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SMOOTH PROJECTIVE SYMMETRIC VARIETIES WITH
PICARD NUMBER ONE

ALESSANDRO RUZZI

ABSTRACT. We classify the smooth projective symmetric G-varieties with Pi-
card number one (and G semisimple). Moreover we prove a criterion for the
smoothness of the simple (normal) symmetric varieties whose closed orbit is
complete. In particular we prove that, given a such variety X which is not
exceptional, then X is smooth if and only if an appropriate toric variety con-
tained in X is smooth.

A Gorenstein normal algebraic variety X over C is called a Fano variety if the
anticanonical divisor is ample. The Fano surfaces are classically called Del Pezzo
surfaces. The importance of Fano varieties in the theory of higher dimensional
varieties is similar to the importance of Del Pezzo surfaces in the theory of surfaces.
Moreover Mori’s program predicts that every uniruled variety is birational to a
fiberspace whose general fiber is a Fano variety (with terminal singularities).

Often it is useful to subdivide the Fano varieties in two kinds: the Fano varieties
with Picard number one and the Fano varieties with Picard number strictly greater
than one. For example, there are many results which give an explicit bound to some
numerical invariants of a Fano variety (depending on the Picard number and on the
dimension of the variety). Often there is an explicit expression for the Fano varieties
of Picard number one and another expression for the remaining Fano varieties.

We are mainly interested in the smooth projective spherical varieties with Picard
number one. The smooth toric (resp. homogeneous) projective varieties with Picard
number one are just projective spaces (resp. G/P with G simple and P maximal
parabolic). We classify the smooth projective symmetric G-varieties whose Picard
group is isomorphic to Z (with the hypothesis G semisimple). One can easily show
that they are all Fano, because the canonical bundle cannot be ample.

In [14] there are some partial results regarding the classification of smooth Fano
projective symmetric varieties with with low rank (and Picard number greater than
one). In [13], we give a geometrical description of these varieties; in particular, we
determine their group of automorphism. Moreover, if the action of this last group
is not transitive, then the variety is a linear section of a generalized flag variety
and it is lied to exceptional groups. See also [11] for a classification of the smooth
projective horospherical varieties with Picard number one.

Let G be a connected reductive algebraic group over C and let § be an involution
of G. Let H be a closed subgroup of G such that G ¢ H C Ng(G?). We will say
that a normal equivariant embedding of G/H is a symmetric variety. Any symmet-
ric variety can be covered by open G-subvarieties which are simple, i.e. have one
closed G-subvariety. In Section 1 we recall some known facts about symmetric va-
rieties and we fix the notations. In Section 2 we give a criterion for the smoothness
of the simple symmetric varieties whose closed orbit is complete (see Theorem 2.1
and Theorem 2.2). It is easily showed that every complete symmetric variety is
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2 ALESSANDRO RUZZI

covered by simple open symmetric G-subvarieties whose closed orbits are complete.
We generalize the results of Timashev (see [16]) and Renner (see [12]) on the equi-
variant embeddings of reductive groups. The idea of the proof is the following one.
First we reduce to the affine case, though there are some technical problems when
the variety is exceptional (see [5] for a definition of exceptional symmetric variety).
Given an affine X, we define a toric variety T - xg contained in X and we prove that
X is smooth if and only T - g is smooth. In such case we relate the combinatorial
description of T - g to the colored fan of X (see [3] for a definition of colored fan).

In Section 3 we use the previous criterion to classify the smooth complete sym-
metric G-varieties with Picard number one and G semisimple (see Theorem 3.1).
We do not classify directly the projective smooth symmetric varieties with Picard
number one because there is a combinatorial classification of the complete symmet-
ric varieties, but it is not so easy to say which ones are projective. We prove that
the smooth complete symmetric varieties with Picard number one (and G semisim-
ple) have at most two closed orbits. Because of this fact we easily prove that they
are all projective. Observe that all the simple complete symmetric varieties are
projective by a theorem of Sumihiro.

1. NOTATIONS AND BACKGROUND

In this section we introduce the necessary notations. The reader interested to
the embedding theory of spherical varieties can see [3] or [17]. In [18] is explained
such theory in the particular case of the symmetric varieties. Let G be a connected
reductive algebraic group over C and let § be an involution of G. Let H be a closed
subgroup of G such that GY ¢ H C Ng(G?). We say that G/H is a symmetric
homogeneous variety. An equivariant embedding of G/H is the data of a G-variety
X together with an equivariant open immersion G/H < X. A normal G-variety is
called a spherical variety if it contains a dense orbit under the action of an arbitrarily
chosen Borel subgroup of G. One can show that an equivariant embedding of G/H
is a spherical variety if and only if it is normal (see [5] Proposition 1.3). In this
case we say that it is a symmetric variety. We say that a subtorus of G is split
if 0(t) = t~! for all its elements t. We say that a split torus of G of maximal
dimension is a maximal split torus and that a maximal torus containing a maximal
split torus is maximally split. One can prove that any maximally split torus is
0 stable (see [17] Lemma 26.5). We fix arbitrarily a maximal split torus T and
a maximally split torus 7' containing T'. Let Rg be the root system of G with
respect to T and let R be the subroot system of the roots fixed by §. We define
Ré = Rg\R%. We can choose a Borel subgroup B containing 7' such that, if
« is a positive root in R}, then () is negative (see [5] Lemma 1.2). One can
prove that BH is dense in G (see [5] Proposition 1.3). Let D(G/H) be the set of
B-stable prime divisors of G/H; its elements are called colors. Since BH/H is an
affine open orbit, the colors are the irreducible components of (G/H) \ (BH/H).
We say that a spherical variety is simple if it contains one closed orbit. Let X be a
simple symmetric variety with closed orbit Y. Let D(X) be the subset of D(G/H)
consisting of the colors whose closure in X contains Y. We say that D(X) is the
set of colors of X.

To each prime divisor D of X, we can associate the normalized discrete valuation
vp of C(G/H) whose ring is the local ring Ox p. One can prove that D is G-stable if
and only if vp is G-invariant, i.e. vp(s-f) = vp(f) foreach s € G and f € C(G/H).
Let N be the set of all G-invariant valuations of C(G/H) taking value in Z and
let N(X) be the set of the valuations associated to the G-stable prime divisors of
X. Observe that each irreducible component of X \ (G/H) has codimension 1
because G/H is affine. (To define N(X) we do not need that X is simple). Let



SMOOTH PROJECTIVE SYMMETRIC VARIETIES WITH PICARD NUMBER ONE 3

S:=T/TNH ~T -z, where o = H/H denotes the base point of G/H. One
can show that the group C(G/H)®) /C* is isomorphic to the character group x(5)
of S (see [18] §2.3); in particular, it is a free abelian group. We define the rank of
G/H as the rank of x(5); it is also equal to the dimension of S. We can identify
the dual group Homyz(C(G/H)P)/C*,7) with the group x«(S) of one-parameter
subgroups of S; so we can identify x.(S) ® R with Homz(x(S),R). The restriction
map to C(G/H)P)/C* is injective over N (see [3] §3.1 Corollaire 3), so we can
identify N with a subset of x.(S) ® R. We say that N is the valuation semigroup
of G/H. Indeed, N is the semigroup constituted by the vectors contained in the
intersection of the lattice x.(S) with an appropriate rational polyhedral convex
cone CN; we say that CN is the valuation cone. For each color D, we define p(D)
as the restriction of vp to x(S). In general, the map p: D(G/H) = x«(S) @ R is
not injective.

Let C(X) be the cone in x.(S) ® R generated by N(X) and p(D(X)). We can
recover N (X) from C(X). Indeed N(X) consists of the primitive vectors of the one-
dimensional faces of C'(X) which intersect N (we say that a vector v € x.(5)\{0}
is primitive if an equality v = av’, where v’ is a vector in x.(S) and a is a positive
integer, implies a = 1). We denote by cone(vy, ..., v,) the cone generated by the
vectors vy, ..., uy. Given a cone C' in x.(S) ® R and a subset D of D(G/H), we say
that (C, D) is a colored cone if:

(1) C is generated by p(D) and by a finite number of vectors in N;
(2) the relative interior of C' intersects CN.

Proposition 1.1 (see [3] §3.3 Théoreme). The map X — (C(X),D(X)) is a
bijection from the set of simple symmetric varieties to the set of colored cones.

Given a symmetric variety X (not necessarily simple), let {Y;}icr be the set of
G-orbits. Observe that X contains a finite number of G-orbits, thus X; = {z €
X | G-x D Y;} is open in X and is a simple symmetric variety whose closed orbit
is Y;. We define D(X) as the set {J;c; D(X;). The family {(C(X,), D(X:))}ier is
called the colored fan of X and determines completely X. Moreover X is complete
if and only if CN C J,¢; C(X;) (see [3] §3.4 Théoreme 2).

Proposition 1.2 (see [3] §3.4 Théoreme 1). A family {(C;, D;)}icr of colored cones
is the colored fan of a symmetric variety if and only if
(1) given a colored cone (C',D") such that C' is a face of Cy, and D' is the set
{D € D;,| p(D) € C;,} for an appropriate ig € I, then (C’,D’) belongs to
{(Ci, Di)}ier;
(2) the intersections of CN with the relative interiors of the C; are pairwise
disjoint.

We recall the description of the sets N and p(D(G/H)). Before that, we need
to associate a root system to G/H. The subgroup x(S) of x(7T!) has finite index,
so we can identify x(7T1) @ R with x(S) ® R. Because T is f-stable, § induces an
involution of x(7') ® R which we call again 6. The inclusion 7! C T induces an
isomorphism of x(T!) ® R with the —1 eigenspace of x(7T) ® R under the action
of 0 (see [17] §26). Denoted by Wg the Weyl group of G (with respect to T'), fix
arbitrarily a We-invariant inner product (-,-) over x(7') ® R which coincides with
the product given by the Killing form over spang(Rg). We denote again (-, -) the
restriction of this inner product to x(7!)® R. Thus we can identify x(7")® R with
its dual x.(7T") ® R. The set Rg,p :={8—0(83) | B € Rg}\ {0} is a root system in
X(S) ®R (see [18] §2.3 Lemme), which we call the restricted root system of (G, 0);
we call the non zero 8 — 0(f) the restricted roots. If G is semisimple, then the rank
of G/H is equal to the rank of R g, i.e. the dimension of spang(Rg,¢). Usually we
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denote by f (respectively by «) a root of Rg (respectively of Rg,); often we denote
by w (respectively by w) a weight of Rg (respectively of Rg ). In particular, we
denote by wy, ..., w, the fundamental weight of Rg (we have chosen the basis of
R¢ associated to B). Notice however that the weights of Rg ¢ are weights of R¢.
The involution ¢ := —wyq - 0 of x(T') preserves the set of simple roots; moreover ¢
coincides with — modulo the lattice generated by RY (see [17] p.169). Here wy is
the longest element of the Weyl group of R%. We denote by aq, ..., as the elements
of the basis {8 — 6(8)| 3 € R simple}\{0} of Rg . Let b; be equal to 3 if 2a;
belongs to Rg,¢ and equal to 1 otherwise; for each ¢ we define o) as the coroot
o)
namely the root system composed by the coroots of the restricted roots. We call the
elements of R\c/:,e the restricted coroots. Let wi,...,ws be the fundamental weights
of Rg.¢ with respect to {aq,...,as} and let wy,...,w) be the fundamental weights
of R, 4 with respect to {af, ..., }. Let C" be the positive closed Weyl chamber
of x(5) ® R, i.e. the cone generated by the fundamental weights of Rg ¢ and by
the vectors orthogonal to spang(Rg.,¢). We call —CT the negative Weyl chamber.
Given a dominant weight A of G, we denote by V() the irreducible representation
of highest weight .

If G is semisimple and simply connected, then the lattice generated by the re-
stricted roots is isomorphic to the character group of T /(T N Ng(G?)). Moreover
the weight lattice of Rg g is {w — 0(w)|w € x(T)} and can be identified with
the character group of T'/T' N G?. We want to give another description of this
lattice. We say that a dominant weight w € x(T) is a spherical weight if V(w)
contains a non-zero vector fixed by G? (in this definition we do not require that G

;. The set {ay,...,ay} is a basis of the restricted dual root system R g,

is semisimple). In this case, V& is 1-dimensional and f(w) = —w. Thus we can
think w as a vector in x(S5) ® R. One can show that the lattice generated by the
spherical weights coincides with the weight lattice of Rg 9. See [4] Theorem 2.3
or [17] Proposition 26.4 for an explicit description of the spherical weights. Such
description implies that the set of dominant weights of R ¢ is the set of spherical
weights and that CT is the intersection of x(S) ® R with the positive closed Weyl
chamber of the root system Rg. Sometimes we call > ZTw, the set of spherical
coweights.

The set N is equal to —C+ N« (S); in particular it consists of the lattice vectors
of the rational polyhedral convex cone CN = —C*. The set p(D(G/H)) is equal to
{aY,...,a)} (see [18] §2.4 Propositions 1 and 2). Thus, given a simple symmetric
variety X, the set p(D(X)) consists of the primitive generators of the 1-dimensional
faces of C'(X) not contained in —C*, because («;,af) > 0 if and only if i = j.
For each i the fibre p~!(a)) contains at most 2 colors (see [18] §2.4 Proposition

3

1). We say that a simple restricted root «;, is exceptional if there are two distinct
simple roots 1 and B2 in R such that: 1) 81 —60(51) = B2 — 0(52) = aiy; 2) either
0(B1) # —P2 or B(f1) = —f2 and (B1, B2) # 0. In this case we say that also o/, 6
and all the equivariant embeddings of G/H are exceptional. If «;, is exceptional
then the simple roots 81 and (3 are uniquely defined by the previous properties.
If G/H is exceptional, then p is not injective. Moreover, if H = Ng(G?), then
p~1(a) contains two colors if and only if o is exceptional. We say that G/H
contains a Hermitian factor if the center of [G, G]? has positive dimension. If G/H
does not contain a Hermitian factor then p is injective (see [18] §2.4 Proposition 1).
If p is injective, we denote by D,v the unique color contained in p=1(aV).

Remark 1. One can suppose that G is the product of a connected, semisimple,
simply connected group and of a central split torus in the following way. Let
7: G — [G,G] be the universal cover of the derived group of G. We consider the

group G/ = G x (T*NZ(G)°) and the map 7' : G’ — G defined by 7/(g,t) = 7(g)-t.
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The group G’ acts transitively on G/H by g -z := n'(g) - « for each x € G/H
and ¢ € G'. Thus G/H is isomorphic to G’/(7’)"'(H). Moreover there is a
unique involution 6 of G’ such that 7'’ = 67’ (see [15]). The group (7)1 (H)
contains and normalizes (7')~*(G?), hence it normalizes also 7 ([G, G1?)° = (G)"".
Thus (7/)~'(H) contains and normalizes (G')?, so G’ /(x')~1(H) is a G'-symmetric
variety. We can also suppose that the stabilizer of the base point x in Z(G)° is the
subgroup of element of order 2. Indeed, it is sufficient to consider GxT" , where
T" is a torus such that 7" /{t € T" |t*> = id} is isomorphic to (T*NZ(G)°) / (T* N
Z(G)°NH).

In following, unless explicitly stated, we assume that G is as in Remark 1.

We say that @ is decomposable if G/G? is the product of (non trivial) symmetric
homogeneous varieties, up to quotient by a finite group. Otherwise we say that 6
is indecomposable. If  is indecomposable and G/H contains a Hermitian factor,
we will say that G/H is Hermitian. If 6 is indecomposable, we have the following
possibilities: 1) G is an one-dimensional torus; 2) G is simple and 3) G = G x G
with G simple and 6 defined by 6(x, y) = (y,z). In the last case G/GY is isomorphic
to G and is not Hermitian. If G is semisimple, then 6 is indecomposable if and only
if R g is irreducible. For a classification of the indecomposable involutions see [17]
§26. If G/H is Hermitian, then Z(G?) has dimension 1 and Rg ¢ has type BC), Ci,
Bs or A;. Suppose G semisimple (simply connected) and 6 indecomposable, then
p~1(a)) contains two colors if and only if G/H is Hermitian, H = G? and oy is
short (see [17] pages 177-178).

Let X be a simple symmetric variety with closed orbit Y. One can show that
there is a unique affine B-stable open set Xp that intersects Y and is minimal for
this property. Moreover the complement X \ X g is the union of the B-stable prime
divisors not containing Y (see [3] §2.2 Proposition). The stabilizer P of Xp is a
parabolic subgroup containing B. There is a Levi subgroup L’ of P such that the
P-variety Xp is the product R, P x Z of the unipotent radical of P and of an affine
L’-spherical variety Z (see [3] §2.3 Théoréme). We can choose L’ and Z so that zg
belongs to Z. Let L be the standard Levi subgroup of P. If X is not exceptional, we
will see that Z is a symmetric variety and that L’ can be chosen equal to L. Notice
that P is the stabilizer of Upep g my pix) D- Given an union Dj, U...U D, of
colors, we denote its stabilizer by P({D;,, ..., D;,}) or by Pa({D;,,..., D;,}). Given
a root 3, let Ug be the unipotent one-dimensional subgroup of G corresponding to
B. Given p € x.(T) ® Q = x(T) ® Q, we denote by P(u) the parabolic subgroup
of G generated by T and by the subgroups U, corresponding to the roots « such
that (o, \) > 0. Given a subgroup K of G, we use the notation Hg (respectively
By) for the intersection K N H (respectively K N B).

Now, we want to describe the groups P = P(I), where I C D(G/H). Observe
that there is a Levi subgroup L’ of P such that P/Hp = R, P x L'/Hp:. Indeed,
there is a Levi subgroup L” of P x C* such that P x C*/Hp x {£1} = R, P x
(L"NP)/HrnpxC*/{£1}, because of [3] §2.3 Théoreme applied to an equivariant
embedding Z of GxC*/H x {£1} such that D(Z) = D(G/H) \ I (we have a one-to-
one correspondence between D(G/H) and D(G x C*/H x {£1}), which associates
to each D € D(G/H) its C*-span in G x C*/H x {£1}).

To describe P(I), it sufficient to consider the case where G is semisimple, H =
G?, 0 is indecomposable and I = {D}. Indeed P(D;,,...,D;,) is equal to the
intersections of the P(D;). Moreover if (G,0) = (G1,0) x (G1,0) and D is a color
of G/H, then there is either a Bg,-stable divisor D; of G1/GY or a Bg,-stable
divisor Dy of G2/GY such that D is the image of D1 x G2/GY, respectively of
G1/GY x Do, in G/H; moreover P(D) is Pg, (D1) x G, respectively Gy x Pg,(D>).
Notice that Dy, respectively D, may be not prime.
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We begin with some recalls from [18] (see also [17] pages 177-178). Suppose by
simplicity that G is semisimple, write D(G/G?) = {D1,...,D,,} and let 7 : G —
G/G? be the canonical projection. For any i, the ideal of 771(D;) is principal be-
cause we have supposed G simply connected; let f; be a generator of 7~ 1(D;). Let
P+ C C[G]* the multiplicative monoid constituted by the commune eigenvectors to
P (with respect to the left translation) and to G? (with respect to the right trans-
lation) and let Pfe be the subset of P, constituted by the Gf-invariant vectors.
Up to normalization, the vectors {f;} forms a basis of P;.. We can index the colors
so that f; belongs to Pfe if and only if i < r; in particular the G?-eigenvalue y; of
f; is trivial if and only if i < r. Here r = m — 2rank x(G%). We can also suppose
that Xr1j = —Xr4jtrank x(go) for each j =1,...,rank x(G?). The monoid Pfe is
free with basis {f1, ..., fr, fr+1frtmnkx(G9)+1> -+ Frimnkx(Go) fm}- The map, which
associates to any f € Py its P-weight w(f), gives an isomorphism between Pfe
and the set of spherical weights. (We remark that in [18] is used a lightly different
map). Observe that P(D;) is equal to the stabilizer of the line Cf;.

Suppose now 6 indecomposable, G semisimple and I = {D}. If G/G? is not
Hermitian, then Pfe = Py and w(f1),...,w(fm) are the fundamental weights of
Rg ; thus the stabilizer of Daiv is P(w;). In this case, the colors of G/H are in one-
to-one correspondence with the colors of G/GY. More generally, if D € D(G/G?) is
the unique color in p~1(p(D)), then w(f;) belongs to Pfe and P({D}) is P(w(f:));
moreover 71 (m(D)) is D, so also P({n(D)}) is P(w(/f;)) (here 7 is the canonical
projection G/G? — G/H).

Next, we consider the colors D of G//G? such that p~!(p(D)) # {D}. Supposing
0 indecomposable, there is an exceptional root a, if and only if G/GY is Hermitian
and Rgp has type BC;. In this case H = G = Ng(GY) and 2q;, is a restricted

root; in particular o is the short simple restricted coroot and p~'(ay,) contains

two colors, namely D, 41 and Dy, 4o. Write o,y = i, —0(8i,) = i, 79(51-2) as in the
definition of exceptional root. The weight of f, 11 fr12 is w;, = w;, +wi,. Thus fri1
and f,42 have weights respectively w;, and w;,; the stabilizers of the corresponding
colors are respectively P(ww; ) and P(w,,). There is an automorphism of G, fixing
T and B, which exchange P(w;) with P(w;)); moreover, one can show, by the
Iwasawa decomposition (see [17] p.168), that this automorphism fixes GY, so it
induces an automorphism of G/G? exchanging D; with D,. For this case, see also
6] 5.

If G/H is Hermitian and non exceptional, then the restricted root lattice has
index two in the lattice generated by the spherical weights; the inverse image of
) contains two colors if and only if H = G and o) is short (see [17] page 177-
178). Therefore the weight of f,11frq2 is w1 = 2w if [ is at most 2 and w; = 2w,
otherwise. The vectors f,41 and f,42 have the same weight, namely w; if [ < 2
and wy otherwise. Thus the colors corresponding to f,4+1 and f42 have the same
stabilizer: respectively P(w;) if I < 2 and P(w;) otherwise. Moreover these colors
have the same image in G/Ng(G?). Hence the stabilizer of a color D of G/G? is
equal to the stabilizer of the image of D in G/Ng(G?).

Now we list the exceptional indecomposable involutions. We have three pos-
sibilities: 1) (G,0) has type AIII and G/GY is isomorphic to SL,41/S(L; x
Lpy1-1) (with n # 20 — 1); 2) (G, 0) has type DIII and G/G? is isomorphic to
SO4112/GLat1; 3) (G, 0) has type EIIT and G/G? is isomorphic to Eg/Ds x C*.
The possibilities for the stabilizer of a color D with p(D) exceptional are, respec-
tively: 1) P(w;) and P(Wny1-1); 2) P(@er) and P(Wo41); 3) P(w1) and P(Ws).
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2. SMOOTHNESS OF SYMMETRIC VARIETIES

In this section we want to classify the smooth symmetric varieties. Clearly we can
reduce ourselves to studying the simple ones. Let X be a simple symmetric variety
with closed orbit Y. Recall that Xp = R, P x Z, where P = P(D(G/H) \ D(X))
and Z is a L’-spherical affine variety for an appropriate Levi subgroup L’ of P; we
have denoted by L the standard Levi subgroup of P.

Lemma 2.1. The homogeneous variety L' /Hy: is affine; in particular Hy/ is re-
ductive.

Proof. R,P x (L'/Hp,) is the intersection of the two affine open sets Xp and
G/H, thus it is affine. Hence L’'/H|/ is affine and Hy/ is reductive. O

Lemma 2.2. If p~1(aV) is contained in D(X) for each exceptional coroot o in
p(D(X)), then the group L is 0-stable and L/Hy, is a symmetric space; moreover
we can choose L' equal to L. In particular, L is 6-stable if X is not exceptional.

Proof of Lemma 2.2. Observe that P contains the stabilizer P of BH/H. Indeed
the colors are exactly the prime divisors of G/H stabilized by P. Let X € x«(T)
such that P = P(X); X is a subgroup of T (see [18] 2.2), so (X, 8) = 0 for every
root 3 in R%. Hence Ug C Pc P and R;, contains R%. Moreover Rj, is stabilized
by the involution ¢, because 81 — 6(B1) = B2 — 0(B2) if and only if 51 = 3 or
B1 = ¢(B2). Thus Ry, is stabilized by § = —wqt, where wy is the longest element
of the Weyl group of RY,. Therefore P N#(P) = L, H;, = Hp and we can suppose
L = L'. Notice that LY ¢ LN H C N1(G%) c N.(L?). O

Under the hypotheses of the previous lemma, Ry is generated by R% and by
the simple root 8 in R, such that p=!((3 — 6(8))") is contained in D(X) (see the
description of P in the previous section). In particular, Ry , = p(D(X)) if G/H
has not Hermitian factors.

We are mostly interested in the smooth complete symmetric varieties, so we can
reduce ourselves to studying the simple affine varieties with a L’-fixed point.

Lemma 2.3. If Y is projective, then there is a unique point in Z fized by L'.

Proof of Lemma 2.3. Notice that Z'NY is one point x and is L’-stable. Moreover
x is unique because every affine spherical variety is simple. [

The hypothesis of the previous lemma is equivalent to the condition dim C(X)
= rank G/H. Now, we prove that X is not smooth if L is not #-stable.

Theorem 2.1. Let X be a simple smooth symmetric variety with open orbit G/H
and suppose that the closed orbit Y is projective. Then p~'(aV) is contained in
D(X) for each exceptional coroot o in p(D(X)). In particular, L is 0-stable.

Observe that X is smooth if and only if Z is smooth. Moreover Z is smooth if
and only if it is a L’-representation. Indeed the affine L’-variety Z can be embedded
in a L’-representation and one can shift the fixed point in 0. Moreover, up to taking
a subrepresentation, we can identify Z with this representation because of Luna’s
fundamental lemma (see [10] I1.2). To prove the lemma, it is sufficient to show that
there is not a representation of dimension dim L’'/H, containing a vector v with
stabilizer Hr,. Observe that we can work with a quotient of L’ by a finite central
subgroup K contained in Hy.. Indeed, if Z is a L’-representation with the previous
properties, K acts trivially on Z, so Z is a (L'/K)-representation of dimension
(L'/K)/(Hr//K) and Stab(r: xy(v) = (Hr//K). Remark that L'/K is not plus a
subgroup of G, however we can restrict to study Z, ”forgetting” the embedding of
Z in X. We want reduce to study varieties L'/ H,, with the following property:
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[*] There are an indecomposable exceptional involution (G',0") and
a color D such that p(D) is exceptional, L' is a Levi subgroup of
the stabilizer P' = Pg/(D), Hy = (L)) and P'/(P")? = R, P’ x
L'/Hy.

Lemma 2.4. We can choose L' isomorphic, up to quotient by a finite central
group in Hp, to a product [[;_, L; so that L'/Hy, =[] Li/Hy,, where L;/Hp, is
a symmetric variety if s =0 and satisfies [*] otherwise.

Proof of Lemma 2.4. First, we reduce to the case of an indecomposable invo-
lution. Write (G, 0) as [[(Gi,0), where Gy N L is @-stable and the (G;,0) with
i > 0 are indecomposable exceptional involutions such that G; N L is not #-stable.
Then G/H = Go/Hc, X [[;29Gi/GY. Indeed GY = Ng, (G?) for each i > 0, thus
Ng(G?) is generated by G and Hg,. Thus it sufficient to prove the lemma for
the G;/GY with i > 0. Finally, suppose 6 an indecomposable exceptional involu-
tion and write P = P(I) with I C D(G/H). Let D be a color in I such that
p(D) is exceptional. If I contains at least two colors, let L be the standard Levi
subgroup of P(I'\ {D}), let T be the quotient of L by Z([L, L]) and let P be the
quotient of P(I)N L by Z([L, L]). We have P(I) = R, P(I\{D}) x (P(I)N L) and
P(I)/P(I)* = RyP(I\{D}) x (P(1) N L)/(P(1) N L)’ = RyP(I\ {D}) x P/P";
moreover E/Z‘g = Z/ZG =[L,L]/[L, L) x Z(L)/Z(L)?. On the other hand, there is
a Levi subgroup L’ of PN[L, L] such that ?/ﬁe =R,PxL'/(L"xZ(L")/Z(L")°.
Thus we can choose L' as the product of Z(L)° with the inverse image of L’ in L.
Notice that ([L, L], ) is indecomposable and exceptional; moreover PN[L, L] is the
stabilizer of D N ([L,L]/[L,L)°) in [L,L]. O

We know that given a semisimple group G, a symmetric variety G/H and an
irreducible G-representation V, then V¥ has dimension at most 1; moreover, if
dimVH = 1, V has dimension at least dimG/H + 1. We want to prove a
similar result for the varieties which satisfy [«]. Such varieties have dimension
dim G/(G)? — dimR,, P, because P/Hp = R, P x L'/Hp,. Explicitly dim L'/(L')°
is equal, respectively, to nl — 12 +1 if G/G? = SL,41/S(L; X Lypy1-1), to 21% 4 1 if
G/GY% = SO4142/GLy11 and to 16 if G/G? = Eg/Ds x C*. In particular L'/(L")?
has dimension at least 2. We consider separately the case where dim L'/(L")? = 2,
because in such case L'/(L’)? is isomorphic to a symmetric variety.

Lemma 2.5. If L’ /H/ has dimension 2, then it is isomorphic to SLa/SOz. Thus,
a non-trivial L'-representation V with VHr' % 0 has dimension at least 3. More-
over, there are neither a smooth affine embedding of SLa/SO2 nor a smooth affine

embedding of SLa x C*/S04 x {£1}.

Proof of Lemma 2.5. If dim L'/Hy, = 2, then G/H is isomorphic to SL3z/
S(L1 x Lg) and P is either P(wy') or P(wy); thus L’ is isomorphic to GLs. By the
Lemma 2.2, H?, must be a maximal torus, hence L'/H[ is a symmetric variety
isomorphic either to SL2/SO2 or to SLa/Ngr,(SO2). Observe that a spherical
S Lo-representation has dimension at least 3. In this case the representation is
S$2C? and is an embedding of SLy x C*/Ngr,(S03) x {£1}, where C* acts freely
over C2. We have only to prove that L'/ H [, is isomorphic to SLa/SO2. Suppose by
contradiction that Hy is isomorphic to the almost direct product Ngr,,(SO2)-C*id
and let o be an involution of GLy such that GLS is H?,. Let T’ be a maximally
split torus of GLg with respect to o and let S” = T /Hyp, then x(T")/x(S") contains
an element of order 2. Indeed x(95’) is generated by 28 and x(T") contains 8 (here
f3 is a root of GLy). We can identify C(L'/Hp,)Pr) /C* with C(G/H)®) /C*, thus
we can identify x(S) with x(S’) as subset of x(B); moreover we can identity both
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Xx(T) and x(T") with x(B). Thus also x(7")/x(S) contains an element of order 2.
But x(9) is equal to wy + wa, so x(T)/x(S) = Z(w1 + x(S)) = Z, a contradiction.
(Here w0y and w9 are the fundamental weights of SLs). OI.

Lemma 2.6. Assume that L'/(L')? has dimension greater than 2, then there is
a subgroup K of L' isomorphic to L N (L) in such way that L’ C LN O(L) is
isomorphic to a subgroup K' of K°. Let V be a L'-representation which contains a
vector v fized by K®. Then the stabilizer of v in [K, K| is equal either to [K, K] or
to [K, K] := [K, K] N K'.

Proof of Lemma 2.6. Write L' = gLg™"'; we have LY ¢ P’ = (L')?, because
H = GY. Knowing the classification of indecomposable exceptional involution, one
can verify that there is an automorphism ¢ of L’ that send gL’¢~' onto L. Let
K be the image of g(LN6O(L))g~! by ¢, then K? contains K’ := LY = p(gL%g~!).
The last affirmation follows because [K, K|/[K, K] is a symmetric variety. OJ

Remark that K/K' is a symmetric variety.

Lemma 2.7. Let (G,0) be an indecomposable exceptional involution, let D be a
color such that p(D) is exceptional, let P be the stabilizer of D and let L' be a Levi
subgroup of P such that P/Hp = R,Px L' /Hy,. Suppose that dim L' /Hy, > 2 and
let K, respectively K', be as in the Lemma 2.6. Let V be a non-trivial irreducible
L’ -representation such that V 7r’ #£ 0. Then:

(1) dimV > dimL'/Hy, and dimV # dim L'/Hr + 1;

(2) if dimV = dimL'/Hy,, then VHi' has dimension 1 and (Stabr:(v))° is not

reductive for any v € V' \{0};
(3) if there is v € V with stabilizer Hr:, then dimV > dimL'/Hr, + 2.

Proof of the Lemma 2.7. Observe that the first two points of the lemma imply
the third one. Indeed, if V is as in the last point, then V' cannot have dimension
equal to dimL'/Hp, because Hp, is reductive by the Lemma 2.2. Notice that K
contains a maximal torus; moreover there are two parabolic groups @ and Q~ of
L', containing respectively Br, and the opposite of Br:, such that QN Q™ = K is
a Levi subgroup of both them.

For each r, let {ey,...,e,} be the canonical basis of C". It is sufficient to
study the L’-representations with dimension at most dim L'/H + 1. If G/H =
GLpi1/ GLiXGLypy1—i (= SLyy1/S(LixLny1-1)), then L' is isomorphic to GL(E}— ™ Ce;)
x GL(@}! ., Ce;) in such way that K corresponds to GL(@._, Cey)x GL(@?;ITE Ce;)x
GL(@, .5 Ce;) and K’ corresponds to A x GL(@?;ITE Ce;), where A is the
diagonal in GL(G}EZ1 Ce;) x GL(@?;;_HQ Ce;). Recall that n > 2. Suppose first
that [K, K] acts trivially on a non-zero vector of V#2; in this case SL(@?ITLHQ Ce;)
acts trivially on V. Using the fact that dim Z(K’) = 2, it is not difficult to
prove that VUKl is one-dimensional and that Z(K') acts not trivially on it,
a contradiction. Hence, both the simple factors of [K, K] act not trivially on
V (otherwise there is (g,¢9) € A such that (g,g9) - v # v). The representation
W = @7:_1”1 Ce; ® (@?I;ﬁlﬂ Ce;)* has dimension equal to dim L'/Hp,. If
there is another L’-representation, not isomorphic to W as [L’, L']-representation,
over which both the simple factors of [K, K] acts non-trivially and which has di-
mension at most dimW 4+ 1, then either n = 2]l = 4 or [ = 1. In the first
case such representation is isomorphic to Wy = A’ @5’21 Ce; ® (@?:4 Ce;)* (as
[L', L']-representation); moreover it is isomorphic to W as [K, K]-representation.
In the second case, such representation is isomorphic to Wy = A" @, Ce;
(as [L', L']-representation) and we have [K, K] = [K,K| = SL(._, Ce;), thus
Wo is isomorphic, as [K, K]-representation, to the direct sum of a 1-dimensional
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trivial representation with the dual of the standard representation. The decom-
position W = (@._, Ce; @ (D)1, Cei)*) @ (@ Cei ® (D17,_1,»Cei)*)
is [K, K]-invariant; thus WIE.K] is 1-dimensional. One can show that R,Q stabi-
lizes any v € WKL, moreover dim Stabr:(v) = dim R,Q - [K, K] + 1. On the
other hand, dim Z(K) = 2 and Z(K) - v is at plus, one-dimensional. Therefore
T" := Stabzk)(v) is one-dimensional and the connected component of Staby(v)
is the semidirect product R,Q x (T”[K, K]')°, so it is not reductive. Given any U
isomorphic, as [L’, L']-representation, to W, to Wy or to Wa, one can study in the
same manner UK and Staby, (v) for each v € UK\ {0},

If G = SOy442, then L’ is isomorphic to GL(C?*1) in such way that K cor-
responds to GL(GB?IZ1 Ce;) x GL(Ceg41) and K’ corresponds to Sp(@?lzl Ce;) x
GL(Ceg41). The non-trivial irreducible L’-representations with dimension lesser or
equal to 2124141 are isomorphic, as [L’, L']-representations, to C2+! to \® C2+1
to A2 C2HL or to A C2HL. Let V be a L'-representation which contains a non-
zero vector w fixed by K’ and that is isomorphic, as [L/, L]-representation, to C2+1.
We have (C2H1)EE] — (C2H1) KK — Ceyyyq; thus V ois C2HL @ (AP C2H1)x
and w is a multiple of ey ® v, where v is a non-zero vector of (A\**! C2+1)*. The
stabilizer of egr 11 ® v in L' is R,Q~ x (SL(P?, Ce;) x GL(Cegy1)). If Hy fixes
€21+1®v, then Hy, is isomorphic to a subgroup of S Ly x C* (because the restriction
to Hy: of Staby(eai+1) — Stabr(eg41)/Ru@~ would be an isomorphism). How-
ever, one can show that there is not a reductive subgroup of SLy; x C*, containing
Spoy x C*, which has dimension equal to dim H, a contradiction. One can study
in the same manner the L’-representations isomorphic, as [L’, L']-representations,
to A* C2+1. On the other hand, A? C2+1 is isomorphic, as [K, K|]-representation,
to A\ G}flzl Ce; ® G}?lzl Ce;, hence (A\° CZH)EK] i 1_dimensional. the stabi-
lizer in L' of any v € (\* CH+1)IEK\ [0} contains R, Q; moreover dim Stabr, =
dim R, P - [K,K]' + 1. On the other hand, T" := Stabzk)(v) is one-dimensional
because Z(K) - (v) is, at plus, one-dimensional. Therefore, the connected com-
ponent of Stabr:(v) is the semidirect product R, P x (T"[K,K]'))°, so it is not
reductive. One can study A* "' C2+! in the same manner of A? C2+! (notice that
AZ 71 €241 s the dual representation of A C2+1).

If L has type Eg, then, up to isogeny, L’ is isomorphic to Spinig x C*, in such
way that K corresponds to Sping X SOz x C* and K’ corresponds to Spin; x C*.
By a dimensional count, one can show that Hy is isomorphic to K (one have to use
the fact that K’ C Hr, C L'). Observe that the hypothesis V2’ #£ 0 implies that
Z(L') acts trivially on V. The irreducible non-trivial Spinjo-representations with
dimension at most 17 are the half-spin representations and the first fundamental
representation C1°. One can easily show that none of such representation contains
a vector fixed by Hy.. O

Proof of Theorem 2.1. We work with a quotient Lof L/ by a central subgroup
in Hr/, so that we can write L= [IL; as in the Lemma 2.4. We denote by H; the

image of Hy in L. We want to reduce ourselves to the case where L / Lfisa product
of a variety satisfying [*] and, eventually, a 1-dimensional torus. Suppose Z smooth
and write Z = @), V(An). Observe that L has a dense orbit in each V(),), say

L-vp; we can also suppose Y -, v; = 9. Moreover Z(L)?-vy, is contained in C*vp,,
so dimL - v, < dim ([Z, Z] -vp) 4+ 1. Up to re-index, we can suppose that Lq does
not act trivially on V(A;). Write A; = > p; j, where p; ; is a L;-weight for each
i and j, so V(\;) is isomorphic to @ V/(u;,;). Thus V(u;,;) contains a Hz-fixed
vector v for each ¢ and j; hence, by the Lemmas 2.5 and 2.7, dim V (p; ;) # 2 for
each j. Let I be the set {j |dimV (u1,;) > 1}. If I contains at least 2 elements, then
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dimV (A1) = Hje[ dim 'V (pi5) > Zje] dimV (pij) +1 > Zje] dim (L;/HL;) +
1 > dim Ly, a contradiction. Thus V(3 1) = V(p1.1) ® V(32 41 H1,5), where
dimV (3,4 p1,5) = 1. We have two possibilities: either V(A1) is a smooth affine
embedding of L; - v or there is a one-dimensional torus 77 C Hi;‘61 L;, such that
V(A1) is a smooth affine embedding of (L17}1) - v1; in particular the dimension
of V(A1) is at most dim L1/Hp, + 1. This fact implies, by the Lemma 2.7, that
d’ile/HLl is 2.

Finally, suppose that dim L;/Hy, = 2 for each i« > 0. By the Lemma 2.5,
dimV (\;) = dim [L', L'|v; + 1 for each i. Moreover we can suppose that, for each
i > 0, L; acts non-trivially on V(\;) if and only if i = j; otherwise L’ - 1" v; is
not dense. We can identify L;/Hp, with GLy/(C*)? and V (uy,1) with S2C2. Let
n € Nsr,((C*)?)\(C*)?, then n-v; = . The center of L acts with one character
over each V'();); moreover Z(L)- 21 v; has dimension equal to m, because L- Sl
is dense in Z. Thus there is t € Z(L) such that t 3 v; = —v; +2 i1 Vi, sont € Hy.
Therefore H7 is not generated by L% and H Los & contradiction. [J

In the rest of this section, we always suppose that L is 0-stable. 'We choose, as
basis of the root system Ry, of (L,T), the basis associated to the Borel subgroup
Br. Let Ry be the restricted root system of (L, 6); it is contained in Rg 9. We
arbitrarily choose an order of the connected components of the Dynkin diagram of
Ry ¢ and we define R} 1o as the subroot system of Ry, ¢ corresponding to the j-th

connected component of the Dynkin diagram. Let {al, ey lj} be the set of simple
roots of R7 ,; we index them as in [8]. Let [ be the rank of G/H and let n be the
semisimple rank of G. In particular we suppose that, if Ri,e has type A;;, then
(a{b, ai) # 0 only if h belongs to {k —1,k,k+ 1}. We prove the following theorem.

Theorem 2.2. Let X be a simple symmetric variety with open orbit G/H. Suppose
that the closed orbit Y is projective and that p~(a“) is contained in D(X) for
each exceptional coroot o in p(D(X)). Then the closure of T - zg in X is normal.
Moreover X is smooth if and only if this toric variety is smooth. This is equivalent
to the following conditions:

(1) The restricted root system Ry g has type 1 A, for appropriate integers
p, Ui, ..., 1. Moreover the rank of G/H is greater or equal to Y F_, (I; +1).

(2) The cone C(X) is generated by a basis of Homz(x(S),Z).

(3) We can index the dual basis {\], ..., A} 1, AT, .., A7 11 -ons )‘?qul} of x(S) so
that (), (h)Y) = 0nx0i; and ((1; + )X — z)\fﬁl) is the i-th funda-

mental weight of RL,e-

l+1

Before proving the theorem, we make some remarks.

Remarks 2. i) We request that X is normal. Indeed there is a non normal
equivariant completion X of a symmetric space such that the closure of T - xg in
X is smooth (see [18] §7.2). See also [16] §10 for an example of an affine non-
normal embedding Z ofa symmetric space such that the closure of T'- z¢ is normal.
Moreover the open orbits respectively of X and Z are not exceptional.

ii) Given X which verifies the conditions of the theorem, we can almost describe
the associated colored cone. The cone C'(X) is the dual cone of cone(\, ... )\? +1)
and x(S) is the free abelian group with basis {\}, ..., )\?QH}. The set p(D(X)) is
constituted by the primitive vectors of the 1-faces of C'(X) not contained in —Ct;
moreover D(X) contains p~ " ({a }acry, p simpte). Given any o in p(D(X))\ RY 4,
then p~1(a") contains two elements, while p~!(a) N D(X) contains one element.
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Any of the two colors in p~!(a¥) can be a color of X. Remark that p is injective
over D(X).

iii) Suppose that L/Hj, is a group L, i.e. suppose that L = L x L and that
0 is defined by 6(z,y) = (y,z). The first condition of the theorem means that L
is the quotient of a product II(SL;, 11 x C*) by a finite subgroup (some integer I;
can be 0). If all the conditions of the theorem are verified, then L is isomorphic
to the product IIGL;,+; and Z is isomorphic to the product IIM;, 1, where M, 14
is the algebra of complex matrices of order I; + 1. Observe that the product of
matrices defines a product over IIM;, 1 which extends the product over IIGL, 4.
This means that IIM;,; is an algebraic monoid whose unit group is IIGL;, 41.

iv) Timashev (see [16]) studied a particular class of equivariant embeddings
of reductive groups. These embeddings are not necessarily normal. Here G is
a product G x G and the involution @ is defined by 6(x,y) = (y,z). Timashev
supposes that there is a faithful G-linear representation V = @V (u;) with the
following properties. The y; are all distinct and the map G — P(@) Endc(V (1))
is injective. He considers the closure of G in P(@) Endc(V (1;))) and obtains a
criterion for this variety to be normal, respectively smooth. Observe that G acts
on @ Endc(V(u;)) C Endc(V) and the action coincides with the one over V@ V*
through the canonical isomorphism Endc(V) & V ® V*. Also Renner (see [12])
considers the case where G/ H is isomorphic to a reductive group G, but he studies
the affine (normal) equivariant embeddings of G’ with a G-fixed point. He classifies
the smooth ones in the case where the center of G has dimension 1 and the derived
group of G is simple.

Proof. First we reduce to affine case. Observe that X is smooth if and only if
Z is smooth. Let U (respectively Uy,) be the unipotent radical of B (respectively
of Br), then C[Z]Yt is isomorphic to C[Xg]Y, so C(G/H)P)/C* is isomorphic
to C(L/Hp)PL)/C*; in our case T is contained in L and we can identify both
C(G/H)B) /C* and C(L/Hp)P) /C* with x.(S). We can identify C[X](5)/C*
with C'(X)VN x(S) and C[Z](Pr) /C* with C(Z)Y' N x(S) (see [3] §3.2); in particular
we can identify C(X) C x«(S) ® Q with C(Z) C x«(S) ® Q. Let cl(T -z, X)
(respectively T - o) be the closure of T - zp in X (respectively in Z). To reduce
to affine case it is now sufficient to prove that ¢l(T" - o, X) is normal (respectively
smooth) if and only if T -z is normal (respectively smooth). This fact holds
because the intersection of cl(T - xo, X) with Xpg is T - xp, so T - o is open in
c(T - 29, X). Moreover cl(T -z, X) is covered by the translates of T - zp with
respect to the action of Nge (T1).

Observe that the combinatorial data C(Z), D(Z), x(S) of Z does not change if
we substitute L by a finite cover or by a quotient by a normal subgroup contained
in Hy,. Thus we can substitute L with a group of simply connect type, as we
have done with G in the Remark 1. The only problem is that the group obtained
is no longer a subgroup of G. On the other hand we can restrict to consider Z,
"forgetting” X. In the following, we always consider an affine embedding Z of a
symmetric homogeneous variety L/H|,, where L is as in the Remark 1.

Lemma 2.8. The closure of T - xq in Z is normal.

Proof of Lemma 2.8. We have a commutative diagram

C[Z]™ jc ()

T

C[z]Br) JC*C C[T - zo])D /C.
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Let Wrg be the Weyl group of Ry g; it is isomorphic to Npe(T1)/Cpre(T)
(see [17] Proposition 26.2). Observe that Npo(T!) acts on Z, so W, g acts on
C[Z)™) JC*; moreover Npo(T") acts on T - xq, thus W, 4 acts on C[T - zo)T) /C*.
Hence the elements of Wy g - (C(X)Y N x(S)) are T-weights in C[T - x0T /C*.
To prove that T - z¢ is normal it is sufficient to show that the elements of W7, 4 -
(C(X)Y N x(9)) are all the T-weights in C[T - z0]*)/C*. This holds because of
the following lemma. Notice that T -z9 = S -zo = S and C[T - zo|T/C* =
C[S - zo]®/C*. O

Lemma 2.9. Let A be a L-spherical weight. If there is a T-eigenvector in C[Z] of
eigenvalue \, then there is a By -eigenvector in C[Z] of eigenvalue A.

Proof of Lemma 2.9. Let v be a T-eigenvector in C[Z] of eigenvalue )\, we can
suppose that it is contained in an irreducible L-subrepresentation V(u) of C[Z]
of highest weight . So A = 1 — > a;8;, where ay, ..., a,, are positive integers and
B1, ..., Bn, are the simple roots of L. The cone C(Z) is generated by simple restricted
coroots oy, ..., Y and by appropriate vectors vy, ..., v;—, in the antidominant Weyl
chamber —C* of Ry 9. Moreover, for each i, (\,v;) = (u,v;) + > a;(B;, —v;) >
(,v;) > 0 because p belongs to C(Z)Y. Moreover (A, (a;)¥) > 0 fori =1,...,r
because A is dominant, so A belongs to C(Z)Y. Thus there is an eigenvector in
C[Z]Br) of T-eigenvalue \. O

Now, we prove the necessity of the conditions.
Lemma 2.10. If Z is smooth, then L, L] has type [ A; and T - 2o is smooth.
We begin considering a particular case.

Lemma 2.11. Suppose that ([L, L], 0) is indecomposable and that Z(L) is 1-dimensional.
There are a subgroup LY C Hy, C Ni,(L?) and an affine smooth embedding of L/ H,

if and only if Ry, has type A;_1. If a such embedding exists, then it is unique, up

to an equivariant isomorphism, and the closure of T - xg in it is smooth.

Proof of Lemma 2.11. Let ¢ be the cone in x.(S) ®R associated to T - z¢ and let
¢¥ be the dual cone. Notice that an affine embedding Z of L/H|, is smooth if and
only if it is a L-representation; in particular Z must be is an irreducible spherical
representation with dimension lesser than dim [L, L]. If moreover [L, L]/[L, L] is
isomorphic to a simple group L, i.e. [L,L] = L x L and 6(z,y) = (y,z), then Z is
isomorphic, as [L, L]-representation, to V/(A) @ V(—wg(A)). Here wy is the longest
element of W; and V(\) is a L-representation with dimension lesser than dim L.
One can easily show that there is a representation with the request properties if
and only if Rp ¢ has type A;_; (see the answer to ex. 24.52 in [7] p. 531 for a
list of the irreducible representations of a simple L with dimension at most dim L).
In this case Z is unique up to an isomorphism of L-varieties. More precisely Z is
isomorphic as [L, L]-representation to V(w;) or to V(wy). Now, we do a case-to-
case analysis to prove that, given a smooth Z, the subvariety T - zy is smooth. We
denote by {fi, ..., fn} the dual basis of the canonic basis {ey, ..., e, } of C™.

i) If ([L, L], 0) has type AI, let Q be the symmetric bilinear form 3" f? over C".
Then the involution is defined by 6(A) = (A*)~!, L/L? is GL(C™)/O(C", Q) and
Z is S?(C™)*. The subgroup T' C GL(C") of diagonal matrices is a maximally split
torus, the vector fixed by L is Y- | f2 and T- >, f? is @), Cf2.

ii) If (L, L], 0) has type AII, let Q be the antisymmetric bilinear form > ; f; A
fitn over C2". Then L/LP is GL(C2")/Sp(C?", Q) and Z is \*(C2")*. The sub-
group T of diagonal matrices is a maximally split torus because it contains a max-
imal torus of Sp(C?",Q) and dim T is equal to the semisimple rank of L plus
the rank of L/L’. The vector fixed by L? is 2?21 fi A\ fitn and the closure of
T- (37, fi A fign) is the vector space spanned by fi A fni1s.., fo A fon.
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iii) If ([L, L], 0) has type BII, let @ be the symmetric bilinear form ) " | fi A
fitn + [5,41 over C*"*1. Let ¢ be the linear transformation of C***1 such that

eni1 ifi=1
ole;) =1 eq ifi=n+1.

e; otherwise

Then L/L? is SO(C?"+1, Q) XC*/SO((GBi;él,nJrl Ce;®C(e1+en+1)), Q) x{*id} and
the involution over SO(C?"*+1, Q) is the conjugation by the ¢. The representation Z
is C2n*+1, over which C* acts by twice a basic character. The subgroup T generated
by the diagonal matrices and by the center is a maximally split torus, the vector
fixed by L% is e; — e, 1 and the closure of T - (e; — €n11) is Cey @ Cepyy.

iv) If ([L, L], 0) has type DII, let Q be the symmetric bilinear form Y " | f; fitn

over C2". Then L/L? is SO(C?*",Q)
x C*/SO((Djz1,n+1 Cei ® Cler + €541)), Q) x {+id} and Z is C?n, over which
C* acts by twice a basic character. The subgroup T generated by the diagonal
matrices and by the center is a maximally split torus because dim T is equal to the
semisimple rank of LY plus the rank of L/L?. The vector fixed by L? is e; — e,41
and the closure of T' - (e1 — e,,41) is the vector space spanned by e; and e, 1.

v) If ([L,L],0) has type EIV, L/L? is Eg x C*/F; x {#id} and Z is V(wy).
We will reduce to the already examined case of GLg/Spg. First, we recall some
facts from [9]. Let Ac be either the complexification Q¢ of the quaternion or the
complexification O¢ of the octonions. Given a € A, let a be its conjugate. Let
J3(Ac) be the space of Ac-Hermitian matrices of order three, with coefficients in
Ac:

L T3 T2
T3(Ac) = zz 12 21,7 € Cowy € Ac
To9 X1 T3

J3(Ac) has the structure of a Jordan algebra with multiplication A o B :=
%(AB + BA), where AB is the usual matrix multiplication. There is a well defined
cubic form on J3(Ac) called the determinant. The subgroup of GLc(J5(0c¢))
preserving the determinant is Fg and contains the subgroup preserving the Jordan
multiplication, namely Fy. Moreover SLg is contained in Fg N GLc(J3(Qc)) and
Spe = SLgNFy. There is a simple subgroup K of Fy of type A; such that SLg- K C
FEg contains a maximal torus T of Eg; T x Z(L)? is maximally split because the
rank of Fp is the sum of the rank of Fy plus the rank of Eg/F,. The group Fj fixes
the identity matrix because F preserve the Jordan product. Notice that J3(QO¢) is
the first fundamental representation of Fg, while J5(Qc¢) is the second fundamental
representation of SLg. Let T! be the maximal split torus contained in T' x Z (L)Y,
then T is contained SLg x Z(L)°, T - Id is contained J3(Qc) and Spg fixes Id.
(We have assumed that Z(L)°/{4-1} is the connected center of GLc(J3(0c)).) O

Proof of Lemma 2.10. We proceed in a similar manner to the proof of The-
orem 2.1. Write L = [[L; x T, where the L; are #-stable semisimple normal
subgroups of L, the (L;,0) are simple and T is a split central torus. Suppose
that there is a smooth affine embedding Z of L/H|, for an opportune subgroup
Hyp, and write Z as a sum of irreducible representations, say Z = @ V(\y). Write
xo = Y vp with v, € V(Ap), then L-vy, is dense in V(Ap). On the other hand, T vy,
is contained in C*vp, so dimL - v, < dim[L,L] - vy, + 1. Write Xy = >y 5 + vs,
where p1; ; is a L;-weight for each j and v; is a T-character; the V(i) con-
tain a Lf-fixed vector, in particular dimV (p; ;) > dimL;/Hp, + 1 for each i and
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j. The [L, L]-representation V(> ,_, . pi;) is the tensor product of the L;-
representations V' (y; ;). Therefore, if u; ; # 0 for at least two index j; and jo, then
dim V(/\z) = dim V(Z Mi,j) = Hj|Hi,j¢0 dim V(,Ltiyj) > Zjlquéo dim V(,LLZ'J') >
Zjlui,#O(dim (Lj/Hr;) +1) > dim L - v; (indeed dz’mL}/HL;_ > 2 for each j).
Thus V();) is a smooth affine equivariant embedding of L;,T; - v; for an appro-
priate index j; and an appropriate one-dimensional subtorus T; of Tv; moreover
Staby, (v;) C Ng,; (L%). Every L; acts non-trivially over exactly one V();) and
the T - x¢ is the product of the varieties T - v;, because L - zq is dense in Z. Thus
T - ¢ is the product of the closures of the T - v; (in the V(};)). By the previous
lemma such closures are smooth and the L; have type A;,. O

Lemma 2.12. If Txq is smooth, then the conditions of the theorem are verified.

The hypothesis implies that ¢V is generated by a basis ey, ..., e; of x(S). Now,
we want to describe C[T - xy] with relation to the restricted root system of (L,6)
(when Tz is smooth). Recall that the elements of Wy, o - C(X)Y N x(S) are the T-
weights in C[T - 2](T) /C* and that C[T - x] is generated by S-seminvariant vectors
v(e1),...,v(e;) of weight respectively eq,...,e;. The symmetric group S; acts on
{e1,...,e1}. Let 0;; be the transposition that exchanges e; with e;. The action of
Wi on x(S) ® R = @ Re; is induced by the action of Ny (T") on C[T - z]™.
Moreover Ny (T") stabilizes C[T - 2], so W, ¢ stabilizes the basis {ei, ..., e;} of
x(S) ® R; in particular W, g exchanges the e;. We want to describe the image of
Wr,e in S;.

Lemma 2.13. If T - xg is smooth, then, for every restricted L-root «, there are
two indices © and j such that o = e; — e;; in particular o, = 04 . Moreover Ry, g
is reduced.

Proof of the Lemma 2.13. The orthogonal reflection o, of x(S) ® R stabilizes
the basis {e1, ..., e;}. Thus o, can exchange only two of the e;, otherwise the (—1)-
eigenspace would have dimension at least 2. Suppose now that o, = oy ;, then
oale; —e;) = —(e; —ej), so e; — e; is a multiple of a. Moreover it must be an
integral multiple because e; — e; = o4(e;) — €; and e; is a weight. We can write
o as an integral linear combination of the e; in a unique way, so e; —e; = *a.
Moreover, there is not a restricted root « such also 2« is a restricted root. Indeed,
by the previous part of the proof, there is 7 and j such that o, = 024 = 0;; and
a = 2a = *(e; —e;), a contradiction. O

Lemma 2.14. IfT - xg is smooth, then, for each ﬁxedj., there zs a sybset {g{, ...,_e{jﬂ}
of {e1,...,e1} su_ch that the simple restricted roots in Ry , are e] —ey,..., e{j — e{jH;
in particular R} , has type Ay,

Proof of the Lemma 2.14. The vectors e; — e; and e — ey, are orthogonal if
and only if the sets {7,7} and {h,k} are disjoint. Indged %(61 —ej) =
(en — ex) — Oe,—e,; (en — €x). Clearly we can choose e] and €} so that o is equal

to e{ — e%. Suppose that there is a subset {e{, ...} such that ozg is equal to

el —el | for each i < s (with s < I; 4+ 1) and let e, — e; be a simple root o
which is not orthogonal to the space generated by af,...,a’_,. Neither ep, nor ey
belongs to {e], ..., e)_,}, otherwise the Dynkin diagram would contain a cycle; thus
J

(agva'

7) = 0 for each i strictly lesser than s — 1. Hence (af, o) _|) # 0, so €] is

equal either to ey, or to eg. On the other hand, ¢ cannot be equal to ey, otherwise
the root o, (o}_;) is equal to e}, —en =€l — e +ex —ep = af_; —al. Thus

el = ey, we can define eg 11 = ek and the first part of the lemma is proved by
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induction. In particular, the Weyl group of Ri ¢ is isomorphic to Sj, +1. Therefore
RJL ¢ has type A;;, because Ry, ¢ is reduced by the Lemma 2.13. [J

Remark 3. The sets {e{, cey e{jﬂ} are pairwise disjoint because the sets Ri,@ are
pairwise orthogonal. Thus we can index the basis {e1,...,e;} as {e], ..., e}, 1, €1, ...,

2 q J— o J ; ;
€115 ...,elq+1}, so that aj = e; —e;, for all i and j.

Lemma 2.15. Suppose T - xg smooth and let )\g be 22:1 ei for each i and j. Then
C(X)Y N x(S) is generated by the \].

Proof of the Lemma 2.15. By the Lemma 2.9 and the diagram (xx) we have
C(X)V = cone(ei, ... e? 1) ﬂCJr Using the Lemma 2.13, one can easily show that

the i-th fundamental weight w? of R} o is equal t0 == +1 ((ljJrl)/\gfz')\{Hl ). Moreover,

)\lj 41 is invariant by Wy g for each j, so it is orthogonal to spang(Rr,¢). Hence
cone(el, el 1) N CT s equal to cone(\, ... ;AL 41)- Indeed the restriction of
(w!, ) to spang (R ¢) coincides with the restriction of (A, -) for each i < I;. On the
other hand, C+‘ - cone(ei, = €?q+1) + cone(—e] 11, =€} 11,y —efﬁl); moreover,
if a vector Y alX = > blel belongs to cone(el, ...,efqﬂ), then afjH = bfjH is
positive for each j.

O

Conclusion of the proof of the Lemma 2.12. The Lemma 2.15 implies the second
condition of Theorem 2.2. The type of Ry g is [[_, A;, by the Lemma 2.14; on the
other hand rank G/H > Y"%_ (I;4+1) because of the Lemma 2.13 and of the Remark
3. The last condition of Theorem 2.2 is easily verified using the Lemma 2.13 and
the definition of the \/. O

Next, we come to the converse of Lemma 2.12.

Lemma 2.16. Suppose that the conditions of the Theorem 2.2 are verzﬁed For all
i, let 61 be N and let e, =0 Je for every i <1;. Then <" N x(S) is @, ; Z e] el

and ei_i_1 = )\H_l )\g for each 1 § 1 < 1j; in particular T' - xg is smooth.

Proof of the Lemma 2.16. Recall that T -z is the toric variety associated to
the cone ¢V = Wy - C(2)Y, where C(Z)V is equal to cone(Al, ..., \} 41); thus
cone(el, ..., €] +1) is contained in ¢¥. We define wy := X := 0 for all j (we use such
definition only in the current proof). We prove that ez 1= )\Z +1 — X! by induction on
1. Suppose that this holds for i—1 and notice that )\{L = thr le )\{jﬂ for each j and
h < 1;+1 (here wj, is the h-th fundamental weight of R7 ;). We haveej, ; = T (X —
)\f )= o _H)\{ 1o, ;( J wzj )= o }H)‘] +1+w1+1 w! 7)\54_1 /\g,becausethe
)\l 41 are invariant under Wy, o. The equality el TR o +1 )\fj gt w] 1 w] implies
that Uaiezgrl # eiJr1 only if h is equal to i + 1 or to i. Thus cone(ef, ...,equH) is

stabilized by Wy, g, hence it is equal to ¢V because it contains C(Z)Y. O

Remark 4. Suppose that the conditions of the Theorem 2.2 are verified. The
previous lemma together with the Lemma 2.13 imply that al = 2X] — X} and
o) = N 42X — )\+1foreach]andz>1

In the following lemma we need that L is as in the Remark 1; indeed, without

such assumption the Lemma 2.18 is false. We will use also the Lemma 2.12.
Lemma 2.17. IfT - xg is smooth, then Z is smooth.

First, we consider a particular case. Recall that, supposed 1" zp smooth, Ry, ¢
has type [] Ay, .
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Lemma 2.18. Suppose that Ry ¢ has type Ai_1 and that dim Z(L) = 1. Then,
there is one subgroup L® C Hyp C Nr(L?) and one affine embedding Z of L/Hy,
such that the closure of T - xo in Z is smooth (we request that Hy N Z(L)° =
{£1} ¢ C* = Z(L)°). Moreover: i) Hy, and Z are unique up to an equivariant
isomorphism; i) Z is smooth.

Proof of the Lemma 2.18. We have already show in the proof of the Lemma 2.11
that there are one subgroup H’ and one affine L-variety Z’ such that: 1) L ¢ H'
N (L%); 2) Z' is an affine smooth embedding of L/H'; such variety is unique up
to an equivariant isomorphism and the closure of T - x( in it is smooth. Therefore,
by the Lemma 2.16, it is sufficient to prove that there is one LY ¢ Hy c N (L)
and one affine embedding of L/H, (up to equivariant isomorphism) satisfying the
conditions of the Theorem 2.2.

Let Hjy be a subgroup of L and let Z be an embedding of L/H satisfying
the conditions of the Theorem 2.2; write C(Z) = cone((a})V, ..., (aj_4)Y,v1). To
determine Hp, is sufficient to determine Hr (see [18] §2.2 Lemme 2). First, we
determine the subgroup Hpnz,z). Observe that @ z(al)Y = x.(TN[L,L)/TN
[L, L)?) has finite index in y.(T'N[L, L)/Hrpaz,)) and that x.(T'N[L, L]/ Hrq, 1)

is contained in x,(S). Hence x.(T'N[L, L]/ Hrrp. 1)) is @) Z(al)Y and Hrnyp

is TN [L, L]?. On the other hand we have supposed that Hypy = (Z(L)")?, thus
X := X(TN[L, L1/ Hpnpn.) X Z(L)°/Hzpy) is X(T/T%) = @i} Zwl ©ZA, so x(S)
has index [ in x (observe that x(Z(L)?) ® R = RA\] because )] is orthogonal to all
the simple restricted coroots). There is exactly one subgroup K of Ny (L?)/L? of
order | which does not intersect neither Nz 1)([L,L]?)/[L, L]’ nor Z(L)°/{*id}.
Indeed notice that Nz 1;([L, L]?)/ [L,L]? is isomorphic to the fundamental group
of Ry, ¢, namely the ciclic group of order [; on the other hand the unique subgroup
of C* of order [ is the group of I-th roots of the unity. Therefore Hy,/L? is equal to
K, so x«(S) and Hj, are univocally determined. We can suppose, by the Remark
4, that (a},v1) = —d;;-1, up to an isomorphism of the Dynkin diagram. On
the other hand, {(a1)Y,..., (af_;)Y,v1} is a basis of x.(S), thus the image of v;
by the projection (x«(Z(L)°) @ R) & @R(a})Y — x«(Z(L)°) @ R is determined
up the sign. Therefore C'(Z) is univocally determined up the automorphism of
L which is the identity on [L, L] and coincides with § on Z(L)°. On the other
hand, D(Z) = D(L/H}) because Z is affine and dim C(Z) = rank x.(S) (see [3]
Corollaire 2, page 51). Therefore Z is univocally determined, up to automorphism.
(]

Proof of the Lemma 2.17. Let {(aj)Y, ..., (oq,)",v1,(a])Y, ..., (af,)V,va, ..., v}
be the dual basis of {Af,..., Al 1, A%, .., AL 41, ...,)\fqﬂ}. Write L = [[L; x T

with (L;,0) indecomposable and T' = Z(L)°. Let T; be the inverse image in T of
Im(v;) C S and define L, = L;T;. Observe that x.(Z (L)) is %X*(Z(L)O/HZ(L)()),
X«(T'NL; [ Hpiapy) is Zo; @@?:11 Z(a%)Y and x.(S) is @, x«(T"NL; / Hriqp).
Thus L is the direct product of the L] and Hy, = [[ Hr,. Hence L/Hy, =[] L;/Hp;.
We have C(Z)¥ = Y71_, cone(X}, ..., A} 1), hence Z is the product of the affine em-
beddings Z; of L;/Hy, corresponding respectively to the colored cones (cone(Af, ..., A} 1)), p~ ({a, ..., a0’ })).
These embeddings are smooth by the previous lemma, so Z is smooth. [J
Remark 5. Let X be a smooth simple symmetric variety and suppose for sim-
plicity that x(S) has rank equal to the rank of Ry plus 1, in particular that Ry,
is irreducible. We want to remark that there is only one way to index the basis
of x(S) that generates C(X)Y so that it verifies the third condition. First ob-
serve that indexing this basis is equivalent to indexing the dual basis of x.(S).
Write C(X) N x«(S) = @ ZT ()" @ ZTwy. If we request that (g, aj) # 0 only
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if i € {j—1,7,j + 1}, then the index of {(a})V, ..., (aj_;)"} is defined up the non
trivial automorphism of the Dynkin diagram. The third condition of the theorem
implies that aj = 2A\{ — Aj and o} = —A]_; + 2\ — A, for each i > 1; in par-
ticular (a},v1) = —d;—1,;. Hence the condition (aj ,,v1) = —1 let us determine
completely the indexing of the basis {(a})V, ..., (aj_1)", v}

3. SMOOTH COMPLETE SYMMETRIC VARIETIES WITH PICARD NUMBER ONE

In this section we always suppose G semisimple. We classify the smooth com-
plete symmetric varieties with Picard number one and we prove that they are all
projective. Let X be a smooth complete symmetric variety of rank I. Let n be
the number of colors that do not belong to X and let m be the number of one-
dimensional cones which are faces of a colored cone belonging to the colored fan
of X. Observe that we consider also the one-dimensional faces which do not in-
tersect the valuation cone. It is known that the Picard group of X is free and its
rank is equal to n +m — [. In fact, the rank of Pic(X) is equal to cardinality of
D(G/H)\ D(X) minus the rank of G/H plus the rank of the group composed by
the functions over C'(X) which are linear over each colored cone of X and assume
integral value over x.(S) N C(X) (see [3] §5.2 Théoréme); moreover the maximal
colored cone are generated by a basis of x.(5). If Pic(X) has rank one, then there
is at most one color which does not belong to X. We have two cases: 1) there is
one color that does not belong to X and X is simple (n = 1 and m =1); 2) all the
colors belong to X and m =1+ 1.

Lemma 3.1. If G/H has a smooth completion X with Picard number one, then
G/H has ezxactly l colors. Moreover, any mazimal simple open G-stable subvariety
of X has still Picard number one.

Proof. There are exactly [ + 1 B-stable divisor on X because n +m = [ + 1
and p is injective over D(X). Among them, there must be at least one G-stable
divisor. (The cones spanned only by colors intersect the valuation cone just in 0).
On the other hand, there are at least | colors. Hence there are exactly [ colors
corresponding to [ distinct restricted coroots. [J N

Notice that N(X) contains one vector, say v. Let X be a maximal simple open
G-subvariety of X. In the following we denote by L the standard Levi subgroup
of the stabilizer of X p. First of all, we prove that either Rg g is irreducible or has
type Ay x Ay; next we will do a case-by-case analysis. In some cases we will classify
first the possibilities for X and in a second time the possibilities for X. Observe
that in the previous section X was always a simple variety.

Lemma 3.2. (1) The root system Ry g is irreducible and has type Aj_1.
(2) Denote by « the simple restricted root such that o does not belong to
p(D(X)). Then o must be an endpoint of the Dynkin diagram of Rg.g.

Proof. The rank of Rgp is equal to rank of Ry ¢ plus 1, because p(D(X))

contains [ — 1 elements and p is injective. On the other hand, as X is smooth,
the rank (Rgg) is also greater (or equal) than rank (R ) plus the number of
connected components of the Dynkin diagram of Ry g. Thus the first point of the
lemma follows. To prove the second point observe that the Dynkin diagram of Ry, g
is obtained from the one of Rg ¢ by removing the vertex corresponding to . O

Lemma 3.3. The root system Rq,g is irreducible or its type is Ay x Aj.

Proof. Suppose that Rg g is reducible, then its type is either 4;_; x A; or
Aj—1 x BCq, because of Lemma 3.2. We index the simple roots of Rg ¢ so that
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oy is orthogonal to the other simple roots and we denote by w; the first fun-
damental weight of the subroot system of type A;_i1; in particular we assume
D(X) = {Day }i<i- The variety X cannot be complete, otherwise C'(X) contains

—w1. Notice that C(X) contains also wy, because w; is a linear combination of
ay,...,a)" | with positive coefficients. There is another maximal simple subvariety

with colors {Dajv }ji for an appropriate ¢ < [, because X is not complete and X
contains exactly one G-stable divisor. Hence, by the Lemma 3.2, there is i < [ such
that aq, ..., Q;, ..., a; generate a root system of type A;_1. This is possible only if [
is equal to 2 and Rg ¢ has type A1 x A;. O

Remarks 6. 1) by the previous two Lemmas, the variety X may be non-simple
only if Rg ¢ has type Ay x Ay, A;, By, D; or Gg; ii) because of the Remark 5,
we know that (a),v) is equal either to —d; 1 or to —d;;—1 for each i such that
oY € p(D(X)); iii) if G/H is Hermitian then, by the Lemma 3.1, H = Ng(G?) and
there are no exceptional roots.

In the following we do a case-by-case analysis.

1) Suppose that Rg g is reducible. We have seen that it has type A; x A; and that
X is not simple. Thus X is covered by two simple open subvarieties whose associ-
ated colored cones are respectively (cone(ay,v), {Dqy}) and (cone(ay,v),{Day });
so v = —wy — wy because of the Remarks 6. Observe that the lattice generated
by o) and v is equal to the lattice generated by ay and v; more precisely it is the
lattice Z2wy @ Z(wy + wy). Let {A1, A2} be the dual basis of {a),v}. We have
A\ = %al — %ag, A2 = —ap and %(2)\1 — X)) = %al = w1. We can proceed in the
same manner for the dual basis of {a3y,v}. We have proved that in this case X is
smooth.

In the following we always assume Rg g trreducible. Moreover, we number the
simple restricted root as in [8].

Lemma 3.4. Let (G,0) be an indecombosable involution and let (cone(ay, ...,
) 1, v),p r{aY, ..y 1 })) be a colored cone in x.(T') @ R. There is at most a

subgroup G® ¢ H C Ng(G?) such that the embedding X of G/H corresponding to
the previous colored cone is smooth.

Proof of Lemma 3.4. Suppose that a such group exists; in particular Ry, ¢ has
type A;—1. We can suppose that {«y, ...,o" |, v} is a basis of x.(S5); let {1, ..., A/}
be the dual basis. We have to prove that x.(S), or equivalently v, is univocally
determined. Notice that v is determined up to a multiplicative constant because it
generates a 1-dimensional face of the fixed colored cone. Moreover, if we substitute
v with a multiple, A1,...,\;—1 do not change because (\;,v) = 0 for each i < I.
Thus it is sufficient to prove that there is a unique possibility for A;. By the
Theorem 2.2, \; is equal to [(A\; + @y), thus it is univocally determined (here @, is
the first fundamental weight of the root system generated by a1, ...,q—1). O

2) Suppose that Rg ¢ has rank 1. Then, for each H such that GY ¢ H C Ng(G?),
there is a unique (non trivial) embedding and it is simple, projective, smooth, with
Picard number at most 2 and D(X) equal to the empty set. The group Pic(X)
has rank 2 if and only if G/H is Hermitian and H = G?. In this case we have two
possibilities: 1) (G, ) has type AI, n =1 =1, G/H is isomorphic to SLs/SO2, the
restricted root system has type A; and X is isomorphic to P! x P!; 2) (G, ) has
type AIV, G/H is isomorphic to SL,11/S(L1 X L), the restricted root system
has type BC1, X is exceptional and isomorphic to P x (P™)*.

In the following we always assume that Rg e has rank at least 2. We will work
with the standard inner product over R”, for various n, and we will denote by
{e1, ..., en } the usual orthonormal basis. One can realize a root system of type A;_1
as the set {e; —e; | i # j} contained in the vector space {>"a;e; € R'| Y a; =
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0}. Moreover, {e; — ea,...,e;—1 — €;} is a basis of the root system and the j-th
fundamental weight is (I 2_1 e —J ZZ 1€i)

3) Suppose that Rg ¢ has type A;. As before, we can realize Rg ¢ as the set
{ei —e; | i # j} € R in particular we can identify the restricted roots with
the corresponding coroots. Up to an automorphism of the Dynkin diagram, we
can suppose that p(D(X)) = {ou, ..., u—1}. First, we consider the case where X is
simple, i.e. X is complete and coincides with X. In this case C(X X) is generated
by —w; and p(D (X)) Indeed —ws = a1 — 2wy and —wj41 = Zle a; —wi —

w; for each j = 2,...,1 —1. We set f; = —e;_;41 and 7; = ag—;, so that v; =
fi = fir1 and —wi = 25 (L + 1) fi = iy fi) (we allow i to be 0). We have
renamed the simple restricted roots so that (yi—1, —w1) = —1. Let {A1,..., \i} be

the dual basis of {71, ..., -1, —w1}. We have \; = (3°7_; fi) — jfo, so (1/1)(IN; —
Jn) = (/D) 2521 fi —jZéZl fi) is the j-th fundamental weight @; of the root
system generated by ~1,...,7—1. Hence, the symmetric variety with p(D()? ) =
{on,..;ai_1}, N(X) = {—w1} and x.(S) equal to the weight lattice of R 4 is
smooth. It is the only possibility for a simple X because of the Lemma 3.4.

Now we classify the X which are not simple. In this case X has two closed orbits;
indeed the maximal colored cones of the colored fan of X are (cone(a, ..., a1, ), {Dalv, -
D,y  }) and (cone(az, ..., i, v),{Day, ..., Dav}). Let bwi be the primitive vector
of RTwy; we have 1 < b < [ + 1. Suppose first that (v,a;—1) = —d;1 for each
i < [l; then v = Zi;i a;y; — bwy, where the ~y; are as before. The a; are pos-
itive integers, because —Ct N x.(S) C Z*(—w1) + > Z" ;; the coefficient of v
with respect to —w; is b because —bw; belongs to the the lattice generated by
Y1, ..yvi—1 and v. Let {Xl,.. )\l} be the dual basis of {71,. Y1-1,v}; we have
N o= (l/b))\l and \; = A; — (a;/b)\; for each i < [. Because X is smooth we have
w; = (l)\ —jN) = (N —N) + 10 — ﬂ — )\, 50 a; = (b 1)J. In partic-
ular [ d1v1des b—1, so either b =1or b = l+ 1. If b = 1, then the a; are all
zero and X is complete, a contradiction. If b = [+ 1, then a; = j for each j and
v = —w; —wj is a root. Thus x(5) must be the weight lattice of Rg 9. Notice that

—w) —w; = —a1 — ... — oy, 50 {Qy_1,...,a1, —w1 —w;} is a basis of x.(5). Observe
that —w; — wy is fixed by the non trivial automorphism of the Dynkin diagram.
Next, suppose that (a;,v) = —d;;-1 for each i < I, so v = —w;_1 —aw;. We exclude

this case because the simple variety associated to cone(as, ..., a;,v) is not smooth.

We have proved that, if X is not simple, then it is covered by two simple varieties
corresponding to the colored cones (cone(ai, ...,—1, —w1 —wi), {Day, -, Doy | 1
and (cone(ag, ..., ar, —w1 — wi), {Day; s Dalv}). If [ is at least 3, then —ws does
not belongs neither to cone(ay, ..., ¢j—1, —wi — wj) nor to cone(as, ..., oy, —w1 —wy);
thus [ must be 2. In this case, the previous colored cones define a complete variety
because cone(—ayi, —a; — az) C cone(ag, —w1 — wa).

4) Suppose that Rg,¢ has type B; with [ > 2; then X must be simple. Observe
that the dual root system has type C; and p(D(X)) = {af, ...,y ;}. We can
realize Rg g as the set {4(e; = e;) |i # j} U {£e;} C R’; moreover we can suppose
that the basis of Rg ¢ is {e1 — €2,...,e1—1 — €1, ¢;}. The dual root system is {£(e; £
e;)|i# 7} U{%2e;} C R! and has basis {e1 — ea,...,e;—1 — €1, 2¢;}. Notice that the
cone generated by p(D(X)) and —C™ is equal to the cone cone(ay, ..., ) 1, —wy).
Indeed —wy = ) — 2wy and —w;” = Z;_ll o —wy —wy  fori > 3. If x(S) is the
root lattice of Rg g, then C(X) N x.(9) is generated by {af, ..., 1, —wy'} which
is a basis of x.(S). Now we can proceed as in the case of A; because the Cartan
numbers («;, a}/) with j < [ are equal to the ones of A;; explicitly we define f; =

—ej—it1 and y; =, so that —w1 = —wy = fi,yo=—frand v, =7 = fi— fia
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for each i =1,...,1 — 1. Let {\1,..., \;} be the dual basis of {7y, ...,7";, —wy'}; we
have \j = S0, fr, 50 (1/D)(IN; — X)) = (DA, fa — 5 30—y fa) is the j-th
fundamental weight of the root system generated by 71, ...,7—1. We have proved
that in this case X is smooth. It is the only possibility because of Lemma 3.4.

5) Suppose now that Rg ¢ has type C;. Then X must be simple and p(D(X))
must be equal to {a, ...,a)_; }. Observe that the dual root system has type B;. We
can realize Rg g as {£(e; £ e;)|i # j} U {£2e;} C Rl with basis {e1 — e2,...,e1—1 —
er,2e;}; the dual root system is {+(e; £ €;) |7 # j} U {=%e;}. The cone generated
by p(D(X)) and —C™ is cone(ay, ...,y 1, —wy). Indeed —wy = af — 2wy, —w;’ =

i—1 v % Y% : VAR o Ut RV % %
Yoy —wi —wly for 2 <di < land —2w) = > o) —w) —w’,. The

lattice x«(S) is generated by the restricted coroots because w,” does not belong to

Z(—wy) ® G}i;i ZaY; thus G = GY. We have to exclude the cases where G/H is

Hermitian, because in such cases X would have rank 2. The set {a, ..., 1, —wy'}

is a basis of x.(S) because —wy = 72221 af. We define f; = —e;_;11 and

vi = qq—i, so that —wy = —wy = fi, o = —2f1 and v; = v,/ = fi — fi41 for each
i=1,..,0—1. Let {\1,..., \;} be the dual basis of {7y, ...,7";, —wi}, then \; =

I fnand (/DN —5N) = (/DA fi =538, fi) is the j-th fundamental
weight of the root system generated by 71, ...,7—1. Thus X is smooth if C'(X) =
cone(y, ...,y 1, —wi} and x.(S) = @é:o Z~}; it is the only possibility because of
Lemma 3.4.

6) Suppose that Rg¢ has type B2. We can realize Rg as in the case of B;
with [ > 2. First suppose that p(D(X)) = {aY} and write v = —aw) — bwy. Let
{A1, A2} be the dual basis of {a), v}; we have A\ = —ag—ﬁ(—al —2a3) and Ay =
L5 (—a1—2a3). We have a = 1 because §(2A1 —Az) = $(—202— 222 (—a; —2a3))
must be %al. On the other hand 1 + 2b divides 2 because \q is a weight, so b = 0.
Hence v = —wy’; in particular X is complete and x(.5) is the restricted root lattice
because —wy = —2wy + «). We have proved that there is only one smooth,

simple embedding with Picard number one and p(D(X)) = {aY}; moreover it is
complete. Thus there is no a smooth, complete, non simple embedding with Picard
number one, because otherwise it would strictly contain a simple, open, smooth G-
subvariety X with Picard number one and p(D(X)) = {aY}. Finally, we consider
the case in which X is simple and p(D(X)) = {ay}, so C(X) = cone(—wy, ay).
Because of the completeness of X, one can study this case exactly as the case 5)
of Cy,. Observe that if G/H is Hermitian, then we have to consider only the first
possibility, because in the second case the Picard number would be 2.

7) Suppose now that Rg g has type BC;. We can realize Rg g as the set {£(e; £
ej)]i # 7} U {£2e;} U {£e;} C R we can also choose {e1 — e2,....e1—1 — €1, €}
as basis of Rg 9. The weight lattice is equal to the root lattice; moreover, BC;
coincides with its dual root system in this realization as subset of R! (but (Ofa)a

can be different from «). We proceed as in the cases of B; and C;. The G-
variety X must be simple; hence C(X) is the cone generated by —Ct and p(D(X)),
namely (cone(ay, ..., , —wy). Observe that we exclude the case where | = 2 and
p(D(X)) = {ay}, because Ry, g would have type BCy. The set {a}, ...,a) |, —wY}
is a basis of the restricted coroot lattice because wy = e;; now, one can prove the
smoothness of X exactly as in the case of B,.

8) Suppose that Rq ¢ has type D;. We can realize R¢ ¢ as the set {+(e;%e;) i #
j} € RY moreover we can choose {e; — ea,...,e;_1 — €1, e;_1 + ¢} as basis. In
particular, we can we identify the restricted roots with the corresponding coroots.
We can suppose, up to an automorphism of the Dynkin diagram, that p(D()? ) =
{a1,...,a;_1}. Suppose first that (o, v) = —d; 1 for each i <, sov = Zéj(iaq%f
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Doy + M%Hal_l + %al for an appropriate constant a. The restricted root

«y belongs to Zv & @i;i Zaoy;, thus its coordinate with respect to v, namely Wr%,
is an integer. On the other hand v = —w; — bw;; we obtain 2a = —b — 2 comparing
the coordinates of v in the bases of the simple restricted roots, respectively of
the fundamental spherical weights. The previous facts imply that b = 0, so v =
—wi. Weset f; = —e;—;41 and v; = oy, so that —w1 = fi, 70 = —f1 — f2
and vy; = f; — fiy1 for each ¢ = 1,...,1 — 1. Defining {\1, ..., \;} as the dual basis
of {71, ...,i-1,v}, we have \; = Y°7_, f; for each j, thus $(I\; — jX;) is the j-
th fundamental weight of Rz . Moreover the lattice x.(S) is freely generated by
W1,y eeey Wi—2, W1 + Wi, 2wWJ.

Suppose now that («;,v) = —d;;—1 for each i <, thus v = —w;_1 — bw;. More-
+ (l—22)a,—1

over v has to be equal to aZéj e a1+ la;lal for an appropriate
constant a. We compare the coordinates of v in the bases of the simple restricted
roots, respectively of the fundamental spherical weights, obtaining 2a = —b — 1.
On the other hand, the restricted root «; must belong to the lattice generated by

{aq, ..., y_1,v}, S(l) its coordinate with respect to v, namely ﬁ, must be an inte-
2 >
reduce this case to the one where C(X) = cone(ay, ag, a3, —w1) by an automor-
phism of the Dynkin diagram. Finally consider the case where [ = 6 and C(X) =

ger; hence a = —5, v = —w;—1 and [ is equal either to 4 or to 6. If [ = 4 we can

cone(ay, ..., a5, —ws). The variety X must be complete because the simple sym-
metric variety corresponding to (cone(ai, ..., @, a6, —ws), {Day, s Day, Doy }) is
not smooth. But —ws is equal to —%w — ia — %a — %a3 + %ag,, so it does not
belong to cone(aq, ..., as, —ws), a contradiction.

We have proved that, if [ is different from 4, then there is at most one complete
symmetric variety with the requested properties and it is such that: 1) x.(S) =
@ij Zw; ® Z(wi—1 + wi) © Z2wy; 2) the corresponding colored fan is formed by
(cone(ai, ...,q—1,—w1), {Day, -, Dalvil}), by (cone(ai, ..., -2, 1, —w1), {Day, .-
Day ,,Day}) and by their colored faces. We have to show that these combinato-
rial data define a variety and that this variety is complete. To verify that these
colored cones define a colored fan it is sufficient to prove that the intersection
of cone(ay, ..., a1, —wy) with cone(ay, ..., 2, a;, —w1) is cone(aq, ..., aj—2, —w1).
Let Zi;? a0 + bay — cwy = Zij (a; — 2b)a; — bay—1 + (—c + 2b)wy be a vec-
tor in the intersection, then b is equal to 0. The variety X is complete be-
cause cone(ay, ...,q—1,—wi) N — CT = cone(—wy, ..., —wj_2, —w;—1 — wi, —w;) and
cone(ay, ..., j—a, 0, —w1) N —CT = cone(—w1, ..., —wi—2, —wi—1 — wy, —w;—1). If 1
is equal to 4, we can proceed in an analogous way.

If R ¢ has type Ej, we number the simple roots so that ay,as,as, ..., gen-
erated a root system of type A;_1; moreover we choose the inner product so that
a; = a) for each i. Thus p(D(X)) has to be {a1,ds, a3, ...,aq} and X must be
complete.

9) Suppose that Rg e has type Eg. Up to an automorphism of the Dynkin
diagram, we can suppose (a;,v) = —0;¢ for each ¢ different from 2. Thus v =
> a;a; = —aws — wg, where a is a positive integer. We compare the coordinates
of v in the bases of the simple roots, respectively of the fundamental weights,
obtaining a2 = —2a — 1. On the other hand, ay belongs to the lattice generated by
ai,Qs, ..., g, v, thus (az)~! is an integer; hence v has to be —wg. The weight —3w;
is equal to —3wg — 21 — a3 + a5 + 2, so it does not belong to C’()z) Thus X is
not complete, a contradiction.

10) Suppose that Rge has type E7 and write v = > a;c;. The coefficients
a; belong to %Z because v is a weight. Moreover (az)~! is an integer, because
ao belongs to the lattice generated by as,as,...,a7,v, thus as is equal either to
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+1 or to :l:%. First suppose that (a;,v) = —d;1 for each ¢ different from 2, so
v = —wj — aws for an appropriate positive integer a. We compare the coordinates
of v in the bases of the simple restricted roots, respectively of the fundamental
spherical weights, obtaining a = %(—ag — 2); thus a is not integer, a contradiction.
Finally, suppose that (a7,v) = —1. We have only to study the basis {1, ..., A7},
where A\ = w1 — gtwa, \i = wit1— a;?wg forl <i< 7and \; = éwg. Comparing
the second coordinate of 1(7A; — A7) (with respect to the basis {a1, ..., ar}) with
the one of the first fundamental weight of Ry g, we obtain 7a; = 4as — 1. Thus
2(4az — 1) is integral multiple of 7, a contradiction.

11) Suppose that Rg g has type Es and write v = ) a;c;. Notice that the
root lattice of Rg p is equal to the weight lattice. The integer ag is +1 because
{a1,as,...,as,v} is a basis of x.(S). First, suppose that v = —w; — awy for an
appropriate positive integer a. We compare the coordinates of v in the two bases,
respectively of simple restricted roots and fundamental spherical weights, obtaining
a= %(*ag —5); so a is not integer, a contradiction. Finally, suppose that (ag,v) =
—1. We have only to study the indexed basis {\1,..., Ag} with A\ = wy — twa,
Ai = Wit1 — a;?wg forl1 <i<8and g = a—12w2. Comparing the second coordinate
of $(8A1 — As) (with respect to the basis {1, ...,as}) with the one of the first
fundamental weight of Ry ¢, we obtain 8a; = 5az — 1. On the other hand, 5a; — 1
cannot be a integral multiple of 8, a contradiction.

12) If R has type Fy, then Ry, g cannot have type As and there are no simple
smooth varieties with Picard number one.

13) Suppose that Rg ¢ has type G2 (and assume oy short). Write v = —awy —
bwy and observe that the weight lattice coincides with the root lattice. First,
suppose that D(X) contains D,y, hence X contains a simple smooth subvariety

X with C(X) = cone(a},v). Let {\1,A2} be the dual basis of {a},v}. We have
A= *%042 + %%(3041 + 2a2) and Ag = —ﬁ(i}al + 2a2). Thus 3a + 2b must
divide 2 and 3, so it must be 1, a contradiction. Thus X is simple and C(X) =
cone(ay, —wy). The dual basis of {ay,—wy} is {—a1,—as — 2a1}. Moreover
%(2)\1 — X)) = %042 is the fundamental weight of Ry, 9. Thus the variety associated
to (cone(ay, —wy), Dyy) is smooth.

Lemma 3.5. Every smooth completion X of G/H with Picard number 1 is projec-
tive.

Proof. 1t is sufficient to consider the varieties which are not simple. There are
exactly two maximal colored cones, say (s1,11) and (¢2,I2); moreover there are
exactly two colors, say D1 € I1 and Dy € Iy, which does not belong to Iy N Is.
We claim that Dy 4+ Ds is an ample divisor. Indeed, let ¢ be the function over
61 U g2 corresponding to Dy + Dy (see Theorem 3.1 in [1]) and let I; be the linear
function which coincides with ¢ over ¢;. The cone ; is generated by p(D;) and
61 N g2; moreover p(D;) and p(D3) are permutated by the reflection with respect
to the hyperplane generated by ¢; N¢a. Thus I1(p(D2)) = —1 < 1 = ¢(p(D2))
and l2(p(D1)) = =1 < 1 = ¢(p(D1)), because spang(s; N s2) is the kernel of
both Iy and ls. Hence ¢ is strictly convex over the colored fan of X. Moreover
D(X) = D(G/H), therefore Dy + D5 is ample by Theorem 3.3 in [1]. O

We have proved the following theorem:

Theorem 3.1. Let G be a semisimple simply connected group and let G/H be a ho-
mogeneous symmetric variety. Suppose that there is a smooth, complete embedding
X of G/H with Picard number one. Then:

o Given G/H, there is, up to equivariant isomorphism, at most one embed-
ding with the previous properties.
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o The symmetric variety X is projective.
e The number of colors of G/H is equal to the rank | of G/H ; in particular

there are no exceptional roots. If, in addition, 1 is at least 3, then G/H ‘s
not Hermitian.

o The restricted oot system Rq. ¢ is irreducible or has type Ay x Aj.
e We have two possibilities:

(1) X is simple and D(X) has cardinality | — 1.

(2) X contains two closed orbits, D(X) is equal to D(G/H) and H has
index two in Ng(G?).

In particular, X is simple if H = Ng(G?).

We have the following classification depending on the type of the restricted

root system Rgg :

(1) If Rg g has type A1 x A1, then x(S) has basis {2w1, w1 +ws}; in particu-
lar H has index two in Ng(G?). Moreover, X has two closed orbits; the
mazimal colored cones of the colored fan of X are (cone(ay, —wY —wy),
{Day}) and (cone(ay, —wy — wy), {Day})-

(2) Ifl =1, then G/H can be isomorphic neither to SLpy1/S(L1 X Ly),
nor to SLa/SOs. With such hypothesis, G/H has a unique non trivial
embedding which is simple, projective, smooth and with Picard number
1.

(3) If R, has type A; with 1 > 1, we have the following possibilities:

— H = Ng(G?) and X is simple. In this case X is associated either
to the colored cone (cone(ay,...,a) 1, ~wy),{Day,...; Doy  })
or to the one (cone(ay, ...,)', —w),{Day, ., Day });

— H=GY% and | = 2. In this case X has two closed orbits. The
mazimal colored cones of the colored fan of X are (cone(ay, —wy —
wY), {Day}) and (cone(a, —w} — wY), {Day }).

(4) If Rgg has type Ba, then X is simple and we have the following pos-
sibilities:

— H = Ng(G?%) and X is associated to the colored cone (cone(ay,
7001/), {Dalv})z'

— H = G? and X is associated to the colored cone (cone(ay, —wy ),
{Day}). Moreover G/H cannot be Hermitian.

(5) If Rg.p has type By with | > 2, then H = Ng(G?), X is simple and is
associated to the colored cone (cone(ay, ...,)" 1, —wy),{Day, .., Day_}).

(6) If Ra.e has type Ci, then H = G, X is simple and corresponds to
the colored cone (cone(ay, ...,0" |, —wy),{Day, -+, Day  }). Moreover
G/H cannot be Hermitian.

(7) If Ra. has type BC; with 1 > 1, then H = Ng(G?) = G?, X is simple
and corresponds to the colored cone (cone(ay, ...,oq" 1, —wy), {Day, ...,
Do‘lvfl})'

(8) If Rg,o has type Dy with I > 4, then x.(S) is freely generated by
WY, o) gy w)  +w), 2w in particular H has index two in Ng(GY).
X has two closed orbits; the mazximal colored cones of the colored fan
of X are (cone(a,...;a) 1, —wy), {Day, .. Dav_ }) and (cone(ay, ...,
Ozlv_Q, alV7,w1/), {Day, e Dalv%, DQLV}).

(9) If Rg.p has type Dy, then H has index two in Ng(G®) and X has
two closed orbits. If x+(S) = Zw; © Zwy ® L(w) +w)) ® Z2w)/, then
the mazimal colored cones of the colored fan of X are (cone(a, sy,
o, —w)), {Daiv,D%y,Dajv}) and (cone(ay , ay, o, —wy), {Day, Day,

Day}).
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(10) The type of Rgp cannot be Eg, E7, Eg or Fy.
(11) If Rge has type Go then H = Ng(G?) = GY, X is simple and is
associated to the colored cone (cone(ay,, —wy ), {Day}).
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ERRATA CORRIGE TO “GEOMETRICAL DESCRIPTION OF SMOOTH PROJECTIVE
SYMMETRIC VARIETIES WITH PICARD NUMBER EQUAL TO ONE”

In Theorem 2 of [13] it is said that “the smooth completion X of Go/(SLaXx SLs)
with Pic(X) = 7Z parametrizes the subspaces W of C” such that W @ C1 is a
subalgebra of Q¢ isomorphic to the complexified quaternions.” I would to thank
P. Chaput which pointed to me that I have only proved that X parametrizes the
subspace such that W @ C1 is an associative subalgebra of O¢ of dimension four.
But W @ C1 it is not always a composition algebra. Indeed, while W & C1 is a
composition algebra if W is in the open Ga-orbit, when W is in the closed Ga-orbit,
W @ C1 is isomorphic to the exterior algebra A* C? of C2. In particular, the proof
of Proposition 1, §2.2 of [13] holds if one deletes the last line.
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