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Abstract

We consider the problem of estimating the division rate of a size-structured pop-
ulation in a nonparametric setting. The size of the system evolves according to a
transport-fragmentation equation: each individual grows with a given transport rate,
and splits into two offsprings of the same size, following a binary fragmentation process
with unknown division rate that depends on its size. In contrast to a deterministic
inverse problem approach, as in [@, E], we take in this paper the perspective of sta-
tistical inference: our data consists in a large sample of the size of individuals, when
the evolution of the system is close to its time-asymptotic behavior, so that it can be
related to the eigenproblem of the considered transport-fragmentation equation (see
[BJ for instance). By estimating statistically each term of the eigenvalue problem and
by suitably inverting a certain linear operator (see [E]), we are able to construct a more
realistic estimator of the division rate that achieves the same optimal error bound as
in related deterministic inverse problems. Our procedure relies on kernel methods with
automatic bandwidth selection. It is inspired by model selection and recent results of
Goldenschluger and Lepski , @]

Keywords: Lepski method, Oracle inequalities, Adaptation, Aggregation-fragmentation
equations, Statistical inverse problems, Nonparametric density estimation, Cell-division
equation.

Mathematical Subject Classification: 35A05, 35B40, 45C05, 45K05, 82D60, 92D25,

*INRIA Rocquencourt, projet BANG, Domaine de Volceau, BP 105, 781153 Rocquencourt, France.
email: marie.doumic-jauffret@inria.fr

TENSAE-CREST and CNRS-UMR 8050, 3, avenue Pierre Larousse, 92245 Malakoff Cedex, France.
email: marc.hoffmann@ensae.fr

fCONRS-UMR 6621 and Université de Nice Sophia-Antipolis, Laboratoire J-A Dieudonné, Parc Valrose,
06108 Nice cedex 02, France. email: patricia.reynaud-bouret@Qunice.fr

SCEREMADE, CNRS-UMR 7534, Université Paris Dauphine, Place Maréchal de Lattre de
Tassigny, 75775 Paris Cedex 16, France. INRIA Paris-Rocquencourt, projet Classic. email: Vin-
cent.Rivoirard@dauphine.fr



62G05, 62G20

Contents

1 Introduction
1.1 Motivation . . .

1.2 The statistical approach . . . . . . . .. . ... . L L
1.3 Rates of convergence . . . . . . . ... L L
1.4 Remarks and comparison to other works . . . . . . . ... ... ... ...,

2 Construction and properties of the estimators
2.1 Estimation of N by the GL method . . . .. ... ... ... ... .....
2.2 Estimation of a% (9(z)N(z)) by the GL method . . . ... ... .......
2.3 Estimation of k (and X\) . . .. ..o Lo Lo
2.4 Approximated inversion of £ . . . . . ...
2.5 Oracle inequalities for H . . . . . . . . . . .

3 Numerical illustration
3.1 The numerical protocol . . . . . .. .. L
3.2 Results on simulated data . . . . . . .. ...

4 Proofs

4.1 Proofs of the main results of Section | . . . . ... ... .. ... ... ...
4.2 Proof of Theorem [I| and Proposition Il . . . . ... ... ... ... .....

4.3 Technical lemmas



1 Introduction

1.1 Motivation

Structured models have long served as a representative deterministic model used to de-
scribe the evolution of biological systems, see for instance [L[9] or 0] and references therein.
In their simplest form, structured models describe the temporal evolution of a population
structured by a biological parameter such as size, age or any significant trait, by means
of an evolution law, which is a mass balance at the macroscopic scale. A paradigmatic
example is given by the transport-fragmentation equation in cell division, that reads

%n(t,x) + %(gg(ﬂt)n(t,x)) + B(z)n(t,z) = 4B(2x)n(t,2z), t >0, = >0,

gn(t,z =0) =0, t>0, (1.1)
n(t=0,r) =n’x), z>0.

The mechanism captured by Equation ([.1)) can be described as a mass balance equa-
tion (see [l, RO)): the quantity of cells n(t,z) of size x at time ¢ is fed by a transport
term go(x) that accounts for growth by nutrient uptake, and each cell can split into two
offsprings of the same size according to a division rate B(x). Supposing go(z) = kg(x),
where we suppose a given model for the growth rate g(z) known up to a multiplicative
constant £ > 0, and experimental data for n(¢,x), the problem we consider here is to
recover the division rate B(z) and the constant k.

In B3], Perthame and Zubelli proposed a deterministic method based on the asymptotic
behavior of the cell amount n(t,z) : indeed, it is known (see e.g. [R1, BJ|) that under
suitable assumptions on g and B, by the use of the general relative entropy principle (see

91), one has N
[t @ = N @t do o 0 (1)

t—o00

where (n°,¢) = [n%(y)d(y)dy and ¢ is the adjoint eigenvector (see [B1]). The density N
is the first eigenvector, and (A, V) the unique solution of the following eigenvalue problem

0

"ox

(9(z)N(z)) + AN (z) = 4BN(2z) — BN (z), z >0,
(1.3)

B(0)N(0) =0, [ N(z)dz =1, N(x) >0, A>0.
Moreover, under some supplementary conditions, this convergence occurs exponentially

fast (see [29]). Hence, in the rest of this article, we work under the following analytical
assumptions.



Assumption 1 (Analytical assumptions).

1. For the considered nonnegative functions g and B and for k > 0, there exists a
unique eigenpair (A, N) solution of Problem ([.3J).

2. This solution satisfies, for allp >0, [2PN(z)dz < oo and 0 < [ g(x)N(z)dz < co.

3. The functions N and gN belong to W3t with s > 1, and in particular HNHOO < 00
and H(gN)'H2 < 00. W*T! denotes the Sobolev space of reqularity s+ 1 measured in
L2-norm.)

4. We have g € L>®(R) with Ry = [0, 00).

Hereafter ||o||2 and [[e|ls denote the usual .2 and > norms on R . Assertions [] and
f are true under the assumptions on g and B stated in Theorem 1.1 of [[j, under which
we also have N € L. Assertion [] is a (presumably reasonable) regularity assumption,
necessary to obtain rates of convergence together with the convergence of the numerical
scheme. Assertion f is restrictive, but mandatory in order to apply our statistical approach.

Thanks to this asymptotic behavior provided by the entropy principle (D), instead
of requiring time-dependent data n(t,x), which is experimentally less precise and more
difficult to obtain, the inverse problem becomes: How to recover (x, B) from observations
on (A, N) ? In [], ], as generally done in deterministic inverse problems (see [f]), it was
supposed that experimental data were pre-processed into an approximation N, of N with
an a priori estimate of the form ||[N — N.|| < ¢ for a suitable norm |[[e||. Then, recovering
B from N. becomes an inverse problem with a certain degree of ill-posedness. From a
modelling point of view, this approach suffers from the limitation that knowledge on N is
postulated in an abstract and somewhat arbitrary sense, that is not genuinely related to
experimental measurements.

1.2 The statistical approach

In this paper, we propose to overcome the limitation of the deterministic inverse problems
approach by assuming that we have n data, each data being obtained from the measure-
ment of an individual cell picked at random, after the system has evolved for a long time
so that the approximation n(t,z) ~ N(x)e is valid. This is actually what happens if
one observes cell cultures in laboratory after a few hours, a typical situation for E. Coli
cultures for instance, provided, of course, that the underlying aggregation-fragmentation
equation is valid.

Each data is viewed as the outcome of a random variable X;, each X; having probability



distribution N (x)dx. We thus observe (X1i,...,X,,), with
n
]P’(Xl edry,..., X, € dmn) = HN(.%'Z)d.%'Z,
i=1
and where P(s) hereafter denotes probabilityf] We assume for simplicity that the ran-
dom variables X; are defined on a common probability space (2, F,P) and that they
are stochastically independent. Our aim is to build an estimator of B(x), that is a func-

tion & ~ Bn(x, Xi,...,X,) that approximates the true B(x) with optimal accuracy and
nonasymptotic estimates. To that end, consider the operator
(A, N) ~» T(\,N)(z) := /@a% (9(x)N(z)) + AN(z), = > 0. (1.4)
From representation ([.J), we wish to find B, solution to T(\, N) = L(BN), where
L(p)(x) = 4p(22) — o(z), (1.5)

based on statistical knowledge of (A, N') only. Suppose that we have preliminary estimators
L and N of respectively T(A\, N) and N, and an approximation L'l;l of £~1. Then we can
reconstruct B in principle by setting formally
B fd
N
This leads us to distinguish three steps that we briefly describe here. The whole method
is fully detailed in Section .

The first and principal step is to find an optimal estimator L for T(A, N). To do so,
the main part consists in applying twice the Goldenschluger and Lepski’s method [
(GL for short). This method is a new version of the classical Lepski method [g, [0, [,
[J. Both methods are adaptive to the regularity of the unknown signal and the GL
method furthermore provides with an oracle inequality. For the unfamiliar reader, we
discuss adaptive properties later on, and explain in details the GL method and the oracle
point of view in Section 2.

1. First, we estimate the density /N by a kernel method, based on a kernel function K.
We define N = N; where Nj, is defined by (1) and the bandwidth h is selected au-
tomatically by (@) from a properly-chosen set H. (see Section R.1] for more details).
A so-called oracle inequality is obtained in Proposition | measuring the quality of
estimation of N by N. Notice that this result, which is just a simplified version of
4], is valid for estimating any density, since we have only assumed to observe an
n—sample of N, so that this result can be considered per se.

n the sequel, we denote by E(s) the expectation operator with respect to P(s) likewise.



2. Second, we estimate the density derivative (up to g) D = 8%(9N ), again by a kernel
method with the same kernel K as before, and select an optimal bandwidth & given
by Formula (R.6) similarly. This defines an estimator D := D; where Dj, is specified

by (B.4), and yields an oracle inequality for D stated in Proposition f|. In the saemway
as for N, this result has an interest per se and is not a direct consequence of [[4].

From there, it only remains to find estimators of A and . To that end, we make the follow-
ing a priori (but presumably reasonable) Assumption f| on the existence of an estimator

A, of A

Assumption 2 (Assumption on j\n) There exists some q > 1 such that
A 1 ~
ean = (E[An =AY <00, Ry, =ERY] < oo,

Indeed, in practical cell culture experiments, one can track n individual cells that have
been picked at random through time. By looking at their evolution, it is possible to infer
A in a classical parametric way, via an estimator A that we shall assume to possess from
now onﬁ. Based on the following simple equality

B Jr, aN(z)dx
= T sON

k= Apg(N) where py(N) (1.6)

obtained by multiplying ([L.d) by = and integrating by part, we then define an estimator
kn by (B-§). Finally, defining L = &, D+ X, N ends this first step. The second step consists
in the formal inversion of £ and its numerical approximation: For this purpose, we follow
the method proposed in [[f] and recalled in Section R.4. To estimate H := BN, we state

H:=L.Y(L) (1.7)

where £, ! is defined by (BI0) on a given interval [0,7]. A new approximation result
between £~! and E,;l is given by Proposition f]. The third and final step consists in

setting B = %, clipping this estimator in order to avoid explosion when N becomes too
small, finally obtaining

B(x) := max(min(B(z), v/n), —v/n). (1.8)

2Mathematically sepaking, this only amounts to enlarge the probability space to a rich enough structure
that captures this estimator. We do not pursue that here.




1.3 Rates of convergence

Because of the approximated inversion of £ on [0, 7], we will have access to error bounds
only on [0,7]. We set HfH;T = fOT f?(x)dz. for the L?-norm restricted to the interval

[0,T]. If the fundamental (yet technical) statistical result is the oracle inequality for H
stated in Theorem [l] (see Section R.§), the relevant part with respect to existing works
in the non-stochastic setting , @] is its consequence in terms of rates of convergence.
For presenting them, we need to assume that the kernel K has regularity and vanishing
moments properties.

Assumption 3 (Assumptions on K). The kernel K is differentiable with derivative K'.
Furthermore, [ K(z)dx =1 and HKH2 and HK" o are finite. Finally, there exists a positive
integer mo such that [ K(z)xPdx =0 forp=1,....,mg—1 and I(mg) := [ |z|™ K (z)dx
18 finite.

Then our proposed estimators satisfy the following properties.

Proposition 1. Under Assumptions[1, [§ and [, let us assume that Ry and \/ney , are
bounded uniformly in n and specify E,;l with k = n f. Assume further that the family of
bandwidth H = H = {D=': D = Duin, .., Dmax} depends on n is such that 1 < Dy <
nt/@mot1) gnd nl/5 < Dyax < n'/2 for all n. Then H satisfies, for all s € [1;mo — 1]

B[l - f]5,] = 0(n™==), (1.9)

Furthermore, if the kernel K is Lipschitz-reqular, if there exists an interval |a,b] in (0,T)
such that

[m,M] :=[ inf N(z), sup N(z)] C (0,00), Q@ := sup |H(x)| < oo,
z€la,b] z€la,b] z€la,b]

and if In(n) < Dyin < nt/Cmot D) gnd n'/% < Dpaye < (n/In(n)Y ) for some n > 0,
then B satisfies, for all s € [1,mg — 1],

E[||(B— B)ly ] = O(n"24). (1.10)

1.4 Remarks and comparison to other works

1) Let us establish formal correspondences between the methodology and results when
recovering B from ([.J) from the point of view of statistics or PDE analysis. | After
renormalization, we obtain the rate n~%/(2573) for estimating B, and this corresponds to
ill-posed inverse problems of order 1 in nonparametric statistics. We can make a parallel

with additive deterministic noise following Nussbaum and Pereverzev [I§] (see also [[LF]



and the references therein). Suppose we have an approximate knowledge of N and A up
to deterministic errors ¢; € L2 and ¢ € R with noise level € > 0: we observe

N, = N + &(j, HC1H2 <1, (111)
and A\ = A+ €2, |(2| < 1. From the representation
-1
B L (N, )\)’
N

where T(N, ) is defined in ([[4), we have that the recovery of T(N,\) is ill-posed in the
terminology of Wahba [RJ] for it involves the computation of the derivative of N. Since
L is bounded with an inverse bounded in L? and the dependence in \ is continuous, the
overall inversion problem is ill-posed of degree a = 1. By classical inverse problem theory
for linear casesf], this means that if N € W?, the optimal recovery rate in L?-error norm
should be £%/(570) = £5/(s+1) (see also the work of Doumic, Perthame and collaborators
. 1)
Suppose now that we replace the deterministic noise {; by a random Gaussian white
noise: we observe
N, =N +¢B (1.12)

where B is a Gaussian white noise, i.e. a random distribution in W~1/2 that operates on test

functions ¢ € L2 and such that B(¢p) is a centered Gaussian variable with variance ||¢||3.
Model ([.13) serves as a representative toy model for most stochastic error models such
as density estimation or signal recovery in the presence of noise. Let us formally introduce
the a-fold integration operator Z% and the derivation operator 0. We can rewrite ([l.12)
as

N. =T'ON) +<B

and applying Z'/2 to both side, we (still formally) equivalently observe
Z. :=T'?N. = I%%(ON) + ¢I'/*B.

We are back to a deterministic setting, since in this representation, we have that the noise
eZ'/?B is in L2. In order to recover AN from Z., we have to invert the operator Z%/2,
which has degree of ill-posedness 3/2. We thus obtain the rate

6s/(s+3/2) _ 62s/(2s+3) nfs/(23+3)

for the calibration ¢ = n~/2 dictated by ([.L1J) when we compare our statistical model
with the deterministic perturbation (see for instance [[L7] for establishing formally the cor-
respondence e = n~1/2
l: the deterministic error model and the statistical error model coincide to that extentf].

is a general setting). This is exactly the rate we find in Proposition

3although here the problem is nonlinear, but that will not affect the argument.

2s5+3)

4 The statistician reader willl note that the rate n=*/( is also the minimax rate of convergence

when estimating the derivative of a density, see [E]



2) The estimators H and B do not need the exact knowledge of s as an input to recover
this optimal rate of convergence. We just need to know an upper bound mg — 1 to choose
the regularity of the kernel K. This capacity to obtain the optimal rate without knowing
the precise regularity is known in statistics as adaptivity in the minimax sense (see [24]
for instance for more details). It is close in spirit to what the discrepancy principle can do
in deterministic inverse problems [f]. However, in the deterministic framework, one needs
to know the level of noise e, which is not realistic in practice. In our statistical framework,
this level of noise is linked to the size sample n through the correspondence & = n~1/2,

3) Finally, note that the rate is polynomial and no extra-logarithmic terms appear, as
it is often the case when adaptive estimation is considered (see [, [0, [[1, [[F]).

The next section explains in more details the GL approach and presents our estimators
to a full extent, including the fundamental oracle inequalities. It also elaborates on the
methodology related to oracle inequality. The main advantage of oracle inequalities is
that they hold nonasymptotically (in n) and that they guarantee an optimal choice of
bandwidth with respect to the selected risk. Section P is devoted to numerical simulations
that illustrate the performance of our method. Proofs are delayed until Section i

2 Construction and properties of the estimators

2.1 Estimation of N by the GL method

We first construct an estimator of N. A natural approach is a kernel method, which is all
the more appropriate for comparisons with analytical methods (see [] for the deterministic
analogue). The kernel function K should satisfy the following assumption, in force in the
sequel.

Assumption 4 (Assumption on the kernel density estimator). K :R — R is a contin-
uous function such that [ K(x)dz =1 and [ K*(z)dzx < cc.

For h > 0 and = € R, define
. 1 &
N == Kz — X;), 2.1
(o) 5= o D Kl = X0 (21)

where Kj,(z) = h~'K(h~'z). Note in particular that E(Nj,) = K}, « N, where x denotes
convolution. We measure the performance of N, via its squared integrated error, i.e. the
average IL? distance between N and Nj,. It is easy to see that

E[|N — Npll2] < ||V — K * N|, +E[[| Ky * N — Nilla],



with

n

E[||Kyx N — N3] = %E[/[Z<Kh(m—X,~)—E(Kh(m—Xi))ﬂ?dx]
_ %/i[ﬁl[(Kh(m—Xi)—E(Kh(x—Xi)))Q]dx
< Ly /K,f(x—Xl)dx] _ HIZLHE _ Hﬁ\;

Applying the Cauchy-Schwarz inequality, we obtain

. 1
El[|N — Npll2] <||N — Kp* N2 + — || K]||,.

I 2 <1 o+ =Kl
The first term corresponds to a bias term, it decreases when h — 0. The second term
corresponds to a variance term, which increases when h — 0. If one has to choose h in a
family H of possible bandwidths, the best choice is h where

h := argming,cq {|N — Kj, « N||, + (2.2)

1

mHK I}
This ideal compromise h is called the ”oracle”: it depends on N and then cannot be used
in practice. Hence one wants to find an automatic (data-driven) method for selecting this
bandwidth. The Lepski method [f, [[d, [}, [2] is one of the various theoretical adaptive
methods available for selecting a density estimator. In particular it is the only known
method able to select a bandwidth for kernel estimators. However the method do not
usually provide a non asymptotic oracle inequality. Recently, Goldenschluger and Lepski
3 developed powerful probabilistic tools that enable to overcome this weakness and
that can provide with a fully data-driven bandwidth selection method. We give here a
practical illustration of their work: how should one select the bandwidth for a given kernel
in dimension 17

The main idea is to estimate the bias term by looking at several estimators. The
method consists in setting first, for any x and any h,h’ > 0,

n

) 1 .
Npp(x) = — Kp*x Kp)(x — X;) = (Kp*x Ny .
nh (%) n;( h* Ky )(@ — Xi) = (Kp + Nw)(z)
Next, for any h € H, define
. : X
A(h) = su Ny — Nptllo — —=—||K
() = sup {1Nhwe = Bl ==K},

¢ ¢ X
= s 0, [Ny — Nptllo — —=—|| K ,
;}él;{{max{ | h,h w2 \/W” Hz}}

10



where, given € > 0, we set x := (14 ¢)(1 + ||K||1). The quantity A(h) is actually a good
estimator of |[N — K, *N||, up to the term HKH1 (see (£2) and ({.3) in Section []). The
next step consists then in setting

N . X
h = arg min {A(h) + mHKHQ}, (2.3)

and our final estimator of NV is obtained by putting N:=N. ;- Let us specify what we are
able to prove at this stage.

Proposition 2. Assume N € L and work under Assumption [J. If H C {D71,D =
1,..., Dmax} with Dyax = dn for 6 > 0, then, for any ¢ > 1,

E [V = NI < Cox* inf {|Kn+ N - N3+ ” ”2}+cnq,

where C(q) is a constant depending on q and C1 is a constant depending on q, €, 0, || K]||2,
1K1 and [|N|oo-

The previous inequality is called an oracle inequality, for we have E[|N — N|q <
(E[|N — N ||2q])1/ (20) and h is performing as well as the oracle h up to some multiplicative
constant. In that sense, we are able to select the best bandwidth within our family .

Remark 1. As compared to the results of Goldenschluger and Lepski in [[3], we do not
consider the case where H is an interval and we do not specify K except for Assumption [}.
This simpler method is more reasonable from a numerical point of view, since estimating N
1s only a preliminary step. The probabilistic tool we use here is classical in model selection
theory (see Section [} and [I§]) and actually, we do not use directly [[3]. In particular
the main difference is that, in our specific case, we are able to get max(H) fized whereas
Goldenschluger and Lepski [13] require max(H) to tend to 0 with n. The price to pay is
that we obtain a uniform bound (see Lemma [ in Section @) which is less tight, but that
will be sufficient for our purpose.

2.2 Estimation of 2 (g(z)N(z)) by the GL method
The previous method can of course be adapted to estimate

D(z) := % (g(x)N(x)) .

We adjust here the work of [[4] to the setting of estimating a derivative. We again use
kernel estimators with more stringent assumptionsﬂ on K.

SFor sake of simplicity we use the same kernel to estimate N and D but this choice is not mandatory.

11



Assumption 5 (Assumption on the kernel of the derivative estimator).  The function
K is differentiable, [ K(z)dz =1 and [(K'(z))*dz < oc.

For any bandwidth h > 0, we define the kernel estimator of D as
ﬁh(x) = %12?:1 Q(Xz)K;L(x - ‘;(2) (2‘4)
= nn2 > i Q(Xi)K/(%)'
Indeed

BDww) = [ Kife - u)g)N(wdu
= (K (gN))(z) = (Kp* (gN)')(z).

Again we can look at the integrated squared error of D. We obtain the following upper
bound:
E[| Dy = Dll2) < |D = Ki % Dll2 +E[| Ki x D = Da|2],
with
n

B> D= Dl = B[ [ [ 3 (s050Ki @ - %)~ B (00K} 0 - X)) | ]

- =/ > 8 [ (500K} (0 X0~ B (o X0 K~ X))
=1

< %E[/gQ(Xl)K,QQ(x—Xl)dx]

7 A 7 S
- n nh3 ’

Hence, by Cauchy-Schwarz inequality

E[|D — Dyll] < || D — K+ D|, + K],

Tlol.
nh3
Once again, there is a bias-variance decomposition, but now the variance term is of order

\/%?HK ! Hz” gHOO. We therefore define the oracle by

h= argminheﬁ{HD—Kh*D‘b—!— (2.5)

T lell L)

Now let us apply the GL method in this case. Let H be a family of bandwidths. We set
for any h,h/ > 0,

D) = 3 g(X0) (i x K (& — X)
i=1

12



and

A(h) == sup {||Dpw — Dirlla = === II9lloo | K"||2} ,
h/€7:[{ \/T * }+

where, given € > 0, we put x := (1 + &)(1 + ||K|1). Finally, we estimate D by using
D := D; with

h = argmin, _7, {zzl(h) + HgHooHK/HQ} (2.6)

X
vnh3
As before, we are able to prove an oracle inequality for D.

Proposition 3. Assume N € L. Work under Assumption [ If H = {D~YD =
1... ,Dmax}, with Dmax = Von for § > 0, then for any q > 1,

gl ool 5”112
vnh3

where C’(q) is a constant depending on q and C1 is a constant depending on q, &, 9, HK’ 9
1K1 N9l and |V,

E[ID = DI3") < C@)R* inf {|KnxD = DI+ ( )"} + Cin 7

2.3 Estimation of « (and \)

As mentioned in the introduction, we will not consider the problem of estimating A and we
work under Assumption fl: an estimator An of X is furnished by the practitioner prior to
the data processing for estimating B. It becomes subsequently straightforward to obtain
an estimator of x by estimating py(N), see the form of ([.G). We estimate p,(N) by

o = it X (2.7
n - Y *
i1 9(Xi) +c

where ¢ > 0 is a (small) tuning constantf] Next we simply put

fin = Anfn. (2.8)

2.4 Approximated inversion of L

From (R.7), the right-hand side of ([.J) is consequently estimated by

fnD + A\, N.

SIn practice, one can take ¢ = 0.

13



It remains to formally apply the inverse operator £~'. However Given ¢, the dilation
equation

L(¥)(x) = 4(2x) —Y(2) = p(z), =€ Ry (2.9)

admits in general infinitely many solutions, see Doumic et al. [l], Appendix A. Neverthe-
less, if ¢ € L2, there is a unique solution 1 € L2 to (R.9), see Proposition A.1. in [{], and
moreover it defines a continuous operator £~! from L? to 2. Since K} and gK ;, belong
to L2, one can define a unique solution to (£:9) when ¢ = inD 4+ A\, N. This inverse is
not analytically known but we can only approximate it via the fast algorithm described
below.

Given T > 0 and an integer £ > 1, we construct a linear operator E;l that maps a
function ¢ € L2 into a function with compact support in [0, 7] as follows. Consider the
regular grid on [0,7] with mesh k=T defined by

02x0,k<x1,k<"'<xi,k = %T<...<xk,k:T.

We set

k Tit1,k
Vik = o(z)de for i=0,...,k—1,
T zi,k
and define by induction the sequence [|

1

H;(p) = Z(Hz‘/z,k(@) +@ipr), =0, k=1,

what gives, for ¢ =0 and i =1
Ho(p) = 300k, Hi(9) = 500k + 201k
Finally, we define

k-1
L) @) =Y Hinl@) i) (@), (2.10)
i=0

As stated in the introduction, we eventually estimate H = BN by

The stability of the inversion is given by the fact that E,;l : L2 — L2 is continuous, see
Lemma [] in Section [i.3, and by the following approximation result between £~! and E,;l.

"for any sequence u;,i = 1,2,..., we define
Us /2 if 7 is even
U; = .
/2 { %(U(i_l)/g +u(iy1y/2) otherwise.
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Proposition 4. Let T > 0 and p € W'. Let L7(p) denote the unique solution of (2-9)
belonging to 2. We have for k > 1:

- _ T
1L ) = L@ lar < C\/_EHSDHW%

. 1
with C < NG

Hence, E,;l behaves nicely over sufficiently smooth functions. Moreover the estimation
of N and the estimators &, and \, are essentially regular. Finally we estimate B as
stated in ([.§). The overall behaviour of the estimator is finally governed by the quality
of estimation of the derivative D, which determines the accuracy of the whole inverse
problem in all these successive steps.

2.5 Oracle inequalities for H

We are ready to state our main result, namely the oracle inequality fulfilled by H.

Theorem 1. Work under Assumptions [] and[g and let K a kernel satisfying Assumptions
and [§. Define H C {D™',D =1..., Dyax} With Dy = 6n for 6 >0 and H C {D~':

D=1, ...,Dmax} with Dpmax = Von for 6 > 0. For k> 1 and T > 0, let us define E,:l by
(.19) on the interval [0,T]. Finally, define the estimator

H =L (0N, + i,D5),

where ]\Afi1 and lA),;Aare kefnel estimators defined respectively by (R]) and (R-4), and where
we have selected h and h by (R.3) and (R.6). Moreover take &, as defined by (R.7) and

(B]) for some ¢ > 0.
The following upper bound holds for any n :

: . 9l MK
B 1 - 1] = T int (13 x 0 g+ (1=l

. K T »
+ inf (||« N = N3 + (—‘Lni‘;)q] + 8+ (NI + lgNlhws) =)} + Con -4

where Cy is a constant depending on q, g, N, €, €, HKH1 and c; and Cy is a constant
Kl 1y 8o (17

1) Note that the upper bound quantifies the additive cost of each step used in the
estimation method. The first part is an oracle bound on the estimation of D times the
size of the estimator of A. The second part is the oracle bound for N. Of course, the

depending on q, g, N, €, €, 0, 5,

2’ 1’
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results are sharp only if \is good, which can be seen through ¢ ,,. Finally, the bound is
also governed by the approximated inversion through the only term where k appears. The
last term is just a residual term, that will be in most of the cases negligible with respect
to the other terms. In particular since all the previous errors are somehow unavoidable,
this means that, as far as our method is concerned, our upper bound is the best possible
that can be achieved in order to select the different bandwidths A, up to multiplicative
constants. Moreover, one can see how the limitation in k£ influences the method and how
large k£ needs to be chosen to guarantee that the main error comes from the fact that one
estimates a derivative.

2) The result holds for any n. In particular, we expect the method to perform well for
small sample size, see the numerical illustration below. This also shows that we are able
to select a good bandwidth as far as the kernel K is fixed, even if there is no assumption
on the moments of K and consequently on the approximation properties of K. In the next
simulation section, we focus on a Gaussian kernel which has only one vanishing moment
(hence one cannot really consider minimax adaptation for regular function with it) but for
which the bandwidth choice is still important in practice. The previous result guarantees
an optimal bandwidth choice even for this kernel, up to some multiplicative constant.

3) From this oracle result, we can easily deduce the rates of convergence of Proposition
at the price of further assumptions on the kernel K, i.e. Assumption P defined in the In-
troduction. Section 1.2.2 of [P4] recalls how to build compactly supported kernels satisfying
Assumption [ If mg satisfies Assumption [}, then for any s < my, for any f € W*,

[ K% f = fll2 < Cllfllwsh®,

where C is a constant that can be expressed by using K and mg (see Theorem 8.1 of [{).
Now, it is sufficient to choose h = D~' of order n~/(25%3) to obtain ([LY). The complete
proof of Proposition [l| is delayed until the last section.

3 Numerical illustration

Let us illustrate our method through some simulations.

3.1 The numerical protocol

First, we need to build up simulated data: to do so, we depart from given g, x and B
on a regular grid [0,dz, ..., Xy/] and solve the direct problem by the use of the so-called
power algorithm to find the corresponding density N and the principal eigenvalue A (see for
instance [[] for more details). We check that N almost vanishes outside the interval [0, X /];
else, X s has to be increased. The density IV being given on this grid, we approximate it
by a spline function, and build a n-sample by the rejection sampling algorithm. For the

16



sake of simplicity, we do not simulate an approximation on A and keep the exact value,
thus leading, in the estimate of Theorem [i], to Ry, = A% and A, = .

We then follow step by step the method proposed here and detailed in Section .

1. The GL method for the choice of N = ]\7,3. We take the classical Gaussian kernel
K(z) = (2m)" Y2 exp (— 2?/2), set Diax = n and limit ourselves to a logarithmic
sampling # = {1,1/2,...,1/9,1/10,1/20,...,1/100,1/200,...,1/n} in order to re-
duce the cost of computations (The GL method is indeed the most time-consuming
step in the numerical protocol).

2. The GL method for the choice of Dj,. The pr9cedur~e is similar except that we choose
here Dyqr = /n. The selected bandwidths h and h can be different. We check that
the GL method does not select an extremal point of H.

3. The choice of &y, as defined by (R.§).
4. The numerical scheme described in Section P.4 and in [f]] for the inversion of L.

5. The division by N and definition of B as described in ([.g).

At each step, we compare, in L?-norm, the reconstructed function and the original one:

N vs N, a%(g](f) vs Z(gN), H vs BN and finally B vs B.

3.2 Results on simulated data

We first test the three cases simulated in [[l] in which the numerical analysis approach
was dealt with. Namely on the interval [0, 4], we consider the cases where g = 1 and first
B = B; =1, second B(x) = By(z) =1 for # < 1.5, then linear to By(z) =5 for x > 1.7.
This particular form is interesting because due to this fast increase on B, the solution
N is not that regular and exhibits a 2-peaks distribution (see Figure ). Finally, we test
B(x) = B3(z) = exp(—8(x — 2)%) + 1.

In Figures ]l and [, we show the simulation results with n = 5.10* (a realistic value
for in vitro experiments on E. Coli for instance) for the reconstruction of N, a%(gN ), BN
and B.

One notes that the solution can well capture the global behavior of the division rate B,
but, as expected, has more difficulties in recovering fine details (for instance, the difference
between B; and Bs) and also gives much more error when B is less regular (case of By).
One also notes that even if the reconstruction of IV is very satisfactory, the critical point
is the reconstruction of its derivative. Moreover, for large values of x, even if N and its
derivative are correctly reconstructed, the method fails in finding a proper division rate B.
This is due to two facts: first, N vanishes, so the division by NN leads to error amplification.

17



—true N with B=1 " [—true (gN)’ with B=1
------ reconstructed N with B=1 I - reconstructed (gN)' with B=1
0.9 ——true N with B=B, il 2.5 ——true (gN)' with B=B, il
A \ --.reconstructed N with B=B2 --.reconstructed (gN)' with B=B2
0.8 i \. ——true N with B=B, il 2 i \ ——true (gN)' with B=B,
“ ----- reconstructed N with B=B3 \\ ----- reconstructed (gN)' with B=B3
0.7f \ B 1.5 g
0.6 g 1 J
0.5F \ 1 0.5 1
0.4 B (o]
\
0.3 = -0.5 B
0.2 } 8 1 8
0.1 8 -1.51 8
% 1 > 3 a e 1 2 3 4

Figure 1: Reconstruction of N (left) and of a%(gN ) (right) obtained with a sample of
n = 5.10* data, for three different cases of division rates B.

Second, the values taken by B(x) for large x have little influence on the solutions N of the
direct problem: whatever the values of B, the solutions N will not vary much, as shown
by Figure [ (left). A similar phenomenon occurred indeed when solving the deterministic
problem in [ (for instance, we refer to Fig. 10 of this article for a comparison of the
results).

We also test a case closer to biological true data, namely the case B(z) = 22 and
g(x) = x. The results are shown on Figures [ and [ for n-samples of size 103, 5.103, 104
and 5.10%.

One notes that reconstruction is already very good for N when n = 103, unlike the
reconstruction of %(gN ) that requires much more data.

Finally, in Table B.9 we give average error results on 50 simulations, for n = 1000,
g = B = 1. We display the relative errors in L2 norms, (defined by ||¢ — ¢||r2/||¢]|L2).
and their empirical variances. In Table B.3, for the case g(x) = z and B(x) = 2?2, we
give some results on standard errors for various values of n, and compare them to
n~1/5, which is the order of magnitude of the expected final error on BN, since with a
Gaussian kernel we have s = 1 in Proposition [[. We see that our numerical results are in
line with the theoretical estimates: indeed, the error on H is roughly twice as large as n~1/5.

18



1.2 T 15

—true BN with B=1 —true B=1
------ reconstructed BN with B=1 - reconstructed B=1
—true BN with B=B —true B2
ST | R | — tructed B2
1F -.--.reconstructed BN with B=B_ ]| recons
\ - 2 —true B3
—true BNwithB=B, || |- reconstructed B3
----- reconstructed BN with B=B3
0.8 i
101 i
0.6
0.4
51
0.2}
[0}
\'tr-
0% 1 2 3 4 o 0.5 1 1.5 2

Figure 2: Reconstruction of BN (left) and of B (right) obtained with a sample of n = 5.10*
data, for three different cases of division rates B.

Error on N: average Variance Error on 8%(9]\7 ) : average  Variance

0.088 0.15 0.51 0.28
Error on BN: average Variance Average h Average h
0.39 0.29 0.12 0.40
n n_% h h  erroron N error on D error on H
102 025 0.1 0.5 0.06 0.68 0.42
5.10° 0.18 0.07 0.3 0.03 0.45 0.28
10*  0.16 0.08 0.3 0.035 0.46 0.29
5104 0.11 0.04 0.2 0.014 0.31 0.19
4 Proofs

In Section [L.1], we first give the proofs of the main results of Section ] This allows us, in
Section .9, to prove the results of Section P.F, which require the collection of all the results
of Section [, i.e. the oracle-type inequalities on the one hand and a numerical analysis
result on the other hand. This illustrates the subject of our paper that lies at the frontier
between these fields. Finally, we state and prove the technical lemmas used in Section [.1].
These technical tools are concerned with probabilistic results, namely concentration and
Rosenthal-type inequalities that are often the main bricks to establish oracle inequalities,
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1.4 2 ‘ ‘
true N —true (gN)'
---n=1000 || | [\ | n=1 000
n=5000 || | [\ e n=5 000
1.2r n=10 000|| a5 L e n=10 000
O n=50000| | [\ |- n=50 000

Figure 3: Reconstruction of N (left) and of a%(g]\f ) (right) obtained for g(z) = x and
B(x) = 22, for various sample sizes.

and also the boundedness of E,;l. In the sequel, the notation [y, g, .. denotes a generic
positive constant depending on 61, 6o, ... (the notation [J simply denotes a generic positive
absolute constant). It means that the values of (g, g, = may change from line to line.
4.1 Proofs of the main results of Section

Proof of Proposition P

For any h* € H, we have:

IN = Nll2 < [N}, = N yell2 + 1N e = Npsll2 + [ Np= = N2
< A+ Ay + As,
with X
Ay = ||INj, = Nj 2 < A(RT) + ﬁHKHza
Ag = |[Nj . = Nie[l2 < A(h) + \/—HKHz
and

Az := ||Np= — No.
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—true BN 20 T T
——~ n=1000 —true B N
o7t /N e n=5000 | I n=1 000 b
H A N o n_1o00oll S n=5 000 i
______ N—50000 == n=10 000 i
16 ----n=50 000 A !/
b a I i
El A i
144 i P!
, 3 i
2 i
12 i
a
] i
102 B
hd
i3
i 8la i
13
i3
6 |
q 11
H
afi J
i
AN 7 5
A i
3 2 l“-“" i
0] . .
(o] 1 2 3 4 (o)

Figure 4: Reconstruction of BN (left) and of B (right) obtained for g(x) = x and B(z) =
22, for various sample sizes.

We obtain

IN=Nlls < AR*)+—=|K|2+ A(h) + HK||2+||Nh* N2
\/nh vn

< 24(R%) + 1K |2 + | Ve = N2 (4.1)
\/_
Since we have
A N X
Ah*) = su Npx pr — Npr|lo — —=—|| K
( ) h’eg)-l{H h*,h h ”2 \/W” H2}+
. : A : X
< su Nps pr — E[Npx pr| — (Npr — E[Np/ - —||K
< h’eg)-t{{n went — E[Np= ] = (N — E[Np]) [|2 \/WH 2},
+|| E[Nps 1] — E[Np]ll2} (4.2)
and for any z and any i’/
E [Nh*’h/(.%')) — E(Ny (x)] = /(Kh* * Ky )(x — u)N(u)du — /Kh/ (x —v)N(v)dv

_ / / Ko (2 — 1 — ) K ()N (w)dit s — / K (2 — v)N (v)dv
/ / K- (v — ) Ky (2 — v) N (w)dudv — / Ko (2 — ) N(v)dv
/ Kz — ) / K (v — w)N (uw)du — N(v))do,
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we derive

IE(Nw) —EW)ll2 < 1K || Epel2 (4.3)
where
By (2) 1= (i + N)(z) — N(z), 7€ R,
represents the approximation term. Combining ([£1)), () and (f.3) entails
IN =Nl < [Ny = Nllz + 2| K1 || Bne |l \/—\|K||2+2Cn,
with
; A ; A X
= su Np» pr — E[Np= pr| — (Npy — E|[ Ny - —||K
= sup (e~ Eies] = (¥~ Bl — XK},
: ‘ ‘ : (L+e)(d+[K]L)
= sup Kh** Ny — E|[Np|) — (Npr — E| Ny, K
sup (e = (B = B[]) — (5~ BN ]2 - S ).
- . (I1+¢)
< 1+ ||K su Ny — E|Ny, - K .
T+ \|1)h,6%{\| w = E[Np]ll2 \/WH 2}
Hence

B (17— M) < O (8 (150 ~NIZ) 4 < e 1320 B 1 o,

where

+e¢)
) Ko,

bn = sup {IINy —E(Ny)|l2 —

Now, we have:
E[||Np — N3] < 227 Y(E[||[ Ny — E[Np]|157] + | E[N3e) — N3]
22V (E [|| Ny — E[Ny:]1157] + | En 13%).

A

Then, by setting
Kch* (Xl,x) = Kh* (:C — Xz) — E(Kh* (m — Xl)),

we obtain

E [|| Ny — E[Np-]

2~ g( / ( > s () )|

20~ 1
nzq /Kch* X;,x)d ) }
—|—E Z /Kch* i T Kch*(Xj,x)dx‘qD.

1<z J<n i#£j

IN
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Since
/Kci*(Xi,x)dx = /(Kh*(x—Xi)—E[Kh*(x—Xl)]>2dx
2(/K§*(x—Xi)dx+/ (E[Kh*(l“—Xl)])de)

< 21+ [ B [KE (o - X0)]da)

IN

4
< ARl = KB,

the first term can be bounded as follows
- 4
E [(/ZKC%*(Xi,x)dx)q] < (GRIKIR)"
i=1

For the second term, we apply Theorem 8.1.6 of de la Pena and Giné (1999) (with 2q > 2)
combined with the Cauchy-Schwarz inequality:

E H Z A/Kch*(Xl-,x)Kch*(Xj,x)dx‘q]

1<i,j<n i#]

(Bl Y[ Kae 0t 06 m])’

1<i,j<n i#j

1
< 01 (B[] [ Koue (61,01 ()]
1
<0 (B [ Kek-(xipan))” < 0, IKI)"

It remains to deal with the term E(£2%). By Lemma [l below, we obtain

Elgy] <O !

= Zamswl el )L

and the conclusion follows.

Proof of Proposition

The proof is similar to the previous one and we avoid most of the computations for
simplicity. For any hy € H,

1D, = Dll2 < 1Dy, = Dy, o ll2 + 1D, g = Dholl2 + |1Dng — Dl2
< A4 Ay + Az,
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with

and

Then,

A7 z X
= |D;, = Dj p,ll2 < A(ho) + ——=l9llc [ K"]|2,
vV nh3
B f i X
As = D5, o — Dioll2 < A(R) + = 2
’ v nhg

Az := | Dp, — D).

glloo 1K [l2 + [ Dro = Dl2-

|D;, — D|l2 < 2A(ho) +

2x
\/ nhg

To study A(hyg), we first evaluate
E[Dhy 1y (2)] = E[Dpy(2)]. = (Eny % Kny % (9N)') (@) = (Kny * (9N)') ()

_ / D(t)(Kp, % Kn, ) (2 — t)dt — / D(t) K, (x — t)dt
_ /EXQ/KMW—t—@K@mmwﬁi/D@K@m—ﬂﬁ
_ /[)(/Km iﬁﬁm—v&dﬁi/D VK, (2 — v)do

- /Kh2 z —v) /D(t)Khl(v —t)dt — D(v))dv
= (K, * Ep,)(x),

where we set, for any real number x

It follows that

A(hy)

<

IN

IN

By (z) = / D)K. (x — t)dt — D(x)
= (Kh1 * D)(z) — D(x). (4.4)
sup {1101~ Dalls - \/%HgllooHK’lbh

sup {{I1Di.1 ~ ElDio.] = (Dn — E[D1) w%

+[| E[Dho,p] — E[Da]ll2}

A A A A X
sup { || Dng.h — E[Dpg.n] — (Dp, — E[Dy])||
heﬂ{H 0 [Dho,n) = ( i

. R 14¢€
(1+ [|K 1) sup {[|Dy — E[Dy]]l2 — (\/—) lglloo K ll2}, + 1K 1] Enoll2,  (4.5)
heH

lglloe 15" 12},

lglloo 15" M2} 4 + (1111 Eol2
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In order to obtain the last line, we use the following chain of arguments:

and

therefore

with

Therefore

Dron(z) = % S g(x,) / K (z — Xi — t)Kn, (£)dt
=1

|1 Droh — E[Dng ]2

= [ R0 (E Yo - x-0)a

E [Dpon(z)] = /Kho(t)</g(u)K;’l(x —u— t)N(u)du) dt,

Dy (@) — E [Dp ()] = / Ky ()G (@ — 8)dt = Ky  G(2),

Kol G2
K[ Dn = E[Da]ll2,

IA A

which justifies ({£F). In the same way as in the proof of Proposition ], we can establish

the following:

- 2 - 2 r- 2
E 110 [137) = E (11D, — DI3] < Oy (1B 157+ (

soll K |2 24
HQH\/% ).

Finally, we successively apply (f.4), (£5) and Lemma [[] in order to conclude the proof.

Proof of Proposition

We use the notation and definitions of Section R.4. We have

k1 Ti4+1,k

k—1
1£0) = £ e =Y [ (His— £ () @) da = 3 Li
=0

=0
i,k
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We prove by induction that for all 4, one has L;j < CQT llo]13:- The result follows by
summation over ¢. We first prove the two following esmmates

Ti4+1,k

(pik — ¢(@) dz < Tz ol3y, (4.6)

ik
itk — ikl < Tl (4.7)

By definition, ;) is the average of the function ¢ on the interval [z;j, ;11| of

size % Thus (f.7) is simply Wirtinger inequality applied to ¢ € W?! on the interval

[Tk, Tit1k)-For([fl.q), we use the Cauchy-Schwarz inequality:

) 12 Tit1,k T 9 2 Tit+1,k ”C"’% ,
lpit1,e — @ikl = ﬁ( / (p(x + E) - @(x))dHU) = ﬁ( / / ¢'(2)dz dx)
Tik Ti k z
x1+1 k

T
wrwww> = Dl

We are ready to prove by induction the two following inequalities:

Ly < C1 "z ||S0||12/V1, (4.8)
|Hip1p — Higl> < C2 ||80||W1

for two constants C7 and Cy specified later on. First, for ¢ = 0, we have

T T
& &
_ 1 _
awl/%k £ ) @)Pdo = [ |ge0s — £ (0)0) o
0 0

We recall (see Proposition A.1. of [[l]) that £~ (p)(z) = Y. 272"¢(2 "), and we use the
n=1

[e.e]
fact that % = > 272" and for a,b > 0, ab < (a® 4 b%) in order to write
n=1

T T
& [ee] 9 o0 &
Loy = / 1> 27 (pok — p(27"a)) [dw < Y 27 /’@Ok —p(27"x) P dx
o n=1 n,n/=1 0
L
1 _ 1 717
<3 > o2 / ok — ¢(y)Pdy < gm”@”%ﬂ-
n=1 0
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This proves the first induction assumption for ¢ = 0, and
1T
72k
proves the second one. Let us now suppose that the two induction assumptions are true
for all j <i —1, and take ¢« > 1. Let us first evaluate

1 2
|Hy . — Hoxl* = |§(<P1,k — k)| < [

Tit1,k Ti4+1,k
_ 2 1 _ T T2
L= [ (Bt @@) =5 [ (Hyut oy, - £70)(F) - o3) ds
Ti k Tk

We distinguish the case when i is even and when ¢ is odd. Let i be even: then, by definition

Tit1k Tit1k
1 T \2 1
Lu<y [ W @G) g [ (o

Tk T,k

T\ 2 1 1 .72
,k‘¢(§)) dx 1(01 ) QH@HV\/l

by the induction assumption and Assertion .7 on ¢ for j = % If 7 is odd, we write by
definition

LTi4+1,k

1 L, Lz . 1 1 2
Lz‘,k—1—6 / <H2217k+90121,k—£ (90)(5)_Q0(§)+§(H“;1,k_H221,k)+§(Q0“;1,k_gpl;,k)) dx

T,k

Hence, re-organizing terms, we can write

Tizl gk il
1 . 2 1 2
sy [ (Hoa-c@0) dty [ (ege-em) a
:Bzzlyk xi;lyk
17 , 1T )
+ E%(H%k —Hizi )"+ E%(@%,k —piziy)

Putting together the four inequalities above (the estimates for ¢ and the induction as-
sumptions), we obtain

Lik < FHSDHVW 5> T2t 77T 1s

.o. (CP 1 C3 1
872 16 16

and ([L.§) is proved. It remains to establishe ([.9). Let us write it for ¢ even (the case of
an odd 7 is similar):

1 1
2 2 2
|Hj 1 — Hi g :TG‘HM_HL' + i — o :ﬁfH%H—H%JF@%H—ﬂP%\-

2 2

N,

27



Hence, as previously, we obtain

=

1
\Hiy1x — Hipl* < 6 I3 (C5 + 1).

To complete the proof, we remark that C2 = 5 and C7 = - L (1 + 1—15) < % are suitable.
It is consequently sufficient to take C' = C7.

4.2 Proof of Theorem [l and Proposition [
Proof of Theorem
It is easy to see that
| = Hlor = £ (BD + AuN) = L7HEBN) |2,
< LM ERD + AN = £ (L (BN))HzT
+I1£), 1(£(BN)) L7HL(BN))ll2,r
— (KD + AN))|l2.7

A
)
= |

f
>

>
+
>/>
S

+3—7=ILBN)[wr,

thanks to Proposition fl. Note that £L(BN) = k(gN)' + AN so that we can write
IEBN)[wr < C(INTwr + [lgNhw2)-

We obtain, thanks to Lemma {| that gives the boundedness of the operator E,;l

X T
D(Hnn KZDHQT-FH)\N )\NHQT (IN It + lgN |l2)

H—-H <
[ [PRANS \/E)
< O(&n]||D = D2 + [Aa|IN = Nll2 + & — & D]l2 + [An — Al N2
T
+ ([Nl + ”gNHWQ)ﬁ)
< O(Aallpnl D = Dll2 + Al (IN = Nll2 + |pn — pg(N)||D]]2)

. T
An = AL+ (INTwr + 9N llw2) —=

+ (IN]l2 + lpg (NI[D]]2) \/E)'

Taking expectation and using Cauchy-Schwarz inequality, we obtain for any ¢ > 1,
5 N 1/2 ~ 1/4 . 1/4 s 1/2
Bl - HI$7) < O,[(ER2)*{ (6" (11D - DI + (BN - NY37) Y
1/2
+IDIS(Elln — py(N)21) /%)

+ (Il + oW1l B = A1+ (1¥hwr + o ) 22)']-
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Now, Lemma [J gives the behaviour of E[|p, — pg(N)|??]. In particular, we obtain
E[ﬁiq] < UggNe

We finally apply successively Propositions ] and [ to obtain the proof of Theorem [J.

Proof of Proposition

We have already proved ([.d). It remains to prove ([L.10). We introduce the event
Q, = {2N(2) > m for any z € [a, b]}.

Then, for n larger that Q?2,

E </ab (B(x) — B(m))de)E}
= E </ab (B(x) —B(:E))de X 19n>%] +E [(/ (B(x) —B(:n))ng; " 19%)%]

IN

E (/ab (B(@) - B())’de x 1q,) | + (20— a)(n + Q%) * P(5)
() (5 5) <)
< e[( [ () )]+ o

< Oy arg(B[|H — H|5) +E[|IF = N|3]) + (4n(b— a) * B(5).

The first term of the right hand side is handled by ([L.9) and Proposition . The second
term is handled by Lemma [ that establishes that P(Q¢) = O(n™9).

IN

4.3 Technical lemmas
Concentration inequalities

We first state the following concentration result. Note that a more general version of this
result can be found in [[[J]. We nevertheless give a proof for the sake of completeness.

Lemma 1. We have the following estimates

e Assume that HKH2’ ‘ KHI, Hg”oo and HNHOO are finite. For every q > 0, introduce
the grid H C {1,1/2,...,1/Dyax } and Dyax = 0n for some § > 0. Then, for every
n>0

- - (I1+n) 2 _
E [225 {INy — E[Nallz - ~—= 1K N1237] < Og sl &l 1Kl [ V]
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o Assume that ||K'||2, ||K'||1,]|9]|lcc and ||N|s are finite. For every q > 0, introduce
the grid H C {1,1/2, ..., 1/]jmax} and Dumax = V on for some § > 0. Then for every
n>0

E [sup {[Dh — E{Dy][l2 — L2

/ 2q 5 —q
het —= N9lloo I 123 5] < O 5 gl V1™

Proof. Let X be a real random variable and let us consider the random process
VteR, w(t,X)=pX)¥(t—X),

where ¢ and ¥ are measurable real-valued functions. Let X1, ..., X,, be n independent
and identically distributed random variables with the same distribution as X and let us
consider the process

n

VEER, Lu(t)=> (w(t,X;)—E[w(t X)]).

i=1

First, let us study the behavior of

lewwll = ([ € wtrar) ™.

If B denotes the unit ball in .2 and A is a countable subset of B, we have

H&p,\PH2 = sup/a(t)f%\p(t)dt

a€B

= swp / a(t)€,w(t)dt

n

= supZ/a(t)(w(f,Xi) —E [w(t, X)])dt.

acA i—1

Hence one can apply Talagrand’s inequality (see the version of Bousquet in the independent
and identically distributed case [[lf], p 170]). For all £,z > 0, one has:

P(||€owlly = (1 + &) E[||épwl],] + V20z + c(e)bz) < e,
where c(e) = 1/3 + 71,

v=nsup [( [ a®)[uw(t, X) ~ B (uw(t, X)]dt)’].

acA

and

b= sup /a(t) [w(t,y) — E (w(t, X))]dt.

yER,ac A
We study each term of the right hand term within the expectation.
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e Obviously, one has:

E “|£4{37\I/||2] < <IE [/ (i (w(t,Xl-) _E [w(t,X)]))2dt) 1/2

_ </Z:E [(wlt, X,) — B [ut, X)])?]t)
< <n/E [w(t, X)?]dt) v

But we easily see that for all y,

1/2

[ e < ol vl (4.10)

hence

Efl|éw o) < Vallel o2l

e Since v is a supremum of variance terms,

<
IN

nsupE [(/a(t)w(t,X)dt)z]

acA

< nsupE[/|w(t,X)|dt/aQ(t)|w(t,X)|dt]

acA

IN

nsup/ |w(t,y)|dt x sup E[|w(t, X)|]
yeR teR

|13 |V oo 1217

IN

e The Cauchy-Schwarz inequality and (1) give

b = supllw(e,y) — Elw(., X)]|2
yeR

< sup||w(e,y)[l2 + (E [/w(t,X)zdt])l/2
yeR

< 2flllool[]]2-
The main point here is that /v may be much smaller than E[||{, w||2]. So, for all ¢,z > 0,

P (I€pullz = (1 +)Vallelloolllz + el I NI V20 + 2¢(e) oo | T l22) < e
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Now we consider a family M of possible functions ¢ and W. Let us introduce some strictly
positive weights L, ¢ and let us apply the previous inequality to 2 = L,y + u for u > 0.
Hence with probability larger than 1 — Z(SO B)eM e Leve= for all (o, ¥) € M, one has

lepwlla < (1+e)Valelool¥llz + lelloo INIZZ Wl /20 Lgw + 2¢()llloo ¥ 12 Ly

Helloo [N 1T 11 V200 + 2¢(E) | plloo [P |20 (4.11)
Let
Mgy = (14 e)valleloo ¥z + Il INIXLW1 /20 Lgw + 2¢() [l oo 1Tl 2 L.

It is also easy to obtain an upper bound of R, for any ¢ > 1 with

+oo
d=B[ swp (6l = Mon)¥] = [ TP( s (I€nalle — Myw)2 > ).
(p,¥)eM 0 (p,T)EM

=

Indeed

Z / ||5¢,\PH2 0, U )2q > x)da:.

WI/)EM
Then, let us take u such that

2
z = ) := (|eloolIN I 11 v2nu + 2¢() [ plloo 12| 22)

SO
2¢—1 1
dr = 2q(f(u))™ " (V2n H@Hoo”N”Uzﬂ‘I’Hlm+20(5)H<PHooH‘I’”2)du
Hence
+o0 1
_ 2g—1
R, < > / e~ Fev g (f(w)™ (V2n Ilwllm\\N\\”Q\\qf\\lm+20(€)H<PllooH\PH2)du
(p0)em 0
—Ly, w oo 2q,—u,, —1
< 2 Z e e flw)*e ™ u™ " du,
(9. T)eM 0
L a2 [ 1 sqana [ 291
< Oge Y elew [anNHgoIWHOgH\P\hq/ e “ut du + Ilwlloé’H\Ingq/ e "u*" du].
(o )M 0 0
Finally, we have proved that
_ 2 2
Ry<Oge > e Fer [nd NI lellZ2P5 + Il 221w 5] (4.12)

(p,¥)eM

Now let us evaluate what this inequality means for each set-up.
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e First, when ¢ = 1/n and ¥ = 1/hK(e/h), the family M corresponds to the family
H. In that case M,y and L, g will respectively be denoted by M) and Lj. The
upper bound given in (f.12) becomes

_ _ 2 —2qp— 2
Ry <Oge Y e M [0 YIN(IG K +n~h 9| K]],]. (4.13)
heH

Now it remains to choose L;. But

1
vnh

2L,

1
M, = (1 K N2 K|l 1] 222 4 2¢(e)—— || K|[o Ly,
h=(1+¢) K [2 + NI L7 K []1 — C(a)n\/ﬁH ll2Ln

Let 6 > 0 and let ) )
0°| KI5

h= .
2|V loo || K1 VR
Obviously the series in ([.13) is finite and for any h € H, since h < 1, we have:

1Kl | c(e)f?IK]l 1
Vah  |IN | K[} nh

My, <(14+e+80)

Since Dyax = 0n, one obtains that

(@I KIBVS, 1K ]2

M, <(1+e+0+
( INToTKTE ) Vi

2 3
It remains to choose ¢ = 1/2 and € small enough such that 6 + W =n/2
o0 1

to obtain the desired inequality.

e Secondly, if ¢ = g/n and ¥ = 1/h*K’(s/h)the family M corresponds to the family
H. So, M, w and L, ¢ will be denoted by M, and Lj respectively. The upper bound
given by (K.19) now becomes

I gy 2 —2g7 — 2
Ry <Oge Y e [n ah 2| N4 |gll22 | K57 + n~ =9 g 22| K[|57].  (4.14)
heH
But
/

2L L
! 1/2 / h ! h
19lloo |5 lla+llgloo | NI 221K 14 2 T2eE)lglloo [ Kll2 -

1

Let 6 > 0 and let o ot
L PR
"2 NI K 3R
o0 1
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Obviously the series in (JL.14)) is finite and we have:

Kl @K Bllgle 1
M, <(1+e+0)|g ” + 2ol :
ns Nellee 75+ NI 7k

But h? > (0n)~!. Hence

P IK Blglos V5 1Kl
NIl

M, <(1+e+0+

As previously, it remains to choose ¢ and 6 accordingly to conclude.

The second result is based on probabilistic arguments as well.

Lemma 2. Under Assumptions and notations of Proposition [1, if there exists an interval
[a,b] in (0,T) such that

[m,M] :=[ inf N(z), sup N(z)] C (0,00), Q@ := sup |H(x)| < oo,
z€la,b] z€la,b] z€[a,b]

and if In(n) < Duyin < n'/@0+) and n/® < Dyay < (n/In(n))YE for some n > 0
fized, then there exists Cy, a constant depending on n, such that for n large enough,

P(§,) < Cyn™ %
Proof. Let x,y be two fixed point of [a,b] and for h € H’, first let us look at
Zn(x,y) = Nu(2) = Na(y) — [Kp % N(z) — K+ N(y)].

One can apply Bernstein inequality to Zp,(z,y) (see e.g. (2.10) and (2.21) of [Ld]) to obtain:

2,2
B [e/\Zh(x,y)] < exp [2(1)\_1))\—%], VA€ (0,1/c(z,y)),
with 1
c(z,y) =5~ sup (K (z —u) = Kn(y — u)|
and

Pag) = [ Knw— ) = Koy~ 0PN (w)du
R

n

But, with IC the Lipschitz constant of K,
K
< 7 -
c(z,y) < g osle —yl

34



and )
K
2 2
Vo) < Sy
Let zo be a fixed point of [a,b]. One can apply Theorem 2.1 of [P] which gives that, if

Zyp = sup |Zp(x,z0)|

z€la,b
then for all positive z,

P(Zp > 18(y/v2(x + 1) +c(z 4+ 1)) <2e77,

with )
K
2 _ 2
v WV) — CL|
and
= bl
3nh? ’
But one can similarly prove, using Bernstein’s inequality, that
P (|Na(zo) — K * N(zo)] > 1/ 257 L 0x L) < 9e
r(Zo h o)l = h K
Hence
- Un,xo x _
]P’(He B, [Ny () — K+ N(2)| > ’ D—)<4 .
2 € [a, 8], |Nn(2) = Kn x N(2)| 2 | —55— + U= | < de
We apply this inequality with = = ¢qlog(n) + D", D =D/ . ..., D! . . We obtain
- Un,k.q log(n log(n
B (3h € M. 3 € [ab)1N(x) — Koox N(@)| > 1 2ol lo8) | gy, Loty
Dinax
§4Ze D=1 =0,n" 1
D=1

Consequently, since ilo;iff?, — 0 uniformly in h € H’, for n large enough,

P(3h € H', 3z € [a,b], | N () — Kp, % N(z)| > m/4) < O,n~°.
But since N € WSt s > 1, then N’ € W?* so N’ is bounded on R. Then

Ky N(z) - N() = / K (- y)(N () - N(x))dy
— /K(x;y)(y;x)/o N'(z 4+ u(y — x))dudy

= h/tK(t) /OlN’(x—uht)dudt.
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So,
’N(I‘) — Kh*N(.YJ)‘ < DNth.

Because of the definition of H’ this term tends to 0, uniformly in z and h. Hence for n
large enough, for all z € [a,b] and all h € H’

Kp*N(z) > N(x) —m/4 > 3m/4.
Consequently, for n large enough,

P(3h € H', 3z € [a,b], 2Ny, (x) < m) < O,n 9.

Rosenthal-type inequality

The following result studies the behavior of the moments of p,.

Lemma 3. For any p > 2,
E “ﬁn — Pg(N) |p] < Dp,g,N,cnipﬂ-

Proof. We have:
E [[pn — pg(N)P] < Op(Ap + Bn),

with
=t - ]|
e n [ g(x)N(z)dzx + ¢ f]R x)dw
and N
H Zz 1X Zz 1X p]
ST oK) Fe  nleN@drel I

We use the Rosenthal inequality (see e.g. the textbook [ﬂ]) if Ry,..., R, are independent
centered variables such that E[|R;|P] < oo, with p > 2 then

E H% Z Ri[’) <O P(nE Ry + (nER2)"?). (4.15)
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We recall that Assumption ] ensures that E[X?] = [2PN(z)dz < oo, for any p > 1.
Hence, for the first term A,,, using (.15), we have

Ly Jo. xN(z)dz
A, = Hfg n i cji—i-— fRR dxH
< Ogne H ZX / g(x )dac—/R xN(x)dx(/g(x)N(x)dx—i—%) p}
< OpgnE H—ZX / («)da] + O ven™?

< Dpvngvcn p/ :

Let us turn to the term B,,:

— Zz 1X _ Z 1X2 p
B = ”z”g< X)te nfawN@d e ]
1 2p 1/2X 12219 fg:ch 2p7y 1/2
< E[|anz| ) (EHGLZHg )(fngxder%)\ )
D =D i :CNQJ
< gN|;? \—ZX‘2 V(e [|aEE gsz% + £ -
< Dp7g7N(EHEZXZ-—E[X1H2p+{E[Xl]‘Zp)l/Q><
rlb i= 197 — [ g(x) 1/2
e+ =)

111 i= 19 i)—fg(l“)N(CU)dCU 2p1y1/2
< Opgn(E]] IS ST )2

Now, we set for v > 3p

% ={I7 2 (X0 - [ s@Na)aa| < \/ 21 Vorlg(y ) logn | Hlglelogn)

(recall that Assumption ] states that ||g||cc < oo, which also implies E[g(X1)?] < c0).
Since g is positive, the Bernstein inequality (see Section 2.2.3 of [[lf]]) gives:

P(,) >1—2n"". (4.16)
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Therefore, we bound from above the term B,, by a constant Dp g,N times

1 1
i1 9(X) — [g(a 2, iz19(Xe) — [ g(z 21 1y1/2
E [z 1 N + | 1qe
(E] 3121-:19< Z) =10, + | iZizlg( l) = 10;))

< Opgnen ™2+ Dp,g,Nﬁ(”CﬂHg||oo)p”77/2

< |:lp,g,N,cn_p/2a
where we have used ([L.15) for the first term and ([.16) for the second one. This concludes
the proof of the lemma. [

The boundedness of E,;l

Lemma 4. For any function ¢, we have:

1
22 @l < /el

Proof. We have:

k—1 k—1 2
[l @@l = F T |HuF = F £ (100 +0.0)

k
5
o (Hye + 03) " + T2 o1 (Hjk + @ik + Hjvk + 80j—1,k)2>

IN
=~

k:
2 5
> %(H]Z,k+90jk) 2_: 16 ]k+90jk+H]21,k+90?1,k)>

k-1
< i% ZO<H]2k+‘P?k> = %<f’£ z)|?dx + L Z <P]k>

At the second line, we have distinguished the ¢’s that are even and the i’s that are odd.
At the third line, we have used the inequalities (a + b)? < 2a® +2b? and (a + b+ c+d)?
4(a® + b% + ¢® + d?). By substraction, we obtain

/|£ |dx<__z%k

The Cauchy-Schwarz inequality gives:

Tit1,k Tit1,k
2o
¢2(x)dx> < / o2 (x)de,
T;k Ti,k



so that

T k1 T k—1 k;2 Tit+1,k , T
% Z@?k % —2( @(x)dx) < /@2(95)6135
=0 =0 ik 0

and finally we obtain the desired result:

[t P < 3 [ P,
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