=ri)+ =
k'=Pi. We choose C;(k) = (20 /k)k?5 1 if 1/2 < p; < 1 because then a;jkPi — kC;(k)k1=ri)+
—ajkPi. In the same way, we take C;(k) = (2c;/k)k?7 if p; > 1. Then the sums over k are
bounded and ¥ < +o0o. These values give formula (24) which is overestimated by the proposal
(22) in order to avoid the specification of tedious constants.

Thus, we have

> E (Hfh/ el =V /a - HK*HOO)>+ <c (% + card(Hag)e “““"f) CT

h'eH s

since card(Hys) < n.
Therefore, it follows from (37) that, as || ™|« = 1 for K =sinc, then
2C"
E(A(h)) < N 2[f = fall

and inserting this in (35) and (36) yields

B(1F ) <31~ full +3y/7 () + 22

which is (23). This ends the proof of Theorem 3. [

7.10. Proof of Proposition 5. First, note that Neumann’s Lemma 2.1 (see Neumann (1997),
and in particular the proof of the Lemma 2.1 page 323) can be straightforwardly extended to
the multivariate setting. Define

The result can be written

5 1 N1
B(ROP) < € (705 * )
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Then the following decomposition holds:

| fn = fall =

K [fo:fY (- )R+ fR

1
(27T)d/2

and thus
. w2 Ely (1) = F3 ()7
Bl -5 < [ igeP=t g

+/!Kii(t)\2Eny(t)—ﬁ(t)lz]E(!R(t)lz)dH/!Kii(t)\Q\f?(t)leHR(t)\Q]dt

t

2
+ N1t

2

* |2 * * Pk
< l‘ K l‘ K Kt
> =l TR T B
where the second term is obtained by bounding R(t) by 1/|f(¢)|> and the last one uses the

second bound of R(t) and the fact that f{ = f*fZ. The first two terms are V(h) and the last
one is W (h). Thus, we obtain E(||f, — fzll?) S V(h) + W(h). O
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