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Implicit Lyapunov control for Schr 6dinger equations with dipole and

polarizabil

Andreea

Abstract— We analyze in this paper finite dimensional closed
guantum systems in interaction with a laser field. The char-
acteristic of the problem is that the interaction laser-sytem
is modeled by a first order term (dipole coupling) and a
second order term (polarisability coupling), that appear n the
Hamiltonian of the Schrodinger equation. In order to determine
the control, an implicit Lyapunov trajectory tracking proc edure
is applied when there is no direct coupling between the targe
state and the eigenvectors of the internal hamiltonian. The
method is applied for the difficult case of degenerate systesn
too. The controlled Lyapunov function is defined by an impligt
equation and its existence is shown by a fix point theorem. The
convergence is analysed using the LaSalle invariance priie.
The performance of the feedbacks is illustrated by numerich
simulations.

. INTRODUCTION

ity term
Grigoriu

a laser pulse:(t) exist such thak(t) is able to steer the
system from an initial stat&, to some arbitrary predefined
target¥(t = T') = Uyurgee. If the answer to this question
is positive the systems is called controllable. Positivaults

of controllability are obtained by applying the Lie algebra
criteria [4], [33] and especially the specific result in [36]
This study is detailed in [8].

The theoretical results of controllability do not offer
automatically a method to determine the laser field. Very
often this task is formulated as a cost functional to be
minimized. Several techniques have been developed in this
direction: iterative critical point methods (e.g. mondton
algorithms [16], [23], [24], [25], [19], [34], [29], [30],39] ),
iterative stochastic techniques (e.qg., genetic algost[si]),
trajectory tracking methods or local control procedure$, [6

The control of molecules dynamics at the quantum Ievethz], [15], [18], [31], [22], [32], [21], [3], [20].

is a core issue for numerous applications. This is WhY For control quantum systems evolving according to equa-
quantum control constitutes today a very active researgy, (1), Lyapunov trajectory tracking techniques [1], [7],

field, both from the theoretical and experimental point o
view ( [2], [5], [17], [38] etc.). Before presenting the i€z

[27] have been applied. One of the advantages of these
approaches is that an explicit formula for the laser field

addressed in this paper, we first introduce the time-dependes gptained. The method consists in defining a functign

Schrodinger equation, which models the time-evolutiom of
finite dimensional closed quantum system under the influen
of a laser field:
iwt) = (Ho + e+ AOmIvE. @
where Hy, uy and us are N x N Hermitian matrices with
complex entries. The wavefunctioli is a vector inC¥,
satisfyingZﬁ.V:1 |¥;|? = 1, thus it lives on the unit sphere
SN(0,1) of CN ande(t) € R is the control (for example
the laser intensity).

The termH (t) = Ho+e(t)u1+€%(t) u2 is the Hamiltonian
of the system and{, is the internal Hamiltonian. This last

one characterizes the system in the absence of the laser. T e

matricesy; and uy describe the interaction of the quantum
system with the laser field. This type of model is used whe
the first order terme¢(t)p;, also called dipole coupling [26]

does not have enough influence on the system to reach the
control goal; the goal may become accessible only after

adding the polarizability term?(¢)u» (see e.g. [9], [10] and
related works).

One of the problems that must be clarified for the non
linear control equatiorl) is to find if a final timeT and
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which is nonnegative and vanishes wh&nr= U, ge::
ce

V(\Il7t) = <\Ij - \Ijtarget|\11 - \Iltarget> = H\Ij - \Iltarget”Qa
2)
where (.|.) denotes the Hermitian product anb,,q.. a
reference trajectory ofl). Imposing the conditio@dV/dt <
0, V has the properties of a Lyapunov function and we obtain
an explicit formula for the control.

In order to make sure that the targ@tq,q.: will be
reached using the laser thus obtained a convergence analysi
must be provided. An initial positive result of asymptotic
stability has been proved in [11] under the hypothesis:

: Hy is non degenerate i.e.:

Al 75 /\j, A 1,j € {17 ,N} with 3 75 7 (/\i)i:1,27,,,71v

are the eigenvalues di

M, direct coupling, throughy;, between the target state
¢ (first eigenvector offf, associated to the eigenvalue

A € R; Hopp = A\¢) andall other eigenvectors i.e.:

<M1¢j|¢> 7é 0, for every j € {25 "7N};

o, P2, ...,¢n form an orthonormal system of eigen-

vectors of Hy, corresponding to the eigenvalues

(AN)iz1,2,...N

The explicit formula for the control, that proves to be

efficient for the above cases is

€ = —kIl/(l + kfg)

®3)

with & a constant that belongs 10, -br[, I = Tm(u1 ¥|¢)



and I, = Im{(usV|¢) (see [11], [8]). When some of the still controllable and this constitutes a very strong metiivn

(direct) coupling is realized by, instead ofyu; i.e: to their study. In this context the main goal of this paper is
Hs: (udi|g) # 0 or (ua¢i|¢) # 0, for everyj € to introduce a Lyapunov trajectory tracking technique that
{2,.,N} permits to determine efficient laser fields for this cases too

: ; - .1 To this end we will adapt the implicit Lyapunov method
the previous feedba s not efficient anymore. Numerical
previou aB) i ICI y Hmerea. troduced in [3] for bilinear caseH (t) = Hy + €(t)u1-

tests in [11], [8] show that the target it is not reached, _ ) . 4

the systems gets trapped into an unknown state. In orderThe_ general idea is o t_rack_ a mobile targef, instead
to take into consideration the problems that appear, tV\ffo a fixed targew, where_ﬁ implicitly depends on the state
alternatives have been proposed: discontinuous feedlatk é)f the system_\I{. As we impose a slow convergence gf

time varying feedback (see [8] for more details). Thesenallo 10 @ We stabilize faster the state of the system around the

to approximately asymptotically stabilize the system arbu VeCtOI’ng[_g applying a Lyapunov method as the one describgd
the targets. by relation (2). This should guarantee that the system is

stabilized around (see Fig.2) and it does not get trapped

There are systems for which the targeis not directly
into another unknown state.

connected byu; or us with all the other eigenvectors and
we are not longer in the hypothedis, or H;. An example

is provided by the following 5-level quantum system [35] \I’(t)
with the matricesHy, 1 and o defined by: ¢ﬁ(t) o
10 0 0 0 0 @ o
0 12 o0 0 0
Hy = 0 0 13 0 0 ,
0 0 0 14 0
0 0 0 0 215 \Ij<t)
0 0 0 1 1 0 0 0 0 0
0O 0 0 1 1 0 0 0 0 O Fig. 2. Schematic view of the slow convergence¢of toward the target
w1 = 0 0 0 0 0 |,us= 0 0 0 1 1 (4) ¢ and a faster convergence %f towards the mobile targef.
1 1 0 0 0 0 0 1 0 0
1 1 0 0 0 0 0 1 0 0

In Fig. 1, we represent the diagram of the coupling achievedr;-:een?,?rlzr:(r;e ﬁ;:hl_e ;aupr?;vlsteacsh;?Ilggsgénei?;tgrlévlfesu
by pu1 and puo between the eigenvectors of the interna P yap que.

Hamiltonian H, of the system(4). One can note that the or the implicit Lyapunov function is proved followed by
first eigenvectors, — ¢ — (1,0,...,0) is directly coupled the convergence of the stabilization technique. Secfibh

; addresses the case of a degenerate target state. Finally, in
iOSnII'i/OV\gE:‘-‘efEl c%nudpﬁ;g«glgb'%: 7 &iiﬁl(;f'(bg;f;)'l:rlﬁirse section/V, we perform some numerical simulations for a
Wi OF pia 2 5 five-dimensional test case followed by conclusions.

2-15 Il. IMPLICIT LYAPUNOV TRAJECTORY TRACKING
A. Lyapunov function

11 12 Recall that two wave functiong; and U, that differ by a

14 phased(t) € R, i.e. ¥; = exp(if(t))¥2, describe the same
' H2 physical state. To take into account the property we add a

/’11 1.3 fictitiouss controlw (see also [21]). Hence we replace the
evolution equatior(1) by:

d
ZE‘I’(t) = (Ho + e(t)m + E(t)pz +w(t)¥(t),  (5)
wherew € R is a new control . We can choose it arbitrarily
1 0 without changing the physical quantities attachedito
In the following, for a giveng € R, we denote by

Fig. 1.  Schematic view of the coupling realized by the mesig (M,)1<j<n the eigenvalues of the matrikl (3) = Hy +
and po defined by (4) between the first eigenvectat of the internal B \J\z j . .
Hamiltonian Ho and all the other eigenvectors, ..., ¢s. The eigenvectors  Bpi1 + B~ pi2, and by(@g)lgg‘gN the associated normalized
are represented by circles and next to each of them the pomdimg eigenvectors;

energy level(Hop);;, ¢ = 1,...,5 are written. The coupling are represented

by edges, each of them being labelled with the correspondiagix that 2 Jo_\J 4

achieves the coupling. (Ho + Bp1 + 57 p2) 5= AP (6)

For simplicity we denotes = ¢} and s = \j

case the target i = (1,0,0,0,0). . We introduce the functiort/(¥) defined by (2) with
Another category of systems is the one with degenera

tp arget — :
internal Hamiltonian (hypothesi#(; is not fulfilled). The target = $5(v)
common characteristic of all these systems is that there areV (¥, t) = (¥ — ¢p(u)|V — dpw)) = [|¥ — dpw)l> (7)



where the functiolr — () is implicitly defined as below: and |Re(<d‘z"*|\11>)| < |<d¢"|\11>| < ||(d¢")|5 5 ||, together
U) = (10 — 2y g) With [[I'[| < gz we obtamthat thefunctloﬁ(H\IJ b I?)
ae) ( 250l ® is contractlng for fixedl € SN(0,1). Thus, for any fixed
The properties of the functiod® are formulated in the ¢ ¢ SN(0,1) there exists a uniqu@(¥) < [0,3*] that
following lemma in order to assure the existence of functioperifies g).

B.Lemma 2.1:Suppose that hypothests; holds and con * Existence of functiorp.
.1:Su - . .
PP yp ! In order to prove the existence @f let us consider:

sider a continuously differentiable functidh: R*™ — [0, 5]
satisfying : F(¥,8) = 8= T(1¥ = ¢gu)|”)- (16)
o) = 0’1 T'(s) > 0 for every s > 0 This application isC* with respect to? and 3, and for
Tl < Yol (9) fixed ¥ € SN(0,1) we have:
with F(U,8(v)) =0. 17)
_ dops , * - :
C =1+ max {H (W) ‘ﬁ:ﬁo ; Bo €0, ]}, (10) Moreover from relation15) we have:
: , : . d
where ¢35 is the first eigenvector of the matrik/ (5) and = ! — 2
here gy is ige atrid (5) J5F (0 0) =120 (|0 = 65| Re((222 1517 69)),
(W)‘ s the derivative ofps at the points = (. (18)
Thenﬁ_ﬁ%here exists a uniqgue mapp € which is non zero sincgl”| < SC, with C' defined by(10)

C>=(8N(0,1); [0, 3%]), such that for everyr € SV (0,1) : on the intervall0, 3*]. We are in the hypothesis of the im-
plicit function theorem, this implies the existence of the a
B(¥) =T(||¥ — gbﬁ(\l,)HQ) with 3(¢) = 0. (11) plication ¥ — 3(¥) that belongs taC>°(S™ (0,1); [0, 8%]).
Proof: The proof follows the ideas of [3] but needs ]
a minor adaptation to take into account the second orderNow, we can focus on finding feedback controls such
control term €%(t)u» and the different definition of the that V is a Lyapunov function. To this end we compute

Lyapunov function(2). For completeness we give howeverthe derivative ofl” along trajectories of5) and impose the

the full proof below.

Since we made the assumption that all the eigenvalues
of the internal HamiltoniarH, are different, we are in the
settings of Theorem XII.1 and Theorem XIl.4 of [28]. This
implies that the eigenvalue and the eigenvectors of theixmatr

H(p) are analytic functions of and

Ha: Xy #Nyforj#1, j,1=1,.N. (12)

in the interval[0, 3*]. Sincegg is analytic the derivativgf—‘*
exists for every point, € [0, 5*], and is bounded ofb, 5*].
This implies:

C'=1+max {H (d%) ‘ﬁ:ﬁo

e Uniqueness of functior.

In order to prove the uniqueness of the functigriet us
consider the functiol® defined by:

, Bo € [O,B*]} < o00. (13)

B— TV — s l*)

with 8 € [0, 3*]. For everys; and 3, from [0, 3*], there
exists 3 €41, B=[ such that:

L([¥ = ¢g,w)lI>) =TIV — g, 0)lI*) =

d
(G50 = oswP)| (A -m). a9
Since
—ﬂF(H‘I’ — dpew)l?) =
20 (% = b ) )R (21 - 9) 29)

conditiondV/dt < 0. We have:

T = oe— A)lm((uW(1)[65) +
2% = B*)Im((u2 P (t)|95)) +
2w+ AZ)Im(OI/(t)IaSm) -
20 ({210~ 65)).

wherelm denotes the imaginary part aft the real part.

For convenience we denot#’ = Im((u;¥(t)|¢s)) and

Iy = Im((u2¥(t)[65))-
A simple computation leads to:
6 = {201 +22 - ) +
2(w + Ag)Im((¥(t)|¢g)) —
25Re(<%|\11 - ¢>ﬁ>)}.
'(V)((e = BT} + (€2 = 815
1+ 2F/(V)Re(<—;| ¢5>)
2(w + Ag)Im((¥(t)|95))
1+ 2P’(V)Re((d v ¢>@>)

Remark 2.1:Sincel"(V) < 1/(8C*) with C* defined by
(10) we have:

(19)

(20)

It follows that:

+

(21)

1+2F'(V)Re(<%|\ll—¢g) £0 22)



moreover that V is constant, i.eV/(¥) = V. Since by definitions =

dog 1 I'(V), B(¥) is constant i.e = ..
HQFI(V)RGGWW - ¢B>||) <5 (23) The equationiV/dt = 0 means that:
If we replace relatior(20) in (19) we obtain:
_ _ B 2 2\B
o 2((e =Py + (¢ = )L + Since theQ-limit set is also invariant under the flow
g(t) generated by (5) it follows, taking into account (28), that
2(w + Ag)Im({¥(t)|#p))) x ( 14+ g(t)) this set consists in fact of trajectories of the system:
(24) )
—U = (Hgy + Bepr1 + 52 v, 29
with ; 7 (Ho + Bep + Bep2) (29)
g(t) = 2F’(V)Re((di;|\lf - ¢g>). (25) The solutions of(29) have the form:
N
From Remark2.1 we havel — % > 0. If we denote U — Zb_e—mgc(bj . (30)
v =€ — [ and we take: ‘ = ’ e
_ B B B
{ v = —k(I} +2815)/(1 +KkI3) 26 The e|genvector$¢ﬁ )jeq1,...ny Of H(B) = Ho 4 Bepn +
w=—Ag —clm((¥(t) | ¢5)), (26) /3212 can be chosen to form an orthonormal basis. Moreover,

the orthonormal eigenvectors are holomorphic functions of
with & and ¢ strictly positive parameters, one getg/dt < . (see [13], page 121). N
0, i.e. V is nonincreasing. Thus we obtain the following If 3. = 0 we haveI'(V) = 0 which impliesV = 0. In
feedback control: this case the limit set o’ only containse.
If 5. # 0, on the contrary we substitute relati¢0) into

€ = Bk +2615)/(1+1K13) relation (28) and we obtain:
o iy o) 0 (WOl6s)) = Tm(b)(Ga.0s) +
m c = m 1 c? c
Remark 2.2:To guarantee that the denominator kIﬁ ’ N P 0 »
0, one notes thafly| < [(uaW(t )|\I/g>| < lp2ll; therefore S Im(by(g,, dp, e N5 ).
1+ kIB > 0 as soon ag < From now on, unless ; ‘
otherW|se specified, this condmon will be assumed. = 0. (31)
B. Convergence analysis and
In the following we prove the convergence of the tra- 3 3
jectories U of the system(5) toward the targetp. The I 4260 = Tm(bi)(mds,, ¢p.) + ‘
idea is to use that the feedback presented previo(2y Z Im(b N1¢g dg.)e )
for Hamiltonian H(¢t) = Ho + Bp1 + (*ue assures the Jed .

convergence towards the sg€ly = {¢g} for every g €
10, 5*]. So we lets tending to zero and by construction the

+20. (Im(bl Wu2ds., ds.) +

convergence toward8g must be faster than the convergence Z Tm (b (22 & g )e ‘”jac))
of 3 towards zero. Py Pe? Fie
Theorem 2.1:Assume that the hypothesiH; and H; — (32)
hold, where _
o : From equation(31), together with(¢}, ,¢s.) = 0 for all
Hs denote J; = {j[j # 1, <91¢Jﬁ|¢ﬁ>) # 0} j =2,..., N we obtain thafm(b;) = 0. Moreover, equation
and J = {j[j # 1, (uadly|65)) # 0}, (32) becomes:
JIUJy=1{2,3,...,n} and J; NJs = 0 on [0, 5*]. TSY
1= band W0l =0on DLy ong = 3 Iyl b, da)e ),
Consider(5) with ¥ € SV (0,1) and an eigenvectop € J€N
SN(0,1) of H, associated to the eigenvalue If we take —itAd
’ +28. ) 1 Be
the feedbacK27) with k < -Lw andc > 0, then the limit g k%i m(bi b, 5. )e )
set of U(¢) is reduced tat¢. — (33)

Proof: Up to a shift onw and Hy, we may assume that
A = 0. Since hypothesi¢{; holds we can apply Theorem We use hypothesi#(; together withg. # 0 and we obtain
XIl.1 of [28]. This implies that hypothesi#(; is fulfilled. b; = 0 for everyj € J (see [8] for more details ). This
LaSalle’s principle (see, e.g., [14, Theorem 3.4, page)115jmplies that the limit set only contains¢g,. We let . tend
guarantees that the trajectories of the syst&pconverge to to zero and conclusion follows.
the largest invariant set containeddi’/dt = 0, this implies [ ]



I1l. D EGENERATE CASES Simulations of Fig.4, left figure describe the evolution of
-v@e Lyapunov function defined b§7) and the right figure

For systems with degenerate internal Hamiltonian positi ) , .
numerical tests have been performed using discontinuott€ €volution of the functio. The evolution of the control

and time varying controls obtained by applying "explicit’¢ defined by(27) is described in Fig5.
Lyapunov tracking techniques (see [8]). Under more restric
tive hypothesis than for non degenerate cases convergel 1

might be obtained. The advantage of applying an implici; :_; 05t | N\‘NV
Lyapunov technique is that adding a small perturbation ¢ = o 100 200 200 200 %0 500
the form Bu; + 3?u2, with 3 € [0, 3*] the degeneracy of : : :

~ 05 : :
H, is withdrawn and a asymptotic stability result as the on =~ MHMMMWMM
: : . =,

in Theorem2.1 is obtained. Moreover we conserve the sam o 100 200 300 200 500 600

type of hypothesis as in the non-degenerate case. ~_ 04 : :
Theorem 3.1:Assume that the hypothesi¥, and H; = O'ZWMMM

system dimension N=5

hold. Consider(5) with ¥ € S¥(0,1) and an eigenvector % 100 200 300 400 500 _ 600

¢ € SNV(0,1) of Hy associated to the eigenvalue If we — «_ 05 ] ‘ ‘

take the feedback27) with k& < H#lzll andc > 0, then the = Ommmmm ‘ ‘ ‘

limit set of ¥(¢) reduceste. 0 100 200 300 400 500 600
Proof: It follows the same steps as in Theorérm. m & o; ‘ ‘ ‘ ‘ ‘

Before being able to apply Theoresnl, some details have = 0 ' ‘ ‘

to be discussed. In the above section the space generatec 0 100 200 ~ 300 400 500 600

any eigenvector of the internal Hamiltonid&fy is always of time (arbitrary units)

dimension one. Therefore we were tracking without loss of ) ) ] )
generality the first eigenvectgrof H,. This is no longer the E'g'_s(' 1:;;.Pogilit'%ﬁjalcggsjﬁzﬂd'Elg(tt‘i S(]);St'ém(l\""l'thlffjle)c%?’
case for a degenerate situation. We may try to stabilize th& feedback is defined b27)( ¢ = 0.8, k = 0.02)

system around an arbitrary eigenvectas, which can gen-

erate a space of dimension larger than 1. As a consequence.

first we need to recall a result from the perturbation theor L g, ystem dimension N=5 L g ystem dimension N=5

for finite dimensional Hermitian operators ([13], page 121) |

Lemma 3.1:Let us consider theN x N dimensional
complex matrices, i1, o and let us take

H(B) = Ho + Bu1 + B po. (34)

For each real 3, there exists an orthonormal basis
(¢n(B))neqa,...ny of CN consisting of eigenvectors of
H(3). Moreover, the orthonormal eigenvectors can be chos¢
as holomorphic functions of.

In order to track any eigenvectof of a degenerate matrix
Hy it is enough to conside®;q,¢e¢ = ¢’§ in definition
(2) of the functionV, where ¢§ is defined in the above

o I
© = [N

function V
o
(]

function

I
~

o
)

‘ 0 ‘

lemma. Sincey; is continuously differentiable its derivative % ime %g?bitraf;%nits)eoo % ime %g?bitraf;%nits)soo

dgbf,/dﬁ is bounded on the intervél, 5*] and the existence

and uniqueness ¢f(¥) is guaranteed. Fig. 4. Left: evolution of the Lyapunov functioh’; Right: evolution of the
function g; initial condition: ¥'(t = 0) = (1,1, 1,1, 1)y/5; system defined

V. NUMERICAL SIMULATIONS by (4) with feedback(27)( ¢ = 0.8, k = 0.02).
We consider next the five-dimensional system (see [35])

defined by(4). We use the Lyapunov contr¢27) in order V. CONCLUSIONS

to reach the first eigenvecter = (1,0,0,0,0,0) of energy In this paper we study implicit Lyapunov trajectory track-

A =1, at the final timeT". Note that||uq|| = 1. ing procedures for closed quantum systems submitted to an

The functiong is defined by(8) with I'(z) = 0. 75x Evenif external interaction, a laser field. The interaction betwtbe
I'(x) doesn't satisfy the hypothesid” || < g~ of lemma system and the laser is described by a first order €t

2.1, the convergence of towards zero takes place (seeand a second order term consisting in a polarizability term

Fig. 4, right image ). This happens because the conditio#? (). More precisely the hamiltonian of the Schrodinger

is much stronger than the one required by the numericafuation that models the evolution is equalHg + eu1 +

simulations. Simulations of Figusedescribe the evolution of 1i5¢2, with Hy the internal Hamiltonian.

the population of the trajectoryy = (¥4, Us, ..., Uy), for the The goal is to determine efficient controls for two types

initial stateW(t = 0) = (1,1,1,1,1)/4/5. We takec = 0.8.  of controllable systems. For the first type there is not direc



system dimension N=5 [16]
15 \ \ : .
)
w
K]
& [18]
o
0 19
8 [19]
[20]
0 100 200 300 400 500 600 [21]
time (arbitrary units)
[22]
Fig. 5. Evolution of controle ; initial condition: ¥(t = 0) =
(1,1,1,1,1)v/5; system defined by4) with feedback(27)( ¢ = 0.8,k = 23]

0.02).

coupling between the target state and all the eigenvectors B4l
the internal hamiltoniarfl, This corresponds in the bilinear
setting Hy +¢p1 with the non controllability of the linearized
system. The second one is characterized by non degen E']
ate internal Hamiltonian. A description of the method,
convergence result together with numerical simulatiores ar
presented. (26]
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