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Abstract

The time varying empirical spectral measure plays a major role in the treatment of
inference problems for locally stationary processes. The properties of the empirical
spectral measure and related statistics are studied - both when its index function is
fixed or dependent on the sample size. In particular we prove a general central limit
theorem. Several applications and examples are given including semiparametric Whittle
estimation, local least squares estimation and spectral density estimation.
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1 Introduction

In recent years several methods have been derived for locally stationary time series models,
that is for models which can locally be approximated by stationary processes. Out of the
large literature we mention the work of Priestley (1965) on oscillatory processes, Robinson
(1989) on time varying regression models, Dahlhaus (1997) on locally stationary processes,
Neumann and von Sachs (1997) on wavelet estimation of evolutionary spectra, Nason, von
Sachs and Kroisandt (2000) on a wavelet-based model of evolutionary spectra, and more
recent work such as Davis, Lee and Rodriguez-Yam (2005) on piecewise stationary processes,
Fryzlewicz, Sapatinas and Subba Rao (2006) on locally stationary volatility estimation,
Moulines, Priouret and Roueff (2005) on recursive estimation for time varying autoregressive
processes and Sakiyama and Taniguchi (2004) on discriminant analysis for locally stationary
processes.

In this paper we emphasize the relevance of the empirical spectral measure for locally
stationary time series. Here a generalized form of the empirical spectral measure is used
which depends on arbitrary index functions that may even depend on the sample size n.
The empirical spectral measure for fixed index function has been studied in Dahlhaus and
Polonik (2008) where a functional limit theorem and an exponential inequality have been
established. For Gaussian processes some (sometimes stronger) results are contained in
Dahlhaus and Polonik (2006). In this paper we investigate the asymptotic properties of the
empirical spectral measure with index functions depending on n and some related statistics.

In Section 2 we introduce the empirical spectral measure and the empirical spectral process
indexed by functions and give a central limit theorem with fixed index functions. In Section 3
we prove the corresponding result with index functions ¢,, depending on n. In Section 4
related estimates such as sum estimates and shifted esimates are studied.

The paper contains many applications and smaller examples. An overview is given in
Example 2.3 where also additional references may be found.

All proofs are delegated without further reference to Section 5.

2 The time varying empirical spectral measure

For completeness and for a deeper understanding we first present in this section the results
on the time varying empirical spectral measure with fixed index functions (c.f. Dahlhaus
and Polonik, 2008). The presentation includes all necessary assumptions since we will use
them in later sections.



Locally stationary processes were introduced in Dahlhaus (1997) by using a time varying
spectral representation. In contrast to this we use in this paper a time varying MA (co)-
representation and formulate the assumptions in the time domain. The assumptions are
much weaker than for example in Dahlhaus (1997) since the parameter curves are allowed to
have jumps (see Remark 2.8 below). As in nonparametric regression we rescale the functions
in time to the unit interval in order to achieve a meaningful asymptotic theory.

Let .
Vig) = sup > lglar) — glaw—1))| (1)

0<zp<...<xm<1,meN =1

be the total variation of a function g on [0, 1], and for some x > 0 let

() = {1’ i<t (@)

lillog ™™ 4], || > 1.

Assumption 2.1 (Locally stationary processes) The sequence of stochastic processes

Xen (t=1,...,n) is called a locally stationary process if X¢, has a representation
o0
Xin = Z arn(j)er—j (3)
j=—o00

satisfying the following conditions:
sup |an(j)| < 753} (with K not depending on n), (4)
t,n J

and there exist functions a(-,7) : (0,1] — R with

< —.
— ()
The &, are assumed to be independent and identically distributed with Ee; = 0 and Ee? = 1.
In addition we assume in this paper that all moments of e, exist. We set kg := cumy(ey).



The existence of all moments is assumed for the central limit theorems and the exponential
inequality which both are proved via the method of cumulants. Of course it would be very
worthwhile to relax this assumption.

Let 1
f(uv >‘) = %|A(ua )‘)|2

with

(o]
A, N) = > alu, ) exp(—iXj)
j=—00
is the time varying spectral density, and

e}

clu, k) = Trf(u,/\)exp(i)\k) dx= > a(u,k+j) a(u, ) (8)

- =00

is the time varying covariance of lag k at rescaled time u. Usually cov(X;nXiirn) =
c(t,k) 4+ O(n™') (see Remark 2.8 below).

A simple example of a process X;,, which fulfills the above assumptions is X;, = qﬁ(%)Yt
where Y; = ¥;a(j)ei—; is stationary with |a(j)| < K/4(j) and ¢ is of bounded variation.
Another example are time varying ARMA (tvARMA) processes whose coefficient functions
are of bounded variation (see Dahlhaus and Polonik, 2008, Proposition 2.3). Since we

frequently use the tvAR - case in our examples below we state it explicitly.
Example 2.2 (tvAR-processes) Consider the system of difference equations

05 ) Ximsn = o) )

M-

Jj=0

where ¢; are iid with Fe; = 0, Ele;] < 00, ap(u) = 1 and o(u) = «a;(0) for u < 0. If
all aj(+) as well as o%(-) are of bounded variation and Z?:o aj(u)z? # 0 for all u and all
0 < |z] <1+ 9 for some § > 0 then there exists a solution of the form

oo
Xin = Z atn(J) €t—j
=0

which fulfills (4)-(7) of Assumption 2.1. The time varying spectral density is given by

o (u) 1
flu,\) = —.
(u, A) 27 ’E?:o aj(u) exp(iNj)|?
(see Dahlhaus and Polonik, 2008, Proposition 2.3). O



The empirical spectral process is defined by

where .
F@) = [ [ 6w fu ) drdu (10)
0 -7
is the generalized spectral measure and
@)= 237 [T oty at ayan (1)
n L n t:1 o n’ n n?
the empirical spectral measure with the pre-periodogram
t 1 .
In (ﬁv /\) = > Xit41/24k/2n X[t41/2—k /2,0 €XD(—IAK). (12)

T
E:1<[t+1/2+k/2]<n

I Xpit1/24k/2nX[t41/2—k/2),n 18 Tegarded as a (raw-) estimate of c(%, k) then Jn(%, A) can
be regarded as a (raw-) estimate of f (%, A) - however, in order to become consistent Jn(%, A)
needs to be smoothed in time and frequency direction. The pre-periodogram J, was first
defined by Neumann and von Sachs (1997).

Example 2.3 Many statistics occurring in the analysis of locally stationary time series
are of the form F),(¢). We discuss several examples in this paper. Here we give an overview
(K, always denotes a kernel function).

1. ¢(u,\) = Kp(up—u) cos(Ak) local covariance estimator Example 3.5
2. d(u,A\) = Kp(up—u) Kp(Ao—A)  spectral density estimator Example 4.2
3. o(u,\) = Ky (up—u) Vfa(u,\)™1  local Whittle estimator Example 3.6
4. ¢(u,\) ~ Ky, (ug—u) Vfa(u,\)™1  local least squares Example 4.4
5. ¢(u,\) = Vfa(u, )" parametric Whittle estimator Example 3.7
in Dahlhaus and Polonik (2008)
6. o(u,\) = (I[O,UO] (u)—uo) I r)(A) testing stationarity Example 2.7
7. ¢(u, ) = cos(\k) stationary covariance Remark 2.5
8. o(u,\) = Vfe(N)1 stationary Whittle estimator Remark 2.5
9. o(u, ) = Kp(Ao—A) stationary spectral density Remark 2.5



More complex examples are nonparametric maximum likelihood estimation under shape
restrictions (Dahlhaus and Polonik, 2006), model selection with a sieve estimator (Van Bel-
legem and Dahlhaus, 2006) and wavelet estimates (Dahlhaus and Neumann, 2001). More-
over F,,(¢) occurs with local polynomial fits (Kim, 2001; Jentsch, 2006) and several statistics
suitable for goodness of fit testing (a goodness-of-fit test based on a different statistic can
be found in Sergides and Paparoditis, 2007). These applications are quite involved.

We mention that examples 1. - 4. are examples with index functions ¢,, depending on n.
The asymptotic properties of F,(¢,) in this case is the main topic of this paper. O

We now state a central limit theorem for E,,(¢) with index functions ¢ that do not vary with
n. We use the assumption of bounded variation in both components of ¢(u, \). Besides the
definition in (1) we need a definition in two dimensions. Let

lm
V3(¢) = Sup{ > 16w, M) = duj1, M) — (ug, Ak-1) + S(uj-1, Ae—1)]

jk=1

O<ug<...<w <1l; = w< g <... < < E,mEN}.
For simplicity we set

[¢lloo,v == sup V(o(u,-), Nollvies := sup V(o(-, ),
8llv,y :==V?(¢) and |[¢]lco,c0 = sup |d(u, N)].

Theorem 2.4 Suppose Assumption 2.1 holds and let ¢1, ..., dq be functions with ||¢;| oo, v
165 llvieos @5llviv and [|@jloc,c0 being finite (j =1,...,d). Then

(En(¢j))j:1 dg(E(¢j))j:1 d

where (E((b)) - s a Gaussian random vector with mean 0 and
J/)5=1,....d

™

1
cov(E(¢5), E(¢x)) = 2r /0 67 (1 ) [0 (1, A) + (s, —N)] F2 (11, A) d d

—Tr

(13)

g\ /01 ( " (M) Al)d)\1>< " el Aa) fu, Ag)dAz) du.

—Tr —Tr

This result is proved in Dahlhaus and Polonik (2008), Theorem 2.5.



Remark 2.5 (Stationary processes/Model misspecification by stationary models)
The classical central limit theorem for the weighted periodogram in the stationary case can

be obtained as a corollary: If ¢(u, A) = ¢(\) is time-invariant then

Fo(¢) = ' &(A)% Z Jn(%,)\) d.
- t=1

We have
1 & t 1o~ 1 .
- Z Jn(ﬁ7 A) = - Z o Zk X(140.5+4k /2,0 X [t40.5—k /2],n €XP(—IAK)
=1 t=1 =" 1<[t-40.54+k/2],[t40.5—k/2]<n

n—1 n—|k|
1 Z 1 Z .
k=—(n—1) t=1

1

n

2
= Tm‘ ;Xs eXp(—MS)‘ =In(\) (14)
where I,,(A) is the classical periodogram. Therefore F,,(¢) is the classical spectral measure
in the stationary case with the following applications:

u,\) = g%()\) = cos Ak is the empirical covariance estimator of lag k;
u,\) = od(A\) = ﬁer_l()\) is the score function of the Whittle-likelihood.

—~

—
Kl
©-
—~

Theorem 2.4 gives the asymptotic distribution for these examples - both in the stationary
case and in the misspecified case where the true underlying process is only locally stationary.

If p(u, \) = ¢(\) is a kernel we obtain an estimate of the spectral density whose asymptotic
distribution is a special case of Theorem 3.2 below (also in the misspecified case). O

We now briefly mention an exponential inequality. Since this is a non-asymptotic result it
holds regardless whether ¢ depends on n. Let

pon(@) = (230 [T ot ) (15)
t=1v"T

Theorem 2.6 (Exponential inequality) Suppose Assumption 2.1 holds with El|eF <
Cf for all k € N for the e;. Then we have for all n > 0

P(IVi (Fu(¢) ~BF.(9) = 1) < crexp ( — o ) (16)

Ui
pln(¢)

with some constants ci, co > 0 independent of n.



This result is proved in Dahlhaus and Polonik (2008), Theorem 2.7. There exist several
variants of this result - for example in the Gaussian case it is possible to omit the /- in (16)

or to prove a Bernstein-type inequality which is even stronger (cf. Dahlhaus and Polonik,
2006, Theorem 4.1).

Furthermore, a maximal inequality may be proved under conditions on the metric entropy
of the corresponding function class. We refer to Dahlhaus and Polonik (2008), Theorem
2.9. Applications of the maximal inequality are for example uniform rates of convergence
for different type of estimates. We omit details.

By using a maximal inequality tightness of the empirical spectral process may be proved
leading to functional central limit theorem for the empirical spectral process where the
process is indexed by a function class (cf. Dahlhaus and Polonik, 2008, Theorem 2.11).
Furthermore a Glivenko Cantelli type result for the empirical spectral process can be ob-
tained (Theorem 2.12).

Example 2.7 (Testing for stationarity) The idea for a test of stationarity is to test
whether the time varying spectral density f(u,A) is constant in w. This is for example
achieved by the test statistic

vn sup  sup [Fp(u,\) —uF,(1,0)

u€(0,1] A€[0,7]

where
[un}

S !

is an estimate of the integrated time frequency spectral density F'(u, ) := [ fo (v, 1) dudv,
and

A
Fo(LA) = U/O In () dp

is the corresponding estimate of F'(u, A) under the hypothesis of stationarity where f(v, u) =
f(u). Under the hypothesis of stationarity we have

1 A
Flu,)) — uF(1,)) = /0 /0 (Lo (v) — ) £ () dpudv = 0

and therefore

\/H(Fn(u, A) —u Fy(1, )\)> = En(¢un)

with ¢y (v, 1) = ([, (v) — u) Ijg \j(12). We now need functional convergence of Ey,(¢u,)).
Convergence of the finite dimensional distributions follows from Theorem 2.4 above. Tight-
ness and therefore the functional convergence follows from Theorem 2.11 of Dahlhaus and



Polonik (2008) (it is straightforward to check the conditions of this theorem on the metric
entropy).

As a consequence we obtain under the null hypothesis

Vvn (Fn(ua A) —u Fp(1, A)) 2 B(u, N wepalrelo]

ue[0,1],A€[0,7]
where E(u, )\) is a Gaussian process with mean 0 and covariance structure

min{Aq, 2}

1
cov(E(ur, A1), E(uz, A2)) = 277/ (Zi0,u1)(v) — uy) (I[Oﬂu](v) — up) / () dp do
0 0
1
+ :‘£4/0 (I[O,ul}(v) — U1) (I[o Uz] / f Nl dHl ; f(ug) d/@) dv

= (min{ulal@}—uluz) [27T/0mln{A17A2}f2( )du+/€4< \ f(m)dm)( OAQf(Mz)dm)]

If k4 = 0 (Gaussian case) and f(p) = c this is the Kiefer-Miiller process. However, for
general f it is a difficult and unsolved task to calculate or estimate the limit distribution
and in particular the distribution in (2.7). This may be done by transformations (like U, -
or T), - type transforms) and/or by finding an adequate bootstrap method.

We conjecture that the same result can be obtained if we use instead of Fj,(u, \) the more

realistic sum statistic
[un] [An]

EDI)IRAC

t=1 j=1

with \; = 2%3 In this case convergence of finite dimensional distributions follows from
Theorem 4.1 below while the derivation of tightness still is an open problem.

We mention that Paparoditis (2006) has given a complete solution of this testing problem
by using spectral density type statistics. ]

Remark 2.8 (The bounded variation assumption) The assumption of bounded vari-
ation in time direction (7) of Assumption 2.1 allows for jumps in the parameter curves. We
recall that a function is of bounded variation if it is the difference of two bounded monotone
functions. This implies that the function may have countably many jumps with absolutely
summable jump-sizes. In between the function is continuous. Assumption 2.1 implies
bounded variation for many other curves of interest. For example it has been proved in
Proposition 5.4 of Dahlhaus and Polonik (2008) that the covariances c(u, k) are of bounded
variation in uw with

V(e(-,k)) < —.

~
—
S
=



It can also be shown that f(u,\) is of bounded variation in u for each A. Furthermore,
Proposition 5.4 of Dahlhaus and Polonik (2008) implies

i ‘cov(XtanHk’n) — c(%, k)‘ < K. (17)
t=1

This result also reflects bounded variation. Heuristically it is due to the following;:

t M]

O(%), if ¢(u, k) is continuous in [ﬁ, th ],

t
cov (X nXitpkm) —cl — k) =
( erin) (n > O(1), if c(u, k) has a jump in [ M]

n’> n

More precisely, it can e.g. be shown that cov(XthtJrkW) — c(%, k) = O(1/n) uniformly in
k if all a; fulfill the Lipschitz-continuity assumption

laj(u) — ay(0)] < 2=

()
(cf. Assumption 2.1). The result (17) also holds for cov(X[tH/QJrk/Q]’n, X[t+1/2_k/2]7n).

for all wu,v € [%, #}

We do not take full advantage of the bounded variation assumptions in the present paper.
The main results Theorems 2.4, 3.2, 4.1 and 4.3 are proved under these weak assumptions
while nearly all examples deal with local kernel-type-estimates which require additional
smoothness assumptions. Possible applications are estimation of jump-locations and jump-
sizes, testing for breakpoints (in particular the behaviour of tests under the alternative) etc.
These applications need to be investigated in future work. [l

3 A central limit theorem with index functions depending
on n

We now prove a central limit theorem for F,,(¢,,) — F(¢y) with index functions ¢,, depending
on n. In addition we extend the definitions of Section 2 to tapered data

x5 2, (%) Xim

t,n

where hy, : (0,1] — [0,00) is a data taper (with hn(-) = [ )(-) being the nontapered case
of Section 2). The main reason for introducing data-tapers is to include segment estimates
- see the discussion below.

As before the empirical spectral measure is defined by

JA) dA (18)

t
n

Fu@) = F () = -5 [ a2 7
t=17""7



now with the tapered pre-periodogram

ha) (1 1 (hn) (hn) ,
% )<n7A =5 2 Klipema X na SRR (19)
k:1<[t+1/2+k/2]<n

(We mention that in some cases a rescaling may be necessary for Jr(bh") (u, A) to become a
pre-estimate of f(u, ) - an obvious example for this is hn(u) = (1/2) I ) (u)).
F(¢) is the theoretical counterpart of F,(¢)

1 s
F(9) = FO) () = [ W2w) [ ou () drdu (20)

0 —7

We stress that for hy,(u) = I(g1)(u) all definitions are the same as in Section 2. This is one

important special case.
Another case of importance is h;uo)(%) = k(%/—") with k& having compact support on
[—3. 3] and b, — 0. If in addition @(u, A) = 1(\) we obtain in this case as in (14)

B = [ v (23 (L)
- t=1

g 1 n 9 H. g
— _ (hn) b — 22n (hn)
/ R zm‘ ;XS exp(=ids)| A = =20 [ ) I ax @)
with the tapered periodogram
1 - 2
M) 1= 5 i 3 x () exp(—zAs)‘ (22)
M e—1

and Hy,, = Y1 | hy(t/n)? (which is in this example proportional to b,n). This means
that F), is a weighted mean of the tapered periodogram on the segment (ug — by, /2)n <t <
(up + by /2)n. For k(-) = I[—%,%](') we have the classical nontapered periodogram.

1

HQ,n
this is not always the right choice (as can be seen from case (ii) in Remark 3.4).

The last example suggests to use instead of % in (18) as a norming constant. However,

We need the following assumption.

Assumption 3.1 The data taper hy, : (0,1] — [0, 00) fulfills sup,, V(h,) < C and
sup,, , hn(u) < C for some C' < co. log hy(+) is assumed to be concave.

10



The assumption that log hy,(-) is concave is very mild (note that even log(z™) is concave).

It turns out that in the above situation the rate of converge of the empirical spectral measure
becomes /n/ th”) (¢n) where

1 T /
@)= ([ i) [ otwararan)”

Therefore we can embed this case into the situation treated in the last section by studying
the convergence of

a <p§hjz¢n>> (hy?%) (Fr(on) = FE0).

Furthermore, let

1 T
) (5, d) = 2 /O ha(u) [ 6(u, N) [or(u, A) + duus —N)] f2(u, A) dAdu (23)

—T

+ kg /()%i(u)(/i%(u, /\1)f<u,)\1)d)\1>(/:¢k(u, Xo) f(u, Ag)d&)du.

Theorem 3.2 Suppose Assumptions 2.1 and 3.1 hold. Furthermore, let ¢pi, ..., ¢ng be
functions with

L+ [[$nlloo,00 + (0g 1) [[fnlloo,v + l[dnllvico + (logn) [|¢nllvv

=o(1). (24)
Vi 0y (¢n)
If the limit
hn)
v 4 P2 " (¢n]) " (d’nk)
exists for all j,k =1,...,d then
L (Fon) - F™00)) ) B2, (26)
(hn) (.
Pa (¢n]) j=1,....d
Remark 3.3
(i) (Bias) In addition there exists the bias term
VI (i) s
(hn)<¢n) (F (¢n) = nlgroloF <¢n)>

11



(see the examples below). The magnitude of this bias depends on the smoothness of the
time varying spectral density. In this paper we usually require conditions such that this
bias is of lower order. Of course it is an important task to study the relation between bias
and variance and to investigate in that context the problem of adaptation, e.g. the choice
of the bandwidth parameters in the examples below. However, this is beyond the scope of
the present paper.

(ii) (Fixed index functions) Theorem 2.4 for fixed index functions ¢; follows from the above
result as a corollary.

(iii) (Stationary case) With ¢, (u, A) = 9,,(\) the result also covers the stationary case -
e.g. for kernel estimates of the spectral density (see (21)).

Remark 3.4 (Typical applications) A typical application of this result is the case of
(kernel type) local estimators which can be constructed by using kernels, data-tapers or a
combination of both:

(i> ¢n(u7 )‘> = éK(u%;u) 1/1()\) hn() = I(O 1]()
(ii) ¢n(u7 )‘) = éK(u%;u) 1/}()‘) hn(u) I[uo bn/2, uo+bn/2]( )
(i) dn(us ) = () () = B (*5.)

where K () and k(-) are kernel functions and b, is the bandwidth. Dependent on the
function v()\) this leads to different applications (see the examples below). If K(-) = k(-)?
then the resulting estimates all have the same asymptotic properties - see below. However,
they are numerically different and their finite sample behaviour needs to be investigated.
For example the last estimate is a stationary estimate on a segment which uses the classical
tapered periodogram (or the nontapered periodogram for k(-) = I[_1/271/2](')).

We now show how Theorem 3.2 leads to the asymptotic distribution for these estimates:

(i) We assume that K is of bounded variation with compact support on [—1, 1] and b, — 0,
bpn — oco. P(A) is also of bounded variation. Since V(bn (“= ) = (bi) it is obvious

that [[¢nlloo,v, |OnllV.ees |@nllvy and [|¢pllso,co are of order O(i). Furthermore,

") (90) = pa() = / K*() da / P ar)” (27)

that is (24) is fulfilled if nb > (logn)2. For f(-,\) continuous at uy we have

12



1 Uy — U g
e ongsom) =2 [ K () [ 00 [0 4 v N] £ A

n

+/£4/01b1%K(u0b; u>2</_7;¢j()\1)f(U,)q)d)q)(/:;wk@\g)f(u, Aa)dAs ) du
~ bln/KQ(x) dx [27r _7;7%‘()\) [¢k()\) +wk(_)\)] fz(UO,)\) d\

L ( zwj()‘l)f(uoaAl)d)\l)(/:wk()a)f(uo,)a)d)xg)} =: blnrjk

that is (25) is also fulfilled and we obtain from (26) the central limit theorem
Vo (Fu(ng) = F)(905) 2 N(o,T) (28)
n n\Pnj nj =1, .d ) .
One may also allow for different ug = u; and ug = uy. Since
1 u; —u\ 1 Up — U 1
() K () =ty
/bn b )b )=o)
for u; # uj we obtain by straightforward calculations that the corresponding covariance
structure tends to 0.

(ii) The additional taper h,(u) = Ifu—b, /2,uo+b,/2] () implies that we use only data from
the interval [ug — by /2, ug + b, /2]. We obtain in this case

w60 = ([ nttgpre () au [ wop )

_ </01 %K(uob; U)Zdu/:r|1p()\)|2d)\)l/2,

i.e. we have the same pgh”)(qﬁn) as above. Furthermore, c%”)(qﬁn, ¢n) is the same. Thus we

obtain the same asymptotic distribution and the same rate of convergence.

(iii) If K(-) = k(-)? we obtain in this case
i (hn) B li Uy — U\ 2 7T 9 1/2
o0 = ([ (M) au [ iR a)

. . : . h .
i.e. we obtain again the same expression. Furthermore, b% CSE”)(gbnj, ®nk) is the same as
n

cgbn)(qﬁnj, ¢nk) above. Thus we have again the same asymptotic distribution and the same
rate of convergence.
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Example 3.5 (Local covariance estimator)

If we set ¥(A) = cos(Ak) in the last remark then estimate (i) becomes the kernel covariance
estimator of c(ug, k)

n

-~y blK(uobt/”) /ﬂ cos(Ak) Jn(%,A) X

t=1 " o

(u07 ) . d’n Juo.k

:\*—‘

:\*—‘

1 ug —t/n
Z bK<Ob/) Xit41/24k/2n X [t41/2—k /2] n- (29)
t n

n

Apart from the bias (which is treated below) (28) gives

Voun (T (g, k) = c(ur, ) B N(0,T) (30)

k=1,...d
with

i = dupus /KQ(ac)dx [277 /7r cos(Ak) cos(N) f (ug, N2 dX\ + kg c(ug, k) c(uk,ﬁ)].

—T

By using Parseval’s formula and cos(Ak) = 3[exp(iAk) + exp(—iAk)] the term in the [...] -
brackets is the same as 372 |c [c(ug, j) clug,j — k =€) + c(ug, j) clug,j — k + £)] +
ka c(ug, k) c(ug, £) which is the usual asymptotic variance of the covariance-estimator (cf.
Fuller (1996), Theorem 6.4.1).

We finally have to treat the bias. We have

F(bnuo k) — c(uo, k / / —K W u) (f(u A) — f(uo,)\)) cos(Ak) d\du = O(bfl)

if f(u,A) is differentiable in u with Lipschitz continuous derivative in some neighborhood
of up and the Lipschitz constant is uniform in A\. We therefore obtain (30) if v/b,n b2 — 0
(i.e. for b, < n~/%).

The same follows for the estimates (ii) and (iii). We mention that the estimate (iii) with
P(A) = cos(Ak) is just the Fourier transform of the classical tapered periodogram. O

Example 3.6 (Curve estimation by local Whittle-estimates)

Whittle estimates were introduced by Whittle (1953) for stationary processes and were gen-
eralized by Dahlhaus (2000) to locally stationary processes. Parametric Whittle estimates
for locally stationary processes have been discussed in Dahlhaus (2000) and in combination
with the empirical spectral measure in Dahlhaus and Polonik (2008), Example 3.1.

14



Here we consider semiparametric curve estimation where the time varying spectral density
is of the form f(u,A) = fp)(A) with §(u) € © C R? for all u € [0,1]. An example are
tvAR-processes. Let

0,,(u) := argmin L, (u, )
0coO

with

Lo(u, 6) = ;ig;fc(“_{)z/n) /_i{log47r2f9(A)+W}d>\. (31)

In case of a tvAR(p)-process 0y, (u) is the solution of the local Yule-Walker equations: Let
Cn(u) = (en(u,1),...,¢,(u,p)) and X,(u) = {¢y(u,i — j)}ij=1,.p with the covariance
estimator ¢, (u, k) as in (29). If @\n(u) = (@1(u),...,ap(u),5%(u)) then it is not difficult to
show that

(@1(u), . @p(u)) = =En(u) ™' Cn(u)

and

52(u) = Cn(u,0) + > _ @p(u) Cn(u, k).
k=1

The basic steps for proving asymptotic normality of é\n(u) are well known. We mention
that the empirical spectral measure plays a key role in the proof since the difference of the
likelihood and its first and second order derivatives can be represented with the spectral
measure. Large parts of the proof (in particular consistency of 6, (u)) follow in the same
way as in Dahlhaus and Polonik (2008), Theorem 4.1 where a uniform rate of convergence
for Hen(u) - 00(u)H2 has been derived. The final step of the proof is to show asymptotic

normality of the score function. We have with V; := 8%2'

Vit 3L (1. 0(0)) = Vb (Fi(@,5) = F(61.00)) + O( =) (3)

1 1 s 1 _ _
+v/bun 47r/0 /_W EK<ubn )(feo(v)(k) ~ faowy(N) Vifg (A jo=g(u) dA dv

where ¢p, 4, (v, A) 1= binK(“b—;”) ﬁvifgl(A)|9:90(u) (for tvAR(p)-processes this score func-
tion is simpler - cf. (50)). If Oy(u) is differentiable with Lipschitz continuous derivative
in some neighborhood of u and fyp(A) is differentiable in 6 with uniform Lipschitz continu-
ous derivative in some neighborhood of §y(u) then the last term is of lower order provided
by, < n~ V5,

As in Remark 3.4 we therefore obtain from Theorem 3.2 (cf.(27))
\Voon VL, (u, 90(u)) 4 N(O, fKQ(:c)dx (F(u) + A(u))) (33)

15



with

L(u)g,e := 7T/ {Vk log fo(A)|9=6(u) Ve log fe()\)w:eo(u)} dA

—T

and
M= (= [ Fedog oMy d7) (5 | Vilog fa¥) s 40
Furthermore, under appropriate smoothness assumptions on f and 6, it can be shown that
V2L, (u,0y,) L ['(u) for every 0, with 6, L 0o(u) (34)
which implies with a Taylor expansion and consistency of gn(u)
N (ﬁn(u) - eo(u)) 2t N(o, JE(2)dz T(u) ™" (D(w) + A(u)) r(u)—l). (35)

Similarly, it can be shown that v/b,n (@\n(u) — 6p(u)) and v/b,n (5n(v) — 6p(v)) are jointly

asymptotically normal with zero limit covariance.

The above estimator corresponds to case (i) in Remark 3.4. Case (iii) in Remark 3.4 leads
instead to the classical tapered Whittle likelihood on the segment, that is

0, (u) := argmin L, (u, )

0O
with (o)
. 1 [T I, ()
La(w,0) = 1= [ {logdr?fp(3) + =2 b,
)= 3= [ {logan s +
where hun(%) = k(%) This estimate has the same asymptotic properties provided
k(-)? = K(-). We omit details. O

4 Related estimators

Many estimators are “approximately” of the form discussed in Sections 2 and 3. In this
section we derive the asymptotic properties of such estimators rigorously and give examples
beyond the examples already discussed in the last sections.

16



4.1 Sum estimators

We first consider the empirical spectral process with the integral statistic F,(¢) being
replaced by the sum statistic

Zcb J“‘")(n ) (36)

t1]1

where \; := 27” . This estimator has already been used in Example 2.7 (testing for station-

arity). The emplrical spectral process in this case is defined by
E;(¢) = v/n (F;(¢) — F(9)). (37)

Theorem 4.1 (i) Suppose Assumptions 2.1 and 3.1 hold. Furthermore, let ¢, be a function
possibly depending on n. Then

n (1o 1) 902,
oy (602 n oS (¢n)?

(ii) (Fixed index functions) Thus under the assumptions of Theorem 2.4 /n(Fy(¢) —

Fo(9)) L0 and as a consequence

E[FX(¢n) — Fu(én)]” < K (38)

(E§(¢j))j:1,...,d = (E(d’j))j:l .

geee

where (E((bj))j:l 4 has the same Gaussian distribution as in Theorem 2.4.

(iii) (Varying index functions) Thus under the assumptions of Theorem 3.2
(Eg((;ﬁj/pé ")(gbnj)))j:l _, has the same asymptotic distribution as given in Theorem 3.2.

Example 4.2 (Spectral density estimates)
Consider a kernel estimate of the time-varying spectral density

E3S s i () s (Ea) e

t=1 j=1 bf

with different bandwidths and kernels in frequency and time direction. We have

17



ﬁl(u7 )‘) = FE(‘bn,u,)\)

with ¢y, (v, ) := iKt("b—_t”) Kf()‘b—) Below we deduce from Theorem 4.1 that

J/nbibs <fn(ul-, ) — flus, m)H S BN (40)
with Ty ; = 2m f(u1, \)? 0y, 0,0, [E7(z)de [KF(z)dr (and an additional factor 2 if
Ai = 0). The situation is the same as in Remark 3.4 but in addition with a kernel in
frequency direction, i.e. ¥(u) = K f( ) In particular we are having again 3 different
choices for constructing estimates (by usmg kernels and data-tapers). The 3 estimates are
numerically different but with the same asymptotic distribution. Besides (39) we mention
the ordinary smoothed periodogram

Fuw, ) = 22 Z blfK (A;fAj) 1" () (41)

with data-taper (L) = k(“5%), k2(-) = Ki() and Hap, = S0y h2(L) ~ byn.

We now derive (40) by checking the assumptions of Theorem 4.1. We assume that the kernels

Ky, Ky have compact support on [—3, 3] and are of bounded variation with f L K(z)dx =
0 and f%% (z)dz = 1. Furthermore let b, by — 0 and nb;by > (logn)? as n — oo. The

kernel Ky is periodically extended (i.e. Kf(E) = Kf(%) due to periodicity of f) to
include estimates for frequencies around +7.

It is obvious that ||¢n u ooV, [|OnurlV.ees

Furthermore,

that is (24) is fulfilled if nb;bs > (logn)?. We now check (25). By using

/bth< ij) blth( by U) d”_o(blt)

for uy # ugp (and the same for Ky) we obtain for continuous f(u,\) by straightforward
calculations in the case A\; # 0

(55;)-

(o) 1 1
" (Brur s s re) = 27 f (1, A1)% 6y up Oxr o bt /Ktz(fﬂ) dw/K?(%') dx + 0(@)

18



(the term with k4 is of lower order) and therefore

(I0,11)
li CE< ] (¢H7U1,>\17¢n,u2,>\2)

=20 f (1, M)% Oug iz Org 2g -
n—00 P2(¢n,u1,)\1)p2(¢n7UQ,)\2) ( ) 2 TR

If A1 = 0 the same holds with a factor 2 on the right hand side. Thus we obtain

Vbibs (Falwis \) = F(dnan)) _ BNOT)

-----

with I" as above. We now treat the bias. We have

F(¢nun) — f(u,\) / / u—v) blfo<)\b_flu> (f(v,p) = fu,N)) dp du.

Suppose f(u, )\) is twice dlfferentiable in w and A with uniformly bounded derivatives
6u2 f(u A g 8)\f(u A) and 2 e f(u, A). Then a Taylor expansion yields F'(¢p, ) —f(u, A) =
O, (b7 + b2) and therefore the CLT in (40) holds if |/nb;b (b7 + b?c) — 0 (e.g. for by = by <
nil/ﬁ). n

4.2 Shifted estimates

By using Parseval’s equality F,,(¢) can be written in the form

(hn)
= om Z Z e X s X2k /2 (42)

with

d(u, k) == i d(u, \) exp(iXk) dA. (43)

—T
There exist several quadratic forms which are stochastically equivalent to F,(¢), for example
the statistic

2ot hn) v (hn

t=1 k:1<t—k<n

This is equal to

_ (hn) (hn)
21 21 Z Ptk Xt+1/2+k’/2} X[t+1/2*k/2},n
t= k

19



with ¢y _p = é(w, —k) which implies
Z|¢tk— —, k)| < Kmin{|k| +1,n} V((-.k)) and s%p\ét,ﬂgfcsupm%(u,k)y

By using Lemma 5.1 we therefore have

1 min{|k|, n}
— k| <K—"— k: O — ¢(— <K
t (k)| < w lelvy (k#0) Z!m 0)] < K [[9]lv,ec
(45)
and
SUp [Grk| < T H¢Hoov (k#0), sup [@r.0] < K [[lloo oo (46)
We will use these technical assumptions since they cover several other cases as well.
Let
B (¢) == Vn(F(¢) = F(9)) (47)

be the corresponding empirical spectral process.

Theorem 4.3 (i) Suppose Assumptions 2.1 andA 3.1 hold. Fuithermore, let ¢, be a function
possibly depending on n with Fourier-transform ¢n(u, k), and ¢p ¢ 1 be complex numbers such
that (45) and (46) hold (with ¢ replaced by ¢y, and K independent of n) and

* hn
Fr(¢n) = Z Z%t —k X[t+1/2+k:/2],n X[(t+1)/2_k/2],n- (48)
"I E
Then
n 2
P (6n)?

1+ ||¢n||oo oo) ||¢n||Voo + (1 + IOgn H¢n”oo V) ||¢n”VV
n oy (6n)
(ii) (Fixed index functions) Thus under the assumptions of Theorem 2.4 \/n(Fj(¢) —

SK(

Fn(qb)) 2.0 and as a consequence

(Bn(60)) jor,.a — (B@);, g

7

where (E(¢j))j=1 4 has the same Gaussian distribution as in Theorem 2.4.

(iii) (Varying index functions) Thus under the assumptions of Theorem 3.2
(E (gb]/,o(h")(qbnj)))j:lw’d has the same asymptotic distribution as given in Theorem 3.2.
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Example 4.4 (Local least squares estimates)
Suppose we want to fit a tvAR(p)-model

P
t t
X (NX, o = o(=
D () X = o (5) e
7j=1
by the local least squares estimate

(ai(u),... ,@;(u))’ = argmin % ; ;K(u _b,f/n> (Xt,n + Z ant_j,n)Q

a;

Both equations can be summarized with 6(u) = (a1 (u), ..., op(u), az(u)), to
0% (u) := argmin L} (u,0)
0

with

n

Ly (u, 9) = % Z biK(u _bj/n) % {log o + % (Xtyn + i Oéth—j,n> 2}. (49)

t=1 " j=1

As in Example 3.6 the asymptotic distribution is determined by the score function
VL (u,60(u)). Below we show that this is of the form F}}(¢y) with (45) and (46) while the
score function of the local Whittle-estimator from Example 3.6 is the corresponding F,(¢,)
from (42). We have in the special situation of tvAR(p)-processes due to Kolmogorov’s
equation (cf. (32))

1 1 u—t/ny\ 1
Vilen (1, 00 () = n; EK( b ) 5 (Vilogo®) o_g iy + Faldnud)  (50)

with ¢, y.i(v, A) == binK(“b;”) ﬁvifgl()\)w:@o(u). The first term is the same as in V; £ (u, 6 (u)).
We now calculate F,(¢pu,i). The time varying spectral density is given by f(u, A) = fou) ()
with

o2 1

fo(A) = — .
27 |1 + Z§:1 aj exp(i/\j)‘2
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Therefore we have with ap = 1, ap = age(u) (¢ =1,...,p), oy =0 (¢ ¢ {0,...,p}) and

02 =03(u)fori=1,...,p

an,u,i(va_ ) bln b, 47‘1’/ aazfe |9 0o (u exp(—i)\k) dA
1 _
ban( bnv) L /_F(; [exp (IAG = 1)) + exp (IAG — ))] ) exp(—iAk) dA
1 _
=5, K (5, ) g o o]

Thus fori=1,...,p

Vzﬁn(U,90(U)) = Fn(¢n u,z 27T7’L Zz¢nu1 - —k X[t+1/2+k/2] [t+1/2—k/2},n

1 1 — . m
=5 > TK( o ) o [y + irk] Xip1/240/2m Xt 1/2-k/2)n-
t n n

k
For the local least squares estimate we have for i =1,...,p
. 1 1 ju—iy 1,
V.. (u, Go(u)) = zt: EK( b n) ) ( Z_: ant—j,n) Xi—in
1 1
E bn ( ) Zaz+kXt ant i—k,n
1 1 " [t+z+1/2+k/2] 1
= - Z Z *K( = ) —5 Qitk X[t41/24k/2)n X[t+1/2—k/2)n
n e by, b, o

[t+i+1/2—k/2]

e L[ K ()T

t k
[t4i+1/24k/2]
1 U — SN T
* EK( b, ) o2 }X[t+1/2+k/2]7nX[t+1/27k/2],n
= 9 Zz%mt—k Xiet1/24+k/2)m Xit41/2—k/2m = Fp (Prui)-
t=1 k

It is now straightforward to check (45) and (46). Thus Theorem 4.3 implies the equivalence
of Fy(¢nui) and E)(dna,i). In a similar way this follows for F,(én,u0) and F}(dn.u0)
(the score with respect to 02). As a consequence the convergence result (33) also holds
for VL (u,00(u)). In addition convergence of the second derivative as in (34) needs to be
proved for £, which again follows from the convergence of the empirical spectral measure.
This implies that the convergence result (35) also holds for 0*( ) O
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Example 4.5 (Symmetrized estimator)

We have
t 1 .
Tn(=A) = 5= > Xpppya Xiopjo exp(—ik)
n 2w f
1 g
+ - Z Xy kt1)/2 Xi—(k—1)/2 exP(—iAk).
k odd

Of course it is more natural to use a ‘symmetrized pre-periodogram’ with the second sum-
mand being

1 1

prs 2

k odd

[ Xttty /2 Xe—b—1)/2 + Xt (1) /2 Xi—(kt1)/2) exp(—irk)

instead. It is easy to see that the resulting estimator is of the form F(¢) with
(L k), k even
3605 k) +S(5L K)], K odd,

n

-

Otk =

and it is easy to check assumptions (45) and (46) for this qASt,k. Theorem 4.3 now implies
that all results also hold with the symmetrized pre-periodogram.

5 Proofs

Lemma 5.1 If ||¢]|oc,v < 00 then we have for k # 0
K
||

K
< =

sup |¢(u, k)| < lollv,v

and R R
sup [6(u,0)] <27 [|§]loc,0.  V(0(-0)) < 27 [[¢]lv;00-

PrOOF. We have for k # 0

. 27 exp(—ikA) —
R e L

where ¢r(u,d)\) is the signed measure corresponding to ¢r(u, ) := lim,| ¢(u, p) (since
¢ is of bounded variation in A the limit exists; for the same reason ¢r(u,d\) is a signed
measure). This implies sup,, |¢(u, k)| < % sup, V (é(u,-)) = % |¢]|oo,y- The other results
follow similarly. O
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5.2 (Proof of Theorem 3.2)

The result is established via the method of cumulants. In particular we want to adapt cumu-
lant calculations in Dahlhaus and Polonik (2008) where the cumulants have been calculated
under stronger smoothness assumptions. The trick is to smooth ¢, (u, A) in A - direction
and to prove asymptotic normality instead for the resulting sequence of approximations:
Let k(z) := rexp{—ix } be the Gaussian kernel, ky(z) := § k(%) and

SrwX) = [ Hh = ) s )

—00

with b = b, — 0 as n — oo (where ¢, (u, u) =0 for |u| > 7). We have
Or (1, ) = G, ) o (k) (51)

with @(u, k) being the Fourier transform as in (43) and ky(k) = exp(—k2b%/2). Thus we
obtain from Lemma 5.7(i) in Dahlhaus and Polonik (2008) and Lemma 5.1

nvar[F( ¢" ) — Fn(#)} Z Z <¢n ¢n( , ))2

" () oY () $n)? =
(52)
K || 6nll%y < [exp(—k262/2) —1]°
. ,
P ()2 ; k2

Since |1 — exp(—k?b?/2)| < min{1, @} the sum is bounded by

which implies

Cb* . ¢n ¢n P

Vi |{ Fy(——2—) —EF,(——2—)} = { F,(———2—) —EE,(—~—) t| =0 (53)
1 (pé’“)wn)) (péh"><¢n>)} { (péh%n)) (péh“)wn))H

o bllonlZey

lf péhn>(¢n)2 a

We now prove a CLT for \f[ ( /p(h")(qbnj)) —EFn( ;j/pg n)(d)”j))]j:l...,d by applying
Lemma 5.6(i) and Lemma 5.7(i) of Dahlhaus and Polonik (2008). We obtain from (51) and
Lemma 5.1 with ¢(k) := max{sup,, |¢(u, k)|, sup,, |¢(u, —k)|}

o(1), e.g. for b=1/n.
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p HOE  lonley g, MV (@R) _ o dnllvy
) <K
o () — Y () B py™ () Pl ()

Furthermore, we have with peo(¢) := 300 b(k)

on 27"H¢nHoooo “¢n ‘ooV 2,2
Pos ( ) < : —k2b%/2)
T = g ) Z e
H¢n”oooo —i—lOg( 71)||¢nHoo,V .
P8 (¢n)

For b = 1/n (24) implies that the above terms are all of order o(y/n). In addition

200 < @) + poe(0) U VG0, 1)

leading to
* (hn) -1
0od(_Oh g2 o 200 | e 9nloeico #1080 [6nloev [9n
P ()t < )y <
00 T A (602 Vi 0" (6n) Vi)

Therefore the remainder term R,, in Lemma 5.6(i) and the higher cumulants in Lemma 5.7(i)
in Dahlhaus and Polonik (2008) converge to zero. With (25) this implies the convergence
of all cumulants and therefore

o, o
Vi [F(m> = EF(M)} o NOE)

and with (53) the same CLT for v/t [P (6n;/py"" (6n)) = BF(6ni/p5" (6n))] 1 o
From Lemma 5.5(i) in Dahlhaus and Polonik (2008) we obtain with ¢(k) as in (2) and
Lemma 5.1

én bn
Vn |EF, F(—2—
| ( <¢n>) (péh%n))‘
600,00 + (108 7) [[Dnlloo v + [[bn
\/ﬁpg n)(¢n)

which finally proves Theorem 3.2. O

+ ”d)nHVJ/

<K

=o(1)
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We now prove the properties of the sum estimator F'(¢) from Section 4.1. It is easy to
show that

1 ~ 1
S0y (hn) (hn)
(o) = N ZZ ¢E(E> —k) X[t+1/2+k/2],nX[t+1/2fk/2],n (54)
t=1 k
with
ot 21 o~ ¢
—,—k) = — — A —i\k}.
¢E(na ) n j;gb(n’ ;) exp{—iX;k}
Recall that
_ Lyt (hn) (n)
Fo(¢) = o - §¢(n —k) XY o2 Xt 2k 20
We need the following lemma.
Lemma 5.3 We have for |k| <n
.t -t K
Sk — (k) < —— .
m?X ¢E(na k) ¢(n7 k) = n—\k| H(ﬁHOQV
PRrOOF. The proof can e.g. be found in Dahlhaus (1985), Lemma 3.1. O

5.4 (Proof of Theorem 4.1) R
(i) As in the proof of Lemma 5.7(i) in Dahlhaus and Polonik (2008) we obtain (with ¢(%, —k)

replaced by qbz(* —k) — ¢(*a—k))

~

nvar[FnE(gb) < — - —kl ¢(* —k1)

(2 k) — G2, k)

t17t2 k17/€2

1 1
8 {Z Ot — i)ty — )ity — i)ty —j) - sz: Oty —i)l(ty — )0ty — j)e(ty — 1)

7]

(55)
1
* Z T — D0t — it — it —i) J
With Lemma 5.3 and the relation
> 1 1 K
~—— < 56
2 W < aw %0)
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we now obtain as an upper bound for the first term in the [ . ] - brackets in (55)

1 1
;H(f’” Vklzk% |k|n—|k:2| (tl—t2+(k1 ka)/2) £(t1 — to — (k1 — k2)/2)

The substitution s = ¢; — t2 and the fact that there are at most n — |kg| values of to (due
to the restriction 1 < [ta + 1/2 & k2/2] < n, see (12)) lead to the bound

Ko 1 1 Klogn
o 1915y > = Z eI CEDE 6112,

k1,k2

The second term in the [ . ] - brackets in (55) can be estimated in the same way and the
third term obviously is smaller than the first one.

Furthermore, we have

1 5L x () ()
EF,(¢) = Py % gb(ﬁ —k) cov(X [t+1/2+k/2],n’X[t+1/2—k/2],n)' (57)
t, |k|<n
Since K
(hn) - (hn)
(X X < 58
Slip ‘COV tn tJ,»]g n)‘ — g(k) ( )
(c.f. Dahlhaus and Polonik (2008), Proposition 5.4) we obtain from (54) and Lemma 5.3
1< 1 1 K
EF(¢) = EFy(9) < K [|4locy— > i S —lélley (59)
t=1 k:1<[t+1/2+k/2]<n
which implies assertion (i). (ii) and (iii) are immediate consequences. O

5.5 (Proof of Theorem 4.3)
(i) We set ¢ = ¢,, for short. We obtain from Lemma 5.7(i) in Dahlhaus and Polonik (2008)
(with gbt’k - qb(%, k) instead of d)( k)), (45), (46) and Lemma 5.1

nvar[F3(0) = Fu(@)] < 30 3 (i b5, 1)? (60)
t=1 k=—o0
K ~ min{|k
< (o 0l ol B 32 550) (61
: (62)
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Furthermore, we obtain from (57), (58) and (46)

. 2 Voo + [|0llv,v
n [EF:(¢) — EF,( [ZTZ\QM— = \] < 1ol 7 Il (63)
k
that is the result.(ii) and (iii) are immediate consequences. O
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