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UNIFORM RESOLVENT ESTIMATES FOR A NON-DISSIPATIVE
HELMHOLTZ EQUATION

JULIEN ROYER

ABSTRACT. We study the high frequency limit for a non-dissipative Helmholtz equation. We
first prove the absence of eigenvalue on the upper half-plane and close to an energy which
satisfies a weak damping assumption on trapped trajectories. Then we generalize to this
setting the resolvent estimates of Robert-Tamura and prove the limiting absorption principle.
We finally study the semiclassical measures of the solution when the source term concentrates
on a bounded submanifold of R™.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The purpose of this paper is to study on R™, n > 1, the high frequency limit for the Helmholtz
equation in a non-dissipative setting. After rescaling, this equation can be written

(Hp, — E)up, = fr, where Hj, = —h?A+Vi(z) —ihVa(x). (1.1)

We recall that this equation models for instance the propagation of the electromagnetic field of
a laser in an inhomogeneus material medium. In this setting Vi (x) — E is linked to the refrac-
tion index, Va(x) is the absorption index and f, is the source term. The parameter h > 0 is
proportional to the wavelength. In this paper we are interested in the asymptotic behavior of
the solution u; when A goes to 0.

The domain of Hj, is the Sobolev space H2(R™). All along this paper, we assume that V3 and
V5 are bounded and go to 0 at infinity. This implies in particular that the essential spectrum
of Hj, is Ry as for the free laplacian. Our purpose is to study the resolvent (Hj — z)~!, where
z€ Cp ={Imz > 0} is close to £ € RY.. We prove some estimates for this resolvent uniform in
the spectral parameter z, in order to obtain the limiting absorption principle and then existence
and uniqueness of an outgoing solution wy, for (1.1). We also control the dependance in h of
these estimates. This gives an a priori estimate for the size of u;, when h goes to 0. Note that it
is not clear that the resolvent is well-defined. More precisely the operator Hj, may have isolated
eigenvalues in a strip of size O(h) around the real axis. Therefore we first have to prove that it
cannot happen where we study the resolvent.

Let 6§ > % In the self-adjoint case (Vo = 0) it is known that there exist a neighborhood I of
E, hy >0 and ¢ > 0 such that

vh €0, ko], sup (@) (HE - 2)7 @)
I 270

(1.2)

> o

L(L2RM)

if and only if the energy E is non-trapping. Here we denote by HI' the self-adjoint Schrodinger

operator —h?A + Vi(z), by L(L?(R™)) the space of bounded operators on L?(R"), and (z) =
1

(1+|z[)*. D. Robert and H. Tamura [RT87] proved that the non-trapping condition is suffi-

cient and X.P. Wang [Wan87] proved its necessity. In fact, if the non-trapping condition is not
satisfied then the norm in (1.2) is at least of size |Inh| /h (see [BBR10]).

For this result and all along this paper the potential V; is assumed to be of long range: it is
smooth and there exist constants p > 0 and ¢, > 0 for a € N” such that

Va € N",Vz € R", |0°Vi(2)| < ca (z) 7101
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Let p : (2,€) v &2 4 Vi(z) be the semiclassical symbol of H; on R** ~ T*R™ and ¢' the
corresponding hamiltonian flow. For any w € R*", ¢ — ¢f(w) = (Z(t, w),&(t,w)) is the solution
of the system
O (t, w) = 2€(t,w),
Ok (t,w) = —=VV1(Z(t,w)), (1.3)
P(w) = w.

We recall that F > 0 is said to be non-trapping if

Vw € p~ (EY),  [F(t w)| —— +oo.

For I C R, we introduce the following subsets of p~1(I):

Q1) = {w cep () : Stlilg [Z(£t, w)| < oo} ,
QD) = 9 (H)NQ(D),
QL) = {prl(I) 7 (xt, w)| m)—i—oo}.

In [Roy10a] we considered the dissipative case Vo > 0. We proved (1.2) for Im z > 0 under a
damping assumption on trapped trajectories:

Vw e OW({E}),IT € R, Vo(Z(T,w)) > 0. (1.4)

This generalizes the usual non-trapping condition since we recover the condition that there is no
trapped trajectory when Vo #£ 0.

To prove this result we developped a dissipative version of Mourre’s theory [Mou81], which
we applied to the dissipative Schrodinger operator. For this we constructed an escape function
as introduced by Ch. Gérard and A. Martinez [GMS88], using the damping assumption to allow
trapped trajectories. Note that L. Aloui and M. Khenissi also proved some resolvent estimates
for a dissipative Schrédinger operator in [AKO07]. They need a similar assumption but used a
different approach (see below).

We know that assumption (1.4) is both sufficient and necessary in the dissipative setting. Our
purpose is now to relax the dissipative condition, allowing negative values for the absorption
index V5. This means that the Schrédinger operator Hj is not only non-selfadjoint but also
non-dissipative.

If V5 can take negative values, the damping assumption need reformulating. The condition
we are going to use in this paper is the following:

T
Vw € Q({EY), 3T > 0, / Va(F(t, w)) dt > 0. (1.5)
0

This condition is in particular satisfied when V5 > 0 and (1.4) holds. From this point of view,
the results we are going to prove here are stronger than those given in the dissipative setting.

In this setting we cannot use the dissipative version of Mourre’s commutators method. We
use the same approach as in [AK07] instead. The idea is due to G. Lebeau [Leb96] and N. Burq
[Bur02]. It is a contradiction argument. We consider a family of functions which denies the
result, a semiclassical mesure associated to this family and finally we prove that this measure
is both zero and non-zero. This idea was used in [Bur(02] for a general self-adjoint and com-
pactly supported perturbation of the laplacian. In [Jec04], Th. Jecko used the argument to give
a new proof of (1.2) with a real-valued potential. The motivation was to give a proof which
could be applied to matrix-valued operators. To allow long range potentials, the author intro-
duced a bounded “escape function” which we use here. The method was then used in [CJK08] for
a potential with Coulomb singularities and in [Jec05, FR08, DFJ09] for a matrix-valued operator.

Let us now state the main results about the resolvent. An important difference with the
dissipative case is that we do not know if the resolvent is well-defined, even on the upper half-
plane CL. So in the results we state now, we first claim that Hj; has no eigenvalue in the
considered region and then give an estimate for the resolvent. The first theorem is about spectral
parameters whose imaginary parts are bigger than Sh for some g > 0:
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Theorem 1.1. Suppose Vs is smooth with bounded derivatives and Va(x) — 0 when |z| — +00.
Let E > 0 be an energy which satisfies the damping assumption (1.5) and 3 > 0. Then there
exist a neighborhood I of E, hg > 0 and ¢ = 0 such that for h €]0, hg] and

2€Crpp={2€C : Rezel,Imz > hp}

the operator (Hy, — z) has a bounded inverse and

c

|| (H, — 2)71HL(L2(]R“)) S n

Note that this result is obvious when Hj, is self-adjoint or at least dissipative. We can take
¢ = B7! in these cases.

In a second step we study the resolvent up to the real axis, generalizing (1.2). Now V5 has to
be of short range, which means that there exist p > 0 and constants ¢, > 0 for @ € N such that

Va € N \Vz € R", |0°Va(z)| < ca ()t 7P7 100

Theorem 1.2. Assume that Vo is of short range. Let E > 0 satisfy the damping assumption
(1.5) and § > % Then there exist a neighborhood I of E, hg > 0 and ¢ > 0 such that for
h €]0, ho] and

2€Cry={2€C:Rezel,Imz >0}

the operator (Hp, — z) has a bounded inverse and

5 1 -5 c
H<x> (Hn = 2)" (@) HL(L?(Rn)) S h'

The proof of this theorem is inspired from [Jec04]. In particular we use a bounded escape
function at infinity to prove that the semiclassical measure we study is non-zero. But contrary
to the selfadjoint case (this could also be done in the dissipative case) we cannot use this escape
function to prove that this measure is supported in a compact subset of R?”. We use instead
the estimate for the outgoing solution to the Helmholtz equation in the incoming region proved
in [RT89].

As in the dissipative case we have only given a result on the upper half-plane. Here we
have no assumption about the sign of V5, but there still is a damping condition in (1.5). The
difference with the dissipative context is that we recover a symmetric situation under the stronger
non-trapping condition, so that the result we have proved for Im z > 0 now holds for Im z < 0:

Corollary 1.3. Assume that Vo is of short range. Let E > 0 be a non-trapping energy and
o > % Then there exist a neighborhood I of E, hg > 0 and ¢ > 0 such that for h €]0, ho],
Rez € I and Im z # 0 the operator (Hy, — z) has a bounded inverse and

_5 1 _5 c
H<x> (Hn = 2)"" (@) HL(L?(Rn)) S h
Once we have the uniform resolvent estimates, we can prove the limiting absorption principle.
This question has been studied for a long range self-adjoint Schréodinger operator in [IS72] and
[Sai79]. It is proved that the equation (H — E)u = f has a unique outgoing solution u €
HE (R™) N L%>~%(R") when f € L?°(R"), and this solution is given as the limit in L?~%(R")
of (H—z)71f when z € C; goes to E (we do not work in the semiclassical limit here, so we
only consider the case h = 1). An outgoing solution is a solution which satisfies a radiation
condition of Sommerfeld type at infinity (see Definition 6.2). The strategy is to prove first
uniqueness of an outgoing solution. This is used to prove resolvent estimates, and then we can
get the limiting absorption principle. The result has been extended to the non-selfadjoint case
in [Sai74]. Y. Saito proves that when the potential has a short range imaginary part, the result
can be extended where we have uniqueness of the ougoing solution, which no longer holds for
any F > 0. Here we consider the case where the dissipative part has a long range positive part
and a short range negative part. Contrary to these papers, we use the fact that we already have
uniform resolvent estimates to obtain uniqueness of the outgoing solution and then the limiting
absorption principle. With Theorem 1.2 we obtain the following result:
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Theorem 1.4. Let Vo, E and § be as in Theorem 1.2. Then there exist a neighborhood I of E
and ho > 0 such that for any h €]0,ho], A € I and f € L*°(R™) the limit
lim (H, —2)"'f

Z—=A
z€Cy 4

exists in L>~°(R™) and defines the unique outgoing solution for the equation (Hj, —\)u = f (see
Definition 6.2).

Note that when the dissipative part V5 is non-negative we can prove directly uniqueness of
the outgoing solution and hence we can proceed as in the self-adjoint case (see Proposition 6.9).

Now that the outgoing solution
up = (Hh — (E + iO))ilfh
is well-defined in L?~°(R™) for any h €0, hg] (ho > 0 being given by Theorem 1.4) and f; €
L?%(R™), we can study its semiclassical measures when the source term f; concentrates on a
submanifold of R™. We recall that a measure p on the phase space T*R"” ~ R?" is said to be
a semiclassical measure for the family (us)pejo no) if there exists a sequence (hm),,ey €10, hol™
such that
By —— 0 and Vg € C5°(R*™), (Op} up,,,un,, ) — qdu.

m—r o0 m—00 R2n
Here Opy (q) denotes the Weyl h-quantization of the symbol ¢:

Ovi(@yu(e) = sz [ [ ebem (T euty) dy e

We will also use the standard quantization:

Opy, (q)u(z) = ﬁ /n /n e @79 gz, € uly) dy d.

The first paper in this direction is [BCKPO02], where fj, is assumed to concentrate on I' = {0}
as h goes to 0 (see also [Cas05]). This was extended in [CPR02, WZ06] to the case where fp
concentrates on an affine subspace I' in R™. J.-F. Bony gives in [Bon09] another proof for the
case I' = {0} using different assumptions and above all a different approach. We used this point
of view in [Royl0b] to deal with the case where the absorption index is non-constant and I' is
any bounded submanifold of dimension d € [0,n — 1] in R™. Trapped trajectories of energy E
for the classical flow were allowed under assumption (1.4). Our purpose here is to check that
this result still holds —under hypothesis (1.5)— when V5 takes negative values. The proof is ac-
tually approximately the same. We will have to prove the estimates in the incoming region in
this non-dissipative setting (see Theorem 4.1) and be careful with the fact that the semi-group
generated by Hj, is no longer a contraction semi-group.

Throughout this paper we denote by C§°(R™) the set of smooth and compactly supported
functions on R™, by C;°(R™) the set of smooth functions whose derivatives are bounded, and

S(R™) is the Schwartz space. For § € R, we denote by S( (m>6) the set of symbols a € C>°(R?")
such that
Vo, 8 € N", 3ca s > 0,¥(x, £) € R, agaga(x,g)] < cap ().

We also denote by Ss(IR?") the set of symbols a € C°°(R?*") such that
n n « o—|a
Vo, B € N, 3ca s > 0,¥(, £) € R?", 8Z85a(z,§)‘ < cap (x)®1l.

For R > 0 we denote by Br the open ball of radius R in R", by B% its complement in
R™, and by Sg the sphere of radius R, endowed with the Lebesgue measure. We also set
B.(R) = {(x,¢) : || < R} C R*",

In Section 2 we recall some properties the flow ¢! defined by (1.3) and discuss assumption
(1.5). Section 3 is devoted to the proof of Theorem 1.1. Before giving a proof of Theorem 1.2
in Section 5, we state a non-dissipative version for the estimate of the outgoing solution for the
Helmholtz equation in the incoming region (see Section 4). With the uniform resolvent estimates,
we prove the limiting absorption principle in Section 6. We finally show in Section 7 that the
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result known for the semiclassical measure for the outgoing solution of (1.1) when the source
term concentrates on a bounded submanifold of R™ remains valid in our non-dissipative setting.

Acknowledgement. This work is partially supported by the French National Research Project
NONAa, No. ANR-08-BLAN-0228-01, entitled Spectral and microlocal analysis of non selfadjoint
operators.

2. MORE ABOUT CLASSICAL DYNAMICS AND THE WEAK DAMPING ASSUMPTION
The good properties of the flow at infinity come from the fact that for any v > 0 there exists
R > 0 such that
Ve e R", |z| 2R = [Vi(a)| + |z]|VVi(2)] < v. (2.1)
This means that far from the origin the refraction index has low influence on the flow and hence
the classical trajectories behaves as in the free case.

In particular for J = [Ey, E2] C R and R such that (2.1) holds for v = 221, we have
92 [F(t,w)]> > 8B, — 12v > 0 if p(w) € J and [Z(t,w)| > R. As a consequence a classical
trajectory of energy E € J which leaves B,(R) cannot come back and goes to infinity. This

implies that
P () = Q) UL = 9 (1) U Qs (T) = () U QL () U Q. (J):
Moreover Qi (J) is closed in R?" and Q(J) C B,(R) is compact. If By is a bounded subset of

Qif(J), we choose R such that (2.1) holds for v = 221 and By C B,(R) to prove that the set

{¢it(w)7t P va € B:I:}

is bounded in R2".

For R>0,d >0 and o € [-1,1] we denote by
Zi(R,d,0) = {(2,§) € R*" : |z > R,[¢| > d and (z,€) Z o |z[[¢]}

the incoming and outgoing regions. The proposition we prove now ensures that a trajectory
starting outside some incoming region and far enough from the origin stays away from the
influence of V;:

Proposition 2.1. Let By > Ey > 0, J C [E1, E3] and o € [0, 1] such that 0>Ey < Ey. Then
there exist R > 0 and co such that

¥t > 0,%(2,8) € 2£(R,0,F0) Np~ (), [T(Et,2,€)| > colt + [a]).
Proof. Let R such that (2.1) holds for v € ]o, QTEI[ so small that

9 E2+V

—F > 0.
El—%l/

r=1-—o

Let R be greater than 7?/\/13 and (2,€) € ZL(R,0,F0) Np~1(J). Suppose there exists ¢ > 0
such that |T(+t,z,€)| < R and let

to = inf {t >0, [7(£t, 2, 6)| < R} .
Let B3 = By — 3v > 0. For ¢ € [0, %] we have 9} |z(£t, 2, €)|* > 8E5 and hence

_o2fef

(a2, 6) > |l — ato |o] |¢] + 4Bt > Jo <1 %
3

) > |z° v > R2.
This gives a contradiction when ¢ = ¢3. This proves that these inequalities actually hold for all
t > 0. We also have
Vt > 20 |x| |€|Bs,  |B(xt, x, )] — |a — 2E3t2 > 2t(Est — 20 |z| €]) > 0,
which concludes the proof. O
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We now discuss assumption (1.5). We still denote by Va the function (z,¢) + Va(z) on R?".
We first remark that since (z,§) and (x, —¢§) are simultaneously in €,({E}), assumption (1.5)
could be equivalently formulated looking at trajectories in the past:

(15) < VweQ({E}),IT R, Va(z(-T,w)) > 0. (2.2)
Using compactness of Q,([E/2, 2E]), we can also check that assumption (1.5) is an open property:

Proposition 2.2. If assumption (1.5) holds for some E > 0, then it also holds for any X\ in
some neighborhood of E.

We now prove that assumption (1.5) ensures that the absorption is positive on trapped tra-
jectories “on average” in time.

Proposition 2.3. Let J C RY be such that assumption (1.5) holds for any X\ € J. Then for all
compact K C Qif (J) there exist co > 0 and C > 0 such that
t
vt > 0,Yw € K, / (Vo 0 ¢=%)(w) ds > cot — C.
0

Remark 2.4. This proposition implies that

1t
vw € QF(J), liminf—/(Vgoqﬁis)(w)ds>0.
0

t—4oo

The claim that the average in time of the absorption is positive on trapped trajectories becomes
clear on periodic trajectories. If w € p~1(J) and T > 0 are such that ¢ (w) = w, then

/0 (Va0 ¢')(w) dt > 0.

To prove this we only have to apply (1.5) to wg = ¢'(w) € Q({E}), where to € [0,7] is the
time for which ¢ — fot Vo (Z(s,w)) ds reaches its maximum.

Proof of Proposition 2.3. Since K is compact we can asssume without loss of generality that J
is a compact subset of R .

1. Let w € Qp(J). By assumption there exist T, ¥, > 0 such that

Tw
/ (Va 0 6*) () ds > 2.
0

Since the left-hand side is a continuous function of w, we can find a neighborhood V,, of w in
R?" such that for all v € V,, we have

Tw
| e sy wds
0

As Q(J) is compact, it is covered by a finite number of such sets V,,. Hence we can find
T1,v1 > 0 such that

t
Yw € Qp(J), 3t € [0,T1], / (Vo 0 ¢F*)(w) ds > 1.
0

2. Let v = % and Ty := Ty (1 +v). Let w € Qp(J). We set tg =0 and for all k € N we
consider by induction ty41 €]tk, tx + T1] such that

tht1
/ (Va o 6*%)(w) ds > .

tr

We necessarily have tp41 > tp + 71/ ||V2| . for all k£ € N, and hence ¢, — 400 (if V2 = 0 the
statement of the proposition is empty). In particular any ¢ > 0 belongs to |tx, tx. + T1] for some
k e€N. Let t > Ty and N € N such that t €]ty,tny + T1]. We have N > v and hence

t N-1 ity t
[woswas> 3 [ tnoswyds + [ (506 wds > Ny~ Tam.
0 k=0 "tk

tN
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where m_ = —inf V5. This proves that
t
Yw € U (J),Vt = To, / (Vo 0 ¢E%)(w) ds > 2.
0
3. By continuity, there exists a neighborhood U of €;(.J) such that
T>
Yw e U, / (Vo 0 %) (w) ds > 1.
0

4. Now let K be a compact subset of Qbi (J). We prove by contradiction that there exists Tx > 0
such that qbit(w) €U for all w € K and t > Tk. If it is not the case we can find sequences
(tm) ey and (wm),,cn With wy, € K and t,, — 400 such that ¢ (w,) ¢ U. Each term
of the sequence (¢ (w)),en belongs to the bounded set Usso ¢ (K), so after extracting a
subsequence if necessary, we can assume that it converges to

Weo € QE(J)\U C QL (R).

Let R be such that (2.1) holds for v = 2inf J/3 > 0 and K U {ws} C B.(R). There exists
T = 0 such that [T(FTeo, Weo)| > 2R. By continuity and properties of R, we can find a neigh-
borhood V C B,(R) of ws such that |T(Ft,v)| > 2R for all v € V and t > T. Hence for large
m we have ¢Ti (V)N K = (), and in particular ¢t (w,,) ¢ V. This gives a contradiction.

5. Let w € K, t > Tk and N be the integer part of % We have

/0 (Va 0 6**)(w) ds
N—-1

>/0 (Voo ™) (w)ds + )

k=0

T+ (k+1)Ts t
/ (Vo o 6+*)(w) ds + / (Vo 0 6% (w) ds

Tk +kTs Tk +NT>
> -—Tgm_+ N —Tom_
t— Tk
2

Since this integral is not less than —Txm_ when t € [0, Tk], this gives the result with ¢o = 1/T5
and C =1+ (Tx +To)m_ +T/Ts. O

>_TKm_+ —1—T2m_.

We are going to use in section 7 a more precise result:

Proposition 2.5. Let R > 0 and J C RY such that assumption (1.5) holds for any X € J.
Then for any compact subset K of p~Y(J) there exist co, C > 0 such that

t
viz0vwe R, [(odt)w)dszat-C o [o(etu)| > R,
0

If K € Qf(J) this comes from Proposition 2.3, and if K C QX (J), the second conclusion
holds for ¢ large enough, uniformly in w € K, and the first conclusion is always true for finite
times. The problem therefore comes from the boundary between Q3 (.J) and QX (J).

Proof. As above we may assume that J is compact. Since the conclusion is stronger if R is
taken larger, we may assume that (2.1) holds for v = 2inf J/3. Let K = K N QF(J). K is a
compact subset of Qbi(J). We use the notation introduced in the proof of Proposition 2.3. We
know that there exists T > 0 such that ¢ (w) € U for all t > Tk and w € K. By continuity
of the hamiltonian flow, there exists a neighborhood V of K in K such that ¢=7% (w) € U for all
we V.

We now prove that there exists 7y > 0 such that for all w € V' \ K C Q% (J) we can find
Tw = Tk which satisfies:

Vi€ [Tr,Tw], ¢ (w)eU and VYt =7, +T [F(£t,w)] =R, (2.3)

This means that even if we cannot say when a trajectory coming from V \ K will leave B,(R),
we control the time it can stay in B, (R) \ U.

Assume that we cannot find T such that (2.3) holds. Then we can find a sequence (w.,)
of elements in V \ K and times t,,, > Tk, 0,, = m for m € N such that

¢t (W) ¢ U and Vit € [ty b + O], [F(Et, wy,)| < R.

meN
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After extracting a subsequence if necessary, we may assume that w,, converges to we, € K.
If weo € QF (J) then there exist T, > 0 and a neighborhood W of w, such that [T(+t,v)| = R
for all t > T, and v € W, which is impossible. This means that the limit w., actually belongs
to K.

If the sequence (t,),,cy is bounded we can assume, after extraction, that t,, — to > Tk,
which cannot be true since we would have ¢t (w,,) = ¢ (wso) € U and hence ¢p*m (w,,) € U
for m large enough. Extracting again a subsequence, we can assume that t,, — +oo.

Let vy, = ¢*' (wy,). The sequence (Um),,cy is bounded so without loss of generality we
can assume that it converges to some vy, € p~1(J). Since t,,,0,, — oo and the sequences
(T (0))men and (% (v,,))men are bounded, we obtain as before that v, € Q4(.J), which
gives a contradiction and hence proves (2.3).

The complement K \ V is a compact subset of QZ (J). Choosing T larger if necessary, we
can assume that

Vw e K\V,Vt > Ty, |F(£t,w)| >R
As a consequence, given t > 0 and w € K such that |Z(4t,w)| < R, we have ¢**(w) € U for all
s € [Tk,t—Ty] and hence

t—Tx —Ty

T —1-Tom_ —Trm_.

t
/ (Va0 6%°)(w) ds > —m_Ti +
0

3. RESOLVENT AT DISTANCE OF ORDER h FROM THE REAL AXIS

In this section we give some general properties about the semiclassical measures we consider
and prove Theorem 1.1.

Proposition 3.1. Let (z,) € CY and (hm),,cn €)0,1]" be sequences such that

meN
Bypy — 0, Am:=Rezy, —— E>0 and B, :=h, ' Imz, —— BER.
m—o00 m—»o0

m—r o0

Consider 6 >0 and a sequence (vm),,cy € H*(R™)N such that

omllgnsgary = 1o [, = 2)emlsany = 0_ (o),
and
Vg € CSO(R%l); <Op}LUm(Q>'Um;’Um>L2(Rn) m /]R2 qdp (31)

for some (non-negative) measure u on R**. Then we have the following two properties.
(i) If g€ S( <£E>_26) is supported outside p~1(J) for some neighborhood J of E we have

<OpZ’m (@)U, Um> — 0.

In particular p is supported on p~({E}) and for x € C§°(R™) we have

<XUM7vm>L2(Rﬂ) — X(SC) du(:c,f)

m— o0 ]Rgn

(ii) For q € C§°(R*) and t > 0 we have

Proof. (i) For m large enough (such that A, € J) we set:

26
x, &) (x
o (2.€) = g(z,&) (@)~
p(CE, 5) — Zm
Since ¢ vanishes on p~'(.J), we have a,, € S( <§>72) uniformly in m. We can write
<Op;zum (@)vm, vm> < ||Opfm (@)vm HL%J(]R")

< HOPZ)m(am)(H}im - Z)UWHLz,—a(Rn) + o (hm)

m—r 00
<||Opy,, (am)(Hn,, = 2)vm|| o5 guy + 0 (hm)
— 0,

m—o0
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which proves the first assertion. Applied with ¢ € C§°(R*"), this proves that u is supported on
p*({E}). Now let x € C§°(R") and x € C5°(R™) such that R™ x supp(1 — ) does not intersect
p~1({E}). Then

<Op1}fm (X(x)(l - X(f)))vmavm> o 0,

and hence

fim_ (x(@)on,0) = T (OB (@R v = [ X@)T(E) di.6)

m—0o0 m—0o0

| x@auta.e)

(ii) Let ¢ € C§°(R*") and t > 0. For 7 € [0,t] we set

a(r,w) = q(¢ (w) exp (2 / (s + B)(6" () ds) .

Since the union of supp(go ¢'~7) for 7 € [0, ] is bounded in R?™ we can use differentiation under
the integral sign:

d d
= du= | q(r)d
dr Jgon a(r) du /R g7 1) dn

/}RM (2(V2 + B)q(7) — {p, q(T)}) du

= lim (Opy, (2(V2 + B)a(r) — {p,a(7)}) v, vm)

m—»

= Jin (2002 + 8)0pE (a(7) — 5 (11, O, (a7 ) vt )
= = (0D, () (Hi, ~ 2n) = (H},, = Z)OBE, (a(r))) v )
=0.

This gives statement (ii). Here we do not have to worry about decay properties of v,, since we
only work with compactly supported symbols. 0

We now turn to the proof of Theorem 1.1. We first remark that it is easy when g > m_ since
Hy, —z= (Hh — ihm_) — (z — ihm_)

and Hj, —ihm_ is maximal dissipative. This proves that if Im z > hm_ the resolvent (Hj, —z)~!

is well-defined and
1

-1
I P ey pona

As said in introduction we proceed by contradiction to prove the general case. So we assume
we can find sequences (vm),,cy € H2(R™N, (2m)nen € CV and (him),, e €10, 1]Y such that

(| (Hn — (3.3)

hm — 0, Ap:=Rezn > FE, Bn:i= h;nl Imz, >3, va||L2(Rn) =1

and

||(Hhmfzm)vm”L2(R"): 0 (hm).

m—00
Since we already have the result for large 3, the sequence (8,),,cy is necessarily bounded.

After extracting a subsequence if necessary, we can assume that 5,, — 8 > . Since a bounded
sequence in L?(R™) always has a semiclassical measure (see [Bur97, EZ]), we can assume after
extracting another subsequence that (3.1) holds for some nonnegative Radon measure p on R™.
Our purpose is now to prove that u is both zero and non-zero to get a contradiction.

Proposition 3.2. The measure i is non-zero.

Proof. As V5 goes to 0 at infinity, there exists R > 0 such that Va(x) > —g for all z € B%. We
have

/n(%(x) ) lom (@) dz = —hint T (i, — 2V V) ey —— 0

m—0o0



10 JULIEN ROYER
and hence, for x € C§°(R"™, [0, 1]) equal to 1 on Bp,

g = g Rn(l —x(@)) |vm(x Zde+ 2 b / x) |vm (x 2 dx

</Rn(V2(x)+ﬁm)(1— X(2)) |vm (2 dm—l—ﬂ/ ) [om(2)? da
< [ (57 =) x(@ o do o ()

m——+o0o

<<§+m) /nx(z)|vm(z)|2 dr+ o (1)

m——+oo

This proves that

/ x(x) dp(x,§) = hm x(2) |vm ()| dz # 0.
]RQn R”
[l

We now prove that p is actually zero. Note that by Proposition 3.1 we already know that u
is supported on p~t({E}).

Proposition 3.3. The total measure of p is finite.
Proof. Let q € C§°(R?™,[0,1]). We have
[Opy (¢ )Hﬁ(Lz(]R")) CH‘IHLoo(R?n) + O (\/ hM)

where C only depends on the dimension n (see for instance Theorem 5.1 in [EZ]), and hence:
/ qdp = 1131 <OPZ)m (Q)Umvvm> < limsup ¢ H‘IHLoo(Rzn) va||2Lz(Rn) <C
R2n m—=0oo m—oo

Considering ¢ equal to 1 on the ball Bgz. (k) of radius k € N in R?" proves that u(Bgzn(k)) < C
for all £k € N. O

Proposition 3.4. © =0 on Q_ ({E}).

Proof. Let ¢ € Cg°(R*™,[0,1]) supported in Q (R%). There exists 7 > 0 such that for w €
suppq and s > T we have Vo(T(—s,w)) + 5 > g Put

T
C = sup exp <2/ (‘/2+/8)O¢Sds> .
0

supp g

According to (3.2) and Proposition 3.3, we have for all ¢ > T":

t
Og/ﬂvnqdﬂz/]wn(qod)t)exp (2/0 (V2+ﬂ>o¢t—sds) dp

t
< u(R2) sup exp (2 JRCER ds>
0

Supp ¢
< Cp(R*")exp (—(t - T)B)
t—o0 0.
This implies that the integral of ¢ is zero and proves the proposition. O

Proposition 3.5. ;1 =0 on Q; ({E}) and hence on R*".

Proof. We follow the idea of the previous proof, now using the absorption assumption on trapped
trajectories. Let ¢ € C§°(IR*",[0,1]). Since p is supported on Q; ({E}) we have for all ¢ > 0:

t
0</Rznqd/i:/2n(q0¢t)exp(—2/0(V2+6)O¢t—sds) dy

t
< p(R?™) sup exp (2/ (Va+B)ogp™* ds) .
0

Q, ({E})Nsuppq

Now using Proposition 2.3, we can conclude that the integral of ¢ is zero. O
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Propositions 3.2 and 3.5 give the contradiction which proves Theorem 1.1. We remark that
assumption (1.5) is stronger than necessary to prove Proposition 3.5, since we did not use the
fact that Im z,, is allways greater that 5. We can actually prove the following result:

Corollary 3.6. Let E > 0 and 8 > 0 such that

Yw € Qp({E}),3T > 0, /0 (Va(z(—s,w)) + B) ds > 0.

Then there exist a neighborhood I of E, hg > 0 and ¢ = 0 such that for h €]0, hg] the operator
Hj, has no eigenvalue in Cy g and

c

Vz € Crnp, |(Hn— Z)_luz:(Lz(R"» Sy

As explained before Corollary 1.3, we obtain results on the lower half-plane under the more
“symmetric” non-trapping condition:

Corollary 3.7. Let E > 0 be a non-trapping energy and 8 > 0. Then there exist a neighborhood
I of E, hg > 0 and ¢ > 0 such that for h €]0, ho], Rez € I and [Im z| > h3 the operator (Hj — 2)
has a bounded inverse and

-1 &
| (Hp — ) HL(L?(Rn)) S n
Proof. We only have to apply Theorem 1.1 to Hj, and its adjoint H;. O

4. ESTIMATE IN THE INCOMING REGION

In this section we prove an estimate for the outgoing solution of the Helmholtz equation in
the incoming region. Assume that V5 is of short range. Let I C R, hg > 0, 6 > —, c>0,keN
and suppose that for h € |0, ho] and z € Cy 4 the resolvent (Hj, — z)~! is well-defined and

(2™ (= 27 (@)

Theorem 4.1. Let Ry > 0,d > dy >0 and 0 > o1 > 0. Then there exists R > Ry such that for
2 € Cry, BER, we S(R™) supported outside Z_(Ry,d1,—01) and w— € So(R*™) supported
in By(r) N Z_(R,d,—0) (for some r >0), we have

C
< —. 4.1
£(L2(R"))  hF (4.1)

H 7 Opy (- ) (Hy = 2)7'Opy (@) ﬁH (L2®m) hgo(hoo)’

and the size of the rest is uniform in z € Cy . Moreover if the limiting absorption principle
holds in L(L?°(R™), L>~%(R™)) for A € I and h > 0 small enough, then the estimate remains
true for (Hp, — (A +10))~1, A e I.

Remark 4.2. We are going to use this result for a small perturbation of a dissipative Schrodinger
operator in order to prove Theorem 1.2 (see Proposition 5.3). Then, once Theorem 1.2 is proved,
we can use Theorem 4.1 for the full non-dissipative Schrédinger operator Hj, we are interested
n (see Section 7).

The result being stronger in this case, we can assume without loss of generality that dy and oy
are positive. The proof of this theorem follows that of the dissipative analog given in [Roy10b].
We recall the sketch of the proof for the reader convenience and refer to [RT89, Wan88, Roy10b]
for more details.

Let do €]0,d;[ and o¢ €]0,01[. There exist Ry > 0 and ¢ € C*°(R?") such that

¥(x,€) € Z-(Ro,do, ~00), [Vuo(x, &) + Va(x) = |¢)° (4.2)

and, for some p > 0:

Y(z,€) € R*" Vo, f € N”,

0207 (8(,€) — (2,€) )| < cars (@) 771

(see [IK85]). As explained in [Wan88], we can assume that the constants ¢, g > 0 for a, 5 € N"
are as small as we wish as long as we replace ¢ by

(2.) = (6(@.6) = (2.8) )x (%) + (.9 (4.3)
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for R > 2Ry large enough and y € C*°(R") such that x(z) = 0 for |z| < 1/4 and x(z) = 1 for
|z| > 1/2. In this case (4.2) remains valid on Z_(R/2,dy, —00).

For all (x,¢) € R?™ we denote by t +— 7(t, z,&) € R™ the solution of the problem

8t7"(t, €, 5) = Vng(T(t, €L, 5)7 5)7
r(0,2,8) = .
We can check that this defines a smooth function on R x R?". If R was chosen large enough in
(4.3), then for (z,£) € Z_(0,dy, —o1) and t > 0 we have
0‘1d1t

r(—t2,)] > Jof + 222

Moreover for «, 8 € N with |a| + |3] > 1 there exists cq,5 > 0 such that
B20¢r(—t,2,6)| < cap(t+ (2)) (&) 7.
For t > 0 and (z,€&) € Z_(0,d;, —01) we now set

F(tv &€, 5) = Azd)(r(tv &€, 5)5 5) - ‘/Q(T(ta €Z, 5)
in order to define on Z_(0,dy, —o1) the symbols

ao(z,€) = exp (— /OOO F(—25,2,¢) ds)

and, for j > 1:

+oo T
a;(x,§) = z/ Amaj,l(r(fQT,x,f),é) exp </ F(-2s,z,¢) ds) dr.
0 0
These functions are solutions of the transport equations
2Vzag - Vid + aoAed — agVo =0
and, for j > 1:
2VIaj . Vng + aij¢ - ajVQ - iAzaj,1 =0.
Moreover a; decays as a function of S_;(R?") and there exists ¢y > 0 such that
V(SC,f) € Z*(Oadlafo—l)a |(10(SC,§)| 2 Co.
Note that V5 has to be of short range here but the sign does not matter.

Since we work on Z_(0,d;,—o01), we now introduce a cut-off function as follows. We choose
Rs and Rs such that max(R;, R/2) < Ra < R3 < R, da and ds such that d; < dy < d3 < d and
finally o2 and o3 such that o1 < 09 < 03 < 0. Then we consider x1, x2,x3 € C*°(R, [0,1]) such
that x1(s) = 0 for s < Ra, x1(s) = 1 for s > Rs, x2(s) = 0 for s < da, x2(s) = 1 for s > ds,
x3(8) =0 for s < o2 and x3(s) =1 for s > o3. We fix N € N. Let us define

N o€
o) = 3" Way and b(a&,m) = xa(leDallé (e ) o)
j=0

We also consider
p(h) = 7 (IVa6l’ + Vi = |2 )b(h) + (2V,b(h) - Vo + b(1) Ay — b(h)V2) — ihAb(h).

The symbols b(h) and p(h) are supported in Z_(Ra,ds, —02) and for a, f € N there exists a
constant ¢, g > 0 such that for h €]0, 1] we have

Y(w,€) € Z_(Rpda,—02),  [0207b(w,€. )| +

020 p(w, €, 1)| < cars (@)

and
V(.’Il,é—) € Z—(R3a d3; _03)5

agafp(x,g, h)‘ < Caph™N Tt (m>_2_N_|O‘| )

If R is chosen large enough, Rs €]|R3, R|, ds €]ds,d] and o5 €]os, o[, then we can construct
(see [Wan88, Lemma 4.5]) a symbol e(h) = ij:o hie; such that e; € S_;(R?") is supported in
Z_(Rs,ds, —o3) for all j € [0, N] and

In(e(h), $)In(b(h), $)* = Opy(w-) + h"+10p, (r(h)),
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where r(h) € S_n(R?") umformly in h €]0,1] and for u € S(R™) we have set

7

In(b, p)u(z en (P@O=WEp(z, uly) dE dy.

n n

For any ¢ > 0 we have

Ly (b(R), ) Un(t) = UL (W) (b(h), 6)° — / UL () In(p. 6)*Un(t — 5) ds,
and hence

0Dy (w_)Un(t) = — BN+ 10p, (r(h)Un(t) + In(e(h), &)U () I (b(R). 6)*
- / In(e(h), )UL(s) I (p(h), §)Un(t — 5) ds.

Contrary to the dissipative case, we cannot write
e .
(Hp —2)"' = 1/ e (Hh=2) gy — 1/ AU (1) dt
h Jo h Jo
for any z € C4, but only when Imz > h||Va| . For such a z, we obtain from the previous
equality:

()" Opy (w-) (Hy — 2)~'Opy (w) (z)"
—1NF (2)” Opy, (r(R)) (Hp = 2) 7' Oy (w) (2)”

i

) [T L), DU O1(0(0). 07 Opy ) ()" i
0

— (@) /OOO eI (e(h), §)Ug () In(p(h), &) (Hp — 2) =" Opy (w) ()" ds.

This equality is proved for Im z > ||V]|, but the two integrands decay with time uniformly in
z € Cy 4. Each term is holomorphic on C; 4, so for any h €]0, ho] this equality remains valid on
Cy + by unique continuation. Then it only remains to estimate each term of the right-hand side
to conclude (we use assumption (4.1) here). This can be done as in the dissipative case.

5. UNIFORM RESOLVENT ESTIMATES

We now prove the uniform resolvent estimates for the non-dissipative Schrodinger operator
up to the real axis. In order to use Theorem 4.1 we assume that V5 is of short range. But we
expect Theorem 1.2 to be true under a weaker assumption on V>, so we are going to give the
other arguments only assuming that Vo2 € C°°(R") is of long range with a short range negative
part: there exist p > 0, C' > 0 and constants ¢, for a € R™ such that for all z € R"™ we have

Va(z) = —C () and Vo e N, |0°Va(x)| < co (x) 177 (5.1)

As for Theorem 1.1, we proceed by contradiction. We suppose that Theorem 1.2 is wrong

and consider sequences (Um),,cny € H2(R™)N, (2im),nen € CV and (Ap,),, oy €10, 1]Y such that if

1 1+4p

5 [ we have

we set A, = Re z,, and 8, = h.,! Im 2, then for some § € }
b =0, Ay = E, 0<Bpn =0, |vmllpe-sgn =1

and
|(Hh,, — ZW)UWHLN(R”) = 0 (hm).

m—o0

We remark that v,, is assumed to be in H?(R™) for all m € N, but is only uniformly bounded
in LZ9(R™).

We are going to prove that such a sequence (vy,),, oy cannot exist. First considering a se-
quence of eigenvectors, this will prove that for h small enough, H; has no eigenvalue with real
part close to E and positive imaginary part. Then, the operator (z)° (Hj, — )~ (z)™° is well-
defined as a bounded operator from L?(R") to H?(R") when Im z > 0, Re z is close to E and h
is small enough. Applying again the argument now gives the estimate of Theorem 1.2.
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If there exists a subsequence (mg), oy such that 3, > 8> 0 for all k € N, then we obtain a
contradiction with Theorem 1.1. Therefore we can assume that

Bm —— 0.

m—0o0

After extracting a subsequence if necessary, we can assume that (3.1) holds for some non-negative
Radon measure p. We already know that p is supported in p~}({E}). In order to get a contra-
diction, we prove that =0 and p # 0.

Let Wo = Vo +2C ()" > C (x)”' 7", the constant C being given by (5.1). We first prove
that p # 0. The proof relies on the existence of an escape function in the sense of [Jec04].

Proposition 5.1. Let E > 0. There exist f € C{°(R*™,R), x € C(R™,[0,1]) and Y €
C§°(R,[0,1]) equal to 1 in a neighborhood of E such that

V(2,6 € R {p, f}(,6) = (1 - x(@)X(p(z,€)) ().
The proof of this proposition is postponed to appendix A.
Proposition 5.2. The measure i1 s non-zero.
Proof. 1. Let 0 € Cg°(R™,[0,1]) be supported in By and equal to 1 on By. For R > 0 we set
Or(z) = 0(%). If there exists R > 0 such that

o Or(x) ()77 dpl,€) # 0, (5:2)

then the proposition is proved. Otherwise for any R > 0 we have

lim su < T 717pvm,vm>
m—>oop < > L2(R™)
< limsu <9 T 717Pvm,vm> + lim su < 1—-06g){(z 717pvm,vm>
fm sup R (2) Ly | T ISP (1 —0r) (x) .
20—1—p 20—1—p
< 1-0 H <(R .
|-, <@
This proves that
(@7 P vmyom) | =0,
L2(Rn) m—+o00
and hence:
2
2
Bm ||vaL2(Rn) + H\/ W2Um‘ . (5.3)
Z(Rn)
_ -1 —1—p
= —h, Im ((Hp — zm)vm,vm>L2(Rn) + 20<<z> vm,vm>L2(Rn) m 0.

Since both terms of the left-hand side are non-negative, this means that each goes to 0 as m goes
to +00. Moreover /W, is smooth and all its derivatives of order at least 1 belong to & ( <x>75 ),
so for any f € Cg°(R*") we have

|V0pg (em| = |OE (v Wavn|

2. Let x € C§g°(R™,[0,1]), x € C§°(R,[0,1]) and f € C°(R?",R) as given by Proposition 5.1.
For m € N we have:

1= <<$)_26vm,vm>
— <<z>*25 X(x)vm,vm> + <Opﬁm (&) (1= x(@)((1 = %) © ), vm>
+ <Opﬁm ({22 (1= x(@))(X 0 p)) v, vm> _

According to Proposition 3.1, the second term goes to 0 as m goes to +o0o. We now prove that
this also holds for the third term to prove that

L 07 x@du@&) = Jim (@) x(w)v o) 0.

m—o0

(hm) —— 0. (5.4)

L2(R™) m—oo m—o0

L2 (R")
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3. We have

1

-, Ok, (1) = OpiL, ({p, /1) + B OpE,, (ra (),
where r3(h) € S( <£C>_1_p) uniformly in h €]0, 1], and hence
(Ob (20 D)(1 = X(@)) (&) Yoms v ) = (Op,, (. £} v

= L ([HLOBE, (Dvm o) + O (2).

hm m— oo
Since v, € H?(R") for all m € N and according to (5.3)-(5.4) we have
(v (%o p)(1 = x(@)) (&)™ )ty vm) (5:5)
7: * w w
— 0,
m—o0
which concludes the proof. O

Let
H} = —R*A + Vi(z) — ihWo(x).
The Schridinger operator H? is dissipative and its dissipative part is positive on trapped tra-
jectories of energy F, so there exist a neighborhood I of E, hy > 0 and C5 > 0 such that for
h €]0, ho] and z € Cy 1 we have

—4 2 -1 -0 CZ
0 <
| =27 @7 L <R
(see [Roy10a]). Since 26 < 14 p we can write 2C (z) ™' " = W3 + W, where W, € C§°(R™) and
1

vz eR™, () |[Ws(z)| < T

Put
Hp = —h?A + Vi(x) — ihWo(x) + ihW3(z) = Hf + ihWs(x).

Let z € Cr 4. By a standard perturbation argument, we know that for h €]0, ho] the resolvent
(HP — 2)7! is well-defined and

()™ (3 = )7 (@)

As a result we can apply Theorem 4.1 with Hj on C; 4 (we recall that V5 has to be of short
range here). We use this result to prove that the semiclassical measure p is supported outside

QL{E}):
Proposition 5.3. ;=0 on Q__({E}).

Proof. Let J C IN|E/2,2E[ be a neighborhood of E. We first check that ¢ = 0 in the incoming
region Z_(R,0,—1/2) for some R large enough. Let R; be such that suppW, C Bg,, d €
]0,\/E/2[ and o = i. Let R be given by Theorem 4.1 applied to H}, and finally w_ € C§°(R?")
supported in Z_(R,d,—1/2). For m large enough the operator (Hj — zp) has a bounded
inverse, so we can write

Opj,., (w-)vm = Opy, (W-)(Hy | — zm) " (Hj, — 2m)vm
= Opy,, (w-)(Hp, = 2m) ™ (Hp,, = 2m)0m
- ihmOp}L”m (w,)(Hsm - zm)71W4vm.
According to (5.6) and Theorem 4.1 we obtain
HOp}fm (w_)UmHLz,S(]R") (5.7)
= [ @) 0 tw-) @[ @)~ (i, = 2 @) | WHR, = 2ol

hun (@) OB (- )(HE, = 2m) ™ Wa ()|
— 0.

m—0o0

20

< . 5.6
L(L2(R™)) h (5.6)

H’Um”LQw*‘S(R”’)
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This proves that
<Op1ffm (W_)'Um,’Um>L2(Rn) ? Oa

m—»o0
and hence = 0 on Z_(R,d,—1/2). Now let ¢ € C§°(R?") supported in Q2 (J). For t > 0 large
enough we have ¢~!(suppq) C Z_(R,d, —1/2). According to Proposition 3.1 we obtain

t
/ qdu:/ (q0¢t)eXp<2/ V20¢5d8> du =0,
]RQn, ]RZn 0

which proves that p =0 on Q__(J). O

When (5.2) holds for some R > 0, then Proposition 5.2 is proved but not (5.5). So we cannot
use it to show that p is zero at infinity as is done in the self-adjoint case (see [Jec04]).

Proposition 5.4. =0 on Q, ({E£}).

Proof. This proposition is proved as Proposition 3.5, even though the total measure of y is no
longer necessarily finite. Let ¢ € C5°(R?",[0,1]). We know that p is supported in Q; ({E£}), so
according to Proposition 3.1 we can write

¢
/]R2" qdp = /R% ]IQ;({E})(qO #") exp (—2/0 Voot ds) dp.

U ¢ “(suppg Ny, ({E}))
t>0
is bounded, there exists ¢ > 0 such that for all t > 0

t
/ qdp < c sup exp <2/ Voog™® ds> .
R supp ¢NQ; ({E}) 0

Then we can conclude with Proposition 2.3. (]

Since the set

6. LIMITING ABSORPTION PRINCIPLE

After having proved resolvent estimates on Cy , we can show the limiting absorption principle
and study existence and uniqueness of an outgoing solution for (1.1). Before giving more precise
statements, we introduce some notation. Let

(C++ = {QE(C : RGC > O,ImC > 0}
For u € H'(R") supported outside a neighborhood of 0 we set
x-Vu n—1 x0p
. Dyu=0u+ u and V, u=Vu-——"—.
2|z |z|

We are going to use the following basic properties of these operators:

O =
||

Proposition 6.1. For u,v € HY(R") supported outside a neighborhood of 0 we have
d

ar <ua U)ST = <DTU’U>ST + <U’DTU>ST )

and

(Oru, 0,v) = (Dypu, Dypv) + <w > _

U, v
4|’ ’

If moreover u belongs to H*(R™) we also have

1
0, Viu(r) = ——V u(z) + V0ru(z).

E
In this section we consider a Schrodinger operator
H=—A+Vi(zx) —iVa(x)
with domain D(H) = H?(R"). V; and Vs are bounded and real-valued. We assume that
Vi —iVo =Wy —iWy + Wy, (6.1)
where:

(i) Wh and Wy are differentiable,
(i) for all z € R™ we have Wi(z) € R, Wa(z) > 0 and W3(zx) € C,
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(iii) there exist p > 0 and ¢ > 0 such that for all z € R” we have
Wila)| + Wa(z) < efz)™” and  [VWi(2)| + [VWa(@)| + [Wale)| <elz)” 7. (6.2)

For x € Bf we also set
(n—1)(n—23)

Wale) = Wala) + =2

Définition 6.2. Let ¢ € Cy4, f € L _(R"), and suppose that u € HZ _(R™) is a solution for
the equation

(H == f. (6.3)
Then we say that u is an outgoing solution for (6.3) if there exists § > 1 such that (D, —i{)u €
L2071(BY).

Let 6 € |3, 5+ & be fixed for all this section, p begin given by (6.2). Let K be a compact
subset of C4 4 such that K = K NCy. Weset K*=KNC,.

Proposition 6.3. Assume the resolvent (H — (?)~! is defined for all ( € K* and the equation
(H — X?)u = 0 has no non-trivial outgoing solution when A € K N R%. Let A € KNRY and
f € L?Rm).

Then (H — ¢*)~Lf converges in LQ’*‘S(R") to the unique outgoing solution for the equation
(H — N)u = f when ¢ € K* goes to \.

Moreover, there exists a constant C' > 0 such that for any ¢ € K and f € L*%(R"), if we
denote by u the unique outgoing solution for the equation (H — (*)u = f then we have for all
R > 0 the following estimates:

) _1
HUHLZ*‘S(R“) +[(Dr — ZC)ullLZv‘s*l(Bf) +R: HUHLZ*‘S(B%) <C HfHLM(]Rn) : (6.4)

We denote by (H — (A2 +i0))~! f the unique outgoing solution u € H2_(R™) N L?~%(R") for
the equation (H — A?)u = f. To prove this theorem, we study the behavior of the solutions at
infinity. In a compact subset of R", the estimates we need are given by the interior regularity
(see for instance [Eva98, §6.3.1]):

Proposition 6.4. Let f € L} (R™) and z € C. If u € HZ (R") is a solution for the equation

loc

(H — z)u = f then for all R > 0 we have

ltliro 5y < C (1 s + il )

where C' is uniform for (z, R) in a compact subset of C x R..

The difficulty is to give some estimates of (H — ¢*)~! f uniform when ¢ approaches R%. For
some fixed ¢ € K* we have the following lemma:

Lemma 6.5. Let f € L?9(R") and ¢ € K*. Then u and Vu belong to L*°(R™).
The self-adjoint version of the following result is Lemma 4.1 in [Sai79].

Lemma 6.6. There exists C such that for ¢ = ¢, +i(a € K*, f € L*°(R") andu = (H—(?)"Lf
we have

Co -3 amy < C (Jull oo gy + NPp = i)l 251 gy + 1120 o)

and
(M

Proof. We consider y : x — x(|2|) on R™, where x € C*°(R, [0, 1]) is equal to 0 on ] — 00, 2] and
equal to 1 on [3,4+oc[. Let a € [0,1— 0], ¢ = (1 +iCe € K*, f € L>°(R™) and u = (H — (%)~ f.
According to Lemma 6.5 u belongs to L*(R™), so we can write

((H = @)1+ [2])u) gy = (@ )0 e -

2
L5 (gn) <C (HUHLZ*‘S(]R”) + [(Dr — ZOU“LMfl(Bg) + HfHLM(]Rn)) ||UHL2f5(]Rn) :
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Taking the imaginary part in this equality gives
[/

< HfHL?wJ(]R") ||U||L2,2a—6(w) + HUHLZ—J(Rn) ||W3U||L2,2a+6(w)
+ HXaTUHL?v*‘S(R") H (2(1 + |z])2*0rx + 2a(1 + |:E|)20‘_lx)uHL2’5(Rn)

2
2
L2,a(Rn) + 2C1<2 ||XuHL2wa(]Rn)

< (IF Loy + XD = )l o1y + 1l gy ) Nl zmsscs ey -

Proposition 6.4 and this inequality with o = 1 — § give the first estimate. We take oo = % — 0 to
obtain the second. O

For all ¢ € K* and 2 € R™ the complex number ¢ + iWa(z) belongs to C, and hence has
a unique square root Cw(x,() = ¢ (z,¢) + ia(z,¢) € C44. Moreover there exists C' > 0 such
that for all ( = (1 +i(s € K* and x € R™ we have

C™H2G G + Wa(2)) < G, 2) < C(2016 + Wa(x)) (6.5)
and
11—
IValw (2, Q) < C{z)” 77,
where p > 0 is given by (6.2). For ( € K* we set
DS =D, —iCw(x,C).
Proposition 6.7. There exists C' such that for ( = (; +ila € K*, f € L*(R") and u =
(H — ¢*)~Lf we have
|(Dr = i€)ullous-1(g) + IV wtll 215y < C (Il o -sqamy + 1 s n) ) -
The proof is inspired from the self-adjoint version given in [Sai79)].

Proof. 1. Since
Wa(x)

ICw (z,¢) — ¢| = o (@.2) 1 ¢

< cWa(x),
we have
I(Dr — Z.OUHLM*I(]R") < ”Dgu”LMfl(Rn) tc ||uHL2”5(R") ’
where ¢ > 0 denotes different constants which do not depend on ¢ € K* and f € L*°(R"). It is
therefore enough to prove the proposition with (D, — i¢) replaced by D¢.

2. We consider x : z — X(|z]), where x € C*°(R, [0, 1]) is non-decreasing, equal to 0 on | — oo, 1]
and equal to 1 on [2, +oo[. For R > 2 we set xg(x) = x(|z|) — X(|z]| — R). Let { = (1 +1i(s € K*,
f€L*(R") and u = (H — ¢?)~'f. It is enough to consider the case A, < Ny, where
Nu = HUHLZx*‘S(R") =+ ||f||L2,5(]R") and Nd = max (prguHLQ,é—l(]Rn) y ”XVJ_UHL?"S*l(]R")) :
According to Proposition 6.1 we can write
Re <f, X5(1+ |z|)25D§u> = Re <(H — P, xR (1 + |z|)2571D§u>
= Re(Dyu, Do x5 (1 + |2)* ' Diu) + Re (V 1w, Vixk (1 + |z])* ' Diu)
+ Re (Wi () + Wa(e) — G (2, 0% k(1 + [~ D)
=: A1(R) + A2(R) + A3(R) + A4(R) + As(R).
3. We have
A1 (R) + As5(R) = Re (Dfu, Dy xH(1 + |x|)2571D§u>
+ Re (—i(0rw (z,¢) + Cw (z, Q) D8 )u, xH(1+ |2)* ' Du) .
According to Lemma 6.5 DSu belongs to L2(B§) and hence

1
lim inf Re (DSu, Dy x5 (1 + |2|)* ' Diu) = 5 lim inf ((DSu, 0r (xF (1 + |z])*°~1)DEw))

R—o0 R—o0

1 2 2
> (0= 3 ) NP5l ey = P50 -
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Moreover
lim inf Re (—i(9-Cw (2, ¢) + Cw (2, YD), xh(1 + |2)*° ™ Dy
—00
> liminf Re (=i, Cw (2, Q)u, xR (1 + [2])*° ' Déw)
R—o00

> —cljullsvs ey (XD s -

According to Proposition 6.4, these two estimates give

o 1
i (42 (1) + As() > (5= 3 ) DSt sy — AN (6.6)
With the same kind of argument and using the last property of Proposition 6.1 we prove that
o 3 2
1}{111)10{[}. AQ(R) 2 (5 — (S) ||VJ~UHL2’7‘S(RTI) - CNuNd

Using (6.5) and Lemma 6.6 we show that
liminf A3(R) > —cN, Ng.
R—o00

We have the same estimate for A4(R) and
VR >2, Re(f xk(1+ |z))*Diu) < NNy,

so we finally have

3 1 2
(3-8) 19 2ulaasg + (5= 5 ) ISl smg) < Ne

which, together with Proposition 6.4, concludes the proof. (]
As in the self-adjoint case we also use the following estimate:

Proposition 6.8. There exists C such that for R > 0, ( € K*, f € L>*(R™) and u = (H —
)7L f we have

el o s(msy < R (lulfasqamy + 12 ) -
Proof. For all r > 0 we have
(D —iQ)uls, = [Dru+ Goul3 + G [ulg, + 261 (Vau,u) p +4¢EC2 [lullf, +20 Im (f,u)p, (6.7)
(see [Sai79, Prop.3.4] in the self-adjoint case). In particular
G lulg, < (Dr = iQyulg, +2G1 |1 fll s zmy lull 2s oy + € llel72s (g -
We multiply by (1 +7)~2% and integrate from R to +oc to prove the proposition. (I

With all these estimates and uniqueness of the outgoing solution for the equation (H—A?)u = 0
we can now conclude that the limiting absorption principle holds as in the self-adjoint case.

The first step is to prove that if we have the estimates (6.4) on K*, then we have the limiting
absorption principle. We refer to [Sai79, Lemma 2.6] and recall briefly the idea. If ¢, — A and
U = (H — ¢2,)7' f, then a subsequence of (up,),,cy converges to some u in L (R™) according
to Proposition 6.4. We obtain convergence in L?~%(R"™) according to the last estimate of (6.4).
Using again Proposition 6.4 we also have convergence in HIQOC(R"). The limit v is necessarily
an outgoing solution for the equation (H — A\?)u = f. And since we have uniqueness for such a
solution, we actually have convergence of the whole sequence.

To apply this result, we still have to check the first estimate of (6.4). This is a contridaction
argument: we assume that we can find sequences (fin), ey € L*°(R™)N and (zm),,cn € (K*)N
such that

2m —— A€ KNRY, ||(H — zm)_lmeLz,,a =1 and ||meL2,6(1Rn) = o (1).

m— o0 m— o0
All the estimates of (6.4) hold for this sequence and hence (H — z,,) "1 f,,, converges to an out-
going solution for the equation (H — A)u = 0, which must be zero. This gives a contradiction
(see the proof of Theorem 2.3 in [Sai79]).

For the dissipative Schrodinger operator everything holds as in the self-adjoint case on the
upper half-plane:
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Proposition 6.9. If V5 > 0 then the assumptions and hence the conclusions of Proposition 6.3
hold for any K.

Proof. If Va > 0 then the operator H with domain H?(R") is maximal dissipative, so its resolvent
(H — 2)~! is at least well-defined for Imz > 0. Moreover, if u € HZ_(R") N L*»%(R") is an
outgoing solution for the equation (H — A?)u = 0 for some A € K NR%, then according to (6.7)
the solution w vanishes on the support of V2 and hence is an outgoing solution for the equation
(Hy — A?)u = 0, where H; = —A + V4 () is the self-adjoint part of H. We know from [Sai79,

§3] that such a solution must be zero. t

In the non-selfadjoint case we do not have such a systematic result. In order to prove Theorem
1.4 we use the fact that for » > 0 small enough and z € C; 1 we already have existence and
uniform estimates for the resolvent (Hj — z)~ 1.

Proof of Theorem 1.4. Let 0y > 0 be such that Va(z) + 6 ()" ” > 0 for all z € R™. There

exist a neighborhood I of E, hg > 0 and C' > 0 such that for all h €]0, hg], z € Cy 4 and
0 € 10, 6p] we have

=6 0 -1 -5 c

- e <7

| =7 @7 L < T

where Hf = Hjy,—hf (z) 717" Indeed, Theorem 1.2 gives such an estimate for any fixed 6 € [0, 6],

and the perturbatjon argument already used to prove (5.6) gives an estimate uniform for 6 in a

neighborhood of 6. Now let 6; € [0,0y] and assume that v = 0 is the unique outgoing solution

for the equation (H{ — A)u = 0 when 6 € [01,0o], A € I and h €]0, ho]. Let h €]0, ko], X € I,

0 € [01 — C/2,01] and let u € HZ_(R™) N L>»~°(R") be an outgoing solution for the equation

(HY — \)u = 0. We have

(HP* — Nu = h(0y — 0) ()P u e L*°(R™).

)

According to Proposition 6.3, the outgoing solution for the equation (H 21 — Au = f is given by
the limiting absorption principle and hence we have

c 1 1
el -y < - || (8L = 0) ()70 < 5l sy -

L2,6(]Rn)
This proves that u = 0. (]

7. SEMICLASSICAL MEASURE

We study in this section the semiclassical measures for the outgoing solution of (1.1) when
the source term f; concentrates on a bounded submanifold of R™, V; is of long range and V5
is of short range. We adapt to this purpose the proof given in [Roy10b] for the dissipative setting.

Let I' be a (bounded) submanifold of dimension d € [0,n—1] in R™. We consider A € C§°(I'),
S € S(R™) and define

Fulz) = /FA(Z)S ("”” - z) dor (), (7.1)

where or is the Lebesgue mesure on I'. We can check that f;, is microlocalized on NI and
[ fullp2.6@ny = O(Vh) for any § > 3. Let E > 0 be an energy which satisfies assumption (1.5).
We assume that
Vzel, Vi(z) < E. (7.2)
Let

Nel' = NI np L ({E}) = {(z,g) €D xR" : €LT.0 and |€]> = E — Vl(z)} .

Assumption (7.2) ensures that NgI is a submanifold of dimention n— 1 in R?". The Riemannian
structure g on NpT' is defined as follows. For (z,€) € NgI' and (Z,2), (Z,Z) € T, ¢ Npgl' C R*"
we set

9:9(2.9).(2.2) = (2.2)_ +(21.51)_,

R’Vl
where =, ,2, are the orthogonal projections of Z,Z € R" on (T.T ® RE)L = T¢(N,I' N Ngl).
We denote by on,r the canonical measure on NgI' given by g, and assume that

onpr ({(2,€) € NgI' : 3t > 0,¢'(2,£) € NgT'}) = 0. (7.3)
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Theorem 7.1. Let f, be given by (7.1) and wuy be the outgoing solution for the Helmholtz
equation (1.1). Let assumptions (1.5), (7.2) and (7.3) be fulfilled.

(i) There exists a non-negative Radon measure p on R*™ such that
Vg € C5°(R*™),  (Opy (q)un,un) —> | qdp. (7.4)
h—0 R2n

(i) This measure is characterized by the following three properties:
a. p is supported in p~t({E}).
b. For any o €]0, 1] there exists R > 0 such that . = 0 in the incoming region Z_(R,0, —0).
c. 1 is solution of the Liouville equation

{p, i} + 2Vap = w(2m)" |A(2) P €] |S(6) | *owrs (7.5)

) ese three properties im, at for q € we have
iii) These three properties imply that q € C5° (R h

+oo
—-n -114 2 —2 [t T(s,2 s
/ vl :/ / T(2m) " AR €7 S©) (o (2, ) BECDE doy p(2,€) dt.
R2n 0o JNgT
(7.6)
Note that as in [Bon09] we can let E depend on h : E, = Ey + hEy + o(h) € C4, where

Ey > 0 satisfies assumption (1.5) and Im Ej, > 0. Then V5 has to be replaced by Vo + Im F; in
(7.5) and (7.6).

We recall the sketch of the proof, discuss differences with the dissipative case and refer to
[Bon09, Roy10b] for details. We first remark that the limit (7.4) is zero when ¢ € C§°(R?") is
supported outside p~1({E}). Then the idea is to replace the resolvent which defines uy, by the
integral over finite times of the propagator. More precisely, for 7' > 0 and h €]0, 1] we set

i [~ it
uf =5 [ e kOB
0

where xr(t) = x(t —T) and x € C*(R,[0,1]) is equal to 1 in a neighborhood of | — o0, 0]
and equal to 0 on [7y, +oo] for some 75 > 0 small enough (see [Roy10b]). Then we can study
separately the contribution of different times. For small times we proceed exactly as in the
dissipative case. For intermediate times, and then to prove that u} is in some sense a good ap-
proximation of uy, for large T" and small h, we need a non-selfadjoint version of Egorov’s Theorem.

According to (3.3) and Hille-Yosida’s Theorem (see for instance Theorem I1.3.5 in [EN06]) we
know that Hj, generates a continuous semi-group, which we denote by Uj(t), and

VE20, U0l gerzny) < €™

(we recall that m_ = —inf V3). Let Wa, Wy € C°(R"™,R), W = Wy + Wy and, for t € R:

Ub(t) = e~ W HI=iW2) ang (1) = e~ (I —ihW2)

The Egorov’s Theorem extends without modification to the non-dissipative case:

Theorem 7.2. Let a € C{°(R?*™). There exist a family of symbols a;(t) for j € N and t € R
such that:

(i) For allt € R, N € N and h €]0,1] we have
~ N .
U3 (t)"Opy ()U3 (t) = Y WOy (e () + AN Ruv (¢, h),
=0

where Ry (t,h) is bounded on L*(R™) uniformly in h €]0,1] and t € [0,T] for any T > 0.
(i) We have

ao(t) = (ao ¢t)€— Jy Woo* ds
(iii) Fort € R and j € N we have

supp o (t) C ¢ '(suppa).
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Let w e R, T'>0and 0 < tw <+ <ty gr <T + 7 be the times between 0 and 7"+ 79
for which ¢~tw(w) € NgI'g = Ng['N (supp A x R™). For 7, > 0 small enough we consider
Xw € C§°(]0,27,[) equal to 1 in a neighborhood of 7,,. For k € [1, K] we prove that in L*(R™)

R it (g
E/ X1 (O)Xw(t = twg +1o)e” =B f = BT () + 0 (Vh),
0 h—0

where B, (h) is a lagrangian distribution of lagrangian submanifold

Ag,k = {¢"(2,8),(2,€) € NgL',t €ltwr — Tw, twk + Twl}-
This means that there exist N € N, bg,k € C5°(R") and a non-degenerate phase function
¥ € Cp° (RN R) (if Voo (,0) = 0 for some (2, 60) € R™™, then the N linear forms d, ¢)09,1) :
RN R, 1 <4 < N, are linearly independant) such that

1 ;
Y- / e @y 0)do,
Th)2 JRN

By, (h) =

and
{(z,Vo(z,0)) for (z,0) € R™™ such that Vgi(z,0) = 0} C Afj’k

(this replaces what is said in [Royl0b]). This is proved by direct computations when ¢, 5 is
replaced by 7, (and N = 0 in this case), and then we use the fact that for any ¢ > 0 the
propagator Uy (t) can be seen as a Fourier Integral Operator and maps a lagrangian distribution

of submanifold A to some lagrangian distribution of submanifold ¢f(A). We know that for such a

lagrangian distribution there exists a smooth and non-negative function Vi , on Agj & such that

Yo € CFE), (Opf@BLuR). BLM) S | al@wtidoyg (@)
w,k
where o7 . is the Lebesgue measure on Aa - According to Egorov’s Theorem, times far from

0 and tg,ky (k € [1,KL]) do not give any contribution around w at the limit A — 0, so we can
prove that (7.4) holds for some measure ur if uy, is replaced by u? .

It remains to study the contribution of large times. In [Roy10b, Prop. 2.3] we used the fact

that the damping factor exp ( — fot Vo0 0® ds) is a non-increasing function of ¢, which is no longer
the case. We use Proposition 2.5 instead:

Proposition 7.3. Let J be a neighborhood of E such that assumption (1.5) holds for all X € J.
Let K1 and Ko be compact subsets of p~1(J). Let e > 0. Then there exists Ty > 0 such that for
q1, g2 € C§°(R*™) respectively supported in K1 and Ko we have

YT > Ty, timsup |Opf (a)Un(T)OD (02) raeny) < = 1o el
—

Proof. Let q1,q2 € C5°(R?™) be respectively supported in K; and K. Let ¢t = U (t) denote the
unitary group generated by the self-adjoint part H' of Hj,. According to Egorov’s Theorem we
have for all T > 0:

10D} (a1)UA(T)IODE (42)]] £(p2y) = [UF(T)" OB} (a1 U(TIODBE (02)]| g2y

w — [T Vy00° ds
- HOph (qQ(ql O¢T)e o tacord ) ’L(L%R")) +h9>0(h)

+ 0 (Vh),

h—0

< C sup
weR2"

q2 (’lU)ql ((bT (w)) e fUT Vo (Z(s,w)) ds

where the size of the rest depends on 7', ¢; and ¢2. The constant C only depends on the dimension
n. According to Proposition 2.5 there exists Ty such that for T > T and w € Ky we have

Ce— o V2(@(s,w)) ds <e or qﬁT(w) ¢ K.
Therefore we have for all T' > Tj:

10D} (@)Un(T)ODE (42)l| 2 ey < = a1 ezl + O (V).

It only remains to take the limit h — 0 for fixed 7', ¢; and g2 to conclude. O
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For the rest of the proof we proceed as in the dissipative case. We only have to be careful
for the proof of Lemma 5.4 in [Roy10b] since the resolvent (Hp, — z)~! cannot be written as the
integral of the propagator over positive times for all z € C,. However, for A > 0 small enough
and z € C; close to E, (Hp, — 2)71f;, is well-defined and belongs to H?(R™). Therefore we can
write

OP} (a) (Hn = )7 fu. = O} (g)e™ F M=) (H, = )7 f
T
d _;
—— | oty e E Uty ) e
0
- %/ xr(1)Op} (g)e™ 02 fdi — / X(D)Op (g)e™ # == B 02 fy
0 0

Note also that since Up,(T') is no longer estimated uniformly by 1, some rests depends on 7' in
the proof of this lemma. This is not a real problem since we take the limit h — 0 for fixed T.
We finally obtain that for any compact subset K of p~1(J) and € > 0 there exists Ty such that
for ¢ € C§°(R?") supported in K we have

VI > To,  limsup [ (Op} (@)un, wn) = (OPE (@)ur, ui)| < llgllc -
—
With this estimate we can check that for all ¢ € C5°(R*") the function T [ qdpr has a
limit when T' — +o0, that this limit defines a non-negative measure p on R?", and finally that

(7.4) holds for this measure. All the properties of u stated in Theorem 7.1 are proved as in the
dissipative case (in particular we use Theorem 4.1 to prove (ii) b.).

APPENDIX A. CONSTRUCTION OF AN ESCAPE FUNCTION
In this appendix we prove Proposition 5.1. A similar result (with an inequality) is proved in
[Jec04]. The purpose was to give a proof which could be extended for matrix-valued operators.
The version we give here is more convenient in our context.
Let J =|£,2E[, 0 € ]0, 5[ and R given by Proposition 2.1. We set
Zy1 =24 (R,0,F0) np~'(J).

Proposition A.1. If R is chosen large enough, then for a, § € N™ such that |a| 4 |8| = 1 there
exists cq,p such that for t > 0 and (z,€) € Z;5+ we have

030 ™ (w,€)| < cayp (1) (A1)

We know (see for instance Lemma IV.9 in [Rob87]) that the derivatives of the flow ¢’ are
uniformly bounded as long as ¢ stays in a bounded subset of R, but may grow exponentially fast
with time. The purpose of this proposition is to check that if we only look at the flow far from
the origin (where it is “almost free”) then we recover a growth of size O(t) as in the free case

(x,8) — (x4 2t&,€).

Proof. 1. We prove the proposition for (z,£) € Z; 4, the case (x,€) € Z; _ being analogous.
Let

JoT(t, @, §) Jgf(t,x,f))

Alt,x, &) = - - € M, (R),

629 = (TEund) Titae) € Mon®

where for instance J¢Z denotes the partial jacobian matrix of T with respect to {. Suppose that

lim su

A ooz, 4 Mo (®)
p
t—+o0 t

= +o0.

Differentiating the system (1.3) with respect to z and then to &, we see that
OiA(t,x, &) = B(t,x,&) - A(t, z,§)

where
0 21,

B¢ = ( Hess Vi (7(t, 2,€) 0 ) € Mon(R),

and hence:

O At @,6) = B B(t,2,€) - A(t, x,€) + B(t,2,€)* - A(t,z,€) =: C(t, ,€) - A(t, 2,§)
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According to Proposition 2.1, there exists ¢ > 0 such that for (z,£) € Z;+ and t > 0 we have
[Z(t,2,8)| = co(lz] +1), so

ICt, 2, Ol < 10:B(t,z, )| + || Bt ,€)?|| < e(ja] +)72
where ¢ depends neither on (z,£) € Z; 4, nor on t > 0. For m € N let
o = inf {£> 15 AW 2, | o 2, ) = 7E)

Since the derivatives of ¢! are in L°°(R?") uniformly for ¢ in a compact subset of R, we have
tm — +00. According to Taylor’s formula we have

A oo (2, Mo () ||A( i<z, Mo ®

+ Hat ( )||L°°(Z.I,+1M2n(R))

tm m

tTrL
+_/ Je(R+8) 277 A 1o (2,4 112 (m)) 45

tm
c+c/ ; (R—l—s) =P smds
0 m

tTrL

<c+com (R+s)"'"ds
0

<c+emR™7P,

where ¢ depends neither on m € N nor on the choice of R. If R was chosen so large that
cR™" < i, then the right-hand side is less than m/2 for large m, which gives a contradiction.
The case |a| + |3] = 1 is proved.

2. We now proceed by induction on |a| + |8]. Let o, 8 € N” such that |a| + || > 2 and
assume that the result is proved for any derivative of order less than |«| + |5|. For j € [1,n],
the differential operator 85‘8? applied to (1.3) gives

01020, T3 (t, w, €) = 2020.&(t, 7, €)
ataaa 6] (t T 6 = Zl 1(aljamlvl)(f(ta xz, 6)) agagx_l(ta €, 6) + boz,B,_j(ta xz, €)a
where b, 5,5 is a sum of terms of the form

|v|

—(0,,0"V1)(@(t,2,€)) [ [ 050 75, (t, 2, €)
k=1

where [v] > 2, Y ax = o, ), B = B and for k € [1, |v|]: ji € [1,n] and || + || > 1
In particular for all k we have |ag| + |Bk| < |a| + ||, so each term is estimated by

(0;0"V1)(Z (¢, 2, €)) Haakaﬁ’“%(t 2,8)| < elle| + )7 )" < efla] + )71

where ¢ depends neither on ¢t > 0 nor on (z,€) € Z; 4, and hence

Do, .5 (8, €)| < e(la| + )77
We also have

|0tbap.4(t, x, €)| < c(jx| + )77

If we set
agagx_l(t,x,f) 0
Agg(t,x, &) = “ R*" d Dgs(t,z, €)= R*",
%) 6&6%( o | €F md DasthnO =1, e | €
OO0 bagin(t:2,€)
we have

atAaﬁ(tvxvg) = B(t,x,f) : Aaﬁ(t,x,f) + Daﬁ(t,x,f)
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and
8§Aa1ﬁ(taza§) = C(t,l‘,é) : Aa,ﬂ(tazag) + B(t,l‘,§) : Da,ﬁ(tazag) + atDa,ﬂ(t;zag)-

Then we can conclude as above. Note that the matrix C' is the same, and hence the choice of R
does not depend on («, 3). O

The estimate of size O(t) for T is what was expected since this is indeed what we have in the
free case, but we can improve the result for &:

Corollary A.2. For any «, 3 € N" there exists co.p = 0 such that for t > 0 and (z,§) € 25+
we have

OSOLE(Ht, ,8)| < Caup-

Proof. Let «, 8 € N™. We have proved that

005 LG (b, 2,8) = F (0,00, V1) (@ (L, 2,€)) 0L T (L, 2,) + O (t7177),

t
=1 — 400

where the rest is uniform in (x,€) € Z; 4. With the estimates we now have on the derivatives
of 7 this means that there exists cq,g > 0 such that for all (z,&) € Z;4+ and t > 0 we have

0003 00 (4,2, )| < cas (717

It only remains to integrate in time to conclude. (]

Corollary A.3. For any «, 3 € N” there exists co,p > 0 such that fort > 0 and (z,§) € Z5+
we have

anf f(it,.’l],g) §(it,.’1],§)
T @ (et 3, ) [E(£t, 2, €)|

Corollary A.4. Let 6 > % Then for any «, f € N™ there exists co,3 = 0 such that for allt > 0
and (z,§) € Z5+ we have

X Ca,B-

0207 (@(t,2,)) 7| < casllal + )7,

Proof. Let «, 8 € N". We remark that 8;“8? (F(£t,2,€)) "% is a sum of terms of the form

K
cx (F(Et, ,6)) (T(£t,2,8) K T 00+ 0 T (&t, 2, €)

k=1
where K € [1,]a| + |8]], cx(x) = <x>26+Kdi—KK (z)"* is bounded, a = Zszl ar and g =
K
Zk:1 Br- O
Now we can prove Proposition 5.1 :

Proof. Let x € C§°(R) be supported in J and equal to 1 in a neighborhood of E. Let x4+, x— €
C*(R) such that supp x4+ C] — o,+00[, suppx- C] — o0,0[ and x4+ + x— = 1 on R. Let
X € C§°(R™,[0,1]) be equal to 1 on Br41. Let

giwL@HXiG%%>uﬂmm@@@»wr”
and, for w € R?™:
—+o0
jﬂmiA g2 (6% (w)) dt.

Let w = (z,€) € R?". There exists T, > 0 such that ¢*(Z;+) N B,(2|z]) = 0 for all t > T,
and hence

Vo € B, (2]),Vt > Ty, g+ (6T (v)) = 0.
According to the regularity theorems under the integral sign the functions f; and f_ are smooth
around w. And hence on R?". Moreover their derivatives along the flow ¢’ are given by

+oo
@jgzié (pgs o ¢} dt = gs.
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We now check that all the derivatives of fi are bounded. For o, € N" there exists c4,3 = 0
such that for (z,£) € Z; 1 and ¢t > 0 we have

020¢ (9 0 6*) (2,€)| < caallo] +1)%.

Let w € R?" such that ¢Ft(w) € Z; 4 for some ¢ > 0 (otherwise the derivatives of fi vanishes
at w). Let to denotes the maximum of such times ¢. We have

to
%fﬁ@ﬂ<£

to
0200 50 07)w)] dt = [ {0500 (g0 6*1) (67 (w) |

+oo
< cCap / (R41)~% dt.
0

This means that fy and f_ belong to Cp°(R**,R). It only remains to set f = fy + f_ to

conclude.
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