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Abstract

According to the introduction of a dynamic operating mode in ground-coupled heat pump
systems, a short time analysis within and around borehole heat exchangers is required in the
modern geothermal system simulation. A numerical modelling could be a proper answer for
this challenge. However, the numerical model is time consuming and necessitates a large
memory particularly in such large systems. Therefore, the state model size reduction
technique has been applied in this paper with various numerical techniques particularly in the
finite elements method. As a result, the reduced model developed is: a) relevant with a
validation using a traditional analytical model (using 100% modes) and b) efficient in
calculation time, only using 6% modes and consequently reducing time consumption up to
95%.
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1. Introduction

Since many years, the installation of ground-coupled heat pump (GCHP) in buildings has
increased because of their efficiency for heating and cooling. Contrary to this aspect, the
relatively higher initial cost of geothermal vertical heat exchangers, or called borehole heat
exchangers (BHE) would have been an obstacle to the spread of the systems particularly in
the residential buildings.

On the other hand, a combination of the GCHP with solar thermal collectors has been studied
in recent years, for example the direct thermal recharge of the soil through the same U tubes
using the solar collector [1]. Chiasson [2] showed in his simulation analysis that the
combination system makes possible to reduce BHE length. A dynamic operating mode being
introduced in such system, a short time analysis within and around the borehole is required for
understanding heat transfer having characteristic time of one hour or even few minutes.

In order to give an appropriate response to this challenge, several models have already been
developed, based on analytical or numerical solutions. Lamarche et al. [3] proposed a model
which is capable to analytically take into account the effect of inertia of the borehole for the
short time analysis. In spite of their exactness under the given conditions, the developed
analytical models cannot be easily used for any conditions. Moreover, many coefficients used
in the analytical model can only be obtained a posteriori using a numerical model or
experimental data. Despite everything, numerical analyses for this purpose have been
continuously developed, for example the work of Yavuzturk et al. [4] which was considered
as the one of the first numerical approach modelling geothermal vertical boreholes, i.e. the
pipes and the grout with their inertia. More recently, Cui [5] compared his FEM (Finite

Element Method) to the traditional analytical model, in the case of the infinite line source [6].



The results prove the importance of the short time analysis particularly in an alternative
operating schedule. Although the FEM numerical method is accurate, the relatively large
calculation time and the large memory required are its shortcomings for an application in such
large system especially in the case of a long period simulation (typically a year for building
application after many-year-operation of the system).

Therefore, in this paper, we propose a numerical model for short time transient response,
using a state model size reduction technique for decreasing the calculation time. The part 2 of
the paper details the model size reduction technique. The numerical model is presented in the
third part of the article and the fourth part deals with the modelling strategies. The part 5

presents the results of the numerical simulations showing the method efficiency.

2. State model size reduction technique

For thermal analysis, model size reduction techniques have been used for different purposes
over the last 30 years since its invention [7] in the field of automatic controls. Among them,
several transient analyses of large systems found in heavy building components have been
studied. For example, Mokhtari [8] studied the thermal interaction between the building floor
and the surrounding soil; Gao et al. [9] proposed a model for the thermal bridge in the wall
corner ‘withra 3D approach. Then, we will use the model size reduction technique whose

implementation process will be described in the following parts.

2.1 State space model
Above all, some assumptions are supposed for our mathematical modelling as follows:
- The soil property (A, p, c) is considered constant; consequently, o constant

- The heat transfer is considered 2-dimensional in the Cartesian



- The perfect thermal contact between the materials is supposed

Therefore, the heat equation can be expressed as:

T, , 9T,

0
—T,(x,y,t)= a(a—xz+ ay2

(D
ot
For numerical analysis, the continuous problem must be converted into an algebraic problem.

Then, the spatial discretization of Equation 1 using finite volume method (FVM) or finite
element method (FEM) leads to the following linear equation system:
T(t)=C"'AT(t)+C'B'U (1) (2)

Where T{(t), the approximated state vector (dimension: n, 1),<s the assembly of the time
dependant nodes temperature of the system, that is, 7(¢) contains all the nodes temperatures
which locations are defined by the spatial discretization : T(t)={T,(t), Tx(t), Ts(t), ... Tu(t)}’,
where /,2,3...n indicate the node number order in the mesh generation. The matrix C, the
square capacitance matrix (dimension: n, n), is related to the thermal inertia of the finite
volumes, and the matrix A, the square conductance matrix, contains thermal relations among
the nodes represented by the state vector 7(z). U(t), the solicitation vector (dimension: p, 1),
represents the boundary conditions of the system, therefore; the matrix B’, a rectangular
matrix (dimension: n, p), represents physical relation between the boundary conditions and
the system.

In dynamic simulations, only the evolution of some particular values is necessary: for
example, temperatures or heat flux in specific boundaries. For these values, another state
model could be defined as:

Yt)=JT@)+DU(t) (3)

The output vector Y(t) (dimension: g, 1) is the assembly of the concerning outputs, J, the

observation matrix (dimension: g, n) and D, the direct transmission matrix (dimension: g, p)



are defined under the physical correlation with the state vector and the solicitation vector,
respectively.

The state model mentioned above is a complete expression for the dynamic simulation.
However, the numerical approach for the fine analysis of such large system is always
calculation time consuming. Therefore, the state model size reduction technique is naturally

expected, and then the reduction processes is be described in the following part.

2.2 Reduction technique

The objective of the state model size reduction technique is to reduce the order of the above-
described state space model (m << n) (see equation 2-3) and then the calculation time. There
are several approaches already developed for-various purposes, so we will only present the
method used in this paper, demonstrating a common philosophy concerning the category
(modal basis truncation) to which our method belongs. The different categorizations were
proposed by Petit [10].

Above all, a basis change into the modal basis has to be accomplished ahead of the reduction
processes because the new model reproduced in the modal basis could be truncated. The
modal basis’ model could be obtained by the diagonalization of the matrix c’'A ).
Consequently, the modal basis model and its correlations from the equations (4) and (5) can

be written as:

X (t) =WX (t)+ BU(t) @
Y(t)=QX(t)+DU(¢)
T(t)=PX(t), W=P'C'AP, B=P'C'B', Q=JP (5)

The modal state X(z) indicates an assembly of modes of the system which related the dynamic

evolution of the system, and each element of the diagonal matrix W corresponds to an



eigenvalue & of the initial matrix C'A: W=diag(7;), and the associated eigenvectors V;

compose the matrix P: P=[ V; V,....V; ...V, ].

Then, various reduction methods for Equation 4 can be used. Marshall [7] firstly proposed-a
method for choosing the dominant modes, i.e. the critical modes for deciding the dynamic
evolution of the outputs (Y(¢)). He introduced a temporal criterion in order to select the modes
that are the most meaningful for the dynamic analysis: 7= | @-'1 | >At/4 with At the time step
used in the numerical simulation. The rest modes could be used only for the constitution of
the steady state condition. This method is simple but inefficient for.the common purpose of
truncating most of the non-dominant modes. Another method often used in the building
thermal analysis is the linear aggregation method. This method uses the notion of energy

contribution whose matrix terms are defined by the relation (6). The criterion for selecting the
dominant modes, i.e. the most energetic modes, is: ZZI E, = Z; E,; with m the number of

the dominant modes. The details about the construction of Ej; are given in [11], where r' has 0
for Dirac impulse or 1 for Heaviside step function. In the truncation category, the method of

Moore was developed by a slightly different approach that is detailed in [12].

q P
ZQliQIj Z Bik Bjk
_ 1=l k=1

E, =—— 7 A
(£S5 +¢)

(6)

In the present study, the reduction uses the linear aggregation method but the final equations
(7) would have the same structure for all the techniques briefly presented previously.

First, the unselected modes are removed from the initial equation (4) and, consequently, the
state order can be reduced from n to m with m<< n. Therefore, Y(t) could be obtained with
approximated values Y(#) but with faster calculation. The error due to this reduction processes

could vary according to the chosen method and the error definition in the criterion... As we



already mentioned, the non-dominant modes unselected just contribute to the accuracy of the

calculated steady state (see the last term in each equation of (7)).

N n—m n—m (7)
Y(t) = Qme (t) + (D - Qn—mW _lGn—m )U(t)

n—-m

{Xm(ﬂ=Wme(t)+GmU(t), X, . =-W_"G_ U@

3. Numerical model

To implement the state model size reduction technique, a specific computer code has been
written in spite of the availability of commercial simulation packages because the reduction
procedure contains many matrix transformations. In the following parts, the numerical

methods employed for the new code will be described.
3.1 Unstructured mesh

As mentioned in the introduction; a fine mesh should be used in this model for the exact short
time response of the geothermal vertical boreholes. Many various meshes have been proposed
like the structured mesh [4], [13] or the unstructured mesh [5], [14]. However, the structured
mesh models could not describe the circular configuration found within the boreholes. For
example, Rottmayer [13] proposed a geometric factor for reducing the errors caused by
adopting the equivalent non circular shape. Moreover, the structured models developed in the
polar grid system cannot be flexible for a multiple borehole simulation.

For these reasons, an unstructured mesh based on the Delaunay triangulation for the
horizontal plan was adopted in the paper (see Figure 1). In this work, the mesh is generated by
Gmsh [15]. The mesh generator outputs mesh information (i.e. a mesh file) so that the grid

information could be integrated in our code with an additional identification procedure.



3.2 Finite elements method

On the one hand, the unstructured mesh is a good solution because of the flexible mesh
generation and consequently the possibility to obtain a lower mesh number in a complex
configuration system. On the other hand, the non-orthogonal relationship caused by this
unstructured mesh must be corrected, particularly when using FVM, which has been a
common method in the conduction heat transfer analysis. However, the correction method,
using, for example, the least-square approach [16], could make the conductance matrix A
(Equation 2) asymmetric. In addition, an approximation with-FVM like average thermo-
physical properties between two different materials must be used in the correction formula
although a special correction method would have been used for the symmetry of A. As a
result, the FEM, a method free from these approximations by its nature, is applied in the
model.

For FEM, the weak formulation of the governing equation (1) could be achieved by using
some mathematical modification using a weighting function 7*. The obtained low-order

Equation 8 is not handling the non orthogonal nature in the process of the matrices definition.

J.VT pchdv+jVVT AVTAV=0 VT (8)

Ahead of transforming Equation 8 into the algebraic equation (Equation 2), an approximation
of temperatures inside an element is supposed by an interpolation function (Equation 9-10). In

this paper, all the expressions are described for the 2D triangulation mesh.

T (1)
T (x,y,0)=[ Ny (x,3) Ny (e, )N (5, 9) |10 p=[ N y) [{T° (0} ©)
(NG



a,+bx+c;y

Ni(x’y): 2A

(10)

Where, a;, b; c¢; will be defined by the geometric information in each element, and 4 the area
of the element considered.

For the temperature gradient, another function could be employed from N; formulation.

ON, ON, ON,

(M]= ox odx ox |__ L b, b, b,
ON, ON, ON, 2A ¢, ¢, ¢

dy dy 9y

1L

From these approximations, the weak formulation (Equation 8) for the element could be
expressed as Equation 12, adding a flux (W/m) boundary condition on pipe walls if the

element belongs to a pipe wall mesh.

=T edpe e e e e
¥ acalie}-1acire}-18* v h=o0 (12)
Because the weight function 7* is an arbitrary function, only the right part of the equation 12
is required to be zero. The capacity matrix C, the conductance matrix A, and the matrix B’ for

the element considered could be expressed by a combination of the approximation functions

N and M as:

[C1= [, peINT [N1dA (13)
[A°]=~[ [M]'[AM 1dA (14)
(B }==[IN1"dI (15)

For the triangulation mesh, the matrices (Equation 13 — 15) can also be expressed as:

pcA

cel=
[C°] T

2 1 1
121 (16)
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bl2 +cl2 bb, +cc, bby+cc,

[A°]= —j—A b,b, +c,c, b22 +c§ b,b,+c,c, a7
b,b,+c,c,  bib,+c,c, b32 +c32
1= (18)
2 1

All these matrices (Equation 16-18) defined for each element in the considered domain have
to be assembled by an element-by-element overlap (Equation 19) for completing the algebraic

equation (Equation 2).

Y.lcI=C, Y [A]=A, X [B]=B (19)

4. Modelling strategies

A complete BHE model could be developed with the methods defined in the previous sections.
However, a naive numerical approach.is not desirable in terms of the calculation time and the
occupying memory because of the presence of large size matrices. In fact, the required
calculation time for an m-order matrix is generally in the order of n’ and the necessary
memory is increased by the same order. Accordingly, some modelling strategies are necessary.

These strategies will be developed in the followings.

4.1 Slice model

In this paper, a novel slice model of the ground soil volume is introduced and accomplished
by extruding a horizontal cross-section as shown in Fig 2. This slice model could be used for
a complete model of the relatively long borehole simulation (casel): when ar<H?/100 [17]. In
addition, several uses of this pre-defining slice model are suitable for describing the fluid

temperature variation with borehole depth (case 2). For the 3D simulation, accounting for the

10



thermal interaction among the slice models, the model could be employed just by adding the
temperatures of the adjacent models to the solicitation vectors U (case 3). This strategy was
motivated by the fact that each slice model has normally an identical mesh configuration, so
that the definition of the corresponding matrices (Equations 2-5 and 7) for one slice model is
sufficient for its multiple use and particularly for the reduced state model. In addition, the

calculation time and the necessary memory are dramatically reduced if partial models are
employed for the entire model: a (Nn)3 >> bNn’ where N is the number of slice models and n,

the number of nodes in a slice. In this article, only the 2-dimensional slice model (case 1 in
Fig. 1) is treated as a complete model, and then this model results would be applied directly

for the other applications (case 2-3).

4.2 Decomposition of the slice in sub-zones

Following the conclusion of the previous section, the model efficiency in calculation time is
enhanced with the sub-zone decomposition of the model presented in Figure 3. In this paper,
4 sub-zone models were proposed, which cover packed soil regions respectively (see Figure
3-b). This method makes it possible to use different time steps for each sub-zone, which could
generally be helpful for the time reduction. Additionally, this decomposition is indispensable
to take advantage of the state model size reduction technique (see the section 5). The
decomposition has also the benefit that, in the presence of multiple boreholes, the matrices
definition and their modification for a borehole sub-zone could be reused for other boreholes
sub-zones (see Figure 3-c).

In order to decompose the model, a coupling method must be applied to interconnect physical

frontier values like temperatures and fluxes until each value converges in the given time step
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and for the domain considered. However, the nodes on the frontier mesh in the decomposed
model have some information of the previously neighboring elements which are currently in
the adjacent sub-zone model. Therefore, a special attention must be paid to conserve all the
elements information, particularly in the nodes on a decomposition frontier when using
decomposition in FEM. In brief, a new temperature boundary has been defined between the
sub-zone models decomposed (see Figure 4). With the boundary, all elements information
around the frontier nodes could be recovered with some matrices modifications. Then, these
sub-zone models employ their own time steps, and then the boundary results in each sub-zone
time step are interpolated or extrapolated by a linear function in order to well correspond with
the adjacent sub-zones time step in the temporal coupling under the acceptable error criterion,
and then keep the accuracy of the numerical scheme. Finally, all the spatial and temporal

coupling is completed by an iterative calculation.

4.3 Boundary conditions

For the boundary conditions, flux is imposed at the exterior walls of pipes, and the upper and
lower boundaries of the slice model are adiabatic (case 1 in Figure 2). The fluxes on each tube,
each branch.of U-tube, could be calculated iteratively by a coupling with a fluid model which
will be not treated in this study but replaced by an imposed flux condition. The parameters
and boundary conditions used for the simulations are presented in Table 1 and 2 respectively.
Two cases of heat injection are tested: constant flux case for the steady state regime and long
time analysis; sinusoidal flux case for the alternative operating analysis (Table 2). For the
model size, a 100m radius soil domain case is treated which is suitable for a long time

simulation of about 20 years, according to the criterion of Eskilson [17]: 7,,=3( atmax)a‘j.
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5. Results and discussion

5.1 Mesh independency

The mesh independency concerning simulation results is important for numerical solution
because it will decide model relevance and lightness in terms of error and calculation time
respectively. For this purpose, an error evaluation has been defined, based on the maximum
temperature difference between the two compared models, and this evaluation (Equation 20)

will be used for other simulation results in this paper.

Maximum error = max|T T (20)

ref ~ Ttest
Figure 5 shows the result on the comparison of different mesh models for the mean borehole
wall temperature when injecting constant heat. The first three mesh models (n=1918, 1406,
1018) have the maximum error less than 0.1 (°C), correspondent relative error 0.43%,among
them, which was comparatively smaller than other models (n=625 and 313). Therefore, the
mesh model whose order is n=1018 was selected as the reference simulation mesh model in

this article. This mesh configuration is presented in Figure 6 and the correspondent mesh

information in Table 3.

5.2 Model validation

In order to validate our approach and show the efficiency of the method proposed in this

paper, the numerical model is compared to the analytical model of the infinite line source [6].

This test case has been chose because small errors for each time step in a numerical model

could normally accumulate for long time analysis in the geothermal system. The figure 7
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shows the comparison between the analytical model and the numerical data which are in good
agreement.
For detailed information, the relative error [21] is used to estimate the error between the two

models:

_ | Numerical value - Analytical value |

Relative error x100% 21)

_| Numerical value - Initial value |
The figure 8 shows the evolution of the relative error. Some differences between the two
models exist during the first period (Fo= at/r,?<20) but are normal because the infinite line
source model is only valid if the time criterion Fo>20 is satisfied [6].

When using this entire slice model, the reduction technique is not suitable because the spectra
of eigenvalues in this case are very large. Then, the slice decomposition into multiple sub-
zone models is mandatory in order to dense the spectra of eigenvalues which normally decide
the system evolution characteristic in a dynamic analysis.

Before examining the sub-zone reduced model, the sub-zone models using the coupling
method (spatial and temporal) has to be compared to the entire slice model. Fig 9 shows the
temperature evolution on the borehole wall for the models examined. The results of the
models are in good-agreement. The maximum error of the spatial coupling was 0.00038 (°C),

and 0.078 (°C) for the spatial and temporal coupling.

5.3 Comparison between complete model and reduced model

For the reduced model (RM) simulation, 4 sub-zones are used and each sub-zone has a
different simulation time step: 1 hour, 6 hour, 1 day, and 1 week from the borehole to exterior

respectively while the complete model (CM) has only one time step (1hr) for all the sub-zones.

The complete model (CM) uses all of the system modes and is compared to the reduced

14



model (RM) wusing the linear aggregation (LA) technique with 99% energy
criterion: (=" E, /Y E,x100[%]).

As shown in Figure 10, RM-LA model and CM are in good agreement with the maximum
error of 0.31°C. The selected modes ratio of RM-LA model to CM is about 6% (66<<1018)
and, consequently the reduction in computational time is about 90%. This efficiency could be
explained by the result presented in figure 11. Each sub-zone model has an unambiguous
energy distribution; that is, some primary modes might decide the dynamic evolution in the
given time step, which did not appear in the original entire slice model.

Subsequently, a dynamic heat injection is studied for evaluating the validity of the modelling
in the case of short time operation. The heat flux is supposed to be sinusoidal as explained in
the boundary condition section. The figure 12 shows the pipe wall mean temperature
evolution for CM and RM-LA models with different energy criteria in order to observe the
energy criterion impact. Above all, the two models (CM and RM-LA 99%) are in good
agreement with a maximum error0.274 (°C). However, other models with 95 and 85% energy
criteria have 1.29 and 2.40 (°C) in'maximum error respectively. Although the amount of the
selected modes decreases according to the energy criterion, the amount of the selected modes
is not greatly different among the reduced models. Furthermore, the CPU time for the
transient calculation among the different reduced models was almost similar: in this case,
70% calculation time reduction is obtained compared to CM because of convergence problem
in such a dynamic input. Therefore, using RM-LA 99% could be a good solution in this
decomposed slice model.

In order to further examine the RM precision compared to the CM and generalize the proven
results, we use the bode diagrams. For this simulation, the output mean temperature on the
pipe wall is observed when the input flux on the same wall is introduced in the borehole

region. First of all, the result (see Figure 13) shows that the magnitude difference between
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CM and RM is almost zero for frequencies lower than 2x107 which corresponds about 5min
excitation period. In terms of the phase difference, the two models have nearly the same
response in the area lower than the frequency 2x107. Although this frequency matches about
50min excitation period, this period level would be sufficient for application within
geothermal system simulation field even for the short time analysis. Actually, a simulation
with a time step 1min with 10 min periodic input fluxes (between the frequencies 2x107 and
2x107) showed a good concordance between the CM and RM with a slight-error less than the
result of Figure 12. Additionally, when using one minute time step, the' RM had the advantage
that it reduces 95% of the transient calculation time compared to the CM. This efficiency
gives a merit to the model developed (RM-LA) particularly in the short time analysis because
this efficiency has decreased when the larger time step was applied (70% time reduction in 1

hour time step).

6. Conclusion

A short time analysis is required in modern BHE simulation by the presence of dynamic
operation modes _in the order of an hour or even few minutes. For such an analysis it is
necessary to take into account the inertia within and just around a borehole for describing the
precise transient phenomena. In this context, a numerical model has been developed which
could simulate the borehole configuration and would be calculation time efficient. Then, an
unstructured mesh generator (Gmsh) has been used and various techniques have been
employed: from a slice model via sub-zone structure to the use of reduced models.
Particularly, the finite elements method and the use of different time steps in each sub-zone
have been applied to implement the reduced technique. Moreover, a coupling method for

FEM has been applied.
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The model has been validated using analytical solutions from the literature. The reduction in
computational time in the reduced model was up to 95% compared to the complete model.
The main interest of the developed model is that short time dynamic effects can be easily and
rapidly simulated, allowing to significantly enhance the understanding of coupled boreholes
systems.

The results can also be a complete reference for the short time analysis when coupling a fluid
model for the sufficiently long vertical borehole. Another 3D model for the relatively short
borehole is under development based on the slice model by multiplying the slices and adding
some solicitation vectors to the slice matrices with newly defined boundary conditions like an

ambient temperature on the soil surface.
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Table 1. Simulation parameters

Parameters Unit value
Borehole radius m 0.055
External U pipe radius m 0.016

U pipe distance (centre to centre) m 0.06

Pipe number in a borehole 2

Soil conductivity W/m°C | 3.5

Grout conductivity W/m°C | 1.3

Soil diffusivity m?/s 1.62%10°
Grout diffusivity m?/s 3.33x10”
Basic time step hr 1

Error criterion for iteration % 10
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Table 2. Boundary conditions

Boundaries Unit Value

Initial soil temperature °C 10

Far field temperature °C 10

Constant flux density in each pipe W/m? | 300

Sinusoidal flux density in each pipe | W/m? | 200+100sin(2nt/24hr)
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Table 3.

Mesh information used for the slice model
Mesh information Unit Value
Total nodes number 1018
Nodes number in 4 sub-zone models

474/140/203/201
(from the borehole zone to the exterior zone)
Average mesh size m? 1.5798x10
Maximum mesh size m? 3.1906x10°
Minimum mesh size m? 4.1557x10°
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Nomenclature

A B,C J D state model matrices

W, B, 2, D modal basis matrices

c specific heat (J/kg°C )

E energy distribution in the linear aggregation method (%)
Fo Fourier number (dimensionless)
H borehole length (m)

) flux boundary length (m)

P passage matrix

r radius (m)

T temperature (°C)

U solicitation vector

t time (s)

Vv control volume (m3)

Y output vector

Y approximated output vector
Greek symbols

a thermal diffusivity (m?)

A thermal conductivity (W/m°C)
¢ eigenvalue (dimensionless)

p density (kg/m°)

T time constant (s)
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Subscripts

b

ref

test

1,2,3

borehole heat exchanger

element in the finite elements method

reduced order

complete order

number of solicitation

number of observation

reference model

test model

initial heat transfer model prior to approximation

node order in a triangulation element
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Figure 1. Example of the Delaunay triangular mesh by Gmsh
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borehole

G

a) Case 1 b) Case 2 c) Case 3

Figure 2. Slice model in the 3 different cases (2D, Quasi 3D,-and 3D)
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far field boundary At Aty Aty At,

a) Slice model

b) sub-zone models

¢) sub-zone models in multiple boreholes
Figure 3. Decomposition of a slice model by Sub-zone models
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ACCEPTED MANUSCRIPT

Sub-zone Model °1 Sub-zone model °2
Figure 4. New boundary for coupling sub-zone models in FEM O
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Figure 5. Comparison of temperature evolution and error estimation according to mesh

resolution
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Figure 6. a) Mesh for soil domain (n=1028) and b) magnification of the mesh
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Figure 7. Borehole wall temperature comparison between the numerical and analytical

solutions
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Relative error estimation between the numerical and analytical results
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Figure 9. Spatial and temporal coupling validation in sub-zone structured model
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Figure 10. Reduced model (LA) results compared to the sub-zone complete model
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Figure 11. Energy distribution (LA method) for each sub zone model
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Figure 12. Results on using various energy criteria in LA reduced model
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Figure 13. Bode diagrams of full-order model and low-order model in the borehole region



