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Study of a 3D-Ginzburg-Landau functional with a discontinuous
pinning term

Mickaél Dos Santos ()
mickael.dos-santosQu-pec.fr

Abstract

In a convex domain Q C R3, we consider the minimization of a 3D-Ginzburg-Landau type energy
E.(u) = 1 [, |Vu]* + 55 (a® — |u[*)? with a discontinuous pinning term a among H*(£2, C)-maps
subject to a Dirichlet boundary condition g € H'/2(9€,S'). The pinning term a : R? — R*
takes a constant value b € (0,1) in w, an inner strictly convex subdomain of €, and 1 outside w.
We prove energy estimates with various error terms depending on assumptions on Q,w and g. In
some special cases, we identify the vorticity defects via the concentration of the energy. Under
hypotheses on the singularities of ¢ (the singularities are polarized and quantified by their degrees
which are +1), vorticity defects are geodesics (computed w.r.t. a geodesic metric d,z depending
only on a) joining two paired singularities of g p;&n,(;) where ¢ is a minimal connection (computed
w.r.t. a metric dgz2) of the singularities of g and p1, ..., pr are the positive (resp. nq,...,ny are the
negative) singularities.
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1 Introduction

In a convex domain Q C R?, we consider the minimization of a 3D-Ginzburg-Landau type
energy with a discontinuous pinning term among H (2, C)-maps subject to a Dirichlet boundary
condition g € H/2(0,S'). The pinning term a : R® — RY takes a constant value b € (0,1) in
w, an inner strictly convex subdomain of 2, and 1 outside w. The strict convexity of w is not
necessary but it allows to make a simpler description of the techniques used in this article.

Our Ginzburg-Landau type energy is

B = [ {90 + 555 o0 - (@]} (1)

In @), u€ H) :={uec H(Q,C) | traqu = g}.

We are mterested in studying the wvorticity defects of minimizers of E. in H ; via energetic
estimates. In this article, letting u. be such a minimizer, we aim in describing the set {|u.| < b/2}
(this set is the vorticity defects). In the asymptotic ¢ — 0 we expect that, at least for special g’s,
the set {|uc| < b/2} takes the form of a union of thin wires whose endpoints are in 9€2; under this
form the vorticity defects are called vorticity lines. We also expect that a concentration of the
energy occurs around this set.

Because the pinning term is discontinuous, an energetical noise appears in a small neighborhood
of the discontinuity set of a (this set is dw).

In order to study the minimization problem of E. in H, I we first consider an auxiliary min-
imization problem. Following ||, we let U. be the unique minimizer of E. in H{ := {u €
HY(Q,C) |traqu = 1}. The solution U, plays an important role in the study. It allows to consider
a decoupling of E. (see Section ). If v € H'(2,C) and |v| = 1 on 91, then |g]

{ozo + Za-opre}.

Consequently the study of minimizers of E. in H, ; is related to the study of minimizers of F. in
Hl

Our techniques are directly inspired from those initially developed by Sandier in |12] (whose
purpose was to give, in some special situations, a simple proof of the 3D analysis of the Ginzburg-
Landau equation, by Lin and Riviére |9]), and by their adaptations in [2].

We prove energy estimates with various error terms depending on our assumptions on §2 and g
(see Theorems I3 & Ml in Section []). In some special cases, we identify the vorticity lines via the
concentration of the energy. At the end of this section, we will present a strategy which could lead
to the localization of the vorticity lines.

The results we present are a first step towards a more precise description of the vorticity defects
and of the asymptotic of minimizers.

Before stating our own results, we start by recalling the asymptotic expansion of the energy in
the standard 3D-Ginzburg-Landau model (when a = 1).

For g € H'/?(9Q,S1), if we let

B = 5 [ {ival 4 g - lp

inf B2 = C(g)|Ine| + of| Ine]). (2)

E.(Uv) = E.(Ue) 4 Fc(v), where F.(v) = ; /Q

then we have



Moreover, - is given by the length of a minimal connection connecting the singularities of g
(in the spirit of Brezis, Coron, Lieb [5]). (See [9], [10], [12] and [2]).

For special ¢g’s and for a convex domain 2, (2) was obtained by Lin and Riviére |9] (see also
[10]) and Sandier [12]. The case of a general data g € HY/?(99Q,S") and a simply connected € is
due to Bourgain, Brezis and Mironescu [2].

The above articles are the main references in this work. One of our main results is the analog
of @) for the minimization of F. (Theorem [2). This result is first proved when g is in a dense
set H c HY 2(0Q,S') and then extended by density. The upper bound is obtained directly using
the techniques developed in [12] and |2]. The lower bound needs an adaptation in the argument
of Sandier |[12]. The main ingredient used to obtain a lower bound in [12] is the existence of a
"structure function" adapted to the singularities of g (see Section [M). In the spirit of [12], we
prove, under suitable assumptions on 2, w and g, the existence of structure functions adapted to
our situation (see Propositions @ [ [7] and [I0).

In our situation (a = b in w and a = 1 in R3\w), we have an analog of (2)) for inf 1 F replacing
C(g) by C(g,a). When g admits a finite number of singularities, the constant C(g,a)/7 is the
length of a minimal connection between the singularities of g (see Section [ for precise definitions).
This minimal connection is computed w.r.t. a metric d,2 depending only on a (see (II))). (This
generalizes the case of the standard potential (1 — |u|?)?, where the distance is the euclidean one.)

When g has a finite number of singularities, one may prove a concentration of the energy along
the vorticity lines (See TheoremsBland M]). As in |9] and |12], we obtain, after normalization, that
the energy of minimizer is uniform along the vorticity lines (See Theorem [B]). These vorticity lines
are identified: they are geodesic segments associated to d,z.

In order to sum up our main results we state a theorem in a simplified form. This theorem is
a direct consequence of Theorems [ [B] and Ml stated in Section Ml

Theorem 1. Let g € HY/2(9Q,S') then we have

e infy E. = E.(U:) + C(g,a)|Ine| + o| In¢|) where E.(U.) ~ e~ and C(g,a) depends only on
the singularities of g and on a (it is the length of a minimal connection of the singularities of g
computed w.r.t. the distance dgz ).

e Let g be a prepared boundary condition with a finite number of singularities of degree +1 (g € H,
H defined in [@)) and let p1, ..., pr (resp. ni,...,ng) be the positive (resp. negative) singularities
of g. Let T be the geodesic link of the singularities (we assume that T' is unique), i.e., T' is a
union of k geodesic curves joining p; with ng;y where o is a permutation of {1,...,k} s.t. the
total d,z-length of the curves is minimal.

Letting ve be a minimizer of F; in H; (i.e. Usve minimizes E.) we have

U? Ul
SV + 501 - )

Mnel H3 weakly converges in Q0 in the sense of the measures to ﬂ'azf]{‘lr.
ne

Here H? is the 3-dimensional Hausdorff measure and j{\lr is the one dimensional Hausdorff
measure on I’

The goal of this work is to explain how the vorticity lines are modified under the effect of a
pinning term. Although from the theorems below we have an idea about the form of the vorticity
defects, we do not identify exactly the set {|u-| < b/2} (this set is the vorticity defects). In the
study of Ginzburg-Landau type energies, it is standard to detect {|uc| < b/2} in a first step via
a concentration of the energy. Once this done, in a second step, coupling energy estimates with
an n-ellipticity result (see below) we get that the set where we have a concentration of the energy
corresponds to the vorticity defects. In order to have a complete and rigorous description of the
vorticity defects, we need an n-ellipticity results in the spirit of [1] for the minimizers of F.. Namely:
fix 7 > 0 then for small € and v a minimizer of F.

F.(v,B(z,1))

if, in a ball B(xz,r), the quantity Tne]
ne

is small, then |v(x)| ~ 1.



It seems that an n-ellipticity result cannot be obtained by the standard method, which relies
on a monotonicity formula obtained from a Pohozaev identity. The oscillating behavior of U,
yields impossible the direct application of monotonicity formulas. When U, does not oscillate, it
is possible to derive n-ellipticity (see e.g. |11]). In our case, n-ellipticity would require a uniform
control on the Lipschitz norm of Ug; this does not hold in our situation.

Note that, the main result in |1] (an n-ellipticity result for critical points of E?) may be applied
in a ball B(z,r) s.t. B(x,r) C Q\ dw. Indeed, let u. = U.v. be a minimizer of E. in H} and fix

a ball B(z,r) C Q\ ow.

We let for z € B(0,a(x)r) t:(2) = ue. (x + ﬁ)/a(m) which solves —Au = 7 2u(1 — |u|?) in
B(0,a(z)r). Note that if z ¢ w then 4(z) = u(zx + 2).

Because B(z,r) C Q\ dw, we have E. (U, B(z,7)) — 0 and thus

0 ~
F.(ve, B(z, 7)) s small < E.(u., B(z,r)) s small < E2(u., B(0,a(x)r))

is small.
el el el 5 swa

We may apply the main result of [1] with @, in B(0,a(z)r) and, because |4:(0)| = |us(z)|/a(x),
our results of concentration of the energy for v, imply that outside the set of concentration of the
energy and "far from" dw we have |uc| > b/2. But this is not totally satisfying because, by a
technical obstruction, we cannot cross over Ow.

This paper is divided as follows:

e We first present the decoupling of Lassoued-Mironescu and fundamental properties of the special
solution U, (Section [2)).

e In Section Bl we define and describe the main geometrical objects in the study (minimal con-
nection/length, geodesic curve/link ...). Once this done, we state the main results in Section

@

e The proofs of the main results are sketched in Section Bl In particular we explain how we may
use [12] and [2] and we underline the required adaptations.

e The heart of the argument is based on energetic estimates. In Section [6l we proof upper bounds
according to various assumptions (which give various error terms) and in Section [l we obtain
lower bounds. Section [7is dedicated to the key tool used in Section

e Section [@is devoted to the last argument in the proof of Theorem

2 The decoupling of Lassoued-Mironescu

Let @ C  C R? be two smooth bounded open sets s.t. € is convex and w is strictly convex.
For b € (0,1) we define
a: R® — {b,1}
b ifrew . (3)
1 otherwise

T

We denote by E. the Ginzburg-Landau functional with a as pinning term, namely

B = 5 [ {19 + o a2 - P} @

For € > 0, we let (see |8]) U, be the unique global minimizer of E. in
Hi ={uec HYQ,C)|tropqu = 1}.

In the following, we will denote also U. € H} (R3,C) the extension by 1 of the unique global

loc
minimizer of E. in Hi.

Proposition 1. Let U. be a minimizer of E. in H{, then U. is unique and the following assertions
are true



1. U. : R® — [b,1] (from [8]),
1 )
2. =AU, = ?Ug(a2 —U2?) in Q,

1 1
3. E.(U.) Kot A (a* —U2)? ot (same argument as in [8]),

4. There are C,y > 0 s.t. for x € Q we have (same proof as in [1] Proposition 2)

|U5(CL') _ a(:v)| < Ce —vdist(m,é)w)/57 (4)

5. Ifve HY(Q,C) is s.t. |troqv| =1 then E.(U.v) = E.(U.) + F-(v) (same proof as [8]) with

4
R = [ {vzwer+ Ha- 12 (5)

6. If v minimizes F. in Hy := {v € H'(Q,C) |traqu = g}, then [v] <1 in Q (same proof as [8]).

Assertion 5 of Proposition [I] expresses that minimization of E. is related with those of F.. This
reformulation is standard in the context of pinned Ginzburg-Landau type energies. It allows to
make a cleaning of the energy in order to detect concentration of energy.

To understand this cleaning and our main results (Theorems 2H4)) we may see the minimization
of E. w.r.t. the boundary condition g = 1 as the cheapest minimization problem in terms of the
energy. Indeed, for u € H*(Q,C) s.t. |traqu| = 1, we have E.(u) > E.(|u|) > E-(U:) ~ 1. Note
that with the special boundary condition g = 1 and in the study of a simplified Ginzburg-Landau
energy without pinning term E? (obtained from E. by taking a = 1) we have that U?, the global
minimizer of EY in H}, is constant equal to 1; and therefore E2(U?) = 0. In the presence of a
pinning term a (given by (B]), the special solution U, carries a concentration of energy along the
singular surface dw. More precisely we may prove a refined version of Proposition [[13: for n > 0
we have

E.(U.) ~ E. (U, {r e Q|dist(z,0w) <n}) ~

e—0 8—>0€

and E.(Ue, {z € Q] dist(z, 8w) >n}) — 0 when € — 0. Here for V' an open subset of © we denoted
E.(U,V) =14 [, {IVU|? + 5= (a® — U2)?}.

One of the advantage of the Lassoued-Mironescu’s decoupling is that, in the study of E.(-) =
F.(g7) + E=(U:), the singular part of E. is entirely carried by the fixed number E.(U:).

Our best results express this fact: for g € H/2(9%,S)

e The minimal energy takes a standard form:

iélles = Es(Us) + 1]511fF5 = Es(Us) + C(g,a)| 1n‘€| + 0(| ln5|)

(see Theorems P&H) where E.(U.) ~ e~}

e Under some hypotheses the concentration of the energy of F. is uniform along curves (see
Theorem B]). These curves are called vorticity lines.

To end this section we may underline the interpretation of Lassoued-Mironescu’s decoupling F. (-) =
F.(z=) + E-(Ue) in terms of concentration of energy:

e At the first order (¢7!), the interface dw corresponds to an "artificial" singular surface whose
energetic cost is contained in E.(U,),

e At the second order (]Inel), minimizers for F.(-/U.) concentrate their energy along the vorticity
lines. These curves are described in Section B.2] they can be interpreted as "line segments" bent
by the interface Ow.



3 Minimal connections, geodesic links

In this section we define the main geometrical objects needed in the description of the vorticity
lines.

In subsection [B.I] we present a standard method which described the singularities of a map
g € HY?(99,S"): to a map g € HY/?(99,S') we associate a distribution 7,. In Proposition 2] we
present the main properties of T, used in this article. We define also an important dense set of
H'Y2(0Q,8h).

In subsection we state some definitions and we describe the metric d,2 which plays an
important role in this study.

8.1 Length of a minimal connection of a map g € H'/?(9Q,S")

For g € H'/?(0Q,S"), following |2], one may associate to g a continuous linear form
Tg : (Llp(&Q,R), || ’ ||Lip) —R.

Here Lip(0€,R) is the space of Lipschitz functions equipped with the standard norm |[¢|/Lip =

z) —
llellze= + sup (@) = o)l with |2 — y| = dewa1(z,y) is the euclidean distance in R3 between
eycoo [T =yl
z#Y
and y.

For g € HY2(00,S'), the map T, : Lip(9Q,R) — R is defined by the following way: let
v € Lip(0€, R)

o fixu € H(} and consider H = 2(02u A d5u, O3u A dyu, ru A Ozu);

e fix ¢ € Lip(Q,R) s.t. ¢ = ¢ on 09

then / H - V¢ is independent of the choice of u and ¢.
Thgrefore we may define the continuous linear form
T,: Lip(0Q,R) — R
%) — / H-Vo¢ -
Q
Notation 1. Here "A" stands for the "vectorial product” in C: (21 +wy1) A (22 +1y2) = 1y2 — 291,

T1,22,Y1,Y2 € R.
Following |2], we denote, for g € H'/2(99,S') and d an equivalent distance with deye on 98,

1 1
Llg.d) = 5= sup {Ty() [ ela < 1} = o= max {Ty() [[ola < 1) ©)
with (@) — o)
® — @y
QOd = SU.p
i aty d(z,y)
z,ye0N

Note that, since Ty : (Lip(0Q,R), || - ||lLip) — R is continuous and d, deyel are equivalent on 9,
then L(g,d) is finite.

In the spirit of |9],[12] and |2] we deal with prepared boundary conditions g’s. In this article
we use the dense subset H C H/2(99,S")

g is smooth outside a finite set C,
. ) VM € € we have for x close to M:
H=<Sge [] WO9,S") \Vg(z)| < C/|z — M|, - (7)

tepe IRy € O(3) s.t. ‘g(w) ~ Ry (\?—%)‘ < Clz — M.
Here we considered S' ~ S x {0} C §?.

One may define deg(u, M), the topological degree of u with respect to M: if Ry; € O(3)" then
deg(u, M) = 1 otherwise deg(u, M) = —1.



In order to justify the term of "degree", assume that in a neighborhood of M € €, 912 is flat.
Then, for r > 0 sufficiently small, C = 0B(M,r) N 0N is a circle centered in M. This circle
has a natural orientation induced by B(M,r) N Q. Thus g € C*(C,S') admits a well defined
topological degree (see e.g. [4]), and this degree does not depend on small r.

We may partition the set C into two sets: the positive singularities and the negative singularities.
We consider

sz{ME(?|deg(u,M):1} andN:{M€G|deg(u,M):_1},

One may also consider for g € H the degree of g with respect to OU for U a non empty smooth
open set of 9N s.t. AU does not contain any singularities of g. This degree is defined as

deg(g,0U) = Card({p € P|p e U}) — Card({n € N|n € U}). (8)
From [2], we have the following
Proposition 2. Let g,h € H1/2(8Q, S1), then we have
1. Typ =Ty + Ty and T3 = —T, (Lemma 9 [2]),
(T = Tw)(@)| < Clg = bl (19512 + |hlg1/2)|[@ldewe s ¢ € Lip(09,R) (Lemma 9 [2]),
8. H is dense in H'/?(0Q,S') (Lemma B.1 [2]),

IS

4. if u € H, then Card(P) = Card(N) and T, =27 Z Op — 2m Z dn (Lemma 2 [2]),
pE?P neN

5. ifu € H, then L(g,d) = minges, Y, d(pi, no(;)) where d is a distance equivalent with deue on
O (Theorem 1 [2]). Here Sy is the set of the permutations of {1,...,k}.

3.2 Minimal connections, minimal length, geodesic links

In the last assertion of Proposition 2] we used the notion of length of a minimal connection
w.r.t. a distance d.

Namely, consider d a distance on € = PUN, P,N C R3 two sets of k distinct points s.t.
PAN=0,P={p1,...,pr} and N = {nq,....,ng }.

Definition 1. We denote by L(C,d) the length of a minimal connection of € in (C,d), i.e.,

k

In [5] (Lemma 4.2), the authors proved that

k
L(C,d) = max { > {epi) —emi)}| ¢ €= R, |p|§ < 1} (10)
=1
with
m,yé(? ’

Definition 2. A permutation o s.t. >, d(pi,ne(;)) = L(PUN, d) is called a minimal connection of
(PUN,d).

In the following we will consider a special form of distance d on 99Q: a geodesic distance in
equipped with a metric that we will describe below.

Let us first introduce some notations. Let f : R® — [b2,1] be a Borel function and let ' C Q be
Lipschitz curve. We denote by long;(T") the length of I' in the metric fh (here h is the euclidean
metric in R3), i.e.,

1
long ¢(I') := / Fv(s)] |7/ (s)lds, v:[0,1] — T is an admissible parametrization of T
0



In this paper, when we consider a curve (or arc) T, it will be implicitly that it is a Lipschitz one.
We define dy as the geodesic distance in fh (h is the euclidean metric in R?).
Thus, for =,y € R, x # y, we have

d = inf 1 T). 11
! (:I;7 y) Iy Lipslcrl'llitz arc Ongf( ) ( )
with endpoints z,y

In the special case f = a2, one may easily prove the following proposition
Proposition 3. Let x,y € R3, x # y. The following assertions are true
1. In () the infimum is attained.
We denote by Ty a minimal curve in (III).
2. If z,y € Q then a geodesic Ty is included in Q.
3. A geodesic Ty is a union of at most three line segments: To = Ul_, S;
4. These line segments are such that
a. ifx,y €W thenl =1,
b. if l =2 then S1 N Ss C dw,
c. ifl =3 then z,y € R*\ @ and Sy is a chord of w,
d. if [x,y] Nw = {2} then ! € {2,3}.
5. For M € R® we have pr = dgz(-, M) € WL(R3R) and |[Vihur| = a>.
Definition 3. In the case d = d,2 and C = PUN C 99, we say that U;T'; is a geodesic link when o
is a minimal connection in (C,d,2) and I'; is a geodesic joining p; to 1y (;)-
In Figure[Il we have represented a geodesic link for k¥ = 2 and a certain b € (0, 1).

Remark 1. We consider the situation d = d,2 and € = PUN C 99.

1. If the minimal connection is unique, then, letting U;T; be a geodesic link, we have I'; NT'; = 0)
for i # j. In particular, if the geodesic link U,;T'; is unique then I'; NT'; = 0 for ¢ # j.

2. If a geodesic link U;T'; is s.t. for all i I'; is a line segment, then we have I'; N\T'; = ) for i # j.

4 The main results

We now state our main results.
The first result (Theorem () is an energetic estimation of infy Fe in the spirit of [9], [10], [12]

and |2]. This result is stated for the most general boundary condition: g € H'/2(9%,S').
The second theorem (Theorem []) is valid for the prepared boundary condition: g € H. This
result expresses that for solutions of inf H} F_, a concentration of the leading part of the energy

occurs in a small neighborhood of the geodesic link of € in (R?,d,2).
The last result (Theorem Hl) gives a more precise result than Theorems 2&43] (a bounded error
term instead of a o] Ing|)-error term) under strong symmetric hypothesis.

Theorem 2. Let g € HY/2(0Q,S'). Then we have

1;111f F. =7nL(g,ds2)|Ine| + o(] Inel).
g



Figure 1: Illustration of a geodesic link with & = 2: the boundary of € is in wire, the one of w is black filled,
the positive points are white, the negative ones are black and a geodesic link is represented in white. The shaded
off portion on the two penetration points gives indications about the 3D-geometry of the geodesic link and of the
inclusion. (Courtesy of Alexandre Marotta)

Theorem 3. Let g € H be s.t. (PUN,d,2) admits a unique geodesic link which is denoted U;T';.
Let v. be a minimizer of F. in H; Then the normalized energy density

U? Ul
SV + 50 - )

e = H3 weakly converges in 0 in the sense of the measures to 7"“29{|1u11“i-

[Inel

1

Here H? is the 3-dimensional Hausdorff measure and j{\uiri

measure on U;L';.
In other words

is the one dimensional Hausdorff

Vo € C°(Q,R) N L>(Q,R) we have / ddu. — 7r/ da? dH*.
Q u; Iy

Note that this result gives a (uniform) energy concentration property of the minimizers along
the geodesic link. Namely, for all compact K s.t. K NU;T; = 0, we have F.(v., K) = o(|In¢]).

In order to obtain a more precise statement we assume that we are in a very symmetrical case:
Q = B(0,1) and w = B(0,79), 70 € (0,1), g € H is s.t. € = {p,n} with p = —n. Under these
hypotheses we have the following theorem.

Theorem 4. The following estimate holds
1;111f F. = wd,2(p,n)|Ine| + O(1).
Moreover, for all n > 0, there is Cy) > 0 s.t. denoting V,, = {z € Q|dist(z, [p,n]) > n} and v. a

minimizer of F. in H;, we have

Fs(vsvvn) < Cn-



5 Outline of the proofs

The proofs of the above theorems strongly rely on the techniques developed in [12]. The proofs
of Theorems 2] Bl and (] consist essentially into two parts devoted to obtaining respectively lower
and upper bounds.

The upper bound is obtained by the construction of a test function. The test function was
obtained by Sandier in |12] in the situation where € is a strictly convex domain and there is a
geodesic link in (€, d,2) which is a union of line segments. In this special case, one may obtain (see
Section [621)):

i}rlllfFE < wL(g,dg2)|Ine| + O(1). (12)
b

For the general case, when the geodesic links are not unions of line segments, in |2], Bourgain,

Brezis and Mironescu adapted the construction of Sandier. In our case this leads to the bound:

ilglfFE < wL(g,dg2)|Ine| + o(| Ingl). (13)

(See Section [6:2)

The lower bounds are obtained as in [12]. The key ingredient is the construction of a "structure
function" ¢ : R® — R (see Section [7] for a precise definition). Due to the fact that for M € R3,
x — Yar(w) = dg2(x, M) is not C! (its gradient is not continuous on dw since |Viips| = a® in
R3\ dw), we cannot obtain ¢ with exactly the same properties as in |12] (see Proposition []). The
consequence of this lack of smoothness of the distance function implies that our best lower bound
is

i}rlllfFE > wL(g,ds2)|Ine| — o] Ingl). (14)
g9

However, under strong symmetry hypotheses, namely, Q = B(0,1),w = B(0,r9) and C =
{p,n = —p}, the structure function £ enjoys additional properties (see Proposition [[0). In this
symmetric case, one may obtain the sharper bound

inf FL > wL(g,d,2)| Ine| - O(1). (15)

The estimate on infy: F. in Theorem 2] (resp. TheoremH) is a direct consequence of ([I3), (I4)

(resp. (I2) and (I5)) and of the density of H in H/2(98,S') (see Section [ .

Theorem [3 is proved along the main lines in |12].

Roughly speaking, under the hypotheses of Theorem Bl for all z € Q, there is p, > 0 s.t.
for K = B(z, p.), one may counsider a structure function ¢ adapted to € which is constant in K
(see Section [3)). Arguing as in [12], if K does not intersect the geodesic link, then we obtain

that in K, a minimizer of F. has its energy of order o(|In¢|) (see (38)). Thus p, the weak limit

4
of u. = {%2|Vv8|2 + 4[{__52 (1 — |ve|?)?}33 /| Ine| (which exists up to subsequence), is supported in

Q\ K. Therefore, one may prove that the support of 4 is included in the geodesic link.
Otherwise, if x is on the geodesic link, as explained in [12], then we obtain for v. a minimizer
and p sufficiently small that (with K = B(z, p))

F.(ve, K)

[Ine|

lim sup < 7long,» (K NU;I).

Theorem Bl is obtained by comparing u to waQJ'CllUiFi.

6 First step in the proof of Theorem an upper bound for iangl F.,geH

6.1 The case C admits a geodesic link in (R? d,z2) which is a union of lines

Assume that
e () is strictly convex;

e there is I' = UT';, a geodesic link of € in (R3,d,2), s.t. T; is a line segment for all i.

10



One may assume that the minimal connection associated to I' is the identity and that I'; is a
geodesic curve between p; and n;.
It is easy to see that

e by strict convexity of Q we have I'; C §;

e from Remark [112 we have for i # j that I'; N T'; = 0.

In this situation, we may mimic the construction of the test function made in Section 1 of [12].
The test function is a fixed (independent of £) S'-valued function outside V,, an n-tubular
neighborhood of I' (1 small and independent of ).
Inside each tubular neighborhood V;,; of T';, the test function takes (essentially) the form (in
an orthonormal basis {p;, (es,ey,€e;)} s.t. n; = (0,0, [p; — n4))

(z,y)
(z, )]

)
f i — Tlg| — d )
oy, 2) = - ifn<z<|pi—ni—nand |(z,y)] <e . (16)

1 1
5 [ {I7el g 102 ) < 2mlnel + Clavn)
Vi, €

with V,; =V, N{0 <z <mnor|p;—ni| —n < z<|p—n|}

if n <z <|pi—nil —nande <|(z,y)| <n

———

(see [12] for more details).
From the strict convexity of w, for all line D C R3, we have

long (D N {z € R?|dist(z, 0w) < v/}) < Cy/e with C > 0 independent of e.

Thus one may obtain from Proposition [[14. that (I2)) holds.

6.2 The general case

One may adapt the above construction to a more general situation: the geodesic links are not
unions of line segments and € is convex (not strictly convex). Without loss of generality we may
assume that o = Id is a minimal connection.

For the standard Ginzburg-Landau energy, this has been done in [2]; there,  is not sup-
posed convex. Roughly speaking, the argument there consists in replacing in Sandier’s proof, line
segments by curves.

Their construction begins with

e the modification of Q (flattening 99 close to the singularities)

e for 1 > 0, we construct an approximate (smooth) geodesic link I';, = U,I'] C Q s.t.
— long,2(I'y) <long,(I') + 7,
— T is a geodesic link and I} is an approximate geodesic curve between p; and n;,
= I/ NTY =0 for i # j and T} is orthogonal to I at p; and n;.

In order to be applicable to our situation, this construction requires the additional property about
its intersection with a small neighborhood of dw:

HY(T, N {dist(z, dw) < VE}) = O(VE).

We can clearly find I';, satisfying this property.
By adapting the construction of v. in (I6]), one may construct a test function v? having I, as
set of zeros and satisfying, for each n > 0, the estimate

inerH; F.(v) F.(v?)
[Inel = |lng|

+ 0-(1) = mlong,» (') + 0:(1) < wlong,» (') + 1 + o-(1).
In order to obtain this estimate we rely on the formula of v?, Proposition[ll4. and the assumption

HY(T, N {dist(z, dw) < e}) = O(VE).
Consequently we deduce that (I3 holds.

11



7 Structure functions

For g € H, we construct suitable structure functions adapted to the singularities of g.

Very roughly speaking, a structure function ¢ € Lip(R3,R) is a smooth map whose restriction
on 0 almost maximizes (G). More qualitative properties of £ will be described in Propositions H]
[6] [ and 101

Structure functions are used to compute a lower bound of the energy. We may sketch the proof
of a (sharp) lower bound of F_(v.):

e We integrate by layers (on hypersurfaces) using the Coarea formula;

e The layers are the level sets of the structure function ¢ : R®> — R. Lower bounds on each
hypersurfaces are obtained via a standard result on Ginzburg-Landau energy (Proposition
[[2). Because the use of Coarea formula adds an extra-weight ﬁ on the layers, in order

2
to get a lower bound we drop the weights U2 and U2 > b*U2 by taking ¢ s.t. % > 1.
Therefore, an important property of ¢ is that its gradient is controlled by U2 (|V¢| < U2).

e In order to treat the integrals on {{ = t} we use a standard lower bound (Proposition [[2)
which need a control on the second fundamental form of {{ = t}. This is an another property
of the structure function.

e The "quantity" of layers is related with the length of a minimal connection L(C,d,2). In
order to get a sharp lower bound we need that Y {&(p;) — &(ns)} = L(C,d,2); it is another
important property of &.

We present below four structure functions corresponding to four different settings.

7.1 Second step in the proof of Theorem[2: a structure function
This subsection is devoted to the presentation of a structure function adapted to € and a. This
function is given in the following.

Proposition 4. For all n > 0, there is C,) > 0, E, C R, &, € C*(R3,R) and g, > 0 s.t. for
0<e<ey,

1. |V&,| < min(a?, U2 + &%) in R3,

2. ZieNk {&n(pi) — & (ni)} = L(C, dg2) — m,

3. HY(E,) <n and for allt € R\ E,, {&, =t} is a closed hypersurface whose second fundamental
form is bounded by C,.

This proposition is proved in Section

Remark 2. In Proposition @] the structure function &, does not dependent on (small) . The
structure functions given by Propositions [f] and [7] (below) are also independent of small €. On the
other hand, the structure function given by Proposition [I0 (below) depends on e.

7.2 The proof of Proposition

7.2.1 Some definitions
Let dp = 10~ 2 min{1; dist(dw, 9Q)}. For 0 < § < &y, we define ws := w + B(0,4), ap = a® and

as: R? — {1,b%}
b if z € ws
T
1 otherwise

For z,y € R® and 0 < § < ¢ < &y, we have

Aoy (2,Y) < dos (2, y) < dag, (2,y) + O(|0" = 0]). (17)
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The first inequality is a direct consequence of asr < as. We prove the second inequality. Consider
z,y € R s.t. da,, (2,y) < da,(2,y). We obtain that if ' is a geodesic joining = and y in (R?, d,,, ),
then we have I' N Qws: # 0.

Note that by Proposition 8] we have Card(I' N dws/) € {1, 2}.

Assume that I' N ws: = {2’,y'} with dq,, (z,2") < da,, (z,y"). The situation where I' N Ows =
{z} is similar.

Consider z” = Ilgz(2") and y” = Iz (y’). Here Ilg; stands for the orthogonal projection on
ws. By the definition of 2" and y” we have deye1(2/, 2") = dewa(y',y") = &’ — §. By Proposition Bl
we deduce that dq,, (2", y") = da, (2", y").

Since z’,y’ € T', we have

oy (#, ")+ day, (2',Y) + day, (v, y)

og (,2) +day, (2, y") + day, (v, y) — 2/0" — 6
2,2") + dos (27, y") + das (v, y) — 2|6 = 0|

o5 (T,2") + dag (2, 4') + das (3 y) — 410" — 9
z,y

dovg, (2, )

vV IV IV IV

Consequently, (I7) holds.
Thus, for € = P UN defined above, we obtain that

L(€,day) = L(€,dq,, ) + O(]0" — d]). (18)

Remark 3. Using (I8), it is easy to check that there is dp e < Jo s.t. for & < dp.e: If o is a
minimal connection in (€, d,, ), then o is a minimal connection in (C, dy, )-

We now state a preliminary result: Proposition Bl Proposition @ will be a direct consequence
of Proposition

Proposition 5. For n > 0 there is 6, > 0 s.t. for 6,, > 0 > 0 there are Cps > 0, E, s CR and
&no € C°(R3R) s.t.

1. |V&s| < as in R
2. ZieNk {&n,5(pi) —&ns(ni)} > L(C,day) — 1

3. HY(E,5) <n and for allt € R\ E, s, {&,5 =t} is a closed two dimensional surface with its
second fundamental form which is bounded by Cy s.

Proof of Proposition[4. Let n >0 and fix 0 < § < d,/2 (0,/2 given by Proposition [ s.t.

L(C,day) + L > L(€, dy2) (using (IF)).

N3

Consider €, > 0 s.t. for 0 < e < &, we have
Ce™7%/¢ < &% (C and v are given by [@)).

We take &, = /2,5 obtained from Proposition
Clearly, &, satisfies 2. and 3. with F;, = E, /5 5 and C; = C}; /3 5.
It is direct to obtain that

b2 —-U2<0 ifdist(z,w) <4

4

Vé | —U? <5 —U? <
| §n| e =0 7 e otherwise

It follows that &, satisfies I since oz < a?. O

13



7.2.2  The proof of Proposition
We construct &, s in five steps.

Let n > 0and 0 < 6 < ¢ < p e (here 0y e is defined in Remark B). We denote o = a5 and
o = ag. Assume that P = {p1,...,pr} and N = {nq,...,nx} are s.t. o = Id is a minimal connection

n (C,dy ).

Step 1: There is & : € — R s.t. & is 1-Lipschitz in (€, dy) and & (p;) — &o(ni) = dos (pi, ns)
This step is a direct consequence of Lemma 4.2 in [5] (see also Lemma 2.2 in [12] or Lemma 2 in
131)-

Step 2: We extend & to R?: there is some & € Lip(R?,R) s.t. |[V&| =o' and & e = &

Although the argument is the same as in [12], for the convenience of the reader, we recall the
construction.
Consider

€1(2) = max {&(pi) — dar (w,p1)}, @ €R®.
Then we have the following.

o If k=1, & (2) = &o(p1) — dar(2,p1) is s.t. & € Lip(R%,R) s.t. [VE| = o and &je = &. We

now assume that &k > 2

o (e =& let M € Candibes.t. M € {p;,n;} and j # i, it is clear that

o(pi) —
€o(ni) —

o(pj)

§ o (Pispj) >0 i M=p;
So(pj)

+d
i) — do M7 i) — j do yPj) = )
€o(pi) = dor (M, pi) = &0(p;) + dar (M, pj) { e (nip) >0 i M = g

o |V&i| = a': for all ¢ we have (Proposition [B15)

|V [&0(pi) = dor (2, p3)]] = | Vo (2,p:)| = o’ in L¥(R?).

Step 3: We construct a smooth approximation: let 0 < 3 < §, there is & € C°(R3,R) s.t.
V6| < (1— B)a and

> {&p) — &(n)} = L(€,da) — /2 (19)

1€Ng

Let (pi)s'—s>t>0 be a classical mollifier, namely p;(z) = t3p(z/t) with p € C*(R3,[0,1]),
Suppp C B(0,1) and [ps p = 1.
Consider

o) == (1 = B)& * pr(2).

Because for x € ws we have x + B(0,t) C ws, we have |V&| < (1 — B)a:

(1-p5) - [|V§1|*pt]( ) = [ * pi](z) = b if 2 € ws

Moreover Condition (I9) is satisfied:

= |[V& * pt

> {&pi) — Lni)} = (1-B) lZ{fle —&i(ni)} — 0(d)] -

1€Ng €N

Thus letting ¢, sufficiently small s.t. for 0 < § < § < ¢’ < §,, we have

B) | {&(p) — &1(ni)} — O(8")

1€Ng

> L(evda’) - 77/3 > L(evda) - 77/2

Therefore & has the desired properties for 5 < § < dy,.
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Step 4: Let Qbea smooth and bounded open neighborhood of Q. We approximate & by a Morse
function &, s in C*(2). Function &, s is s.t. we have &, 5 € C*(R?* R) and

[€n.6 = &2ll ooy < 1/ (4K),

Vsl < a,
&y,5 1s a Morse function,
IR = R(n,0) > 0s.t. in R*\ B(0,R), &, = |7|/2
Clearly &, 5 satisfies 1. and 2. of Proposition Bl
Step 5: We follow |12]. We construct E,, s
Let {1, ...,2;} be the set of the critical points of &, 5. Then there is C' = C(n,d) > 0 s.t.:

inf IVEns| > £ since the critical points are not degenerate
B(0,R)\U; B(w:,p) C

and
I [€y,6(UiB (2, p))] < Cp.

We consider p > 0 s.t. Cp < nand set E, 5 =&, s(UiB(zs, p)).
For t ¢ E, 5, we have

o if v € {¢,5 =t} \ B(0, R), then the second fundamental form of {&, ;s = t} in « is bounded by
!

Cn,é’

C supgg gy | D*6n sl

o ifx € {£, 5 =t}NB(0, R), then the second form is bounded by C 5 = - )
It 56 0\ 0 B p) | Vsl

We find that the second fundamental form is globally bounded by Cy s = max{C} ;, C} ;}.

7.8  Second step in the proof of Theorem|[3: two structure functions
Uz » , U 22
) 7|Vva| +4—2(1—|Ua| ) ,

Letting p. = o] H3, because by ([3) we is bounded, we get that, up
to pass to a subsequence, p. converges in the sense of the measures to p.

The proof of Theorem [B] consists in the identification of . We want to prove that u = 7ra27-l,1uri
with UT'; is the unique the geodesic link joining the singularities of g. Because by Theorem Iil we
have that pu and 7m27-[|1Uri has the same total mass, it suffices to prove that for all 2y € Q there is

Too > 0 8.t (B(xo,74,)) < ma*Hjp, (B(20,72,)). Therefore we have to obtain lower bound for

Fs(vsa Q \ B(ZE(), Tzo))/| 1n5|'
In order to get a suitable lower bound to prove Theorem [B] we need two kinds of structure
function:

e a structure function which is constant in a neighborhood K = B(zg,ry,) of an arbitrary
point xy which is not on a geodesic link joining the singularities;

e a structure function which is constant in a neighborhood K = B(zg,7s,) of an arbitrary
point zp which is on the geodesic link joining the singularities (assuming the geodesic link
is unique).

We briefly sketch the strategy used in Section ] to get that p = WG2H|1UFi' Using the upper bound

(@3, if 2o is not on a geodesic link joining the singularities, then we get the lower bound (letting
K = B(x0,72,))
Fe(ve, Q\ K) > F-(ve, Q) — o] Inel). (20)

From the estimate (20) we deduce that F.(v., K) = o(|Ine|). Therefore u is supported in the union
of the geodesic links joining the singularities.
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Assuming that the geodesic link is unique (we denote this geodesic link by UI';), we get a
structure function which allows to obtain for xg which is on the geodesic link and small r;, the
estimate
27ma(w0)?re, | Ine| + o |Ine|) if 2o ¢ Ow

. 21
(14 b*)ry,|Ine| + o(|Ingl) if zp € Ow @)

F (1}5, K) < {
Therefore, we get that u < 7T(12H‘1Uri and thus we obtain that = 7TG2H‘1Uri.

In order to get estimates ([20) and ([2I)) we need two kinds of structure functions.

In the spirit of Proposition[d] to get that the support of u is included in the geodesic links (Es-
timate (20)), we have the following structure function (Proposition [l does not need the hypothesis
that there exists a unique geodesic link)

Proposition 6. Let xg € R? be s.t. xq is not on a geodesic link of € in (R3,d,2). There is 1y, > 0
s.t. denoting K = B(z0,74,), for n > 0 there are &, x € C°(R3,R), E, x CR, Cpx > 0 and
en,g > 0 8.t for0<e<eyk,

1. |V&, k| < min(a?, U2 + &) in R3 and &, i is constant in K
2. > iem n ik (Pi) — &n i (ni)} > L(C,dg2) — 1

3. HY(E, k) < n and for al t € R\ E, i, {&,x = t} is a closed hypersurface whose second
fundamental form is bounded by Cy k.

f And in order to compare p with 7Ta2’H,|1Uri (Estimate (21II)) we have the following structure
unction

Proposition 7. Assume that there exists a unique geodesic link UL'; joining the singularities of g
m (Rs, daz).

Let xy € UL, \ C, then there is ry, > 0 s.t. denoting K = B(xo,7s,), for n > 0 there are
5771}( S COO(RB,R), B,k CR, On,K >0 and en,i > 0 s.t. for0<e< En K>

1. |V&, k| <min(a?, U2 4+ &%) in R? and &, k is constant in K

ien Ak pi) — & (i)} 2 L(C,dy2) — a®H,p, (K) =1
2. B L(C,dy2) — 2a%(zo)rey — 1 if v ¢ Ow
L€ dye) — (1 +0)ryy — 1 if 7 € Ow

3. HY(Ey k) < n and for all t € R\ E, i, {&,x = t} is a closed hypersurface whose second
fundamental form is bounded by Cy k.

The proofs of Propositions [0l and [T are given in Section [7.41

7.4 Proof of Propositions[@ and [

In order to prove Propositions[6l & [7 we follow the proof of Proposition dusing a special pseudo
metric taking care of the compact set K.

7.4.1 Definition and properties of a special pseudometric
Let f: R® — [b%,1] be a Borel function and let §) # K C R® be a smooth compact set. We
define
d;{(x,y) =min{d;(z,y),ds(z, K) +ds(y,K)}.

Here dj(z, K) = minye i ds(z, y).

Then dff is a pseudometric in R3. If, in addition KNE = ), then dff is a distance in €. Therefore
the minimal connection of € and the length of a minimal connection L(C, dff ) with respect to d?
make sense.

Clearly, if z,y € R3, then we have dff(:z:, y)=0«< x=yorz,y € K. One may easily prove
that

dif (z,y) < dg(z,y) < df (z,y) + diam(K). (22)
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We are interested in the special case K = B(zg, ) for some z¢ € Q and f = a5 with § € [0, do],
S0 = 1072 min{1; dist(dw, Q) }.
Note that we have a similar estimate to (I8]), namely for 0 < § < ¢’ < dg
K\ _ K !
L(C,d,,) = L(€,d,,,) + O(|0" —d]). (23)

' Yas

From (22), 23) and as in Remark Bl we have the following.

Remark 4. There is Sb)w,@ < 1072 dist(0w, 0Q) s.t. for zp € R3, 0 < 8,7 < Sb)w,@ and K = B(zg,r)

s.t. KNC=0: If ¢ is a minimal connection in (€, d%, ), then o is a minimal connection in (€, da, ).

Definition 4. For y ¢ K and = € R3, we say that

e T'is a K-curve joining x,y if T is a finite union of curves included in R® \ K (except perhaps
their endpoints) s.t.:

- their endpoints are either x or y or an element of 0K,

- if z € {z,y} \ K, then 2 is an endpoint of a connected component of T'.

e I' is a minimal K-curve joining x,y if I' = U;I'; is a K-curve joining z,y, where the I';’s are
disjoint curves and Y, long,>(I';) = d% (z, y).

We next sum up the main properties of dﬁg.

Proposition 8. Let 2o € R3, r > 0 and K = B(zo,7).

1. If y ¢ K then for all x € R? there is a minimal K-curve joining x,y. Moreover, a minimal
K -curve is the union of at most two geodesics in (R3,d,2).

2. For x,y € R3, x # y and xo # v,y we have:

i. If 2o € R\ Ow and x¢ is on a geodesic joining x,y in (R3 d,2), then there is vy zy > 0
s.t. for all v < 1y 4y, diS(2,y) = da2(2,y) — 2a%(x0)r,
i. If vo € Ow and xq is on a geodesic joining x,y in (R3,d,z2), then there is ryy 4y > 0 s.t.
for all v < Txo,z,y> dég (:Z?, y) = dg2 (:E,y) - (1 + b2)T;
iii. If o is mot on a geodesic joining x,y in (R® d,2), then there is ryy .y > 0 s.t. for all
7 < Tzo,a,y; dllzg(xvy) =dg2 (‘Tay)

Proposition Bl is proved in the

As a direct consequence of Proposition [8l we have the following.
Remark 5. Let € C 9 as above and g € Q \ C.

1. If for all minimal connection ¢ of € and for i € {1, ..., k}, we have that z is not on a geodesic
joining p; with ny(;) in (R3,d,z2), then there is ry, ¢ > 0 s.t. for all 0 < r < ry, e, we have

for K = B(zo,7)
L(C,d%) = L(C,dy2). (24)

2. Assume that there exists a unique geodesic link UT'; joining P with N (we may assume that
o = Id is the minimal connection). Therefore from Remark[Il1, for ¢ # jwe have I'; NT; = (.
If for some ¢ we have that xy which is on the geodesic joining p; with n;, then there is
Tzo.¢ > 0s.t. for all 0 < r < ry, e, we have for K = B(zo,r)

L(C,dy2) — 2a%(zo)r if 2o ¢ Ow

. 25
L((?, daz) - (1 + bz)T if 29 € Jw ( )

L(C,d}%) = L(€,dg2) — a®H|yp, (K) = {
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7.4.2  The proofs of Propositions[fl & [
This pseudo metric allows us to construct an intermediate structure function in the spirit of
Proposition [l which is constant in a "small" compact K.

Proposition 9. Let K = B(zo,r) be s.t. B(xg,2r) CR3\ € and n > 0.

Then there is 6y x > 0 s.t. for 0 < 6 < 0,k there are Cy ks > 0, By ks CR and &, x5 €
C>(R3,R) satisfying

1. V& ksl <as inR? and &, k5 is constant in K (i.e. |V&, k5| < a5 Ipa\ ),

2. Y iem Wn x5 (Pi) = En 6 (ni)} > L(€,dE)) —n,

3. HY By ks) <nand fort € R\ E, ks, {16 = t} is a closed hypersurface whose second
fundamental form is bounded by Cy k5.

Proof of Proposition[d. Assume that o = Id is a minimal connection in (C,d,2).
Let 74,,¢ > 0 (given by Remark[5) be s.t. for K = B(xo,74,,¢/2), we have L(C, d,2) = L(€,d%).
We fix 74, of Proposition[@ls.t.: ry, < ry,,e/2 and B(zg,2r;,) NC = 0. We let K = B(xq, ry, )
Now we apply Proposition[@ there is 9, /9 x > 0s.t. for 0 < 6 < 9,9 , there are Cy /3 g5 > 0,
Eyj2.x5 CRand §, /9 g5 € C (R3,R) satisfying the conclusions of Proposition
From (23) and (24)), one may fix 0 < 6 < d,/2 i .t
L(C,d,2) — L(C,d5 ) < n/2.

» Yas

We consider ¢, x > 0 s.t. for 0 < e < &, x, we have Ce ~7%/¢ < &% (C and v are given by (@)).
We obtain the result by taking C) k = Cy /2. k.5, Enx = Eyjo r5 and &k = /2. 1,5 o

Proof of Proposition[. Assume that o = Id is the minimal connection of € and that zg is on
the geodesic joining pi with ni. Let ryy < min{ryy p,.n,, MiNi—2 & Tzg pini} (Tze.pin: given by
Proposition B2) s.t. B(xg,2r,,) C R?\ €.

It suffices to apply Proposition [ as in the proof of Proposition [6] combined with (23]). O

7.4.8 The proof of Proposition
The main point is that we require that &, ks is constant in K. All the other requirements are
satisfied by the map &, s constructed in Proposition

For § < r/2,let K1 = B(xo,r + 20) and Ko = B(zg,r + ). We denote a = a5 and o’ = aigs.
We assume that o = Id is a minimal connection for (€, df,l) and we fix 7.

Step 1: As in the proof of Proposition [ there is a function & : € — R 1-Lipschitz in (C, df,l)
and s.t. &(p;) — &o(n;) = df,l (pi,ms).
Step 2: We extend & to a map & : R? — R, 1-Lipschitz w.r.t. df,l and thus constant in K3
For example, we may take

&i(z) = max{&o(pi) — it (x,pi)}-
As in the proof of PropositionBl &;j¢ = & and [V | < a'. Moreover, ; is constant in K. Indeed,
for all z € K, we have &(x) = max; &(p;) — d2' (z, pi) = max; &(pi) — dor (K1, pi).

Step 3: For 0 < 8 < §, we approximate & by & € OC°(R3,R) satisfying |V&| < (1 — B)a,
Yien {&2(pi) — &(ni)} = L(C,dE) —n/2 (for § sufficiently small), and s.t. & is constant in Ko

The approximation & is obtained (as in Proposition [) by regularization of (1 — 8)&; using a
mollifier p; (¢ < 1072§) and by noting that

L(C,dY) > L(€,d) > L(€,d}?) > L(C,d) > L(C,df) — O(5) = L(€,df) — O(5).

We fix §, x > 0 s.t. for § < 6, x we have
o L(C,d5) > L(€,dX) —n/8 and 2kn?6? < 10~ 2y (this condition is used below)

s Yo

o [[& — &lln~ < n/(16k) and 0L(C, d,2) < n/4.

18



Step 4: Let Q be a neighborhood of 2. We approximate & in C? (Q) by a Morse function
& € C°(R3,R)
We let &3 € C°°(R3,R) be s.t.

€5 = &llcr(qy < 0?82,

IVEs| < (1= 5/2)e,
&3 is a Morse function,

JR > 0s.t. in R®*\ B(0, R), & = |z|/2.

Step 5: We modify &3 in order to have &, ks = Co in K
By construction, there is Cy € &3(K) s.t. [|&3 — Collcr(k,) < n*0°. Noting that dist(0K2, K) = 4,
one may construct &, x5 € C>°(R?) s.t.

Enxs =& MR\ Ky, & k5= Coin K,
||§777K75 — OO||L00(K2) < 77252 and |v§n,K,6| < b?in K.
Clearly &, i, satisfies 1. and 2. in Proposition [l
Step 6: We construct E i s

For p > 0, we consider E} x5 = &, k,5(UiB(zi,p)) where {x1,...,2;} is the set of the critical
points of &, k5 in B(0,R) \ K».

For the same reasons as in Proposition [B] we have 3" (E]  5) < Cp.

We also define E? j 5 = & r,5(K2). By construction, we have ' (E} ;. ;) < 21*6°.

Thus it suffices to consider p sufficiently small in order to have Cp < 1072n and to set B, x5 =
E}LK’& U E2,K,6'

7.5 Second step in the proof of Theorem[]: a structure function in presence of symmetries

In this section we assume that Q@ = B(0,1) and that w = B(0,70), with r9 € (0,1).

Consider € = {(1,0,0),(-1,0,0)} = {p,n}, p = (1,0,0). It is clear that in this situation, the
line segment [p,n] is the unique geodesic between p and n in (R3,d,2).

In order to get a very sharp lower bound (matching with the upper bound up to a O(1) term),
we need a structure function as in Proposition [6] but with "n =0".

This structure function is given in the following proposition.

Proposition 10. Let M € Q\ [p,n]. Then there is V, an open neighborhood of M s.t. for e >0,
there is &, : R3 — R a Lipschitz function s.t.

1. &(p) — & (n) = dy=(p,n),

2. |VE&| < U2,

3. &=0inV,

4.Vt e &R\ {0,6.(p), & (n)}, {& =t} is a sphere whose radius is at least 1.

The proof of Proposition [[0lis in the next section (Section [7.0]).

7.6  Proof of Proposition

Using the spherical symmetry of 2, w and the minimality of U., one may easily prove the
following proposition.

Proposition 11. The unique minimizer U of Ee in H{, is radially symmetric and non decreasing.

Proposition [[0 is a particular case of the following lemma (by taking U = U.,).
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Lemma 1. [The dumbbell lemma]

Let U : R3 — [b,1] be a radially symmetric and non decreasing Borel function. Fix p,n € S2,
p=—n andlet M € Q\ [p,n].

Then there are ¢ : R® = R and BY, B~ two distinct open balls, BY, B~ are exteriorly tangent
and independent of U s.t.

1. 5(]7) - 5(”) =dy> (p7 n);
.| VE < U?,
. E=0m V: =R\ (BTUB7),

2
3
4. M € T with T which is the common tangent plan of B and B~
5. BY is centered in 2p, B~ is centered in 2n,

6

. denoting B"' (resp. B~ ) the ball centered in 2p (resp. 2n) with radius 1, & is locally constant
in BT UB™,

7.Vt € ER3)\ {0,&(p), E(n)}, {€ =t} is a sphere centered in 2p or 2n whose radius is at least
1.

Using the symmetry of the situation, the function ¢ is represented in the Figure

—— The unit circle

---- The boundaries of
B*.B~,Bt,B~

------ The level sets of

I
I,’ regular values of £

/
//I M is on the line segment [M;, Ms]

Figure 2: The geometry of the level sets of £ (intersected with the plane defined by p,n, M)

Proof. Let p,n € 0Q, p = —n and {0, (e1, ea,e3)} be an orthonormal and a direct coordinate
system of R? s.t. p=(1,0,0) and n = ( 1,0,0). Let M(zo,y0,20) € 2\ [p, n].
Step 1: & : [-1,1] = Rs.t. 50 1) —&o(— ) = dy2(p,n), &'(s) = U?(5,0,0) and &(z0) =0

It suffices to consider &y(s / (¢,0,0)dt.

Step 2: We construct £ : R? — R
We denote
Yt =0B((2,0,0),r) for r € (1,2 — x0)

T

and
Y. =0B((—2,0,0),r) for r € (1,2 + x).
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We define £ : R? — R by its level sets:

&o2—7) onXf, re(l,2—ux)

&(r—2) onX,re (1,24 zo)
£=1{%&(-1)  inB((-2,0,0),1)

(1) i B@0,0),1)

0 otherwise

Step 3: ¢ satisfies the properties of Lemma [Tl
Assertion 1. is easily satisfied since £(p) = &o(1), £&(n) = &o(—1) and (1) —&o(—1) = dy=(p,n).
We take BT = B((2,0,0),2 — z) and B~ = B((—2,0,0),2 + x).
Clearly Assertions 3., 4., 5., 6. and 7. hold.

We check 2.. Since ¢ is locally constant in V := [R3\ (B* U B~)]U B+ U B~ it suffices to
prove that |[V&| < U? in R3\ V.

The key argument is the fact that for Q,Q" € R3, Q # Q" and 0 < r < |Q — Q'| we have
dist(Q,9B(Q',1)) = |Q — Q'| — 7 = |Q — Qo] where [Q,Q']1NIB(Q’,r) = {Qo}. This is obvious
if we draw a picture and may be easily justified. Indeed, if Qg is a minimal point, then the line
segment [Q, Qo] is orthogonal to B(Q’,r). Only two points on 9B(Q’,r) satisfy this condition
and one of them is clearly not minimal.

Consequently, by taking @ = 0 and Q" € {2p, 2n} we have that

min, |Qol = [(£(27),0,0).

0EXS

Note that U is radially symmetric and non decreasing. Since in each connected components of
(BY¥UB™)\ B+UB-,

¢ admits a spherical symmetry, we have

V()| = {I&o’(z —r)| =U?2-7,0,0) = mings U? if z € B}
B |

&' (r —2)| = U?(r —2,0,0) = min,- U? ifx € X
< U(x).

8 Lower bound for ian; F. when g € ‘H: the argument of Sandier

As briefly explain in Section[7], we compute a lower bound via the Coarea formula: we integrate
on the level sets of £ : R® — R (a structure function).

Thus the obtention of a lower bound for F.(v.) is related with lower bounds on hypersurfaces.
On hypersurfaces, the main ingredient to get the desired estimate is Proposition 3.5 in [12]. For
the convenience of the reader, we recall this result.

Proposition 12. Let Y be a (smooth) closed and oriented hypersurface in R? whose second fun-
damental form is bounded by K. We denote by d(-,-) the Euclidean distance restricted to ..
Consider ¥ C X, a (smooth) bounded open set and v : X — C s.t. there is 0 < 8 < 1 satisfying

dist(z, 0%) < 8 = |v(z)| > 1/2.
Then we have the existence of C > 0 depending only on K and deg(v, 9%) s.t.

2 2\2 ‘
— \V4 R — > 8 JA— .

This section is devoted to the proof of the following proposition.

Proposition 13. Let g € H and let C =P UN be the set of its singularities.
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1) We have
lim inf —FE (ve)
=0 |Ilne]

2 wL(g, dg2). (26)

2) We denote by < T > the union of all geodesic links of C in (R? d,2) and for up >0, K,, := {x €
Q|dist(z, < T' >) > pu}. Then we have

s Fa(vavﬂ\Ku)
Zeve T N ) )
llgglf el > 7L(g,dy2) (27)
3) Assume that there exists a unique geodesic link UL'; joining the singularities of g. Then for
xo € U;T; \ €@ there exists ry, > 0 s.t. letting K = B(xg,74,) we have

o Fe(ve, Q\ K) 241
llléri)lélfw > L(g,da2) —a H\UFI(K)jl . (28)
4) Moreover, if we are in the symmetric case of Section[T3, then we have < T >= [p,n] and there
is C), >0 s.t.
Fa(on, O\ K,) > mdye(p, ) Ine| — G (29)

Theorem[lfor g € H, as well as Theorems[BKd4] are straightforward consequences of Proposition
[[3] combined with the upper bounds ([I2), ([I3).
We prove in detail (28), and we will sketch the proofs of (21]),([29]) which are, as explained in
[12], obtained exactly in the same way as (20).
We prove that for all 7j := n(8k? 4+ 3k + 1) > 0, the following holds
Y (Ua) -
llléri}élf e = wL(g,dy2) — 7 (30)
Let n >0, e, 1 0, let (vy,)n C H; be a sequence of minimizers of F; in H; and let &,,C)), £, be
given by Proposition [ (for n sufficiently large).
Let 0 < p < 1072 min{n,&,} (¢, defined in Proposition ) and set

Q, := {z € R*|dist(z, Q) < p and dist(z, €) > p}.

One may assume that p is sufficiently small s.t. in Q, \ ©, IIpq, the orthogonal projection on 052,
is well defined and smooth.
Then we extend v, (we use the same notation for the extension) by letting

vp () ifz el

vn:Q, - Rz ] _
’ {Q(Hasz(I)) ifz€Q,\Q

Since g € H and v,|q,\o does not depend on n and takes its values in S!, we obtain the existence
of Cy(p) depending only on p,, g s.t. (for small p)

Fe, (vn, Q) > Fe, (vn, ) — Co(p) (31)

n

If we define F' = F), , := E, U[£,(C) —2p,&,(C) +2p] (&, E, given by Proposition ), then we have
HYF) < 8kp+n < (8k + 1)n.

If t € R\ F, we denote 3 := {&, = t}. We construct for almost all t € R\ F' a smooth closed

submanifold ¥, C 3.
Note that for ¢ € R\ F, we have dist(¢,£,(C)) > 2p (by definition of F'). Consequently, for

t € R\ F, we obtain that ¥; N {Q + B(0,p)} = £; N Q, (because &, is 1-Lipschitz).
Since t € R\ F' is not a critical value of &,, the connected components W’s of ¥; = 9{¢&, >
t} = {&, =t} have no boundary. If such W intersects €2, then we distinguish two cases:

a) WnNno, =10
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b) WnoQ, # 0.

Denote by Wi, resp. Wy, the set of the connected components satisfying a), resp. b).
If W, = 0, then we define 3; = 3, NQ, = {&, =t} NQ,,.
Thus it remains to construct ¥; when W} # (). Consider

RQ
(& (@), dist[z,0(2 + B(0,p))])

Using the Constant Rank Theorem (see Theorem 4.3.2, page 91 in |6]), the set f~({t} x [r, 00))
(r € (0,p/2)) is a manifold with boundary when

f: Q+B(0,p)

N
x —

e t is a regular value of &,,

e (t,7) is a regular value of f.
Thus, using Sard’s Lemma, for almost all ¢t € R\ F s.t. W;, # 0, there is r = r(t) € (0, p/2) s.t.
¥ = f7H{t} x [r,00)) C ¥t is a closed submanifold with boundary. (32)

Moreover, we have 0%, C 0{Q+ B(0,p —r)} N Q,,.
We denote by G the set

G:={teR\F|W, =0 or W, # 0 and there is r(t) € (0,p/2) s.t. (32) holds}.
For t € G we have
dist(0%, Q) > p/2. (33)
Let z € 3; be s.t. dist(z,0%;) < p/2. Using (B3)), we have = € Q,\ Q and therefore |v, (z)| = 1.
Finally, we are in a position to apply Proposition

1

2
: / {|an|2 + 2%(1 _ |vn|2)2} > rldeg(vn, 95)| In g—” ~ C(deg(vn,050).  (34)
3¢ n n

For M € € and for t € G we denote M* € 9(2 + B(p — r(t)) s.t. Hoa(M?') = M. Here we set
r(t) = 0 when Wy, = 0, i.e., when ¥; = 3, N Q,. Tt is clear that M* is uniquely defined.

Since d(n,t) = deg(vy, d%;) = Card({p! € {&, > t}}) — Card({n! € {&, > t}}) takes at most 2k
values, one may assume that C(deg(v,, 9%;)) is uniformly bounded in n and ¢. Note that d(n,t)
is defined for almost all t € R\ F' (for ¢t € G).

A key argument in this proof is the way to pass from lower bounds on hypersurfaces to a lower
bound in Q. To do this we have the following.

Lemma 2. The following lower bound holds
/ d(n,t)dt > L(g,dy2) — n(8k* + 3k + 1).
R\F
Proof. Let m = infq, &, and for t € R let
S() = Card{p; € {& > t+ p}} — Card {mi € {&, > t— p}}

k
Z{H&z(m)ztﬂ) - Hén(ni)zt*p}'
i=1
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‘We have

/ dn,t)dt = / Card{p! € {&, > 1}} — Card{n! € {&, > 1}}
R\ F R\F

[&, is 1-Lipschitz] > / Card{p; € {¢&, >t + p}} — Card{n, € {&, >t —p}}

S(t) < k& H(F) < (8k + 1)n] > /s k(8K + 1)1
Z Z/ {]Iﬁn(Pi)Zt‘f‘P - ]Ign("i)zt_l)} - k(Sk + 1)77
> Z {577 pz 577 nz)} - 2kp - k(8k + 1)77
lp<nl > L(g, dy2) — (8k% + 3k + 1)1.

With the help of Lemma 2 we have

2
P00 2) 2 (Prop. B @D) 2 5 [ (91— ) [V0nf? + 321~ 2] - G

2 b2 2\2
> @ > /R\Fg/zt{wm 4 o= PP Lt (Co+ 1)
> @) > wanb—p—m/R\Fw(n,tn—(co+1>

En

> (Lemma2) > 7(In [E)—p — O) [L(g,dq2) — (8k* + 3k + 1)n] — (Co + 1)
> 7|Inen| [L(g,dg2) — (8k? + 3k + L)n] — C.

It follows that ” 0
liminf —S=212 2 (vn, )

n [Iney|

> wL(g,dg2) — (8k% + 3k + 1)n, ¥ > 0.
Estimate (26) in Proposition [[3]is obtained by letting 7 — 0 in the above estimate.

We now sketch the arguments leading to ([27) and ([29). The fundamental ingredient is a lower
bound for F;(v., 2\ K,). Without loss of generality, by compactness of K,,, we may only consider
the situation K = B(z,r,) for some x which does not belong to a geodesic link between the
singularities of g; here, r, > 0 is some small number.

In order to prove (1), we use Proposition Gt we consider &, x s.t. V&, x =0 in K.

Following the same lines of proof of (26]), we find that

Fan (U"l7 Q \ K)

limninf Tney] > mL(g,dg2).
Combining this lower bound with (I3]), we obtain
F., (vn, K) = 0(]lngy,)). (35)

To get ([28)), we use Proposition [ and we get

liminf M

n [Iney]

This lower bound is exactly ([28) and by combining [28) with ([I3) yields (2I). Therefore, as
explained in Section [[3] from (B8) and (2I)) we prove Theorem

In the symmetric case, using Proposition [I0l for = € Q\ [p, n] we obtain the existence of r,, > 0
s.t., with K = B(x,r,), we have

>m L(gvda) aH\UF( ) .

E., (vn,Q\ K) > wd,2(p,n)|Ine| — Ck.
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This estimate is obtained exactly as (28] because we may have a structure function £ with "n = 0".
Consequently from the upper bound ([I2), we deduce

F. (vp, K) <O

which implies Theorem @l

9 Extension by density of Theorem

From 27) and (I3]), we obtain that Theorem [ holds for g € H. This section is devoted to the
extension of Theorem [ to the general case g € H'/?(9%,S1).
For g € H'/?(9Q,S"), we denote

feg = vrg}% Fe(v).

Using same arguments as in [2], we have

Proposition 14. 1. Let 6 € (0,1). There is C(6) > 0 s.t. for gi,g92 € HY/?(9Q,S"), we have
((5.1),(5.2) in [2])

(1 - 5)f8791 - C(é)fa,gz < f579192 < (1 + 6)f€,g1 + C((s)fa,gz- (36)
2. There is C > 0 depending only on Q s.t. for g € HY/2(0Q,S") we have ((5.4) in [2])

Jeg < O|g|§11/2(ag)(1 +[Inegl). (37)

3. If (gn)n C H is s.t. gn — g in H'/?(0Q) then Lemma 17 in [3] applied with u, = g,/g and
v =g yields

In 0. (38)
9 1m1/2(00)

4. There is C > 0 depending only on Q and on a s.t. for gi,go € H'/?(0Q,S") we have ((2.6)
in [2])
|L(g1,daz) — L(g2, da2)| < Clg1 — 92|H1/2(asz) (|91|H1/2(asz) + |92|H1/2(asz)) . (39)

Proof. The estimates [B0) & (B1) are obtained using exactly the same arguments than in [2].
Estimate ([B7) is proved in [2]. We now focus on [B9) which is not exactly proved in [2] (similar
estimates are obtained for other metrics). We have easily proved by the definition of L(g, d,2) =
(2m) = sup {Ty(¢) |lgla,, <1} and Proposition @1 that
|L(g1,da2) — L(g2, dy2)| < L(9192, du2) < L(9192; deuct)
<[Eq. 28)in[2]] < Clg1 - 92|H1/2(asz) (|91|H1/2(asz) + |92|H1/2(asz)) .
O
Using this proposition, Theorem [2lis proved as follows.

Let g € H'/2(09,S"). By Proposition 213, there is (g, ), C H s.t. g, — g in H'/2(0Q).
Let € € (0,1) and 6 > 0. Then, by (36), we have

( —6) fE,gn C(é)fs’g/g" < f&g S (1+5) f57gn +C(5)f579/9n

[Ine| |[Ine| ~ |Ing] |Inel |Ing|
From (B7) and the fact that Theorem [2 holds for g,, we have
(1 — &) 7L(gn,daz) — C'(0)|g/gn|gr2 < liminf |{;’g|
€
< limsup =24
e |Ing|
< (1 +0)7L(gn,dg2) + C'(8)|g/gnl pr1s2- (40)



Using ([B9), we obtain that L(g,,dq2) = L(g,d.2). If, in {@0), we first let n — oo, we use [B8) and
we next let & — 0, we obtain that

o fe
11 |1;Z| wL(g,dg2).

The proof of Theorem 2l is complete.
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Appendix A Proof of Proposition [§]

We prove the first assertion. There are two cases to consider: € K and x ¢ K.

If z € K and y ¢ K, then we have the existence of a unique point yo € K which minimizes
dq2(y, z) among the points z € K. Clearly considering I' a geodesic in (R3,d,2) joining y with o,
by definition of 1y, ' " K = (). Thus I" is a minimal K-curve joining x with y according to the
definition given above.

If 2,y ¢ K, then we consider I' a geodesic joining x,y in (R3,d,2) and, for z € {x,y}, let T,
be a minimal curve in (R®,d,2) joining z with K (i.e. joining z with ).

If long,>(T'y) + long,2(T'y) < long,(I"\ K) < dg2(x,y), then one may consider I', UT, as a
minimal K-curve. Indeed, in this situation, d%, (z, y) < dgz2(x,y) which implies that a minimizing
sequence of K-curves I, satisfies for large n that I',, contains curves with an endpoint on 9K.
More precisely, by definition, there are I';;, I} two connected components of I, s.t. for z € {z,y},
I'? has z and z/, for endpoints with z/, € BK Therefore

long,» (I';) + long,» (T'y) < long,» (fn),

and thus I') UT', is a minimal K-curve.

Otherwise, long,»(I';) + long,»(T'y) > du2(x,y). Consequently, denoting I' a geodesic in
(R3,d,2) joining z with y, '\ K is a K-curve and has a minimal length.

It remains to prove that I', a minimal K-curve, is a union of at most two geodesics in (R?, d,2).
If T is connected, then, by the definition of a K-curve, ' " K = (). Thus I is a geodesic joining
x,y.

Otherwise, assume that I" is not connected. By the definition of a K-curve and by the minimality
of T, for z € {z,y}, there are 2’ € K and I, a connected component of I" s.t. z, 2’ are the endpoints
of I',. Thus, by minimality of I', T, is a geodesic joining 2,2’ in (R3,d,2) and I' =T, UT,,.

Now we prove the second assertion. First, we assume that xo ¢ dw and that z is on a geodesic
curve joining x,y in (R3, d,2).

Consider 7y, 5, = 1072 min {|z — x|, |y — o], dist(xo, dw)}. Then, for r < 74, »,, considering
K = B(xg,r) and a K-curve I' \ K where I is a geodesic joining x,y in (R?,d,2) and containing
o, we obtain that

d5 (2, y) < dg2(2,y) — 2a2(20)r-. (A1)

This comes from the fact that I' N K is a diameter of K and that this diameter is contained
in the same connected component of R?\ dw as zo. To obtain the reverse estimate, it suffices to
consider T', a minimal K-curve joining z,y. From (A1), we know that T" has exactly two connected
components: I'y, T’y with I', has z, 2’ for endpoints with z € {z,y} and 2’ € K. Thus it suffices
to complete I' by the line segments [zg, 2] and [zg, y’] to obtain the reverse inequality. (Note that
in this situation, [z/,y’] is a diameter of K)

If zp € Ow, then the argument is similar taking 0 < 7y, ., < 1072min{|z — x|, |y — xol}
sufficiently small s.t.:

o B(x0,7g,2,y) \ Ow has exactly two connected components,

e For all geodesic I joining z,y in (R3,d,2), if 79 € T then (I'N K) \ dw has exactly two connected
components: one in w and the other in R? \ @.
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Note that from Proposition [8] Assertion 4.d., rz, ., is well defined.

Now we prove the last assertion arguing by contradiction. Assume that there is r, | 0 s.t.
denoting K,, = B(zo,r,), we have dfg" (2,y) < dg2(z,y). Consequently there are z,,y, € 0K,
and T, = Iy UL} where I'? is a geodesic joining z and z, in (R?,d,2), z € {z,y}. Consequently,
for z € {z,y}, one may complete I'” by the line segment [2/,, zo] whose length in (R3, d,2) is at
most 7,,. We denote this curve by I'*. Clearly d,z(z, o) < long,.(I'?) < long,2(T'?) + ..

It suffices to claim that in a metric space (X,d) which admits geodesic curves we have for
20, x,y three distinct points in X

xo is on a geodesic joining =,y <= d(z,y) = d(z, zo) + d(zo, y).

Since g is not on a geodesic curve joining z,y in (R, d,2), there is n > 0 s.t. dg2(z,y) +1 <
dg2(x,20) + dgz(x0,y) and thus

long,2 (I';) + long,»(T'y) = dfg" (z,y) < dg2(x,y) < long,e (T7) +long,2(T'y) + 2r, —n.

Clearly we obtain a contradiction for n sufficiently large s.t. r, < n/2.
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