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On the behavior of Dempster’s rule of combination
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Abstract—In this paper we present simple examples showing three possible classes of underlying models for the frame
the insensitivity of Dempster's rule of combination propoed of discernment on which the basic belief assignment is
in Dempster-Shafer Theory (DST) of evidence with respect to defined depending on the nature of the problem: 1) Shafer’s

the level of conflict between two sources of evidences. Aside del in DST id the f f di
famous Zadeh’s example on the validity of Dempster’s rule of model (as in ) considers the frame of discernment

combination, it is shown that for an infinite number of cases © = {01,...,0,} as afinite set ofi exhaustive and exclusive
Dempster’s rule does not respond adequately to combine sotes hypotheses according to the possible solutions of the pnobl
of evidence even when the level of conflict between sources isynder consideration; 2) A free-DSm model, is an opposite
low. For a comparison purpose, we present the solution obtaed 4 ghafer's model and consists in assuming that all elements

by the more efficient PCR5 fusion rule proposed originally in o . .
Dezert-Smarandache Theory (DSmT) framework. 0;,i=1,2,....,n of © are not exclusive. The only requirement

Keywords: Data fusion, belief function, DSmT, DST. is for their exhaustivity. Shafer’s model can be consideasd
the most constrained model; 3) Between Shafer's and free
|. INTRODUCTION models, there exists a set of fusion problems represented in

The variety of the fusion rules dealing with imperfect anterm of DSm hybrid models where the frame of discernment
uncertain information are based on different mathematiaabuld involve both fuzzy continuous and discrete hypothgese
models and on different methods for transferring thie accordance with the exact nature of the problem. In DST
conflicting mass of belief to specific hypotheses of théhe bba'sm(.) are defined on the power-séf whereas
frame of the problem under consideration. DST [1] has beé&m DSmT, and when working with and underlying hybrid
the first mathematical theory of evidence for combiningodel for the frame, the bba’s are defined on the hyper-
uncertain information expressed as basic belief assigtsnepower setD® that corresponds to Dedekind’s lattice. The
The fusion rule proposed by Shafer in DST is Dempstersathematical definition oD® with many detailed examples
rule of combination, i.e. the normalized conjunctive rulean be foundin [2], Vol. 1 and is out of the scope of this paper.
of combination. The legitimacy and the justification of
Dempster’s rule for combining sources of evidence has beeriThe main purpose of this paper being the analysis of
a source of open endless strong debates in the commuiiigmpster’s rule of combination, we will work in the classica
of users of belief functions since the publication in 1979 ddST framework where Shafer’s model is assumed valid for
Zadeh's famous example in [4], [5]. In this paper, we presetite frame© and therefore we don't need to work with hyper-
new interesting examples to show another potential problepower set D®. More precisely, one ha®® = 2° when
or at least questionable behavior, of Dempster's rule &hafer's model holds. From a frame of discernménta
combination. Clearly, we show that in some case Dempstelbasic belief assignment (bba) is defined [1] as a mapping
rule is unable to respond adequately to the fusion of differem(.) : 2© — [0, 1] associated to a given source of evidence:
basic belief assignments (bba'’s) whatever the level of winfl
is. The problem is not due to the level of conflict between m(0) =0 and Z m(X) =1 1)
sources (contrary to Zadeh's example) but it is due to the Xe29
inadequate normalization step done in Dempster's rule andThe elements of the power set having a strict positive mass
the way the conflicting mass is redistributed back to focaf belief are called focal elements of(.). The set of all
elements through this normalization step. Such very simglecal elements is called the core of(.) and is denotedC.
examples reinforce the justification for using more effitiefhe measures of credibility and plausibility of any projiosi
rules of combination to circumvent such unsatisfactory € 2 are defined fromn(.) by
behavior of Dempster’s rule, or at least to use Dempster's

A
rule with extreme caution in applications. Bel(X) = Z m(Y) @)
YCX
Ye2®
Dezert-Smarandache Theory (DSmT) [2] has been )
developed to overcome the limitations of DST and PI(X) £ Z m(Y) (3)
circumvent the problems of inconsistency of Dempster’s YNX#D
rule in possibly highly conflicting fusion problems and to go ve2®

beyond the limitations of Shafer's model. DSmT distingeish



A. Dempster’s fusion rule VX €29\ {0}

Dempster's rule of combination, also called Dempster- ;. ..(X) = m,(X)+
Shafer’'s (DS) rule since it was proposed by Shafer in his ma(X)2ma(Y) ma(X)2ma (V)
1 2 1

mathematical theory of evidence [1], is a normalized con- Z [ 2 1 @)
junctive operation. Based on Shafer's model of the frame, ycs0\(x) mi(X) +ma(Y)  ma(X) +m(Y)
Dempster’s rule for two sources is defined by s(0) = 0, Xny=0
andvX € 29\ {0} by where all denominators are different from zero. All sets in-
volved in the formula are in canonical form. All denominator
_ mia(X) are different from zero. If a denominator is zero, that fi@ct
mps(X) (4) <= . , -
1 —m2(0) is discarded. No matter how big or small is the conflicting
mass, PCR5 mathematically does a better redistributioheof t
where conflicting mass than Dempster’s rule since PCR5 goes back-
mia(X) 2 Z m1(X1)me(X2) (5) wards on the tracks of the conjunctive rule and redistribute
X1,X2€29 the partial conflicting masses only to the sets involved @ th
X1iNXe=X

conflict and proportionally to their masses put in the cobflic

corresponds to the conjunctive consensusiometween the considering the conjunctive normal form of the partial ciotfl

two sources. Thalegree of conflichetween the sources isPCRS IS quasi-associative and preserves the neutral irpact
defined by the vacuous belief assignment.

II. A COUNTEREXAMPLE TO DEMPSTERS RULE

A
Kz = miz(0) = Z ma(X1)me(X2) 6) Here we point out a new (counter) example showing the
fglrf;i; inadequate behavior of Dempster’s rule. This example is
not related with the level of conflict between sources. In
The mass of conflict is distributed to all meaningful propdhis example the level of conflict can be chosen at any low
sitions (i.e. the non-empty elements belonging to the inteéfalue and Dempster’s rule is not responding adequatetly to
section of the cores ofn;(.) and my(.)) of the power set the combination of different bba’s since it provides always
through a simple normalization procedbi@ith the division Ssame results which is not a good expected behavior for a
by 1 —m2(0), assumingni» () < 1). As already pointed out good fusion rule for applications. Stated otherwise, wete
by Zadeh’s [4], this rule has a very questionable behaviamwhthe (strictly positive) level of conflict is, Dempster's eul
K1, — 1 because Dempster's rule can reflect the minorigives always same result which is very surprising and
of opinions and moreover it is insensitive to inputs valugs gounter-intuitive.
shown in [2], p. 114. That is why we have proposed to use the
PCRS5 fusion rule developed originally in DSmT frameworlexample 1Let's consider the following framé = {A, B, C'}
[2]. It has been proved that PCR5 does not suffer of su@ith Shafer's model. We consider the following two bba’s
unexpected behavior even in highly conflicting situatidmst, associated with two distinct bodies of evidence as followh w
at the price of higher complexity for its implementation lwit 0 < a < 1 and0 <b < 1:
respect to the complexity of Dempster’s rule.

Focal elem) bba's | mi(.) | ma(.)

A a 0

; AUB l1—a 0

B. PCRS fusion rule e 0 b
The idea behind the Proportional Conflict Redistribution AUVBUC 0 1-b

rule no. 5 [2] (Vol. 2) is to transfer conflicting masses (tata  Table |

partial) proportionally to non-empty sets involved in thedel INPUTBBA'S 171 () AND m2 ()
according to all integrity constraints. The general piieiof
PCR rules is then to 1) calculate the conjunctive rule of
the belief masses of source) calculate the total or partial m5(A) = a(1 —b)
conflicting massesy) redistribute the conflicting mass (total mis(AUB) = (1 —a)(1 - b)
or partial) proportionally on non-empty sets involved ire th
model according to all integrity constraints. Under Shafer 12 = maz(0) = m1(A)ma(C) +mi(AU B)ma(C) = b
modef of the frame®, the PCR5 combination rule for only Applying Dempster’s rule by normalizing by— K1, = 1 —b,
two sources of information is defined asipcrs()) =0 and  one gets

Using the conjunctive consensus operator, one gets:

1When the sources are in total contradiction, i.e. wher (9) = 1, then mps(d) =a(l—b)/(1—b)=a

Dempster's rule cannot be used since one has a division loyize#). mps(AUB)=(1—-a)(1-0b)/(1-b)=1—a
2We consider only Shafers model here to make the comparisith w

Dempster’s rule results. Clearly, one sees in this example that:



1) mso(.) plays here the same role as the vacuous belief PO en ) FeRssmamOsand)
assignment represented by, (AU BU C) = 1 since
one gets finallynps(.) = mq(.).

2) Dempster’s rule is not sensitive (i.e. adequately redpon
ing) to the values of the bba(.) because the result is
independent of the input parameterThis is not very
satisfactory because Dempster's rule doesn't capture
efficiently the impact of the level of conflict between two
sources due to the inadequate normalization procedure.

If now we apply PCR5 rule of combination in this example,
we obtain the following result;

(A) = a1 —p)+ L
m =a(l -
PCR5 a+ b
(1= a2 |
mpers(AUB) = (1—a)(1 —b) + e Figure 1. mpg(A) andmpcps(A) for a, b € [0,1].

ab? 1 —a)b?

It can be easily verified that.pcrs(.) is normalized. We
see clearly that PCR5 does react more efficiently to the varia
tions of the inputs bba’s contrary to Dempster’s rule. When
tends to zerompcors(.) tends tom, (.) which is normal since
ma(.) coincides with the vacuous belief assignment. When
b =1, then one combines the bba’s of Table Il

Dempster's fusion of m, () and m,(.) PCRS fusion of m, () and m,()

mo(AD B)

Focal elem) bba’'s | mi(.) | ma(.)
A a 0
AUB l1—a 0
C 0 1
Table Il

INPUT BBA'Sm1(.) AND ma(.)

Because of the principle of proportional redistributiontioé Figure 2. mps(AU B) andmpcrs(AU B) for a,b € [0, 1].
masses of partial conflicts to the focal elements involved in e oo ot .0y e ooty
them, one will obtain in this special case S S

CL2

T 14a 1
(1-a)?
2—a

_a 1—a
_1+a+2—a

The figures 1-3 show the evolution of fusion results. The
figure 1 shows the mass of belief committed4pthe figure
2 the mass ofd U B and the figure 3 the mass 6f obtained
with Dempster’s rule and PCRS5 rules for couplesb) of
input parameters varying ifo, 1]. One sees clearly the non-
responding of Dempster’s rule to the variation of the input
parameteb involved in ms(.).

MpCR5 (A)

mpors(AUB) =

Mos(©)

mpcrs(C)

Figure 3. mpgs(C) andmpcrs(C) for a,b € [0, 1].
[1I. I NFINITE CLASS OF COUNTEREXAMPLES
The previous example showing the inadequate behavior ffample 2 Lets modify a little bit the previous example by
Dempster’s rule is not unique and actually there exists &l considering® = {A, B, C} with Shafer’s model and by

infinity of cases where this non-responding behavior occuf@king the two non-Bayesian bba’s given in Table Il where
with Dempster’s rule as we prove in this section. a € [0,1] andby, by > 0 such that, + b2 € [0, 1].



Focal elzm'\ bba's mtf‘) m%(‘) Example 3Let's modify again a little bit the previous example
AUB l1—a by by still considering® = {A, B, C} with Shafer's model and
c 0 1—b1 —bo by taking the two non-Bayesian bba’s given in Table IV where
AUBUC 0 ba a1,as > 0 such thata; + as € [0,1] andby, by > 0 such that
Table 11l by + by €[0,1].
INPUT BBA'Sm1(.) AND ma(.)
Focal elem)\ bba’s mi(.) ma(.)
A a1 0
Using the conjunctive operator, one gets: AﬁB 1_ ;12— s b(i
c 0 1—b; —b
miz(A) = a(by + b2) AUBUC 0 by
mi2(AU B) = (1 —a)(by + b2) Table IV

INPUT BBA'Sm1(.) AND ma(.)

Ko =mya(0) =1—by — by
which yields after the normalization by— K15 = by + bo,

mps(A) =mi2(A)/(1 - Ki2) = a
mDs(AUB) = mlg(AUB)/(l - Klg) =1—-a

Using conjunctive operator, one gets:

mi2(A) = a1(by + b2)

mi2(B) = az(b1 + b2)
mi2(AUB) = (1 — a1 — a2)(by + b2)

K1 =mya(0) =1—by — by

Clearly, Dempster’s rule is still insensitive tmy(.) for

this new example because whatever the different values of
input paremeterd; and b, are, the rule provides exactly
the same result, i.enps(.) = m1(.) even if mo(.) doesn't ) ) o
correspond to the vacuous belief basic assignment. It c4Rich yields after the normalization by — K2 = b1 + b,
bet eal'lsil)ytxeiifisgr\i)ré tgis second egar?fpl_e (<t';|1nd]c for anybpa_lses,nDS(A) =m2(A)/(1 — K12) = a;
actual a oes respond efficiently for combinin

y P Y 9 mps(B) = mia(B)/(1 - K12) = az

these two bba’s.
mps(AUB) = mlg(AUB)/(l - Klg) =1—a1 —as

If we apply the PCRS fusion in this example, the propne sees that also in such very simple example 3, Dempster's
portional redistribution of the mass of the partial conflict,je is insensitive to the input parametebs and by of

m1(A)m2(C) = a(l — by — by) is done by ma(.) because they are automatically simplified through

A To m(A)ma(C) a(l — by —by) the normalization procedure used in Dempster’s formula.
mi(A)  ma(C)  mi(A) +ma(C) a+1—b, —b, More generally, an infinite class of counter-examples based
) , on a generalization of this type of examples can be easily

whencez, = ‘21511__71};1__12) and zc = %; and constructed and therefore the following theorem holds.

similarly the proportional redistribution of the mass ofth

partial conflictm; (AU B)ma(C) = (1 —a)(1 — by — ba) is It this example, in can be easily verified that PCR5 fusion

done by provides the following result:
yaup _ yo _ mi(AUB)my(C) a1?(1 — by — by)
mi(AUB)  my(C)  mi(AUB) +ms(C) mpors(A) = albi+be) + Tm g
C(1bi b —ba? 21— by — b
whencey.aup = Syt andye = Sl mpcns(B) = as(by + by) + 2 L0102

as + 1-— b1 — b2
ar(1—by —bo)®  as(1—by —by)’
C =

meors(C) = e T b

(1 —ay — CLQ)(l — bl — b2)2
mpcrs(A) = mi2(A) + x4 2—ar—ax—by — b
a2(1_b1_b2) mPCR5(AUB):(1—a1—a2)(b1—|—b2)
a+1—bi—b L= —a) (1 —b —by)
mpCR5(AUB):m12(AUB)+yAUB 2—a1 —as — by — b
(1 —a)?(1—by —by) This result shows that PCR5 does react efficiently to the

2 —a—by — by masses of all the focal elements af(.). It can be verified
also thatmpcrs(.) is normalized of course.

Therefore with PCR5, one gets a fusion result that does react
efficiently to the values of all the masses of focal elemefits o
each source since one has

_|_

= a(b1 + bg) +

=(1—a)(by +b) +

mpcrs(C) = zc + yc
- CL(l — b1 — b2)2
- a+1-— bl — bg

(1—0,)(1—()1—()2)2
2—a—b1—b2




Theorem 1 Let's consider the frame of discernmenfTheorem 2 (Generalization of Theorem 1): Let's consider:

0 = {01,6,..

.,0,} with n > 3 and satisfying Shafer’s 1) the frame of discernme = {6,,6-, ..

0} with n >3

model and a given element, séyof ©. If m(.) is a dogmatic and satisfying Shafer's model; 2) a given non-empty (prpper

bba having the coreC; = {6, for some indexeg # i, X }

subset of® denoted®’ = {6;,,ir € {1,2,...,n}}. If mq(.)

where X denotes the disjunction of all; (i.e. a partial is a dogmatic bba having the cokg = {#; € {0\ ©'}, X'}
ignorance), and ifmo(.) is a non-dogmatic bba having thewhere X denotes the disjunction of a#l; (i.e. a partial

corelCe = {6;, X, I} wherel, = 6,U6,U...U0,U0,U...U0,

ignorance), and ifmz(.) is a non-dogmatic bba having the

is the total ighorance, then Dempster's rule doesn’t redpooore Ky = {I;, X,2°" \ {#}}, then Dempsters rule doesn't
adequately to the fusion of sources since it is insensitive tespond adequately to the fusion of sources since it is
maz(.), and one getepgs(.) = mq(.) whatever the masses ofinsensitive toms(.), and one getsnpg(.) = my(.) whatever

focal elements ofn.(.) are.

the masses of focal elementsqaf(.) are.

Proof: We need to compute Dempster’s fusion result for thlgroof: Applying directly the conjunctive operator yields

combination of the following two normalized bba’s satisfyi

theorem’s conditions:

Focal elem) bba’'s | mi(.) | ma(.)
0;,7 £ >0 0
X; >0 | >0
0; 0 >0
Iy 0 > 0
Table V

INPUT BBA'Sm1(.) AND ma(.)

Applying directly the conjunctive operator yields

m12(9j) =m (HJ)[mg(X) + mg(lt)]
mlg(X) =m (X)[mQ(X) + mQ(It)]

Kip =my2(0) = mz(@)[Z m1(0;) +mi(X)]

= m2(91) =1- mQ(X) — mQ(It)

After the normalization byl — K12 = mo(X) + mo(I;) one
gets:

mps(0;) = mi2(0;)/(1 — Ki2) = m1(0;)
mps(X) =mi12(X)/(1 = Ki2) = m1(X)

Hencempg(.) = m1(.) which completes the proof.

mlg(b’j) =mi (HJ)[mg(X) + mg(lt)]
mlg(X) = ml(X)[mQ(X) + mQ(It)]

Kiz =miz(0) = [ Y ma(V)][D_ma(;) +ma(X)]
Ye2e’ J
= Y ma(Y) =1-ma(X) — my(ly)

Y €28’

After normalization byl — K12 = ma(X) +m2(1;) one gets:

mps(0;) = mi2(0;)/(1 — Ki2) = m1(0;)
mps(X) =mi12(X)/(1 = Ki2) = m1(X)

Hencempgs(.) = my(.) which completes the proof.

Note: If we want, we can also relax a little this theorem by
not forcing X to be a focal element of;(.) and of msy(.),
and also not to force all the elements25t \ {0} to be focal
elements ofiny(.) as shown in the next example.

Note: Of course, the previous theorem can be a littlexample 4 Let's take © = {A,B,C, D, E, F} satisfying
bit relaxed by not forcingX to be a focal element of ghafer's model and the two normalized non-Bayesian bba’s

m1(.) and of mz(.). Actually, even if m(X) = 0 or/and
ma(X) =

given in Table VI, where at least ong > 0 and oneb; > 0.

0 are chosen in the previous proof, then one

still getsmps(.) = my(.). This corresponds to the case of

Example 1.

Generalization of Theorem 1

Theorem 1 can also be easily extended by considering for

ma(.), not only the focal element$;,, X and 6;, but also
I;, X and any#,,, 0,,, ..., 0;,
ignorances which yields to Theorem 2 stated as follows:

3By definition [3], a dogmatic bba doesn't adn@t as a focal element, i.e.

the total ignorance has a zero mass of belief.

and their possible partial

Focal elem)\ bba’s ma(.) ma(.)

A al 0

B a2 0

AUB 1—-a1—ae b1

C 0 b2

D 0 bs

DUF 0 ba
CUEUF 0 bs

AUBUCUDUEUF 0 1= b

Table VI
INPUT BBA'Sm1(.) AND ma(.)



Using conjunctive operator, one gets:
5
miz(A) = ay(by + (1= b)) =ar(1 - b;)
=1 3

5
mlg(B) = ag(bl + (1 - sz)) = ag(l — Zbl)
i=1 i

5
mia(AUB) = (1 —ay — az)(by + (1= Y _ ;)

i=1

=(1—a1—a)(1 —Zbi)

Kig=my2(0)=1—-0; — (1—Zbi) :Zbi
i=1

=2

which yields after the normalization Qy- K15 = 1—2;5:2 b;,

mps(A) =miz(A)/(1 - Ki2) = a1
mps(B) =mi2(B)/(1 — Ki2) = az
mDs(A U B) = mlg(A U B)/(l - Klg) =1- a]p — az

works as ifms(.) was equal to the vacuous belief assignment
m,(©) = 1. This is clearly what we consider as a very not
satisfactory behavior of Dempster’s rule.

IV. CONCLUSION

In this paper, we have introduced interesting counter-
examples that show what we consider as a very unsatis-
factory behavior of Dempster’s rule of combination because
Dempster’s rule is insensitive to the second source, even
if this second source is different from the vacuous belief
assignment. The problem of Dempster’s rule pointed out here
doesn’'t come from the level of conflict between sources to
combine (as in famous original Zadeh'’s example), but it come
only from the intrinsic structure of focal elements of sasc
and the inadequate normalization procedure. These example
are as important as Zadeh’s example and show clearly that
Dempster’s rule can be non responding adequately to differe
bba’s inputs in some cases and not necessarily only when
sources are highly conflicting. Therefore, we consider that
Dempster’s rule must always be used with extreme caution
in applications and we recommend to replace Dempster’s rule
by a more efficient rule of combination whenever possible.

One sees that Dempster's rule is insensitive to the inplile PCRS fusion rule appears to be a very good candidate
parameters ofn(.) because they are automatically simplifiedor the combination of bodies of evidence because it has a
through the normalization procedure used in Dempstefgore rational behavior and it also reduces the uncertaihty o

formula.

If we apply PCR5, one will get for this example (the

verification is left to the reader):

5

5
b.
_ ) 2 i
mpers(A) =ar (1 — ;bl) + a? ; —
mpcr (B)_a2(1_25:b)+a2 - b
5 : 7 2 ag—f—bz

S l-ar—axt+b
(C) albg agb% (1 —al — ag)b%
m 5 =
POR a1—|—b2 a2+b2 1—al—a2+b2
(D) a1b§ a2b§ (1 —ay — ag)b§
m 5 =
POR a1+b3 CL2—|—b3 1—al—a2+b3
albi agbi (1 —ai — ag)bi
m s(DUF) =
PCR( ) a1 + by as + by 1—a;—as+ by
a1b? azb?
mpcrs(CUEUF) = a11—1—b5 a21b5

(1—(11—(12)1)%
l—al—a2+b5

the combined basic belief assignment thanks to the powerful
proportional conflict redistribution principle.
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One can see again that PCR5 rule does react efficiently

to the masses of all focal elements of the sources in the
combination whereas Dempster’s is unable to take properly
into account the mass of focal elementsak(.) since it



