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LIMIT THEOREMS FOR ONE AND TWO-DIMENSIONAL RANDOM
WALKS IN RANDOM SCENERY

FABIENNE CASTELL, NADINE GUILLOTIN-PLANTARD, AND FRANCOISE PENE

ABSTRACT. Random walks in random scenery are processes defined by Zn := Y ) _, Ex14...4+ X4
where (X5, k > 1) and (&, y € Z%) are two independent sequences of i.i.d. random variables with
values in Z¢ and R respectively. We suppose that the distributions of X; and & belong to the
normal basin of attraction of stable distribution of index a € (0,2] and 5 € (0,2]. When d =1
and « # 1, a functional limit theorem has been established in [11] and a local limit theorem
in [5]. In this paper, we establish the convergence of the finite-dimensional distributions and a
local limit theorem when a = d (ie. a =d=1or a =d=2) and 8 € (0,2]. Let us mention
that functional limit theorems have been established in [2] and recently in [8] in the particular
case where 3 = 2 (respectively for a =d=2and a=d =1).

1. INTRODUCTION

Random walks in random scenery (RWRS) are simple models of processes in disordered media
with long-range correlations. They have been used in a wide variety of models in physics to
study anomalous dispersion in layered random flows [14], diffusion with random sources, or spin
depolarization in random fields (we refer the reader to Le Doussal’s review paper [12] for a
discussion of these models).

On the mathematical side, motivated by the construction of new self-similar processes with
stationary increments, Kesten and Spitzer [11] and Borodin [3, 4] introduced RWRS in dimension
one and proved functional limit theorems. This study has been completed in many works, in
particular in [2] and [8]. These processes are defined as follows. Let & := (§,,y € Z%) and
X = (Xk,k > 1) be two independent sequences of independent identically distributed random
variables taking values in R and Z? respectively. The sequence ¢ is called the random scenery.
The sequence X is the sequence of increments of the random walk (S,,n > 0) defined by Sy := 0
and Sy, := Y. | X;, for n > 1. The random walk in random scenery Z is then defined by

n—1
Zy:=0and Vn >1, Z, := ngk
k=0
Denoting by N, (y) the local time of the random walk S :
Na(y) = #k = 0,on— 1 = Sy =1y},
it is straightforward to see that Z, can be rewritten as Z, = > §,Nn(y).

As in [11], the distribution of &y is assumed to belong to the normal domain of attraction of
a strictly stable distribution Sg of index 8 € (0, 2], with characteristic function ¢ given by

B(u) = o~ lul’ (A+idasgn(u)) < R,
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where 0 < A; < 0o and |A] ' As| < |tan(m3/2)|. We will denote by ¢ the characteristic function
of the &,’s. When 8 > 1, this implies that E[{y] = 0. When 8 = 1, we will further assume the
symmetry condition

sup [E [0 Lqjeo <py]| < +oo- (1)
>0
Under these conditions (for 5 € (0;2]), there exists C¢ > 0 such that we have

vt >0, P(|&|>1t) < Cet™P. (2)

Concerning the random walk, the distribution of X; is assumed to belong to the normal basin
of attraction of a stable distribution S, with index « € (0, 2].

Then the following weak convergences hold in the space of cadlag real-valued functions defined
on [0,00) and on R respectively, endowed with the Skorohod .Ji-topology (see [1, chapter 3]) :

(nfl/asmto =, (U)o

t>0 n—»00

|na )
1
and (07 G| = (Y(@0))en, wither = (1,0, ,0) € 2%,
k=0
zeR

where U and Y are two independent Lévy processes such that U(0) = 0, Y(0) = 0, U(1) has
distribution S/, Y(1) and Y (—1) have distribution Sg.

Functional limit theorem.
Our first result is concerned with a functional limit theorem for (Z[nt])tZO' Intuitively speaking,

e when a < d, the random walk S,, is transient, its range is of order n, and Z,, has the same
behaviour as a sum of about n independent random variables with the same distribution
as the variables &,. Therefore, n~1/# (Zny))t=0 weakly converges in the space D([0,00))
of cadlag functions endowed with the Skorohod Ji-topology, to a multiple of the process
(Y7), as proved in [4];

e when a > d (i.ed =1 and 1 < a < 2), the random walk S, is recurrent, its range is of
order n'/®, its local times are of order n'=1/%, so that Z, is of order nl_é+a_15. In this

1 1
situation, [3] and [11] proved a functional limit theorem for n7(175+?ﬁ)(2[nﬂ)t20 in the
space C([0,00)) of continuous functions endowed with the uniform topology , the limiting
process being a self-similar process, but not a stable one.
e when o = d (ie. « =d =1, or « = d = 2), S, is recurrent, its range is of order
1 51
n/log(n), its local times are of order log(n) so that Z, is of order n? log(n) # . In this

situation, a functional limit theorem in the space of continuous functions was proved in
[2] ford=a =3 =2,and in [§] for d = a =1 and = 2.

Our first result gives a limit theorem for a@ = d (and so d € {1,2}) and for any value of 5 € (0;2)
in the finite distributional sense.

Theorem 1. Let us assume that 8 € (0;2] and that

(a) either d =2 and X is centered, square integrable with invertible variance matriz ¥ and
then we define A := 2+/det X;

(b) or d =1 and (%)n converges in distribution to a random wvariable with characteristic
function given by t — exp(—alt|) with a > 0 and then we define A := a.
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Then, the finite-dimensional distributions of the sequence of random variables

Zini]
nl/Blog(n)B-1/8 t20/ ;>9

converges to the finite-dimensional distributions of the process

- r(B+1)\"°
- i) )

Moreover, if 5 < 2, the sequence

Zini)
nl/Blog(n)B-1/8 t20/ ;>9

is not tight in D([0,00)) endowed with the Jy-topology.

t>0

Local limit theorem.

Our next results concern a local limit theorem for (Z,,),. The d = 1 case was treated in [5] for

€ (0;2]\ {1} and all values of 8 € (0;2]. Here, we complete this study by proving a local limit
theorem for « = d =1 (and S € (0;2]). By a direct adaptation of the proof of this result, we
also establish a local limit theorem for & = d = 2 (we just adapt the definition of "peaks", see
section 3.5). Let us notice that the same adaptation can be done from [5] (case a < 1) to get
local limit theorems for d > 2, a < d and g € (0;2].

We give two results corresponding respectively to the case when & is lattice and to the case
when it is strongly non-lattice. We denote by ¢¢ the characteristic function of &p.

Theorem 2. Assume that & takes its values in Z . Let dy > 1 be the integer such that {u :
lpe(u)] = 1} = fl—gZ. Let b, = n/P(log(n))#=V/8_ Under the previous assumptions on the
random walk and on the scenery, for a« = d € {1,2}, for every B € (0,2], and for every x € R,

o if P(n& — |bnz] ¢ doZ) = 1, then P(Z, = |bpz]) = 0;
o if P(n& — |bpz] € doZ) = 1, then

4 C(x)
178 (log (n)) P17

P (Zn = [bnz]) 5 +o(n™"/P(log(n))~=1/0)

uniformly in x € R, where C(-) is the density function of Y;.
Theorem 3. Assume now that & is strongly non-lattice which means that

lim sup |e (u)| < 1.

|u|——+o00
We still assume that o« = d € {1,2} and B € (0;2]. Then, for every x,a,b € R such that a < b,
we have

lim b,P(Z, € [bpx + a;b,z + b)) = C(x)(b— a),

n—-+o00

with by, := n'/8(log(n)) B/ and where C(-) is the density function of Yi.
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2. PROOF OF THE LIMIT THEOREM
Before proving the theorem, we prove some technical lemmas. For any real number v > 0, any

integer m > 1, any 61,...,0,, € R, any to = 0 < t; < ... < t,,,, we consider the sequences of
random variables (L (7y))n>2 and (L],(7))n>2 defined by

Ln(7) = logn“f ——

v

Ze ntl N[ntz_ﬂ(x))

zezd li=1
and
=9 9] WLV RG] P D ST SR Y |
xeZd =1
Lemma 4. For any real number v > 0, any integer m > 1, any 01,...,0, € R, any tg =0 <
t] < ...<tp, the following convergences hold P-almost surely
7 + 1)
B L2 0) Z Ot — ti-1) ®
and
/ 7 + 1) - Y _
JJim L (7) Z 10:]7 sgn(6;) (t; — ti_1). (4)
i=
Proof. We fix an integer m > 1 and 2m real numbers 64,...,60,,,t1,...,t,n such that 0 < ¢ <

. <ty and we set to := 0. To simplify notations, we write b; ,,(z) := Nipy, (%) — Nine,_,1(2).
Following the techniques developed in [6], we first have to prove (3) and (4) for integer : for
every integer k > 1, P-almost surely, as n goes to infinity, we have

(k+1)
1ognklz<zeb”‘ ) — WA,“ZG’“ - (5)

cZd \1=1

Let us assume (5) for a while, and let us end the proof of (3) and (4) for any positive real .
Given the random walk S := (S,)n, let (Uy,)n>1 be a sequence of random variables with values
in Z¢, such that for all n, U, is a point chosen uniformly in the range of the random walk up to
time [nt,,], that is

P(Un = 2|S) = Ry L(N0 ()21
with Ry := #{y : Ni(y) > 0}. Moreover, let U’ be a random variable with values in {1,...,m}
and distribution

PU =1i) = (t; — ti_1) /tm
and let T' be a random variable with exponential distribution with parameter one and independent
of U'.
Then, for P— almost every realization of the random walk S, the sequence of random variables

A —
(Wn = log(n) ; Hibi,n(Un)>n

converges in distribution to the random variable W := 0y/T. Indeed, the moment of order k of

W, given S is

k

k . n
EWHS) = o & @““‘ ) tog(m) R{ntn])

xE€7Z4
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Using (5) and the fact that ((logn)R,/n), converges almost surely to 7A (see |9, 13]), the mo-
ments E(W,ﬂS) converges a.s. to B(WF) = T'(k 4+ 1) 3.7, 05(t; — t;_1)/t;m, which proves the

i=1"1
convergence in distribution of (W,,),, (given S) to W. This ensure, in particular, the convergence

in distribution of (|W,|"), and of (|W,|"sgn(W,)), (given S) to |W|¥ and |W|Ysgn(W) respec-
tively (for every real number v > 0 and for P— almost every realization of the random walk S).
Since any moment of |W,| can be bounded from above by an integer moment, we deduce that,
for any v > 0, we have P-almost surely

hm E(|W,|"|S) = E(|[W|[") and ll)r_’l_l E(|Wy|"sgn(Wy)|S) = E(|W [ sgn(W)),

which proves lemma 4.
Let us prove (5). Let k > 1. According to Theorem 1 in [6] (proved for o = d = 2, but also valid
for « =d = 1), we have

. k+1)
1,... li k (7 i P—a.s..
Vi € { ) 7m}7 nﬁlrfoo n logn k; 1 gz:d zn (WA)k 1 (t t; 1)7 a.s (6)

We define

(01, 0) : Z(Zabm > > (6:) . (7)
x€Z4

x€Zd \i=1 i=1

According to (6), it is enough to prove that P—a.s., ¥, (61, ..., 0, ) = o(n(logn)*~1). We observe
that 3, (01, ...,0,,) is the sum of the following terms

k
> T 650 0(2)) - (8)
xeZd j=1
over all the k-tuple (iy,..., i) € {1,...,m}*, with at least two distinct indices. We observe that
120 (01, oy 0| < max(|61], ..., |0 ]) ¥ 0 (1, ..., 1).

But, we have

Ya(l,..,1) = Z( (ntm] (T ZZ in(

reZd erdl 1
= (V@) 3 X Gine))* = olog(* ),
zeZd i=1 gezd
according to (6). O

Lemma 5. For any p > 0,

Proof. See Lemma 2.5 in [2]. O

Proof of Theorem 1. Let an integer m > 1 and 2m real numbers 61, ...,0,,,t1, ..., t;, such that
0 <t <. <ty Weset to = 0. Again, we use the notation b; () := Nppy,1(2) — Ny, ().
GV > ie10i(Zint,) — Zint,_,))- We have to prove that

Let us write Z, := 1/ﬂ(1og

E[e'%"] — H¢ <9i(’5i —ti)!? <%> ) ’ "
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as n goes to infinity. We observe that Z,, = Uﬂ(log( )Y =178 > wezd 2oimq Gibin ()€, Hence we

S 0ibi ()
zZn i=1 %N
s1=11 SDf( /8 (log (1)) (B~ 1)/6)'

xCZ4

have

Observe next that
(%(f) —exp <—|75|ﬁ(A1 + iAQSgn(t))‘ < [tPh(lt]) for all ¢ € R,

with h a continuous and monotone function on [0, +00) vanishing in 0. This implies in particular

the existence of g > 0 and ¢ > 0 such that max(|pe(t)],exp (=41 [t]%)) < e=11” for any
t € [—e0,&0]. According to lemma 5, P-almost surely, for every n large enough, we have

) | > i1 Oibi ()|

n i= Sup
xT

71/3(log(n))B-—1/B = 0

and so

B
‘Z?il 0:bi ()] A
’lZn ’S I | e n(log(n))/B_l (AI‘HA?Sgn(ZZZl elb%n($)))

xE€Z4

Syez| TR 191bmy)| Y
7 n(logn)ﬁ 1

8
M 0ibin (T ) .
[ i ()] Hence, according to lemmas

is less than ) ;4 Wh(bn)e <

4 and 5, P-almost surely, we have

lim E[ iZm |S] - (71:1(:3)-51_)1 >ty 10:° (i —ti—1)(A1+iA2sgn(6;))
n—+oo

which gives (9) thanks to the Lebesgue dominated convergence theorem.

Finally we prove that the sequence

< Zjny >
n!/Plog(n) =178 J oy n>2

is not tight in D([0,00)). It is enough to prove that it is not tight in D([0, 1]). To this aim, let
by = n'/Blog(n)P=V/8 and (Z,(t),t € [0,1]) denote the linear interpolation of (Zny>t €10,1]),
ie.

Zn(t) = Z[nt] + (’I’Lt - [nt])55[nt] :

Then, Ve > 0,
P [ sup {Zn(t) - Z[nt]{ > ebn] =P |:I7IL1EL%{ |£Sz| > 6bn:|
te[0,1] =0
= P [3.%’ € {So, s 7Sn—1} s.t ‘fa;’ > ebn]
< E(#{SOa"' n-1})P [[So] = €bn]
< C—" ¢ PP = CePlog(n) ",

log(n)

where the last inequality comes from (2) and Theorem 6.9 of [13]. Therefore, if (( - ) 0 1]>

converges weakly to <}7}) , the same is true for <(Zg—(t)> ) . Using the fact that
t€[0,1] m/te(051] ) >0

)
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the sequence <(Zg—(t)> 0 1}) is a sequence in the space C(]0,1]) and that the Skorohod .J;-
n /e 9

Zn(t)

topology coincides with the uniform one when restricted to C([0, 1]), one deduces that < 7 ) o
n te|0;

converges weakly in C([0,1]), and that the limiting process <}7}) 0 is therefore continuous,
telo,

which is false as soon as 8 < 2. O

3. PROOF OF THE LOCAL LIMIT THEOREM IN THE LATTICE CASE

3.1. The event ),. Set
N} :=supN,(y) and R, :=#{y : N,(y) > 0}.
y

Lemma 6. For everyn >1 and 1 >~ >0, set

Q= (7) = and N}, < n'y} .

n
R, < ————
{ " (loglog(n))'/4
Then, P(Q,) = 1 —o(b;'). Moreover, the following also holds on §,:

(loglog(n))"* < N* and V, > n'=70=A)+, (10)

Proof. We first prove that

P (R > nlloglog(n)) /%) = o(b; "), (11)
Let us recall that for every a,b € N, we have
P(R, > a+0b) <P(R, >a)P(R, > D). (12)

The proof is given for instance in [7]. We will moreover use the fact that E[R,] ~ en(log(n))~*

and Var(R,) = O (n?log™*(n)) (see [13]). Hence, for n large enough, there exists C' > 0 such
that we have

1/4 |log(n)(log log(n))~1/2 |
P (Rn > %) <P <Rn > V(log lo(n) J)

log log(n))/4 log(n)
log(n)(log log(n)) ~*/2
< |R, —E[R Sifn 10g10g ))L/4 L J
= 2 log(n
5V ar(Ry) log?(n)\ L8 loglog(m) =12
<n2(10g10g( )12 >
log(n)(loglog(n))~1/2
< Cn?log?(n)/ log*(n) | log(n)(log log(n)) =1/
- log log(n)
c | log(n) (log log(n)) ~1/2 | log(C)
- = -1 log1 1—-— .
(wc7) o (- st oetoa) (1 - 5t ) )

This ends the proof of (11).

Let us now prove that
PN > n7] = ob;!). (13)



LIMIT THEOREMS FOR 1-D AND 2-D RWRS 8

We have
P(N;>n") < Z]P’(Nn(x) >n")

< E[R,JP(Th <n)"'.

Hence, (13) follows now from E[R,] ~ cn(log(n))~!, and from P(Ty > n) ~ C/log(n).
Since n =3 Np(y) < RNy, we get that Ny > #- > (log log(n))Y* on Q,.

To prove the lower bound for V,, note that for 8 > 1, V,, =3, N, (y)? > >y Nn(y) = n. For
B8 <1, o0n 8y,

n= ZNn(y) = ZNn(y)BNn(y)liﬁ < Vn(N;)liﬁ < V100,
Yy Y
O

3.2. Scheme of the proof. It is easy to see (cf the proof of lemma 5 in [5]) that P (Z,, = |byx]) =
0if P (n§0 — I_bn.%'J §é dOZ) =1, and that if P (n§0 — I_bn.%'J € dOZ) =1,

P~ b)) = g2 [ e | [Tt | o
T dy Y

In view of lemma 6, we have to estimate

do 0 —it|bnz]
27 ,dle E I;I‘Pﬁ(th(y))lﬂn dt .
0

This is done in several steps presented in the following propositions.

Proposition 7. Let v € (0,1/(8 + 1)) and § € (0,1/(28)) s.t. 7% <0 <1/B—~. Then,
we have

C(x)
bn

do

e—’it\_bnij
27 J{jt)<n /b, }

+o(b, 1),

11 ‘Pﬁ(th(y))lﬂn] dt = do
y
uniformly in x € R.

Recall next that the characteristic function ¢ of the limit distribution of (n_l/ B > orq fkel)n
has the following form :
p(u) = e~ Ul (Artidasgn(w)

with 0 < A; < oo and |A] ' As| < |tan(n3/2)|. Tt follows that the characteristic function g of
&o satisfies:

1 — @e(u) ~ |ul’ (A +iAssgn(u)) when u — 0. (14)

Therefore there exist constants g > 0 and ¢ > 0 such that

max(|p(u)l, |pe(u)]) < exp (—a\u!ﬁ) for all u € [—&q, &0]. (15)

Since @¢(t) = pe(—t) for every t > 0, the following propositions achieve the proof of Theorem 2:
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Proposition 8. Let § and v be as in Proposition 7. Then there exists ¢ > 0 such that
eon~ Y

Lo
Proposition 9. There exists ¢ > 0 such that

/eon Y

3.3. Proof of Proposition 7. Remember that V;, = 3" ;4 NP (z). We start by a preliminary
lemma.

Hm (tNa()) 10, ] dt = o).

T boetein rlan] dt = o).

)ﬁ—l)l/(ﬁ—l) < 4o

1
Lemma 10. (1) If 3> 1, sup, E [(%

(2) If 6<1,V¥peN, sup, E [(%ﬁ)ﬁ_l)p] < 4o00.

Proof. For g > 1, using Hoélder’s inequality with p = ﬁ , we get
B-1

n—ZN <v R

which means that

nlog(n)?~1 1(B-1) < log(n)Ry,
Vn - n ’
But it is proved in [13] Equation (7.a) that E[R,] = O(n/log(n)). The result follows.

The result is obvious for § = 1. For § < 1, Holder’s inequality with p = 2 — (8 yields
-8
8 2(1-6) 1

n=Y NIF(@)N, 7 () < v (Z Ni(sv)) -

T

and so 5
_ 1—
nlog(n)’ ! _ (¥, N2(x)
Vi, nlog(n) '
It is therefore enough to prove that there exists ¢ > 0 such that
N2
supE |exp CM < 0. (16)
n nlog(n)

Note that >, N2(z) = Z;é N, (Sk). By Jensen’s inequality, we get thus

= ()] < 1 o ()

- )
Observe now that N, (S;) = Z?:o 1(s,—5;=0} Z?:,i“ 1is;—s,=0y = Ni+1(0) + N, _,.(0) — 1,
where (N/ (x),n € N,z € Z%) is an independent copy of (N, (z),n € N,z € Z%). Hence,

2o (i )] =2 o ()]

P (N, (0) > tlog(n)) <P (Ty < n)mog(nﬂ 7

But, Vt > 0,
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and
Ny (0) >
E |exp (¢ <1+ cexp(ct) exp (— [tlog(n)] P(Ty > n)) dt.
log(n) 0
Now (16) follows then from the fact that 3C' > 0 such that P(Ty > n) ~ C/log(n) for any integer
n > 1. |

The next step is
Lemma 11. Under the hypotheses of Proposition 7, we have

/ et HH Pe(tNa(y)) - et'”/*l“/*wg"“Wn} mnl dt = olby).
{[t|<n® /bn} y

uniformly in x € R.

Proof. Tt suffices to prove that

/ E[|E, (8)[10,] dt = o(b; ")
{It|<nd/bn}

= [T we(tNa) — TLexp (—10 N (9) (A1 +idz59n(t)) )

with

Observe that

En(t) =) <H SDs(th(Z))> (%(an(y)) — N <y><A1+z‘Aasgn<t>>)

2<y
<H etIBNE(Z)(AhLiAzsgn(t))) ’

2>y

where an arbitrary ordering of sites of Z¢ has been chosen. But on Q,,, if |t| < n°b; !, then

|t| Ny, (2) < n7F0p L (17)

Since v 4 0 < B!, this implies in particular that |t|N,(z) < o for n large enough. Thus, by
using (15), we get

exp | =ty NJ(2) |,

DI <3 |eetNa(y) — exp (1t NI (y) (A1 +iAssgn(t) )
y 2#£Y

for n large enough. Observe next that (14) implies
‘gpg(u) — exp <—|u|5(A1 + iAQSQﬂ(U)))‘ < Jul’h(|u|) for all u € R,

with h a continuous and monotone function on [0,400) vanishing in 0. Therefore by using (17)
we get

|E, (t)] < [t]Ph(n b1 ZNB Y) exp —0|t|5ZN5(z)
z#y
Now, according to (10) and since v < B <3 +(1 37 , if n is large enough, we have on 2,

ZN,f(z) >V,/2 forallyeZ
2F£Y
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By using this and the change of variables v = tan / 6, we get
[ BB dt < b b B [ (ol exp (~olol? /2) do = B[V V),
{It|<ndby '} R
which proves the result according to Lemma 10. O

Finally Proposition 7 follows from the
Lemma 12. Under the hypotheses of Proposition 7, we have
do

21 J{jt)<nob 'y

A . C
e—itlonal g [e—‘”" Vatarridasan®) 1, | gt = 4o S 4 o1y

n

uniformly in x € R.

Proof. Set

I, .= / e*l’tLanJ e*|t\ﬁVn(A1+iAgsgn(t)) dt
IEACE

which can be rewritten

Low = / e-itlbna 51118 gy,
{tl<n’b; '}
Since | |bpz| — bpz| < 1, for all n and z, it is immediate that
— / e~ "otV 1B) dt + O(n*b;,?).
{tl<n%;"}
But 6 < (28)~! by hypothesis. So actually
Ly = / e~ T (V) dt + o(by ).

{t|<n®b; '}

Next, with the change of variable v = tb,,, we get:
/ gV dt = o (Vi f @V ) — T (18)
{It|<n®b; '}

where f is the density function of the distribution with characteristic function ¢ and where

Tz = / e~ (b VP do.
{lv|>n?}

By lemma 4 (applied with m =1, t; =6, =1, v = ), (W,, := ann_l/ﬁ)n converges almost
surely, as n — 00, to the constant T'(3 4 1)~/#(7A)1=1/8. Moreover, Lemma 10 ensures that
the sequence (W,,n > 1) is uniformly integrable, so actually the convergence holds in L!. Let
us deduce that

E[g:(Wn)] = Elgo(W)] + o(1), (19)
where g, : z — zf(zz) and the o(1) is uniform in z. First

E[ge(Wa)] = Elge(W)]] < sup [(gz)"(2)[E[[Wy — W]

a z,z€R

< sup|f(u)+ wf! () B[ W — W1

This proves (19). We observe that E[g,(W)] = C(x).
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In view of (18), it only remains to prove that E[J, ;1q,] = o(1) uniformly in x. But this follows
from the basic inequality

,Al‘U‘HV_g
E[|Jnz10,]] g/ E |e mlg, | dv,
|v|>nd

and from the lower bound for V;, given in (10) and from the choice § > v(1 — 8)1/B. O

3.4. Proof of Proposition 8. Recall that on §,,, N,(y) < n?, for all y € Z¢. Hence by (15),

eon~— Y
Ko [ H|sog<th<y>>|1gn] i< |
nd /by, Y n

With the change of variable s = tan /8 , we get

eon— Y

E [exp (—UtﬁVn) lgn} dt.

5/bn

Eon_WVﬁ/ﬂ
K, < E an/ﬁ/ exp <—055> dslq,
noV/ Pyl
1 /+oo 5
< —FF (1-5) 1-5 €Xp (_03 ) ds,
i ST gy 7

which proves the proposition since § > (1 — 8)4+ /5.

3.5. Proof of Proposition 9. We adapt the proof of [5, Proposition 10]. We will see that the
argument of "peaks" still works here. We endow Z? with the ordered structure given by the
relation < defined by

(Ozl, ...,ad) < (,81, ...,ﬁd) ~ die {1, ...,d}, a; < 5¢, Vj <1, a5 = ﬁj.

We consider CT = (z1,...,27) € (Z¢\ {0})T for some positive integer T such that:

e 1+ ..+xzr=0;
e forevery i =1,..,T, P(X; = z;) > 0;
e there exists I1 € {1,...,T} such that
— foreveryi=1,...,11, x; >0,
— foreveryi =1, +1,....,T, x; <O.

Let us write C~ := (¢7—i41)i=1,..7. We define B := Zf;l x;. We observe that
p:=P(X1,.... X7) =C") =P((X1,..., X7) =C~) > 0.
We notice that (X1, ..., X7p) = CT corresponds to a trajectory visiting B only once before going
back to the origin at time 7' (and without visiting —B). Analogously, (X1, ..., X7) = C~ corre-
sponds to a trajectory that goes down to —B and comes back up to 0 (and without visiting B),
and staying at a distance smaller than d/2 of the origin with d := Y_1 | |a;| (where | - | is the
absolute value if d = 1 and |(a, b)| = max(|al, |b|) if d = 2). We introduce now the event
n
D, = {Cn > %} ,
where

Cp = # {k =0,.., L%J 1t (Xirire o Xporyr) = ci} .

Since the sequences (Xppri1,...,X (k+1)7)> for k > 0, are independent of each other, Chernoff’s
inequality implies that there exists ¢ > 0 such that

P(D,) =1—o(e” ).
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We introduce now the notion of "loop". We say that there is a loop based on y at time n if
S, =y and (X,11,..., Xns7) = C*. We will see (in Lemma 13 below) that, on Q,, N D, there
is a large number of y € Z¢ on which are based a large number of loops. For any y € Z¢, let

Cn(y) ::#{k::(),...,t%J —1: Sgr=yand (XkTH,...,X(kJrl)T):Ci},

be the number of loops based on y before time n (and at times which are multiple of T'), and let

log log(n)1/4
pnzz#{yEZ : Cn(y)Z%},

. . /
be the number of sites y € Z on which at least a,, := L%J loops are based.

Lemma 13. On Q, ND,, we have, p, > ¢n'~7 with ¢ = p/(4T).

Proof. Note that Cy,(y) < N for all y € Z¢. Thus on Q, N D, we have

& < Yoo G+ Y, Caly)

yeZd : Cp(y)<an y€Z? : Cn(y)>an
np
S Rnan + N:;pn S ﬁ +pn7”ﬂa
according to lemma 6. This proves the lemma. U

We have proved that, if n is large enough, the event €2, N D,, is contained in the event
En={pn > c/nlfﬂf}.
Now, on &,, we consider (Y;);—1, . |¢mi-—v| (With ¢’ := '/(2d) if d = 1 and with ¢’ := ¢ /2d?) if
d = 2) such that

e on each Yj;, at least a,, loops are based, B
e for every i, j such that i # j, we have |Y; — Y| > d/2.

For every i = 1,..., Lc”n1*7J, let tz(l), .. ,tﬁa") be the a,, first times (which are multiples of T')
when a loop is based on the site Y;. We also define N2(Y; + B) as the number of visits of S
before time n to Y; + B, which do not occur during the time intervals [tgj), tZ(]) +T1, for j < ay.

Since our construction is basically the same as in [5, section 2.8|, the proof of the following
lemma is exactly the same as the proof of [5, Lemma 16] and we do not prove it again.

Lemma 14. Conditionally to the event £,, (N, (Y; + B) — N2(Y; + B))i>1 is a sequence of inde-

pendent identically distributed random wvariables with binomial distribution B (an; %) Moreover

this sequence is independent of (N2(Y; + B))i>1-

Let i be a real number such that v < n < (1 —~)/8 (this is possible since v < 1/(8 + 1)). We
define
Vn>1, d,:=n"".

Let now p := sup{|p¢(u)| : d (u, %Z) > g0}. According to Formula (15) and since lim,,_,o dp, =
0, for n large enough, we have

2 A

< exp (—0d5> ;
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as soon as d (u, %Z) > d,,. Therefore, for n large enough,

2
[ ieMa(e < (~oat{z s a (). 52) 2 0, }) (20)
Then notice that
d (th(z), %) >d, <= Ny(2)€eTl:= U I, (21)

keZ
where for all k € Z,

Ik =

dot T dot t
In particular R\ Z = J;.cz Jk, where for all k € Z,

Joom (2T _dn 2bm  dn
P \Udot ¢ dot |t )

[ka dn 2(k+ 1) dn]

Lemma 15. Under the hypotheses of Proposition 9, for every i < Lc”nl_“/J, t € (egn™7,m/dp)
and n large enough,

P (N,(Y; + B) €T | &,, N(Yi+ B)) >

almost surely.

W[ =

Assume for a moment that this lemma holds true and let us finish the proof of Proposition
9. Lemmas 14 and 15 ensure that conditionally to &, and ((NO(Y; + B),i > 1), the events
{N,(Y;+ B) € T}, i > 1, are independent of each other, and all happen with probability at least
1/3. Therefore, since ,, N D,, C &,, there exists ¢ > 0, such that

11—y 1o 1—ry
P <Q”OD"’ #{i + Nu(Yi+B) €1} < ‘ n4 > <P <Bn < < n4 > = o(exp(—cn' 7)),

where for all n > 1, By, has binomial distribution B (|¢’n'~7]; %)

11, 1—7y

But if #{z : Nu(z) € I} > “—, then by (20) and (21) there exists a constant ¢ > 0, such
that

[T Ie(tNu(2))] < exp (—en' a7} |
z
which proves Proposition 9 since 1 — v — 8n > 0.

Proof of Lemma 15. First notice that by Lemma 14, for any H > 0,
P(N,(Y;+B) €T | &, N)(Yi+ B)=H)=P(H +b, € I), (22)

where b,, is a random variable with binomial distribution B (an; %) We will use the following
result whose proof is postponed.

Lemma 16. Under the hypotheses of Proposition 9, for everyt € (eon™",m/dy) and for n large
enough, the following holds:

(i) For any integer k such that all the elements of I, — H are smaller than %,
P(b, € (I — H)) > P(b, € (Jr, — H)).
(ii) For any integer k such that all the elements of I, — H are larger than %,
P(b, € (I — H)) > P(by, € (Jp11 — H)).
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Now call ko the largest integer satisfying the condition appearing in (i) and k; the smallest
integer satisfying the condition appearing in (ii). We have ky = ko + 1 or k1 = ko + 2. According
to Lemma 16, we have

P(H+b,€I) > Y PH+b, L)+ > P(H+by€IL)

kgko k2k1
> > P(H+by€Jp)+ Y P(H+by € Jipa)
k<kg k>ky

= P(H—{— by, €I) —P(H—F b, € Jho+1 U Jkl)-

Hence,
1
PH 4 by €1) > L[~ B(H +by € Jiyer UJi,)]
Let b, := 2( n — “7") \/an. Since lim, . s a, = +00, (by), converges in distribution to a

standard normal variable, whose distribution function is denoted by ®. The interval Ji, being
of length 2d,,/t,

_ . d
P(H + by € Ji,) = P(by € [my, M,]), with M,, —m,, = 4t\/2_n
< ®(M,) — ®(my,) + (by the Berry—Esseen inequality)
mn
M, —my, C

< +
vV 2 vV an
, dy, n C
con | Jan

for t > eon™7, and some constants C > 0 and C’ > 0. Since lim, , o a, = +oo and

limy, s 400 ¥ (ay) /2 = 0 (since n > ), we conclude that P(H + b, € Ji,) = o(1). The
same holds for P(H + b,, € J,+1), so that for n large enough,

P(H+bieT)> 2 [1-o(1)] >

Wl

Together with (22), this concludes the proof of Lemma 15. O

Proof of Lemma 16. We only prove (i), since (ii) is similar. So let k be an integer such that all
the elements of I, — H are smaller than %*. Assume that (J; — H) N Z contains at least one
nonnegative integer (otherwise P(b, € (Jy — H)) = 0 and there is nothing to prove). Let z
denote the greatest integer in Ji — H, so that by our assumption P(b, = zx) > 0 (remind that
0 < 2z, < %4). By monotonicity of the function z — P(b, = 2), for z < %, we get

]P’(bn e Jp — H) < P(bn = Zk)#((Jk — H) N Z) < ]P’(bn = Zk) ’7%—‘ .

In the same way,
P(bn € I — H) > P(b, = 2)# (I — H) N Z) > P(b, = ) {_ _ _J |

Hence
2 2dy,

P(b, € I — H) > %P(bn € Jy—H).
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But 7/(dot) > 1 and lim,,—,~ d,, = 0 by hypothesis. It follows immediately that for n large
enough, we have 2d,, < 7/(2dp), and so

2w 2d, 3 T T 2d,
kB U I LI N (RIS NI I RN IO (e O
dot t | 2dpt | T 2dot | — | 2dpt | — t

This concludes the proof of the lemma. O

4. PROOF OF THE LOCAL LIMIT THEOREM IN THE STRONGLY NONLATTICE CASE

As in [5], the proof in the strongly nonlattice case is closely related to the proof in the lattice
case.

We assume here that £ is strongly nonlattice. In that case, there exist ¢g > 0,0 > 0 and p < 1
such that |ge(u)| < p if |u| > ep and |pe(u)| < exp(—olul?) if |u| < .

We use here the notations of Section 3 with the hypotheses on 7, and § of Proposition 7. Let
ho be the density of Polya’s distribution: hg(y) = ll_%;(y), with Fourier transform hg(t) =

(1 —|t|)4. For 6 € R, let hy(y) = exp(ify)ho(y) with Fourier transform hg(t) = ho(t +6). As in
[10, thm 5.4], it is enough to show that for all § € R,

lim by [hg(Zy — buz)] = C(x) he(0). (23)
By Fourier inverse transform, we have

b [ho(Zn — bpz)] = ;’—" /R e TR | T we(uNn(@))| ho(u) du.

T
xCZ4

Since hy € L', we can restrict our study to the event €2,, of Lemma 6. The part of the integral
corresponding to |u| < n’b; ! is treated exactly as in Proposition 7. The only change is that we
have to check that

~

lim by / E [e "V idason) 1 1 (g ) — hp(0)) du = 0,
{lul<ndby'}

n—oo

which is obviously true since V;, > n!~71=f)+ and since 2y(1 — 8); < 268 < 1, using the fact
that hy is a Lipschitz function.

Now, since hg is bounded, the part corresponding to nb; ' < |u| < egn™" is treated as in the
proof of Proposition 8 (since it only uses the behavior of ¢¢ around 0, which is the same).

Finally, it remains to prove that

lim bn/ e~ iubnz
oo {lu[>eon=7}

We note that, if |u| > egn™ and = € Z¢, we have

11 gpg(uNn(x))lgn] hg(u) du = 0. (24)

oe(ulNR(2))| < exp(—olul’ NE(2)) Liun,(@)<cop T £ L{jun(@)>e0}
< exp(—oegn P NE (@) Lijuna@)i<co) + £ Lijunn(e)[>0} -

For n large enough, p < exp(—aeg n~7). Therefore, if n is large enough, then for all 2 and u
such that N, (z) > 1 and |u| > gon™7, we have

|0e(uNy,(2))] < exp(—oegn 7).
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Hence,
E H Ye(ulNp(x)) 1o, || < E [exp(—aegn_an)lgn] < exp(—06€n1_7(1+5)) .
T

Therefore, since y(1 + ) < 1, we have

n—oo

lim bn/ e ubnz g H e(uNp(x)) 1, ho(u)du = 0.
{lul=eon=7} x

This concludes the proof of Theorem 3. U
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