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Invariant elements under some congruence subgroups
for irreducible GL,(Q,) representations over F,

Stefano Morra

ABSTRACT

Let p be an odd prime number. Using the explicit description for irreducible GL2(Q))-
representations over F, made in [Mol], we determine all invariant elements of such repre-
sentations under the actions of the congruence subgroups K, I, for any integer ¢t > 1. In
particular, we have the dimension of the K;-invariants for supersingular representations
of GL2(Qp), for any ¢t > 1.

1. Introduction

Let p be a prime number. The efforts to describe a “p-adic analogue” of the classical local Langlands
correspondence met great progresses in the last few years. After a first, conjectural approach studied
by Breuil in [Bre04] and [Bre03b], the works of Berger-Breuil [BB] and Colmez [Col] establish a p-adic
Langlands correspondence for GL2(Q,). Moreover, such a correspondence is compatible with respect
to the reduction of coefficients modulo p: we get a semisimple mod p Langlands correspondence for
GL2(Qp) (again, conjectured by Breuil in [Bre03b] and proved by Berger in [Ber]).

But, if the local field is different from Q,, the situation is far from being defined. In the direction
of a semisimple Langland correspondence for GLa(F') for F' a non-Archimedean local field, we find
the works of Barthel and Livné [BL94] and [BL95]. In those papers the authors classify the smooth
irreducible admissible GLo(F')-representations into four classes: besides characters, principal series
and special series, they find a new family of irreducible objects, referred to as “supersingular”
whose nature is still very mysterious. Supersingular representations are actually characterised as
the subquotients of the cokernel of some “canonical Hecke operator” T', but for F' # Q, such
cokernels are not even admissible (cf. [Bre03a], Remarque 4.2.6); moreover the works of Paskunas
[Pa04], Breuil-Paskunas [BP] and Hu [Hu] show that for F' # Q, there exists a huge number of
supersingular representations with respect to Galois representations (whose classification is indeed
well known).

We focus here on the case F' = Q, where pis an odd prime. In this situation the work of Breuil
[Bre03a] (followed later by other proofs by Ollivier in [Oll], Emerton in [Eme08]) show that the
cokernels of the aforementioned Hecke operators T' are actually irreducible, completing the classi-
fication for smooth irreducible admissible GL2(Q,)-representations over F,. In the work [Mo1] we
develop an explicit approach to the description of irreducible representations for GL2(Q)): studying
the action of T" on some privileged elements we are able to describe in great detail supersingular
representations (and principal and special series as well), in particular detecting the socle filtrations
for their K'Q,-restriction.

In the present work, we pursue the study of such explicit elements of irreducible GL2(Q,)-

2000 Mathematics Subject Classification 22E50, 11F85.
Keywords: p-adic Langlands correspondence, supersingular representation.



representations in order to describe their invariants under some congruence subgroups of K.

If we first focus on Ky, i.e. the kernel of the mod p'-reduction map on K (where t > 1) we see
in §3 that taking K;-invariants of a supersingular representation m comes down, roughly speaking,
to “cut” its socle filtration.

The main result (corollary 3.9) is that we can detect precisely where such a cutting occurs: if
we refer to the socle filtration of a supersingular representation m(r,0,1) as “two lines of weights”
we get

THEOREM 1.1. Let t > 1 be an integer. The socle filtration of 7(r,0,1)%* is described by

Symrfi—lndf xiar—. —Ind¥ySa"—Sym? _3_TF12) ® det™ !

Sym?~'"Fo @ det’—Ind} xfa—. .. —Ind{ x5 —Sym" *F, @ det

1

where we have p'~! — 1 parabolic induction in each line and the weight Sympfgfrfi ®det" "t in the

fist line (resp. SymT_QFZ ® det in the second line) appears only of p—3 —r >0 (resp. r —2 > 0).
In particular, we have the dimension of the spaces of Ki-invariants (corollary 3.8):

COROLLARY 1.2. Let t > 1 be an integer and r € {0,...,p — 1}. The dimension of K; invariant for
a supersingular representation is

ding, (r(r,0.1)) = (p+ 2~ -+ { 175 A2

Moreover, if we write I; for the subgroup of K;_; whose elements are upper unipotent mod p?,
we are able, by similar techniques, to describe in greatest detail the space of I;-invariant of any
supersingular representations 7 of GL2(Qp). Again, we can roughly say that taking I-invariants
comes down to “cut” the socle filtration of , but this time some “reminders elements” appear.

The results of section 4 tells us exactly where such cutting occurs and who the reminders elements
are. As the combinatoric of such result is a bit heavy, we prefere to omit the statements here, refering
the interested reader directly to propositions 4.4, 4.8, 4.11, 4.14 in §4.

We can anyway remark that an immediate corollary is then the Fp dimension of such invariant
spaces:

COROLLARY 1.3. Let r € {0,...,p— 1} and t € N be integers. Then:
dimg ((r(r,0, 1)) = 2(2p'~ — 1),

The proof of such results relies on the explicit description made in [Mol] and can be sketched
as follow.

We reduce of course to the direct sum decomposition of | KQ) (for 7 a supersingular repre-
sentation) in terms of the inductive limits of the amalgamed sums R;/R;_1 ®r,,, --- R, Rnt1
(1 € {0,1}), treating each summand separately.

We are then able (lemmas 3.2 and 3.3) to give a first estimate of the behaviour of K;-invariants
in terms of the filtrations {R;/R;—1 ®r - @R, Rn+1}nen; for instance for ¢ and n odd we get
the following exact sequence:

0~ Ry @, - S,y Bioy — (1 Ry @y -+ &, Roin) = (B /R
nodd

i1

Finally (proposition 3.7) in order to extract the K-invariants from the previous exact sequence,
we exploit the description of the generators of the socle filtration for R/ Ry: we get some explicit
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nullity conditions of certains elements of the amalgamed sums, conditions which can easily be
translated into a condition inside soc(w) (where we are able to do direct computations) via an
inductive process by means of the operator T' (cf. lemma 2.12).

The proof concerning the I; invariants is similar. For instance, for n odd, we get a first estimate
by an exact sequence of the form

0—Vy— (hi>nR0 @R, - PR, Rn+1)1t _>VIz
nodd

where V) is a suitable subobject of (lim Ry ®r, - - ®g, Rny1)%-1 and
nodd

V = (lim Ry ®g, -+~ ®r, Rat1)™"/ Vo
nodd

(cf. §4.1 and §4.2). We then describe the [;-invariants of the spaces of the form V|, via a decompo-
sition into stable subspaces (cf. for instance propositions 4.3 and 4.7), from which we deduce the
Ii-invariants of the inductive limits through some nullity conditions completely analogous to those
of proposition 3.7 (cf. propositions 4.4, 4.8, 4.11, 4.14).

We outline here that by similar techniques we are able to describe the space of To(p*) and
'y (p*) invariants for supersingular representations of GLa(Q,) over F, (cf. [Mo2]). Such spaces
appear naturally in the study of torsion points in the cohomology of certain modular curves.

The plan of the paper is the following.

Section 2 is devoted to a brief summary of the results in [Mol], [Bre] and [BP], in order to handle
the computational techniques for the rest of the paper. More precisely, in 2.1 we re-interpret the
KQ-restriction of a supersingular representations 7 in terms of certains induced representations
R,, endowed with Hecke operators Tni; we give then a precise description of the socle filtration of 7

in 2.2 (cf. proposition 2.7) using “certains explicit elements” Fl(o) * Fl(ll) Kook Fl(nn) . We recall also
(§2.2.1) some classical results concerning GLa(F,)-parabolic induction for B(F),)-representation.
Finally, we deal with some explicit computations on Witt vectors (lemmas 2.10 and 2.11) and study
a nullity condition for some elements of the amalgamed sums introduced in 2.1 (cf. lemma 2.12).

Section 3 is devoted to an exhaustive description of Kj-invariants for supersingular representa-
tions. After a first estimate (cf. lemmas 3.2 and 3.3) we introduce in definition 3.4 the elements
$l(;)7...,lt_1v yl(i?---ylt—l Zl(ll?...,lz_l' Their behaviour let us refine the previous estimates. They indeed lead
us to introduce the subobjects o(p — 2), o(p — 3), etc.. of definition 3.6, which let us complete the
analysis of Ky-invariants stated in proposition 3.7. As a byproduct, we compute the Fp—dimension
of such spaces.

Section 4 is concerned on the [i-invariants and is divided into four numbers (completely anal-
ogous to each other) §4.1.1, §4.1.2, §4.2.1 and §4.2.2 (according to the parity of ¢t and the direct
summand in the decomposition of | KQ) ). In each number we start from a first estimate of such
invariants by means of an exact sequence issued from the results in 3; we then introduce some
explicit elements (cf. definitions 4.1, 4.5, 4.9, 4.12) the study of which let us describe precisely the
space of I;-invariants in each term of the aforementioned exact sequences (cf. propositions 4.3, 4.4,
4.7, 4.8, etc..).

Finally, in section §5 we describe precisely the spaces of K; and [;-invariants for principal and
special series (where the computations are much simpler than in the supersingular case!).

We introduce now the main notations, convention and structure of the paper.
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We fix a prime number p, which will always be assumed to be odd. We write Q, (resp. Zy,) for
the p-adic completion of Q (resp. Z) and F,, the field with p elements; F), is then a fixed algebraic
closure of F,,. For any A € F, (resp. « € Z,) we write [A] (resp. ) for the Teichmiiller lift (resp. for

the reduction modulo p), defining [0] = 0.

We write G < GLy(Q,), K = GLy(Z,) the maximal compact subgroup, I the Twahori subreoup
of K (i.e. the elements of K whose reduction modulo p is upper triangular) and I; for the pro-
p-iwahori (i.e. the elements of I whose reduction is unipotent). For an integer ¢ > 1 we define

K; = ker K — GLy(Z,/p'Z,) and

t—lb
1

1+ pla pt_lb

def
L =A pte 1+ pld

€K a,b,c,deZp},Utd—ef{[(l) P }GK beZy)

def

Moreover, let Z = Z(G) = Q,; be te center of G and B(Qy) (resp. B(F))) the Borel subgroup
of GL2(Qp) (resp. GL2(F))).

For r € {0,...,p — 1} we denote by o, the algebraic representation Symrfi (endowed with

the natural action of GLg(F))). Explicitely, if we consider the identification Symrfi ~ F,[X, Y]k
(where F,[X,Y]" means the graded component of degree r for the natural grading on F,[X,Y])
then
a b r—iys4 def r—i i
or( e d XY= (aX +¢Y) 70X +dY)

b

d } € GLy(F,), i € {0,...,r}. We then endow o, with the action of K obtained

for any [ CCL

p
0

representation. Such a representation is still noted as o, not to overload the notations.

by inflation K — GL2(F),) and, by imposing a trivial action of [ 2 }, we get a smooth KZ-

If r € {0,...,p — 1} it follows from the results in [BL95] that we have an isomorphism of
F-algebras
Endg(Ind% 40,) = F,[T]
for a suitable endomorphism 7', which depends on r, and where IndIG(ZJT is the usual compact
induction (cf. [Bre], §3.2 for a detailed description of compact inductions). We then write 7(r,0,1)

to mean the cokernel coker(Ind% ,o, N Ind% ,0,; such representations exhaust all supersingular
representations for GL2(Q)) (cf. Breuil’s [Bre03a], Corollaire 4.1.1 et 4.1.4).

If H stands for the maximal torus of GLy(F,) and x : H — F; is a multiplicative character

10 10
Characters of H will be seen as characters of B(F),) or (by inflation) of (a filter of neighborhood of
1 in) I withouth any commentary.

we will write x*® for the conjugate character defined by x*(h) o X([ 01 ] h [ 01 ]) for h € H.

With “representation” we always mean a smooth representations with central character with
coefficients in F; . If V is a K-representation, for K a subgroup of K, and v € V, we write (K -

v) to denote the sub-K representation of V' generated by v. For a K -representation V' we write
soci (V) (or soc(V), or soct(V) if K is clear from the context) to denote the maximal semisimple
sub-representation of V. Inductively, the subrepresentation soc’(V) of V being defined, we define
soctt1(V) as the inverse image of soc!(V/soc!(V)) via the projection V — V/soc’ (V). We therefore
obtain an increasing filtration {soc"(V)},en> which will be referred to as the socle filtration for

V; we will say that a subrepresentation W of V' “comes from the socle filtration” if we have W =
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soc™(V) for some n € N5 (with the convention that soc®(V) = 0). The sequence of the graded
pieces of the socle filtration for V' will be shortly denoted by

def

SocFil(V) = soc! (V)—soc! (V) /soc?(V)—. .. —soc™ ™ (V) /soc (V)—...

We recall the Kroneker delta: if S is any set, and s1, s2 € S we define

def{ 0 if 817582

é = .
51,52 1 if s1=so.

Moreover, for z € Z, we define |z| € {0,...,p — 2} by the condition |z| = zmodp — 1.

2. Preliminaries and definitions

The aim of this section is to give the necessary tools to deal with the explicit computations needed
for the description of K; and I[;-invariants of supersingular representations m(r,0,1). In §2.1 and
§2.2 we recall the socle filtration of the K Z-representations 7(r,0,1)|xz made in [Mol], together
with the generators for the irreducible factors of the graded pieces of such filtration. Some classical
results concerning GLg(F,)-parabolic induction for B(F,)-representations will be recalled in §2.2
as well, while §2.3 is devoted to some explicit computations on Witt vectors and elements of the
amalgamed sums Ry @R, - - - ®r, Rnt+1. These computations will be a key tool in §3 and §4

2.1 On the K Z restriction of supersingular representations

We fix r € {0,...,p — 1} and consider the supersingular representation 7(r,0,1); our goal is to
give an exhaustive description of the objects involved in proposition 2.3. For this purpose, we
recall the definition of the K-representations R,, where n € N as well as the “Hecke” operators

f : R, — R,+1, leading us to the decomposition of proposition 2.3. The reader is invited to refer
to [Mol] for the omitted details.

For any n € N we define the following subgroup of K:
ef a b
Kot) 2 |

pc d
(in particular, Ko(p®) = K and Kg(p) is the Iwahori subgroup). For 0 < r < p—1landn € N
we deﬁne the Ko(p™)-representation o] over F,, as follow. The associated Fp-vector space of o] is

] € K, wherec € Z,}

SymTF while the left action of Ky(p™) is given by

d c
p"b a

n

or [pc d]
<

for any [ pﬁc d ] € Ko(p"), 0 < j < r; in particular, the 6™’s are smooth and ¥ is isomorphic to

XTIyl = ar([ ]) XTIy

o,. Finally, we define
R Ind[[go(pn)af.

If r is clear from the context, we will write simply R, instead of R;'.
We recall that an F),-basis for R,, is then described by

@ﬂ{ ]‘ij]ﬂét?LXTWﬂEWEL“MEQAﬂéjéﬁ

Each of the K-representations R, is endowed with “natural” Hecke operators T=. Their defini-
tions and properties are summed up in the next



PROPOSITION 2.1. For all n € N we have a K-equivariant monomorphism T, : R, — R,i1
characterised by:

r—iyily — il 10 s
T ([1k, X Y])_M;p(—ﬂn) [p”[un] 1][1K,X]1fn>0
75 (e 97 = 3 (1| D]+ g7 =0

mo€Fy

For all n € N> we have a K-equivariant epimorphism T, : R, — R,_1; such a morphism is
characterised by the conditions:

_ 1 0
In ([[ P o] 1

Ty (Mg, X"9YI)) =6, Y ifn =1

] ,XTIYI]) = (1, 6y (a1 X +Y)']if 0 > 2

for pin—1 € Fp.
Proof: Omissis. Cf. [Mol] §3.2.4
We identify R,, as a K-subrepresentation of R, 1 via the monomorphism 7, without any further

commentary. For any odd integer n > 1 we use the hecke operators T to define (inductively) the
amalgamed sum Ry ®r, R2 @R, - - - ®R,, lint+1 via the following co-cartesian diagram

T

Rn( RTH—I
—prn—10Ty Prn+1
v
Ry ®Rr, Ro ®Ry -+ ®R,_» Bp—1 >Ry DBpr, Ro PRy -+ ®r, Rnt1-

Similarly we define the amalgamed sums R;/Ry ®r, -+ ®r
n € Ns. Then

R, 41 for any positive even integer

n

PRroOPOSITION 2.2. For any odd integer n € N, n > 1 we have a natural commutative diagram

T
0 R, Rp1 Ry1/R,—0

¢7prn_1oTnf &Prnﬁ—l H
00— RO @Rl T @Rn72 Rnfl - RO EBR1 - DR Rn-t,-?{ - Rn+1/Rn —=0

n

with exact lines.
We have an analogous result concerning the family

{R1/Ro ©R, -+ ©R, Rn+1}nean\fo)-
Proof: Omissis. Cf. [Mol], proposition 4.1 §

As claimed at the beginning of the paragraph, we can translate the K Z-restriction of 7(r,0,1)| k7
in terms of the R,’s and T+

ProrosiTioN 2.3. We have a K Z-equivariant isomorphism:

m(r,0,1)|kz = lim (Ro ®p, -+ &g, Rnt1) ® lim (Ri/Ro @, -+~ ®r,, Rins1)

nodd m even

p

where we define an action of Z on the left hand side by making [ 0

2 } act trivially.
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Proof: Omissis. Cf. [Mol], proposition 3.9.§

2.2 Socle filtration for 7(r,0,1)|xz and parabolic inductions

Let us fix an integer r € {0,...,p—1}. In this paragraph we are going to define a filtration (definition
2.4) on the inductive limits of proposition 2.3. Such filtration is rather finer than the one which can

be deduced from proposition 2.2 and will let us describe the socle filtration for 7 (r,0,1)|xz. In what

follows, we will assume the obvious conventions Ry ®r_, Ro e Ry and Ri/Ry ®r, R1 S R1/Ry.

DEFINITION 2.4. Let n € N, 0 < h < r. We define Filh(RnH) as the K-subrepresentation of Ry
def

generated by [1ic, X"“"Y"]. For h = —1, we define Fil™'(R,,11) £ 0.

The family {F il (Rp+1)},—_, defines a separated and exhaustive filtration on R,41, and for
each h € {0,...,r} the family

‘%;nJrLt d:ef {[[ /f (1) :| 7XT_iYi]7 [|: pL/ (1) :| 7XT_iYi]N € In+1a // € Ina 0<:< h}

is an F), basis for Filh(RnH). By Frobenius reciprocity we get a K-isomorphism
Id, (nnyxpa” — Fil"(Ryp1) /P (Ryg1)
(cf. [Mol], lemma 4.4).

To give explicit description for the socle filtration of the induced representation IndﬁO (pn+1)xi al
needs the introduction of the following elements.

DEFINITION 2.5. Fixn € N and let (I1,...,l,) € {0,...,p — 1}" be an n-tuple. We define then

(1) (n) def I 1 0 1 1 0 :|
P ceox P & n 1
wo A, Z 1 {p[m] 1 ] Z Hin [p"[un] 1 1]

M1 er Hn er

n+1)

where e is an F-basis for the underlying vector space associated to the Ko(p -representation

X7
For a fixed n-tuple (Iy,...,1,) € {0,...,p — 1}" we set B & Z}Ll l;. Then

)y [/‘10] . [1K7Fl(11) %% Fl(nn)]
po€F, L i
ifr—2(h+n)Z£0[p—1];
FO(O) * Fl(ll) * ek Fl(nn) =

I 1 n / n
HoCEp L -
ifr—2h+n")=0[p—1]
L By e o B

1

ifr—2(h+h")£0[p—1];

0 1 n

5 [ }“Ksz woeon )
;,L()EFP ]_ 0 1 n
ifr—2h+n)=0[p—1].

\

Such definitions look a bit awkward, but they come essentially from the description of the socle
filtration for GLo(F))-parabolic inductions (proposition 2.9)
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We provide the set {0,1} x {0,...,p — 1}" with the antilexicographic ordering, writing (i +
1,11,...,1,) for the n+1-tuple immediately succeeding (4,11, ..., l,). We introduce then the quotients

QS Emdl et /(K FD w L F), for (.o, da) < (i, ).

Gl yln
We remark that such notations do not keep track of the integer r; moreover if there will not be any
ambiguities on h, we will simply write Q nHli instead of Q(h ) 0 "H) . We believe such notations
will not arise any confusion: the meaning W1117be clear from the context (cf. §3 §4).
We are now able to give a complete description for the socle filtration of Ind% Ko(pn+1) Xoa

ROPOSITION et (l1,...,0p) €{0,...,p—1 e an n-tuple, and let en
P 2.6. Let (I l 0 " h le, and let h' & S I;. Th

i) the socle of Q(O n+1n is described by

soc(@Y ) = (KB w B x () &= Sy 1 Ir 20OV @ et~ (141

0 1 . . . . .
moreover, Fl( ) Fl(1 gk Fl(nn) is an H-eigenvector whose associated eigencharacter is

Xa(hhy—rdet” TR,

(0 n+1
Qi)

i1) the socle of is described by

<KF(§O) * Fl(ll) ¥ ook Fl(n")> = Symtr—2(h+h/)JF§ ® dethth
ifr—2(h+ 1) # O[p — 1];

(0,n+1) )_

SOC( 0 ll? 7

KR «FV s« By o (KF” « BV x .« By =
0 ll ln
=~ det"th g SymP™ 1F ® det"th
( ifr—2(h+ 1) =0[p—1].

Further, Féo) * Fl(ll) ook Fl(nn) (and moreover Fl(o) sk Fl(ll) koo ok Fl(nn) ifr—2(h+h)=0[p-1])

. . . . . /
is an H-eigenvector whose associated eigencharacter is X, o +h/)deth+h

Proof: Omissis. Cf. [Mol], proposition 6.6.4

The filtration {Fil"(R,1)};__, induces a natural filtration on the quotient R,,11/R, such that
Fil" (R, 41/Ry) /Fil" Y (Rpy1/Ry) = Fil"(Rpy 1) /Fil" L (R,41) for all b > 0; concerning h = 0 we see

(cf. [Mol] lemma 8.3) that Fil°(R,1/R,) = (()?._7_1—52_1 The main result of [Mol] (cf. proposition

9.1) is that we can describe the socle filtration of 7(r,0,1)| k7 in terms of the socle filtration of the
quotients Ry, +1/R,. Precisely:

PROPOSITION 2.7. Let r € {0,...,p— 1}, n € N. Then
i) The socle filtration for R,1/R,, is described by
SocFil(Ry,+1/Ry) =

= SocFil(QY"F ) )—SocFil(Indf, .1y xia)—... —SocFil(Ind%, .. xia")
(where, if 1 = p — 1, we forget about SocFil(Q, (0, njf}r)l) and the socle filtration starts from

SocFﬂ(IndKO(an)Xr a))
1) If n is odd, the socle filtration for Ry ®g, - - ©r, Rny1 Is described by

SocFil(Ry ®g, - -+ ®r, Rn+1) =
= Ro—SOCFﬂ(RQ/Rl)—SOCFﬂ(R4/R3)—. .. —SOCFil(Rn+1/Rn).

8



iti) If n is even, the socle filtration for R1/Ry ®r, - ®r

SocFil(R1/Ro ®Rr, - ®Rr,, Rn+1) =
= SocFil(R;/Ro)—=SocFil(R3/R2)—SocFil(R5/Rs)—. .. —SocFil(Ryn+1/Ry).

Ry 41 is described by

n

Proof: Omissis. Cf. [Mol], proposition 7.1 and 9.1.§

In particular, we are able to compute the dimension of some subquotients of 7(r,0,1)|xz.
LEMMA 2.8. Let r € {0,...,p—1}.
i) Lett € Ns; then

ime (Fil® _ [ p—1=n)p+1)p? ift>2
dimg, (R /1)) = { 71D

1) Let t € N<; then

ditg, (Re/Ri-1) = { AR
iii) If n is odd then

dimg (Ro @R, -+~ @R, Rnt1) = (r+1)p"
iv) If n is even, then

dimfp (R1/Ro ®R, - ®R, Rny1) = (r+ 1)p" L.

Proof: It is an elementary computation, using [Mol], Corollary 6.5-i7i) and the decompositions
of proposition 2.7.4

2.2.1 Induced representations for B(Fp). Let us consider the B(F,)-character xfa’. If e is a
fixed F)-basis for the underlying vector space associated to xja’, we define the following elements

of the induced representations Indg%;gp ) Xiaol:
def k| o] 1
po€Fy
where k € {0,...,p—1}. We can give an explicit description of the socle filtration for Indg(L;S" )Xf Y
in terms of the functions f:
PROPOSITION 2.9. Let i,j € {0,...,p— 1}. Then
i) fork € {0,...,p—1}, fx is an H-eigenvector, whose associated eigencharacter is Xi,gjdetj a =k,

and the family

BEfr, 0<k<p—1,[L¢€}

GLa(Fp) s i
BEF,) X0

ii) Ifi —2j # 0[p — 1] then we have a nontrivial extention

is an Fp—basis for Ind

0— SymLi_QjJFZ X detj — Indg%;(l;p)xfaj N Symp—l—ti—2jJFZ®deti_j ~o.
P

The families
{fo, - -7fLif2jJ71>f|_i72jJ + (—l)i_j[lae]}a{fi—% ooy fp1}

induce a basis for the socle and the cosocle of Indg%;;(f;" ) X; a’ respectively.
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iti) Ifi— 25 =0[p— 1] then Indg%;(fp)xfaj is semisimple and
p

GL2(Fp)xi o/

IndB(Fp) = det! @ Sympflfi @ det?;

The families
{fo+ (“1[1,el} {fo, fr,- s o2 fo1 + (=1)[1, €]}

induce an Fy-basis for det’ and Sympflff, @ det’ respectively.
Proof: Omissis. Cf. [BP], lemmas 2.5, 2.6, 2.7.4

2.3 Computations on Witt vectors.

In this paragraph we collect all the technical computations needed for the study of K; and I-
invariants. For p, A € F), we define

Q.

@

h
T

N

NG
Pa(p) & =Y S0 € F,,
1 p

<.
Il

Then, we have the following results concerning the sum of Witt vectors in Z,:

LEMMA 2.10. Let X € Fy, Z;L:()pj[uj] € I,+1. Then the following equality holds in Z,/(p™*1):

N+ 07 (i) = [N+ ol + plis + Pa(po)] + -+ + 9" [tn + Pa.oyin o (pn—1)]
=0

where, forall j = 1,...,n—2, the Py ,,.(X)’s (resp. Py ,,(X), resp. P\(X)) are suitable polynomials
in Fp,[X], of degree p—1, depending only on A, ..., uu; (resp. on A, p1, resp. on \), and whose dominant
coefficient is —Py .., (1j) (resp. —Px(po), resp. —A).

Proof: Immediate exercise on Witt vectors in Z,. §

LEMMA 2.11. Let A € Fy, z &f >ic1P[pj] and k > 0. Then it exists a p-adic integer z' =
> =1 P[] € Zy such that
z = 2/(1 4 zpF[A]) mod p" L.
Furthermore, for j = k+3,...,n (resp. j = k + 2, resp. j < k + 1) we have the following equality
in Fy:
fj = 5+ o1 A+ s+ oA+ Sjoa(pg-1)
(resp. pigta = Hyyo + pmA for j =k —2, resp. pj = p; if j < k+ 1) where S;_2(X) € Fp[X] is

a polynomial of degree p — 1, depending only on A,. .., u;—2 and leading coeflicient —sy ... _, =

%4 — Hj-1-
Proof: Exercise on Witt vectors.f

To conclude, we give a criterion to detect wether a certain element (which naturally appears in
the study of K; and [;-invariants) is zero in the amalgamed sums Ry @R, - - - ®r, Rnt+1 (n odd) and
Ri/Ro ®R, - - ®R, Rn+1 (n even).
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LEMMA 2.12. Let k > 2 and fix an (k — 1)-tuple (l1,...,lx—1). If we set

def l 1 O
Tyt E ) 41 [p[m] 1 ]

n1€F,
lk—2 1 0 lk—1 r
Z Mo k—2 1 Z tp—q (L (pe—1 X +Y)"] € R—1.
P k2]
pur—1€Fp pur—1€Fp

i) Assume k odd. We describe the image of x;, ;. , in the amalgamed sum Ry®g, - - -®r,,_, Rr—1
as follow:
a) . g, =0 (I, lgm) < (rp—1—r,...,r,p—1—1);
b) if (rrp—1—r,....,,p—1—1) < (l1,...,lx—1), then the image of x;, ;1 induces a
I1-invariant generator in a subquotient of Ry ®R, - - - ®R,_, ix—1 of the form Indﬁo(p)xiat/
for some suitable t' € N;
¢) equal to (the image of) (—1)(”2)(%)1/7" € Ryif(ly,...,lg—1) = (r,p—1=r,...,r,p—1—1).
i1) Assume k even. We describe the image of x;, . ;, _, in the amalgamed sum R1/Ry®g, - ®g,_,
Ry as follow:
)z -1 =010 (I, lkm) < (p—1—rr...,rp—1—1);
o) if(p—1—r,r,...,r,p—1—r) < (li,...,lk_1), then the image of x;, ;, _1 induces a I-
invariant generator of a subquotient of Ry /Ry ®pg, - - - ®R,_, Rk—1 of the form Indgo(p)xiat/
for some suitable t' € N;
') equal to (the image of) (—1)(T+2)(%)(—1)[1,X’"] € Fil°(Ry/Ry) if (I1,...,lx—1) = (p—1—

..., r,p—1—1).

Proof: It is an induction on k; we treat the case k even, the other being completely similar.
The result is clearly true for k£ = 2. For the general case, we consider the image of the element

T

def r Lo 1 0 i ly_147r—j

u = (]) Z Iy s [pk—Q[luk o 1 ] 1, X"7Y/] Z i € Ry
Jj=0 Hr—2€Fp B pk—1€F,

in Ry_1/Rk_o via the natural projection Rx_1 — Ry_1/Rk_2. We see then if (r+1,p—1—1r) <

(lg—2,lk—1) such an image is nonzero in Rj_;/Ry_2; we deduce that the image of z;,

Ry_1/Rk_o is a K-generator of a subquotient of the form Indg0 (1) XE at” for a suitable ¢’ € N. If

n

lk_1=p—1—7rand l_o < r we see that u is in the image of T,j_Q:
w = T];L,Q((—l)lk_z—’—l[l, Xr_lk—2ylk—2]).
If I,_o < r, then TI;Q([LXT_Z’C—QY%—Q]) =0 € Ry_3, while for l,_o = r we get
~Ti (1)1, X2y 2] = (—1)*2[1, Y] € Ry,
This let us establish the inductive step and the proof is complete.§

3. Study of K;-invariants

Fix an integer r € {0,...,p—2}; in this section we use the explicit description of the socle filtration
of 7(r,0,1)|kz to deduce the space of K;-invariants 7(r,0, 1),

We start from rough estimates of such spaces in terms of the filtrations R;/(R;_1) ®r,., - ®R,
Ry 41 in lemmas 3.2 and 3.3: they let us rule out a wide range of possibilities for the K; invariants.
For those cases which are not covered by the previous estimates, we pursue a detailed (and, un-
fortunately, rather technical) analysis, by means of the elements introduced in definition 3.4. Such
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analysis lead us to refine the results of lemmas 3.2 and 3.3 in proposition 3.5 from which we deduce
the exact description of the Ky-invariants given in proposition 3.7.

First of all, we have

1 0 1+p'Z, 0 1 p'Z,
K; = ¢ . .
'z, 1 0 1+p'Z, 0 1

Furthermore
LEMMA 3.1. If o is a smooth K-representation over Fp and t € N, then
sock (o) = sock )k, Caa)

Proof: It is enough to recall that for any irreducible smooth K representation 7 we have 751 = 7.

i
LEMMA 3.2. Let t > 1. Then
i) Ift is odd then
(Lim Ry @p, - ®r, Rot1)™ = (Ro @R, -+ @R, Rer1)™

n,odd

(lim Ri/Ro®r, -~ ®R, Rat1)™ = {

n,even

(Ri/Ro @R, -+ ®g, , R)Xt if r#0
(R1/Ro @R, -+~ ©R,yy Re2)™ if 7 =0.

i1) Ift is even, then

(RO@Rl"‘@Rt,lRt)Kt if 7‘750

lim Ry ®g, - ®r, Rot1) = i
(in 0 PR, Ry, Rny1) {(RO@Rl"’@RHlRt—&-Q)Kt if r=0.

n,odd
(lim Ri/Ro®p, - ®R, Rat1)™ = (R1/Ro @R, -+~ ®r, Rip1)™

n,even

Proof: We first prove the statement for r # 0. Let n > ¢ and assume we have z € (--- ®p,
R,+1)%* such that 7(z) # 0 in R,41/R, (where 7 denotes the natural projection of proposition
2.2). As K; is normal in K, we conclude that 7((K - z)) < (Rp+1/Rn)®t and, by lemma 3.1,
sock (m((K - z))) Nsock (Rn+1/Rn) # 0. By the explicit description of sock (Ry,+1/Ry,) we deduce
that it exists y € (--- ®g,_, Rr—1) such that we are in one of the following situations:

i) the element

1o€Fy
is Ky-invariant (in the amalgamed sum);

i) we have p — 3 —r = 0 and the element
1
> [l b e oy
ro€Fy
is Ky-invariant (in the amalgamed sum);
where we put

> [p[iu] H 2 [p”‘l[lunl] H Zﬂzﬂ[p”[ttn] (1)][1,)(7"].

M1 er /»Lnfler #ner
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Consider now the projection
(-+ ®r, Rnt1) = Rn1/Fil' ' (Ry_1) ®R, Rus1.

1 p"Z,

As the space (R,_1/Fil""'(R,_1)) is fixed under the action of [ 0 1

], it follows that the

elements ) [ [o] 1 ]x’ (resp. > [ ko] 1 } 7'+ (—1)"*12’) should be fixed under the action
1 0 1 0
Ho€Fy ro€F,
1 p"Z,
of [ 0 1
lemma 2.10 shows

} inside R,,—1/ Fil' Y (R,_1)® R, Rn+t1, which is absurde. Indeed, a computation using

[0 7] ae 5 (") o)
where

= ] 1 - j 1 0 j=1yr—(-1)
v = Z |: 1 0 :| ... Z ( P)\(Mn—l)) I: pn_l[ﬂn—l + )\] 1 [1,X Y ]
po€Fp tn—1€F,

Using the operator —T); and the natural projection R, — R, /Fil""!(R,,) we get

—Tn‘&f (r * 1) (—1)"+1dy) =

=1\ J

SRR D Ol L PO D ISP IR G RIS

Hn—
pro€Fy Hn—2€Fp

(resp. = (r + 1)(—1)""2\ Z [ [Mlo] (1) } [1,Y"] ifn=2)
Ho€Fp

1L p" Al
0 1 }
invariant in R, 11 we deduce that the elements in i), 7i) can be K -invariant only if n — 1 < k: this
let us conclude the case r # 0.

We pass to the the case r = 0 and and let n > t+ 1. Using the same arguments for the case r # 0
we see that if we have z € (---@g, Ry41)%t such that 7(z) # 01in R,,11/R,, it would exists an element

7 € Ry_1/R,_gsuchthat w = g4+ 3 [ [,ulo] (1) ] 2 (resp.w = g4+ 3 [ [,ulo] (1) } '+ (=1)r g
pro€Fy Ho€Fy

and such an element is nonzero in R, i /Fil" ' (R, 1) if r # 0. As 2’ is anyway [

n—2
if r=p—23)is [ (1) p 1 Zy } invariant inside R,—1/R,—2 + (w). On the other hand, we have a

n—2

1
decomposition of R,,_1/R,—2 in { p

0 1 }—stable subspaces. Indeed R,,—1/R,—2 is a quotient of

Indﬁo(pn,l)l and if we put
def ! 1 0 Ly 1 0
CRRSUED DS (R R DI =] [FETRINN L
JTRS pn—1€Fp

pn72zp

the latter admits the following decomposition in { 0 1

]—stable subspaces:
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a) for a fixed -tuple (lg,...,ln—3) € {0,...,p — 1}"2 the F)-subspace generated by the elements
1
Z Méo [ [MIO] 0 ] wll7~-~7ln—37j(0)
mo€F,
where j € {0,...,p—1};
b) the subspace generated by the elements wy, ; (0) for (I1,...,ln—3) €{0,...,p— 1}n=3.

n—2
For r # p—3 (resp. r = p— 3) we study, analogously to the case r # 0, the action of [ (1) N 1 Zy }
on the element > { (o] 1 ]a:’—i—(—l)’"“:z’ (resp. > [ ko] 1 ]x'—i—(—l)T‘Hx’ (—1)rtiahy;
no€F, 1 0 wo€F, 1 0

using the previous decomposition in stable subspaces for R,,_1/R,_2 we deduce again a contrad-
diction with the assumption 7(z) # 0 (the computational details are left to the reader). f

On the other hand, we have

LEMMA 3.3. Let t > 1. Then:
i) for t odd we have
(Ro ®R, - ®R,_» Ri-1)®* = Ry @R, -+ ®r, , Ri—1
(R1/Ro ®Ry -+ DR,_5 Ri )Xt = Ry/Ry @R, - @R, 4 Ri—o ifr#0
(R1/Ry @R, - ®r,_, Rt)X* = R1/Ro ®R, --- Pr,_, Re ifr=0
i1) for t even we have
(Ro @R, - ®r, s Ri—2)*" = Ry @p, - Gp, 4 Ri—a ifr#0
(RO @R, " OR,_, Rt)Kt =Ry @R, OR,_, R, ifr=0
(R1/Ro @R, -+ ®R,_, Re—1)"" = R1/Ro @R, -+ ®r,_, R

where we convene that R1/Ro ®r_, R_1 .

Proof: If k € K and z € I; then

dERI I P P

for suitable k1, k2 € K;. As the action of K is trivial on of for j < ¢ (resp for j < tif r =0) we
get the desired result. {

We are thus able to insert the K; invariants into a natural exact sequence coming from the
filtrations of proposition 2.2. For instance, for ¢ odd we have

0— (Ro @R, -+ ®R,_, Ri-1)"* — (Ro ®p, - ®r, Ris1)St — (Rpy1 /R

0 Ry @R, -+ ®Rr,_, Rt—1

Ry ®R, -+ ®R, Ri+1

Rit1/Ry

0

and the reader can deduce similar diagrams, according to lemmas 3.2, 3.3. In particular, we are
lead to the study of the K; invariants of the quotients R,4+1/R,, which is the object of the next
proposition. We introduce the following notations:

DEFINITION 3.4. Let t > 2 be an integer, (I1,...,l;_1) € {0,...,p — 1}*1 be an (t — 1)-tuple. We
define:
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i WG] Sy 1]

to€Fp u1€Fp
li_1 1 0 r41 1 0 p
Z Nt—1[ t—1 1] Zﬂt [ t 1 (1, X"];
pue—1€F, P ] e €F, p*[hut]
/ def L 1 0
%m=2m[ Jm
n1€F, p[:ul]
lt71 1 O 7”-‘1-1 r
2 [pt‘l[utl] 1] > H LX)
pe—1€Fp ut€Fy

which will be seen as elements of Ry11, Riy1/ Ry or in the amalgamed sum, accordingly to the
context.

i1) if r # 0 we define

Vit S [WloJ H S b [p[/lm] H

HoEFp ) n1€Fp
...M;Fpuit__f _ ptlﬁut—ﬂ (1) } 1, X"1y;
T s 1]
Mgbﬂp#?f pt—lﬁutl] (1) } (1, X" 1Y]

which will be seen as elements of Ry, R;/R;_1 or in the amalgamed sum, accordingly to the
context.

iii) if r =0 and X" is a fixed F,, basis of Symoff,, we define

e ® 200 St 1]

Ho€Fp p1€F,
Lo | 1 0 } [ 1 0 1 0 .
2 e | e 1 2 | 1 D | L[ LXTT
pt—1€Fp P kel Ry Pyl peii€F, P [pey1]
/ def I [ 1 0
Rl ylim1 — Z Hq 1 }
p1€F, - p[ﬂl}
le—1 [ 1 0 1 0 1 0 .
Z M1 t—1 1} Z [ " 1 Z i1 1 ) (1, X"
ui—1€F, L P [’ut_l] weF, p [Mt] jer1€F, p [,Ut-i-l]

which will be seen as elements of Ryi2, Riy2/Rit1 or in the amalgamed sum, accordingly to
the context.

The result concerning the K;-invariants of Ry41/R; is the following
ProposITION 3.5. Let t > 1, r € {0,...,p — 2}. Then
i) the K, invariants of Ry+1/R; are described by

(Rug1/Ro)™ = TndfS 0 B, < Fil® (Ryy1/Ry);

T
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i) ifr # 0 and t > 2 the Ky-invariants of R;/R;_1 are described by
(Ry/Ry—1)" = (Fil°(Ry/Ri-1) + 1) — Fil' (Ry/Ry—1)
where 7; is the K -subrepresentation of Fil'(R;/R;_1) generated by (the image of) the elements
Yirodeas Yiyoa,y With (L, le—1) < (0,...,0,7 + 1). If t = 1 then the Ki-invariants of
R1 /Ry are described by
(R1/Ro)™" = (Fil’(R1/Ro) + 1) — Fil'(R1/Ro)
where 7y = 0 if 7 € {0,1} and 7 is the K-subrepresentation of Fil'(Ry/Ry) generated by

D [ [“10] (1) ] (1, X™1Y]ifr >3
po€Fy

ko] 1 . T
(resp. bym);p[ *10 O][l,X Y] = [1, X" 1Y) if r = 2).

iii) If r = 0 then the K;-invariants of Ryyo/R41 are described by

(Buga/Ri)™ = Indjf 0 B FTY 0 QG

Proof: First, let z € (Ry1/R)%t, say z € Fil'(Ry1/Ry) \ Fil' Y (Ryy1/Ry). We deduce, as in
the proof of lemma 3.2 that one of the following condition must hold:

a) the element

Ho€Fp
is Ki-invariant;
b) we have r — 2t = 0[p — 1] and the element
1
is K-invariant,
where we put

FE Y g 1 2 [ 1

p1€Fy ut€Fp

t
For t > 1 we study the action of [ é p P} } on the elements in a), b) modulo Fil'™? to deduce

that such elements can not be K;-invariant: we conclude that
(Rt+1/Rt)Kt = FilO(RtH/Rt).
A similar argument, using the exact sequence

(t) (0,t+1) (0,t+1)
Fr-i—l — Yo,..,0,41 7 ¥0,..0r4+2 0

0 — Ind ()
shows that

0,t+1 .
( ((),..t.?(r),r)H)K = (Indgo(pt)F(t)

K
r+1) .

As the latter is Kj-invariant we get the desired result.
i1) Assume t > 2. With the same arguments of i) we can check that

(Re/Re—1)™t = (Fil' (Ry/Ry—1))™
16



and, using the definition of Q(l)é?.’f),()m 41 and the fact that Fil®(R;/R;_1) is a quotient of ImdgD (p) X7
we have

(Fil' (Ry/Ry—1))%t = (FI1°(Ry/Ry—1) + 1) ™.
We can now check directly that the action of

1+p'Z, 0 1 0
0 1+p'Z, || P'Z, 1

on Yi, . ly 1> yzl,-n,lt—l € R;/R;_; is trivial, provided that l;—; < r, and we conclude.
The case of t =1 is a similar computation, and it is left to the reader.
ii1) It is similar to the previous one and left to the reader.

(")

Thanks to proposition 3.5 it suffices to study the behaviour of the elements of the form z; ’ .

yl(l)... loy? Zl(1)... - in order to describe completely the K -invariants of supersingular representations.
First of all we introduce the objects:

DEFINITION 3.6. Let t > 1. We define the following subrepresentations of Ryi1, Ry:
i) fort >2,t odd, let

a1) o(p—2) as the K-subrepresentation of Ry 1 generated by x;, .1, ,, wgl oy, With (g, lim1) <
(r,p—1—r,...,m,p—1—r);

az) o(p — 3) as the K-subrepresentaiton of Ryi1 generated by o(p — 2) and the element

r+1,./ .
Zrp—1—r,...rp—1—r + (71) Ly p—1—r,. .. rp—1—r>

as) o(< p — 3) as the K-subrepresentation of Ry, generated by o(p — 2) and the element
Ly p—1—r,..,rp—1—r-
b1) ifr # 0, 0,(1) (resp. 03(0) ifr = 0) as the K-subrepresentation of R; generated by yi, __1,_,
yl’1,...7lz_1 (resp. ziy,..0, 1> Zl,l,-..,lt_1) with (I1,...,li—1) < (p—=1—=mr,r,...,p—1—r7)ifr #0
(resp. if r =0).
by) if r # 0, 0,(2) as the K-subrepresentaiton of R; generated by o,(1) and the element
Yp—1—rr,...p—1—rp T (_1)(T_2)+1y;)_l_r7r,,,,7p—1—r7r;
bs) if r # 0, 0;(> 2) as the K-subrepresentation of R; generated by o,(1) and the element
Yp—1—rr,...rp—1—17"
ii) Fort > 2, t even, let
ay) oy(p—2) (resp. o.(p —2)) the K subrepresentation of Ry generated by yi, .1, s Y1, 1, ,

(resp. iy, 1, s Zl,1,...,lt_1) with (I1,...,4—1) < (mmp—1—r,....,p—1—r,r) if r # 0 (resp.

ifr=0);
ay) oy(p—3) (resp. o.(p — 3)) as the K-subrepresentaiton of R; generated by o,(p — 2) (resp.
0.(p — 2)) and the element ypp1r...op1-r + (~1)7 gl 1 L i £ 0

(resp. Zrp—1—r,..rp—1-r T (_1)T+1Z;',p—l—r,...,p—l—r,r ifr = 0)’
ay) oy(< p—3) (resp. o.(< p— 3)) as the K-subrepresentation of R; generated by o,(p — 2)
(resp. o.(p — 2)) and the element Yy ,—1—y . p—1—rr (Y€SP. Zrp—1—r. . p—1—rr)-
1) 0°(0) and 0°(1) as the K-subrepresentation of Ryy1 generated by xy, 1, , x], ,_, with
(lhy....li)) <= (p=1—=mrr,...;r,p—1—7);
5) 0°(2) as the K-subrepresentaiton of Ry11 generated by o°(1) and the element

(r72)+1x/

Lp—1—rr,...rp=1—r + (_1) r,pflfr,‘..,r,pflfr;

bs) o°(> 2) as the K-subrepresentation of Ry generated by o®(1) and the element
xp—l—r,r,...,r,p—l—r-
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i1i) Assume t = 1. We define:
ay) o(p—2) =0;
ay) o(p — 3) as the K-subrepresentaiton of Ry generated by
1 1 0 1 0
IOl A I ST L]+ (-1 3 g 1,X7]
1 0 plm] 1 plm] 1
no€F, n1€F, w1€F,

a4) o(< p—3) as the K-subrepresentation of Ry generated by the element

2 1M o] e [ V]

no€F, u1€F,
b1) o,(1) = 02(0) = 0;
by) 0,(2) as the K-subrepresentation of Ry generated by:
> [ luol 1 ] LX) 4+ (—1) L, XY for v > 1;
wer, L 10
b3) O'Z(> 2) as the K-subrepresentation of Ry generated by:
> [ 1ol 1 ] [1, X"1Y] for r > 1.
wer, L 10

With the above formalism, we are ready to describe completely the Ky-invariants of supersingular
representations m(r,0,1) with » € {0,...,p — 2} (and therefore also for r = p — 1 since 7(0,0, 1) =
m(p—1,0,1).

PROPOSITION 3.7. Let t > 1 and r € {0,...,p — 2}; then

i) Assume t odd. Then
ay) the Ky-invariants of lim (Ro ©R, - - ®r, Rn+1) are precisely:

n,odd
olp—2) ifr=p-—2
Ry®Rr, -+ ®Rr, , Ri-1+¢ o(p—3) ifr=p-—3
o(<p—=3) ifr<p-—3.
b1) the Ki-invariants of lim (Ry/Ry @R, - - ®r, Rn+1) for r # 0 are precisely:
n,even
o,(1) ifr=1
Ri/Ro ®R, -+ ®r, 5 Ri—2 +prt(Filo(Rt)) + 0;(2) ifr=2
o (>2) ifr>2.

while, if r =0
Ri/Ry @R, - -+ ®r,_, Rt + 03(0).
i1) Assume t even. Then
az) the Ky-invariants of lim (Ro ®R, -+ @R, Rny1) for r # 0 are precisely:
n,o0dd
oy(p—2) ifr=p-—2
Ro @R, - @R,y Ri—o +pri(Fil°(Ry)) +< o,(p—3) ifr=p—3
oy(<p—3) ifr<p-3.
while, for r =0
o.(p—3) ifp=3

RO@RI"‘@Rtht+{ o.(<p—3) ifp+#3.
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by) the Ki-invariants of lim (Ri/Ro ®r, - - ®r, Rn+1) are precisely:

o®(0) ifr=0

of(l) ifr=1
Ri/Ry @R, - ®R,_, Ri—1+ 03E2§ ifr—2

o%(>2) ifr>2.

Note that Ri/Ro®r, -+ ®r,_s Ri—2 +pri(Fil°(Ry)) = pri(Fil°(R;)) and Ry g, -+ DR, s Ri—o2+
pri(Fil°(Ry)) = pre(Fil°(Ry)); we believe that the redoundant notation of proposition 3.7 is more
expressive.

We warn the reader that the proof of proposition 3.7 is rather technical and lenghty, relying on
a detailed computations in the amalgamed sums by means of the Hecke operators T.; we inserted
it for sake of completeness. We apologize with the reader for its length and technicity.

Proof: i), ay). For t > 2 we fix an (t — 1)-tuple (I1,...,l;—1) € {0,...,p—1}"! and we consider
P'[A]

0 1

We have the following equality in R;i1:

r+1

1 pr r+1 » i

R KT RES Ol (i (O ()
2

the action of on the element z;,_;,_, (the case t =1 is similar and left to the reader).

where we put
e /JO ]. Ly ]. 0 s r—(j—
v; = Z [ [1] 0 ] Z JTray [pt_l[utﬂ 1 ] [1,x7"1yr=U-Y] e R,.
ro€Fp
Since
r+1
1 . .
S A [V

=1~ J

S ERCEOD DRI D STl NTRe TR oy
uo€Fp pt—1€Fp

we conclude by lemma 2.12 (using of course the definition of 77 and r < p — 2 in the case
(lyy...yli))=(r,p—1—r,...,p—1—1)) that

1 p'Z
-) the element x;, _;, , is [ 0 b 1 P }—invariant in the amalgamed sum if (Iy,...,0—1) < (r,p—
l—r,...,p—1—1);
1 t
-) the element x;, _;, , is not [ 0 p 1 P ]—invariant in the amalgamed sum if (r,p—1—r,...,p—

1—7r) < (1, .., l—1).
Moreover, as
1 p'A 1 0] [10 L+px  p'A
0 1 Zd 1| |21 pitls 14 phx

f /_Zt p7[ ] that 2/ . 1 pth
or 2’ = j=1 Hj], we see tha xl1,---,lt71 18 0 1

If we define o as the K-subrepresentation of Ry, generated by the elements z;, ;. ., x;

}—invariant (already inside Ri11).

1yeeslt—1
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with (l1,...,L—1) 2 (r+1L,p—1—r,7r,...,p—1—71) we deduce from the diagram:

00— (RO @R, - PR, -1 —i—U)Kt E—— (Ro @R, - DR, Rt+1)Kt — (Rt+1/(Rt +O'))Kt

0

0 Ry®R, - ®r,_, Ri—1+0 Ry @R, - @R, Ryt Rit1/(Ri+0)
that
(Ro ®g, -+ ©r, Ris1)™* = (Ro @R, -+ ©R,_, Ri1 + o)™,
as the K-socle of Ry11/(R; + o) is generated by Zy41p—1—rpr,...p—1—r (a0d Tpi1p—i—rr . p—1—r +
(—1)"*2 if the K-socle is semisimple).
Similarl dy the action of | 1 P00 / for (i1, .. ly1) <
imilarly, we study the action o 0 |+ ptd ON iy, 4y ys T]y 4, s fOT (L, lim1) =
(r+Lp—1-nrr,...,p—1~—r)and a,d € Z;. From the equality
1+ pla 0 z 1] [ 201+pd)~ (1 +pla) 1 1+ pld 0
0 1+ pld 1 0| 1 0 0 1+ pla
we deduce the following equality in Ryy1:
+1
1+ pla 0 o~ [r+1\ — . .
U S s e X () @@y )
j=1
where
/ def J [NU] 1 li—1 1 0 J=lyr—(j-1)
Ui = ZNO[ 1 0} Z Nt—1[pt1[ut_1] 1 [1L, X777y ] € Re.
no€F, ut—1€Fp
We deduce from lemma 2.12 (using again the definition of 7, and r < p—2in the case (I1,...,l;—1) =
(r,p—1—r,....,p—1—r)) that
t
-) theelement x;, 4, , is 1+0'Zy Ot -invariant in the amalgamed sum if (I1,...,l;—1) <
e 0 1+p'Z,
(r,p—1—r,...,p—1—=r)orif (I1,...,41)=(r,p—1—r,...;,p—1—r)and r < p—3;
. 1+ p'Z, 0 o :
-) the element x;, _;, , is not . -invariant in the amalgamed sum if (r,p —
N 0 1+p'Zy,

l—r,...,p—1—r)=(l1,...,l1—1) and r =p — 2.

Moreover, the equality

1+ pla 0 1 0] [10 1+ p'x 0
0 1+ pld 21 |21 pls 14 phx
1+9p'Z, 0

rNt T ,
for 2 =35 _; p’[p;] shows that the action of [ 0 1417,

] onxy .  istrivial (already
in Ri41). As above, we conclude that
-) if r =p — 2 then
(Ro @, -+ ®r, Rey1)™ = (Ro @R, -+ &R, , Ri1+0(p—2))"
-) if r < p — 3 then
(Ro ®R, -+ ®r, Rey1)™ = (Ro ®p, -~ Br, , Ri1 + o).

. 1 0
We are now left to study the action of [ptZ ] ] on Ty .1, i xél I, for (ly .oy lim1) =
, ool
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(r+1,p—1-—mrr,...,p—1—7). For z = Zzzopj[,uj} we have the equality

1 0 z 1] |z 1 1+ptx  piA]
PN 1 10 |1 0 ptls 14 phx
where 21 = Z;;%) P[] + e + pdA]. We can use lemma 2.12 (and the definition of 7} in the case
(rrp—1—r,...;,p—1—7r)=(l1,...,l;_1)) to deduce the following equality in Ry SR, - - - &g, Ri+1:

1 0
pt[A] 1 -’L‘ll,.‘.,lt,1 - xllv-uyltfl —

0 ifeither (l1,...,li—1) < (r,p—1—7r,....p—1—1r)or
(lhy..slim))=(mp—1—=r,...;,p—1—r)andr <p—3

(r+ 1))\(—1)(T+2)%Y’” if (ly,...,h—1)=(r,p—1—r,...,p—1—r)andr =p—3.
On the other hand we have

1 07, , -
pt[)\] 1 xllv---altfl - :Bll,...,lt71 -

) 0 ifeither (ly,...,l—1) < (r,p—1—7,...,p—1-71)
) e+ DAEDTDITYT iy, ) =(rp—1—7,...,p—1—7).

As

soc(Rys1 /Ry +0(e)) = s0c( Qo1 i)

(where o(e) € {o(p — 3),0(< p— 3)} according to r as in the statement of i)-a;)) we conclude, as
above, that

(Ro ®p, -+ ®r, Res1)™ = (Ro ®R, -+ Br,_y Ri—1+ 0(e))™

and the result follows, as o(e) are generated by K;-invariant elements.

i),by) The proof is similar to the previous. First of all, notice that Fil’(R;) = Indllgo(pt)xf, is
Ki-invariant. Therefore, we focus on the action of K; on the elements v, . ;,_,, yzl,---yltfl ifr#0
(resp. 21y, 1, 15 zl’l 77777 Iy if r = 0). We notice moreover that, if » # 0 and t = 1, the K invariants of
h_l’I}l (Ri/Ro ®R, - - - ®R, Rn+1) are described by lemma 3.2 and 3.5: we can exclude this situation

neven

in the reminder of the proof of i), b;).
Assume now r # 0. As above, we have the following equality in R; for l;_1 < 7:

L p'A
|: 0 £ ] :| Yly,ols—1 — Yy, i1 = M(_l)lt_lfrttl(w)

where

def [MO} 1 ly—2 1 0 r=li—1yli—1
w= Z [ ) 0} Z 'ut_2[pt_2[ut—2] 1 1, X Y-t e Ry

po€Fp ut—2€Fp
Using lemma 2.12 see that
. 1 p'Z, ] . . . :
-) the element y;, ., , is 0 1 -invariant in the amalgamed sum if (I1,...,l;—1) < (p —

.., p—1—rr);

pt Zp

1 ]—invariant in the amalgamed sum if (p —r,7,...,p —

1
-) the element y;, ;, , is not [ 0
T—rr) X (Lo lim1).
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1 p'Z,

We see again that y; ,  is [ 01

}—invariant (already in R;), and we conclude by the usual
argument that

(lim (R1/Ro ®r, - - R, Rnt1))™ = (R1/Ro ®p, - BR,_y Ri—a + pre(Fil'(Ry)) + o)

neven

where o is the (image of the) K-subrepresentation of R; generated by the elements y;, ;. ., yfl .
where (I1,..., 1)< (p—r,r,p—1—7r,...;p—1—1r71).
1+ pla 0

0 1+ pld

t—1

We pass to the action of [ ] , with a,d € Z,. Exactly as in the proof of 7)-a;)

we use the matrix relation

1+ pla 0 }[

[z +ptd) (1 +pla) 1 1+ pld 0
0 1+ pld -

z 1
1 0 1 0 0 1+ pla
and lemma 2.12 to see that

1+9p'Z, 0
0 l—i—pth
p—1-—rr,...;p—1—rr)yorif (Ii,....,1)=(p—-1—r,r,...,p—1—r,r)and r > 2;

-) theelement y;, ;, , is [ ]—invariant in the amalgamed sum if (I,...,l;—1) <

: 1+p'Z, 0
Sle—1 18 not 0 1 +ptzp
l—rry...,p=1—=rr)=(1,...,0t—1) and r =p — 2.

-) the element z;, ]—invariant in the amalgamed sum if (p —

1 —|—pth 0

Moreover, as y;h...,lt—l is [ 0 |+ 'z
p

}—invariant (already in R;), we deduce

(R1/Ro ®R, -+ ®R,_5 Ri—o 4+ pre(Fil°(Ry)) + o5(1)) %

ifr=1
(lim (Ri/Ro ®R, -+~ ®R, Rnt1))" =
neven (R1/Ro ®R, -+ ©R,_y Ri—a + pre(Fil°(Ry)) + o)t
ifr > 2.
We are left to study the action of ptlz (1) } ON Yy, ly 15 yl’1 I,_, in the situation (i, lim1) =
L P T

(p—r,m,p—1—r,....,p—1—r,7). For z € I;_; we have the equality

L 105 8] =15 o [ e,

We can use lemma 2.12 to deduce the following equality in R1/Ry ®r, - - ®r,_, Ri:

1 0
] 1| Ydis = Bt =

0 if(ly,....,h—1)<@p—-1=rr...,p—1—=rr)or
(li,...;lb—1)=p—-1—=r,r,...;,p—1—r,r)andr >3

S e R LI
po€Fy 0
(liy....li-1))=p—1=mrr,....,p—1—r,r)andr = 2.
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We compute now

Sho1)<p-1—rnr...;p—1—17)
1

_ ) 0 ifeither (ly,..
B /\(—1)(”2)%[1,)("] if(lh,....h1)=(p—-1=rr,...;p—1—1r1).

soc(Ry/(Fil°(Ry) + 05(s))) = s0c(Q ) (1)1p-1-rr.p-1-1r)

(where o(e) € {07(2),0¢(> 2)} according to 7) we conclude, as above, that

(Ro ®R, -+ ®r,  R)™" = (Ro ®R, -~ ©R, 5 Ria + pro(Fil°(Ry)) + o (e)) ™

and the result follows, as o, (e) are generated by Ki-invariant elements.

We consider the case r = 0. We see that the following equalities hold in the amalgamed sum
(with the obvious conventions if t = 1):

1 p'A]
|: 0 1 zl1,...,lt_1 - le,...,lt_l =

- )\Hoezl;p [ [NlO] (1) ] ,..mzleszuitf [ pt_l[lut—ﬂ (1) } [1,e];
{1 pt[/\]} /

/ —_
0 1 Wyedtmt — Rliylion — 0

1 pth
0 1
r # 0, t > 3. Notice that, if t = 1 and

P o R DR (I T P 1

pro€Fy pi€F,

and therefore, the study of ]—invariance can be recovered from the formalism of the case

we get

[(1) pq)\] ]Z_Z:#O;‘p[[uf] [1)}[176];

as the latter is nonzero in Ry /Ry we can conclude that the Kj-invariants of the inductive limit are
simply the elements of R;/Ry.

. 1 3/ 1
We can now assume ¢ > 2; from the the action of tPLy Ot and | 0 on
0 1+p'Z, p'Z, 1
200l Zl/1,~~~,lt—1 we see as above that their K;-invariance can be reduced to the formalism for the
case r # 0. The conclusion follows.

i1) The proof is completely analogous to the case i), without any new ideas. It is therefore left
to the reader. §

The formalism of proposition 3.7 may look a bit heavy, but we can use the description of the socle
filtration for m(r,0,1)|xz to have an immediate idea of what is going on. Roughly speaking, when
we extract the Ky-invariants from m(r,0,1) we are “cutting” the socle filtration, and proposition
3.7 tells us precisely where such a “cutting” occurs. For instance, the description of ( hi)n (Ro ®r,

n,odd
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@R, Rny1))%t, for t odd, in terms of the socle filtration is the following:

(0,t+1) (0, t+1
SOCFﬂQ 40, r+1 \ Soc FﬂQo g p—1—r. p—1—rr41
ifr=p—2
SocFil(Ry ®p, « -+ ®R,_» Ri—1)—
(0,¢+1 0,t4+1)
SocFIQY " H  \ SocFiQ )
ifr<p-3

where we used the notation “V7 \ V3" to mean that we have to rule out the factors of the socle
filtration of Vy from the socle filtration of V (or, more scientifically but less immaginative, to mean
the socle filtration of the kernel ker(V; — V3) of the natural projection).

COROLLARY 3.8. Let r € {0,...,p — 1}, t > 1. The F,-dimension of (n(r,0,1))%¢ is then:

din, (r(r0.)%) = (4 Dy~ 1)+ { 275 T E e ﬁ

Proof: Thanks to the isomorphism 7(0,0,1) = n(p — 1,0,1) we can assume r < p — 2. Let us
assume ¢ odd (the case t even is analogous). Using [Mol], corollary 6.5 we get

dimg (o(e)/Re) = (p+1)p' = (p+ Dp" ' r+ D) = (0+ 0" =0+ 1) D P 'l —(p—2—7))
j=1

where (I1,...,, —1)=(r,p—1—7r,....,r,p—1—r,r+ 1) if t > 2; thus
dimg (o()/Re) = (p =)' = 1)+ (p—2 7).
Similarly we find, for r # 0,
t—1

dimg (05(e)/Fil(Ry)) =p'H(p+1) = (0" 0+ 1) = (p+ 1)) _p ' = (r = 1))
j=1

=@+ -1+ (r-1)
where (I1,...,4—1)=(p—-1—r,r,...,p—1—r,r)if t > 2; if r = 0 we similarly get
dim, (03(o) /FI0(Ry)) = (r + 1)(p* — 1)
As
dimg (Ro @r, -+ ®R,_, f—1) + dimg (R1/Ro O, -+ Or,_; Ri—2) +
+ dimg, (FI(Ry/Ry_1)) = (p + 1t~
the result follows. f

With respect to the description of the socle filtration of 7(r,0,1)|x as “two lines of weights”,
proposition 3.7 let us deduce the following result:

COROLLARY 3.9. Let t > 1 be an integer, r € {0,...,p — 1}.

1) The socle filtration for ( lim (Ro ®r, - - ®r, Rn+1))%t is described by:
n,odd

SymTF2—Indf i —IndXySa™2— . —IndFxSa"—Sym? _3_’?; ® det" !

where the number of parabolic inductions Ind[ xial is pt=1 — 1 and last weight Symp_S_rFIz ®
det™™! appears only if p—3 —r > 0.
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2) The socle filtration for ( lim ((R1/Ro) ®g, -+ ®r, Rnt1))"t is described by:

n, even
Sym?™1='F, ® det’ —Indf xja—Indf xja?— ... —Indf x;—Sym"~*F, ® det

where the number of parabolic inductions Indf( xial is p'~! —1 and last weight Symr_QFIQJ ®det
appears only if r —2 > 0.

Proof: We sketch here the proof for ¢ odd, r € {0,...,p — 2}. Using the computations in the
proof of corollary 3.8 and the result in lemma 2.8 we see that

dimg (lim (Ro ®r, @, Rps)) =+ 1)+ 0+ — 1)+ (p—2-7)
n,odd
and
dimg ( lim ((R1/Ro) ®r, - ©r, Ro)X =(=r)+ @+ =1+ (r—1)+6y0

As the dimension of the parabolic inductions Ind¥ x5a? is p + 1 we conclude from proposition 3.7. f

4. Study of I;-invariants.

Let t > 1 be an integer and r € {0,...,p—1}. The aim of this section is to study in detail the space
of Ii-invariant of supersingular representations (r,0,1); thanks to the isomorphism 7(0,0,1) =
m(p—1,0,1) we will assume r < p — 2, unless otherwise specified. Moreover the relations

t—1 +
Kt_lgltht,]t:[l p Zp}[lﬂ?zp 0 }[ 1 o}

0 1 0 1+9p'Z, p'Z, 1
N . 1 ptil [)\] . . K
show that the hard task consist in studying the 0 ) -invariants (for A € F,) of (7,0, 1)"¢,

the latter being completely described in proposition 3.7. We distingush two cases, accordingly to
the parity (?) of ¢.

4.1 The case t odd.
In the present section, we assume t > 1, t odd. We then can write, accordingly to the value of r,
olp—2) ifr=p—2
(lim (Ro @p, - ©r, Rot1) SRo©Ry -+~ Gry R +q o(p—3) ifr=p—3
n,odd 0’(<p—3) if’r’<p—3.
(lim (Ro ©r, - R, Rpi1))" = pro1 (FI°(Ri_1))
n,odd

with the obvious convention that pry_1(Fil°(R;_1)) = Rp if t = 1. Notice that all vectors in the

.10 1 pt_l[)\] . . .
spaces pri—1 (Fil°(R;—1)) are [ 0 1 ]—mvarlants. Similarly, we get
o(0) ifr=0
1i I, 10 o,(1) ifr=1
( lim (R1/Ro ®Ry -+ OR,, Rny1))" < pre(Fil'(Ry)) + 05(2) ifr =2
even o5 (>2) ifr>2.

(lim (Ri/Ro ®r, - ©r, Rpi1))'* = Ri/Ro ®p, -+ ®Rr,_; Ri2

n,even
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with the obvious convention that pri(Fil®(Ry/Ry)) = Fil’(Ri/Rp). Notice that all vectors in the
P
0 1
From now onwards we assume ¢ > 1: the case t = 1 it is well known (cf. [Bre03a], Théoréme
3.2.4) and can anyway be treated with analogous techniques.

spaces Ri/Ry ®R, - ®r, , Ri—2 are { }—invariants.

4.1.1 Concerning Ry @1 --- ®r, Rnt1, n odd. We conside the K-equivariant exact sequence
0 — pri_1(Fil%(Ry_1)) — Ry ®g, --- ®r, , Ri_1 +0(e) =V =0

where e depends on r accordingly to proposition 3.7-a;). We introduce the following elements:

DEFINITION 4.1. Let t > 1 be odd, (lg,...,l;—2) € {0,...,p — 1}=1 a (t — 1)-tuple.

i) For j € {0,...,r} we define the following elements of R;_1

) e po) 1 L 1 0 i
Flo,.li—o (J) def Z Mf)o [ [10] 0 ] _,,Z,utt_; [pt_2[l~tt—2] ) ] [1, X"y

no€F, Ht—2
/ .\ def I 1 0 li—o 1 0:| r—dixrq
& 1, X" Iy7
Bypele—2 (j) Z My [ p[#l] 1 ] Z:utf2 |: pt—2[,ut72] 1 [ ]
H1EFp Ht—2

which will be also seen as elements of the amalgamed sums accordingly to the context.

ii) Forl;_1 € {0,...,p — 1}, we define the following elements of Ryi1

def l [/’LO] 1 lg—1 1 0 r+1 1 0
Vig,..li—1 = Z MOO [ 1 0 ] "'Z:ut—l { ptfl[ut—ﬂ 1 EG; Hy pt[ﬂt] 1 [LXT]
HtCEp

po€Fyp Pi—1
def Il [Ml] 1 :| li—1 |: 1 0 :| r+1 |: 1 0 :| r
Dpody = 1 [ e _ [ 1, X
liyesle—1 #;p 1 1 0 ; t—1 pt 1[Mt—1] 1 H;p t pt[Mt] 1 [ ]

which will be also seen as elements of the amalgamed sums accordingly to the context.

The role of such elements is explained by the next
LEMMA 4.2. An Fj-basis for V is described as follow:

i) the elements vy, 1, ., 1)21,‘_.7%71
where (l1,...,li—1) < (r,p—1—r,...,,p—1—7),lp€{0,...,p—1};
i1) if r < p—3, the elements Y, p—1—r. rp—1i-r, Jj €{0,....,p —3 —r—1} and
Yp—3—rrp—1—r,...,rp—1—r + (_1)(T+1)+p_3
iii) if r # 0, the elements

. e 1 Lo 1 0 i .
Yo, b (J) def Z Mé@ [ [/110] 0 ] _,,Z,utt_; [ P2l ] 1 ] [1, X"y

—1ra/
Up7377’,7“,p7 1—r,...,rp—1—0r

mo€Fy Hi—2
/ - def A 1 0 l—2 1 0] 1. X"—Iyi
;ll,..‘,ltfg (]) Z /’Ll |: p[Ml] 1 :| e Z/’Lt—Q I: pt_2[,ut—2] 1 [ ) ]
u1€Fp Ht—2

where j € {1,...,1}.
Proof: It is a formal fact to verify that we have a K-equivariant exact sequence
0 — R;_1/Fil'(R;_1) = V — o(e)/R; — 0;
the the assertion is then an immediate consequence. §
Thanks to lemma 4.2 we can describe the structure of V¢,
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PROPOSITION 4.3. An F,-basis for VUt is given by
a) the elementsy) ; (j) for (l1,....,l1—2) € {0,...,p— =2 5e{1,...,r}ifr>1;
b) the elements 1);17.“71)571
c¢) if r # 0 the elements

where (I1,...,li1—1) < (r,p—1—r,....7,p—1—71)

?lon--,ltﬂ(l)
where (lo,...,l;_2) € {0,...,p— 1}~1 while, if r = 0, the elements

Yio,....le—2,0

where (I1,...,li—2) 2 (r,...,p—1—r,r) and lp € {0,...,p— 1}.

Proof: Assume r # 0 (the case r = 0 is strictly analogous). First of all, we look for a decom-

position of V into [ (1) pt_ll Zy ]_Stable subspaces. We deduce immediately the following equalities
(in R¢—1):

) - i=0

: (1) pt_ll[)\} A R

: (1) ptill A Dl des = Dyl

Using the operators Tti, we get the following equality inside Ro ®r, -+ ®r,_, t—1:

lt—1

1 t—1 )\ l — 7
|: 0 3 1[ ] :| ig,.. i1 = Z <ti 1> (_)‘) Ulo,---,lt—%(lt—l—i) + (2)

1=0
lt—1
+> (lt;1> (=A)i(r 4+ 1)(=1)"t 1o,
=0

where

b { ol (1)]

ro€Fy

I 1 0 ly_1—i

> | ey 5| 3 AP L X 4 YY)
b [Mtq]

Ht72€Fp Iltfler

In particular, each v; belongs to the linear space generated by the elements r;,.;, ,(j) and, for

li—1 = 0, we see that the coefficient of [1,Y"]in > P_x(mu—1)[1, AX +Y)"]is —A.

betfler
ptflzp

We deduce that the following spaces are { 0 1

}—stable: the spaces

ot (j)>Fp;<Ufl,...,zt,1 )T,

and, for a given (¢ — 1)-tuple (lp,...,li—2) € {0,...,p — 1}71 the space Vi, ., , which is defined
as the Fp-vector subspace of V generated by ;.. 1, ,(j), for j € {1,...,r} and

-) the elements v, ;, ,; withi € {0,...,p—1—r} if either (I1,...,li—2) < (r,p—1—7,...,p—
1—rr)or (I1,...,h—2)=(rp—1—r,...;,p—1—r,r)and lp <p—3 —7;
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-) the elements v, ;. ,; withi e {0,...,p—2—r}if (I1,...,li—2) = (r,p—1—r,...,p—1—1,1)
and lg >p—3—r;
-) the elements vy, ;, ,; with i€ {0,...,p—2 —r} and the element

Dig,.li—2,p—1—r T (_1)p_3_r+(T+1)Ugl,---7lz—2,]?—1—?”
if (ly,...,ly—2)=(r,p—1—r,....p—1—r;r)and lo=p—3 —r.
For a fixed (t—1)-tuple (lg, . ..,l;—2) € {0,...,p—1}~"! we deduce from the equalities (1) and (2) that

P A }

0 1

is unipotent, and the elements on the superdiagonal are all nonzero. In other words, the V;, ;.
P

0 1

1) and the associated eigenspace has dimension 1. We see that a generator of such eigenspace is

Lio,..l,_» (1) and the proof is complete. The statement concerning the case » = 0 can be proved with

the same techniques and it is left to the reader. §

there exists an Fp—basis of Vi, ..1,_, such that the matrix associated to the action of
.-

restriction of the V-endomorphism associated to [ ] has a unique eigenvalue (equal to

We remark that the elements in a), b) of proposition 4.3 are already U, invariant inside the
amalgamed sum Ry @R, - - - Br, Ri+1. Together with the elements inside prt,l(Filo (Ri—1)) they are
denoted as the trivial I-invariants We therefore are left to study the Ui-invariance of the elements
of the form c) inside lim (Ro ®R, -+ @R, Rn+1) to complete the description of I;-invariants.

nodd

PROPOSITION 4.4. An Fp—basis for the space of nontrivial I;-invariants of
lim (Ro @R, - -+ ©r, Rnt1) modulo the trivial invariants is described as follow:
nodd
i) ifr # 0, by the family
x(l)lo,m,lt&
where (lo,l1,...,l4—2) < (p—1—r,r,...,p—1—1,7).
ii) if r =0, by the family
Dig,.,li—2,0
where (lg,...,l;2) < (p—1—r,r,....,p—1—1,7)

Proof: i) The proof is an induction on ¢, and follows closely the computations of lemma 2.12.
Let ¢t = 3, and consider a I;-invariant vector v which we can assume of the following form:

v= Z clo,llx(l)lo,ll
(lo,l1)€{0,...,p—1}2

for suitable ¢, ;, € F,. We have

1 p*[A
[ ! pl[ ] ] vev=A Y a0

(lo,11)€{0,...,p—1}2

it is now clear that r(0);,;, = 0 inside Ry/R; if [; < r while the (image of the) elements r(0);,,
inside Ry/R; induce a free family for {1 > r + 1: the Is-invariance of v shows that ¢;,;, = 0
if (0,7 + 1) < (lp,l1). Therefore, using the operators Tli, we get the following equality in the
amalgamed sum

p—1
> ant O = (D)"Y cr Y u(X + oY)

(lo,l1)<(0,r+1) lo=0 po€Fy
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which shows that ¢, , = 0 for l[o > p — 1 — r. This let us establish the case t = 3.
Concerning the general case, let v be a Ii-invariant element which we can assume of the form

v= Z clov'--’lt72;(1)l0,...,lt72
(10, lt—2)€{0,...,p—1}t 1

for suitable ¢ . S Fp. We have

2

1 pt=iA
[ 0 1[ | ] v—v=A > TS {(0) /i
(loy--slt—2)€{0,...,p—1}t—1

since £(0),,...1,_, = 0 inside Ry_1/Ry—o if l;_o < r and the family
{2(0)ig,.. tea Hip—o>rt1

is linearly independent in R;_1/R;_o we conclude that Clo,..l;—» = 0 as soon as l;_9 > r + 1. Using
the operators TiQ and a similar argument (i.e. studying the image of the sum inside R;_3/R;_4) we
deduce that we must have ¢, . ;, ., = 0if l;_3 > p—1—r, therefore getting the following equality
in the amalgamed sum:

Z clO:~-~7lt72x(0)107--~alt72 =

(loy-slt—2)€{0,...,p—1}=1
S0 Y it et O
(l0-sli—a)€{0,...,p—1}t=3
The conclusion follows by induction.
ii) It is completely analogous and left to the reader.

4.1.2 Concerning Ri/Ro®R,- - ®r, Rnt+1, n even. We consider now the K-equivariant exact
sequence for r # 0
0— Ri/Ro @R, - ®r, s Ri—o — pri(Fil°(Ry)) + o,(e) =W —0
and, for r =0,
0 — Ri/Ro ®R, -+ ®R,_y Ri—a — pre(FII°(Ry)) 4+ 05(0) > W — 0

where a;(o) depends on r accordingly to proposition 3.77)-b1). As in the previous section, we intro-

duce the elements
DEFINITION 4.5. Let t > 1 be odd, (lg,...,l;_1) € {0,...,p— 1} a t-tuple.

i) we define the following elements of Ry

ef J20) ]. Ly 1 O r
SRRED S TR B o S I

po€F, Ht—1
. 1 0 I 1 0
| d:fzh[ } [ . ]LX’“
l1yele—1 Ha p[lul] 1 Zut_l pt I[Mt—l] 1 [ ]
p1€F, Ht—1

which will be also seen as elements of the amalgamed sums accordingly to the context.

i1) For r # 0, we define the following elements of Ry

def lo | o] 1 li—1 1 0 r—1
3loseesli—1 = Z Ho [ } M1 |: t—1 [1L, XY
ro€Fy, 1 0 Ht—1 p [Mt_l] 1
/ def 1 [Ml] 1 ly—1 1 0 r—1
3y ley = Z Hy |: 1 0 } He—1 [ Pt_l[lltfl] 1 [1,X"Y]
n1€F) Ht—1
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which will be also seen as elements of the amalgamed sums accordingly to the context.

iii) For r = 0 we define the following elements of Ryo

def l 120 1
hlo ..... lt71: ZMOO[[l] O:|

1o€F,

Ly 1 0 1 0 1 0 -,
'Z:ut—l [ t—1 1 ] Z [ t 1 Z M1 t+1 1 (1, X"];
ot P ] = Pl =y P 1]

def l ,U/I 1
h;h...,lt,l = Z /’Lll |: [ 1 ] O :| vt
n1€F,
lis 1 0 } [ 1 0 ] [ 1 0 ] ,
_ 1, X
Zﬂtq |:pt Upeq] 1 Z Pl 1 Z Ht+1 P ] 1 [ ]
Ht—1 ue€Fy pt+1€F,

where X" is a fixed F-basis of SymOFIQ,; such elements will be also seen as elements of the
amalgamed sums accordingly to the context.

As for lemma 4.2, we are able to describe an F-basis for W in terms of the elements defined in
4.5

LEMMA 4.6. An F,-basis for W is described by:

a) the elements vy, j, , v0; ,  where
Lbizr+1, (lo,...,l2) €{0,...,p—1}1;
b) if r # 0, the elements 3, 1, ., 520’.“’%71 with
(i, sli)) < (p—1=mrr,...;,p—1—r,7)and ly € {0,...,p — 1} as well as the elements
3jp—1—rr,...p—1—rr for j € {0, ey (7" — 2) — 1} and
3r—2p—1rptorr + (DU
c) ifr =0, the elements by, _;, ., bgo,...,lt_l with

(ly,...sli1) < (p=1—=mryry...,p—1—r,r)and |y € {0,...,p — 1}.
Proof: As in lemma 4.2, it is a formal verification that W fits into a K-equivariant exact
sequence:
0 — Fil%(Ry/Ri—1) — W — ai(e)/Fil’(R;) — 0
where o3 (e) is defined according to the value of r as in proposition 3.7i)-b1). The result follows. §.

Again, we are going to describe the I;-invariants of W:

PROPOSITION 4.7. An F,-basis for WUt is given by

a) the elements mglm-nlt—l for (I, ..., l—2) €{0,...,p—1}"2 and l;_1 > r+1
b) ifr #0, the elements 3;, ;,  where
(i, osli—1) = (p—1—=mr,r...,p—1—rr) while, ifr =0, the elements b; _,  where
(liy....lim1))<=(p=1=mrr...;p—1—m,1)
c¢) the elements
mlo,...,lt_Q,T’-i-l
where (lg,...,l;_2) € {0,...,p—1}~1
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Proof: Assume r # 0 (the case r = 0 is analogous). For A € F,, we easily get the following
equalities in W:

lt—l
[o 1[ | ]mzo,...,z” =2 <t' >(—A)szo,...,at-1j>? ®)

Jj=r+1 J

= ml07

colt—10

1 pt=A
|: 0 1[ } :| 3;0,...,lt_1 = 3;0,...,lt_1‘ (4)

Moreover, using lemma 2.10, we get the following equality in W:

[ é pt711 . ] 8losolim1 = lti <ltj1>(_A)jélo,..-,(luj) + lti (lt.l) (=AY w; (5)

=0 j=o N/
where we set

w7 [ ol (1)]

ro€Fp

DY I I D e w GV I [ Py}

pe—2€Fp ne—1€Fy
We notice that w; belongs to the linear space generated by oy, . ;, ,; fori e {r+1,...,p—1} and,
for [;_1 = 0, the coefficient of v, ;,_, ,—1 in wp is —A.
1 pt’1Zp

We deduce that the following subspaces of W give a decomposition of W in [ 0 1

] -stable

subspaces:

<m§1,...,zt,1)fp;<3§1,...,zt,1>fp;

and, for any fixed (t — 1)-tuple (lo,...,li—2) € {0,...,p — 1}~ the subspace Wy, _;,_,, which is
defined as the F,-vector subspace of W generated by o, ;. ,; with j € {r+1,...,p—1} and

-) the elements 3, 1, ,; with i € {0,...,r} if either (I1,...,l—2) < (p—1—r,7,...,",p—1—71)
or (li,....1—2)=(p—-1—=rr,...;7,p—1—7r)and lp < r — 2;

-) the elements 31, _,_,.i withi € {0,...,7—1} and 3,5, +(—1)""2+15! if (I1,...,l—2) =

31 ,dimayr

p—1—=rr,...;1,p—1—r)and lop =r —2;
-) the elements 3;, ;, ,; withi e {0,...,r =1} if (I1,...,[0) =(p—-1—r,7r,...,7,p—1—1)
and lg > r — 2.

As in proposition 4.3, we see that we can find a basis of Wy, ;. such that the matrix associated

. 1 p=tA : : .
to the action of 0 p 1[ ) on Wy, ., (for A e F;) is upper unipotent with nonzero scalars
in the superdiagonal. In other words, the W;, ;. ,-restriction of the W-endomorphism associated
1 t—1 )\ . . . .
to [ 0 p 1[ ) (for A € F) has a unique eigenvalue (equal to 1) and the associated eigenspace

has dimension 1. Since such eigenspace is generated by wy, . ;,_, ., the conclusion follows.
The case r = 0 is strictly analogous; we point out anyway that the equalities of type (4), (5) for
b;l sy Dio,...1,_, are now established via the operators Tti g

We remark that the elements in a), b) of proposition 4.7 are already U, invariant inside the
amalgamed sum Ry /Ry ®g, - - - DR,,, Rt+2. Together with the elements inside R1/Rg ®r, - ®r,_,
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R; 5 they will be denoted as the trivial Ii-invariants We therefore are left to study the Us-invariance
of the elements of the form ¢) inside lim (Ry1/Ro @R, - - ®r, Rn+1) to complete the description of

neven
I;-invariants.

PROPOSITION 4.8. An Fp—basis for the space of nontrivial I;-invariants of
lim (Ry1/Ro®r,- - -®R, Rnt1) modulo the trivial invariants is described by the elements oy, 1, , r41

neven

where (lg,...,l;—2) < (r,p—1—r,....;",p—1—1)

Proof: The proof is an induction on ¢, analogous to proposition 4.4. Assume t = 3 and consider
a [i-invariant vector which we can assume of the following form:

v= Z Clo,11W0lg 1y ,r+1
(lo,l1)€{0,...,p—1}2

for suitable ¢, € Fp. Using the operators T: 2i we deduce the following equality in R;/Ro:
1 pHA I
|: 0 1 v—v= Z Clo,l1 Z MOO Z N :U’lX +Y) ]
(lo,l1)€{0,...,p—1}2 Ho€Fp n1€Fy

We therefore see (thanks to proposition 2.7-7)) that ¢, ;, = 0 as soon as l; > p — 1 —r, while we
can use proposition 2.9-i7) and iii) to deduce that ¢, ,—1—, = 0 for lp > r. This establish the case
t=3.

Concerning the general case, let v be a Ii-invariant vector, which we may assume of the form

v= E : Clo,eolt—2 W, ly—o,r+1
(lossli—2)€{0,...,p—1}t—1

for suitable ¢, ;, , € Fp. Using the operators Til we get the following equality in the amalgamed

- (1),

0 1
o | o] 1
= (1)1 (=) 3 ortrs S [ 1 }
(loye-slt—2)€{0,...,p—1}t—1 no€F,
Iy l
Z :utt—g|:pt31u } Z w3 [ (g2 X +Y)7].
pe—3€F, = 3 pe—2€F,

We map the latter in R;_o/R;_3 to deduce that ¢, ;, , =0if (r+1,p—1—17r) < (l4—3,l;—2) and
therefore we get the following equality in the amalgamed sum:

0 1
r r l Mo 1
= (r+1)(=1)""2(=1)" ! Z Clo,.li—g,rp—1—r Z Ko { [1] 0 }
(loye-slt—a)€{0,...,p—1}1=3 po€Fyp
lt—a 1 0 :| r
B 1, (n_aX +Y)].
S | iy 1 | B Oeax 4 YY
,U‘t746Fp

This let us conclude the inductive step and the proof is complete. f
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4.2 The case t even
We assume now ¢ even. The study of I;-invariants for the inductive limits lim (Ro®g, - - - ®r,, Rn+1)

nodd
and lim (Ri1/Ro®rR, - @R, Rn+1) is treated in a completely analogous way as we did in paragraph

neven
4.1. We therefore content ourselves to give the results, leaving the computational efforts to the

reader.

4.2.1 Concerning Ry ©1 --- ®r,, Rnt1, n odd. We now should consider the K-equivariant

n

short exact sequence

oy(e)ifr #0 LV 50

0— Ro @R, - BR,_3 Rt—2 — Prt(FﬂO(Rt)) + { o,(e)ifr=0

where oy(e), 0.(e) are defined accordingly to proposition 3.7-a2). We then introduce the following
elements of Ry, Riio:

DEFINITION 4.9. Let t > 2, t even.
i) For any (t — 1)-tuple (lo,...,l;—1) €{0,...,p— 1YL I, 1 €{r+1,...,p— 1} define

ef l ILLO 1 i t— 1 1
Lo, len d: Z IU’OO |: [1] 0 :| Z Mtill |: [ 1 ] 0 Mt—l[leq;

uo€Fp pt—1€Fp
def l 1 0 I t—1| 1
Pglv--»lt—l = E : Mll [ 1 :| § 'utt_l1 |: [ 1 ] Nt71[1>XT]§
plp] 0
n1€F, pe—1€Fy

1) if r # 0, define

/ def i 10 bi-1 1 0} L,Xly
L3/ Z 221 [p['ul] 1 ] Z M1 [pt_l[/tt—ﬂ 1 [ > ]
pw1€Fp ut—1€Fp

where (I1,...,4—1) < (r,p—1—r,...,p—1—r,7).
iti) if r = 0, define

/ def h 10 b1 1 0 ]
Shewtis = D M [p[m] 1 } RPN [pt_l[.“tl] 1

w€Fy pt—1€Fp

> [pt[lut} (1) } D s [ ptﬂ[lutﬂ] (1) ] 1, X7]

He€Fp Hi+1€Fy
where (l1,...,l;—1) < (n,p—1—r,...,p—1—r7) and X" is a fixed F,-basis for Symoff,.

The element defined in 4.9 will be seen also as elements of the amalgamed sums, according to
the context. We see as above that

LEMMA 4.10. Let t > 2, t even. The following elements are I invariant in the inductive limit
@ (Ro ®R, -+ @R, Rnt1):
n odd
i) the elements ;217".7&71 forly_ 1 =r+1,(1,...,I12) €{0,....,p—1}72;
ii) if v # 0, the elements v,
where (I1,...,i—1) < (rp—1—r,...,p—1—1r,71);
iii) if r =0, the elements 3,
where (I1,..., 1) < (mp—1—r,....,p—1—1,71);
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Proof: Omissis. f

As in §4.1.1, the elements of lemma 4.10, as well as the elements of Ry ®g, -+ ®r, 5 Ri—2 will
be referred to as the trivial Ii-invariants. The result is then the following:
PROPOSITION 4.11. An F-basis for the space of nontrivial I;-invariants of
lim (Ry ®R, - - ®R,, Rnt1) modulo the trivial invariants is described by the elements ty, . 1, »r+1
n;)d
where (ly,...,l;_—2) < (p—1—r,r,...;",p—1—7)

Proof: Omissis.{

4.2.2 Concerning R1/Ry®r, - -Pr, Rnt1, n even. We have now to consider the K-equivariant
short exact sequence
o5(0)ifr=0
o (e)ifr #0

where O':‘Z(.) are defined accordingly to proposition 3.7-b2). We introduce the following elements:

DEFINITION 4.12. Let t > 2, t even.
i) forly,...,li—2 €{0,...,p—1} and j € {0,...,r} define

. e 1 1 1 0 i .
Wi, (1) = D [ [Ml()] 0 ] S D [pt_z[m] 1 } XYl

0— p"”t—l(FﬂO(Rt—l)) — R1/Ry ®R, -+ Dt—2 Re—1 + { - W' =0

ro€F, pe—2€Fp
.\ def 1 1 0 le— 1 0 — i
CRPROED DU IS S Dy T TP S )
plm] P2 2]
w1€Fp pt—2€Fp

where we set, for t = 2,
w'(5) = [1, X V).
Note that such elements are in pry_1(Fil®(R;_1)) (which is K;_i-invariant) iff j = 0.
i1) for ly,...,ly—1 € {0,...,p — 1} define

def o | [mo] 1 Lo 1 0 r+1 I 0 r
3lo,eli—1 = Z :u(JO |: 1 0 :| Z :utt—l1 {pt_l[ﬂtl] 1 Z Hy pt[Mt] 1 [LX ]

po€F, pi—1€F, u€F,
e 1 0 le_ 1 0 1 0
/ 1 ll[ ] “[ _ } ’"+1[ ]1,X’".
V.1 O Z My plua] 1 Z M1 P ] 1 Z My Pl 1 [ ]
n1€F, me—1€Fp w€Fy

The element defined in 4.12 will be seen also as elements of the amalgamed sums, according to
the context. We see as above that

LEMMA 4.13. Let t > 2, t even. The following elements are I, invariant in the inductive limit
lim (R1/Ro ©R, -+ @R, Bni1):

neven
i) the elements w; ; (j) forj € {1,....r}, (lo,...,li—2) € {0,...,p— 131
i1) the elements ‘7;1,...,1,571’
where (I1,..., 1) < (p—1—r,r,...,r,p—1—1).

Proof: Omissis. f

As in §4.1.1, the elements of lemma 4.13, as well as the elements of prt_l(FﬂO(Rt_l)) will be
referred to as the trivial I;-invariants. The result is then the following;:
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PROPOSITION 4.14. An Fp-basis for the space of nontrivial I;-invariants of

lim (Ry/Ro @R, - ®r,, Rnt1) modulo the trivial invariants is described by

ne_Vén
i) the elements vy, _;, ,(1) where (ly,...,l;_2) < (r,p—1—r....,p—1—r,7) ifr #0;
i1) the elements 3, 1, ,0 where (lo,...,l;_2) < (r,p—1—7r...,p—1—r,r)ifr=0.

Proof: Omissis.{

We are finally in the position to compute the dimension of I;-invariants for 7 (r,0,1):

COROLLARY 4.15. Let r € {0,...,p— 1}, t € N~. Then
dimgs, ((r(r,0,1))") = 2(25 1 — 1),

Proof: We assume ¢t > 2 and we will prove the result for ¢ odd (the case t even is similar and
left to the reader). We deduce from propositions 4.4 and 4.3 that

dimg ((im Ry g, - @r, Ryi1) pri—1 (Fi°(Ry—1))) = rp' 2 + ij_llj + Z]ﬂl;
nodd j j
where (l1,.... 1) =(r,p—1—r,...,r,p—1—r)and (I{,...,l;_s)=(p—1—rr,...,p—1—r7r):
they correspond to the invariants of type v; ;  and ¥, .5, ,(1) if 7 # 0 (resp. vy, | and

t—1
Dio,..ls_o.0 if 7 =0).
Similarly, propositions 4.8 and 4.7 give

t— t—
dimfp(( lim Ri/Ry ®p, -+ ®R, Rut1)" /pri—a(Ri—2)) = (p—1—1)p' 2 + ij_llj + Zp]l;
neven = =
where (I1,...., 1) =p—-1—r,r...,p—1—rr)and (If,...,l;_5) = (r, p—l—r Lrp—1—1r):
they correspond to the invariants of type 321,...,l and vy, g, 41 if 7 #0 (resp. hglp--,lt—l and
Wl a1 7= 0). As
dimg (pri—1(Fil®(Ry—1))) + dimg (R1/Ro SR, -+ SR, 5 Ri-2) = P2 (p+1)

(lemma 2.8) an elementary computation yields the desired result for ¢t > 2, ¢ odd.
Since 7(r,0,1)"t is 2 dimensional (cf. [Bre03a] Théoréme 3.2.4) the conclusion follows. f.

t—1

5. The case of principal series and the Steinberg.

We are going to describe briefly the K; and I[j-invariants of principal series and Steinberg for
GL2(Qp); by Mackey’s theorem and the Iwasawa decomposition for GLy(Q,) it will be enough to
study the inductions Ind% rapXs for r € {0,...,p — 2}. As the techniques involved are completely
similar to what we have seen for the supersingular case, we will content ourselves to state the results,
leaving the proofs to the reader.

Concerning the K;-invariants. Let ¢t € N-. From the exact sequences

(0,n+2)
0— Indﬁo(pn_s_l)xr IndKO( n2) X, — Q07 n70 . —0

we see (as in the proof of lemma 3.2) that all K;-invariants for Ind% KnBX, must be inside IndgO (pk)xfj.

More precisely, we have
ProroSITION 5.1. Let t € N~. Then
(Indgnpxy) ™ = Indjg 0 x5
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In particular, dimfp (Ind&-px3) =p~tp+1).

Proof: Omissis. f

Concerning the I;-invariants. Fixt € Ns. As I; > K; we see that (Ind% - 5x2)" = (Indgo(pt)x;f)lt.
We can therefore use the F,-basis of IndﬁJ (o) X, given by

e 0 1 1y 1 0
Ho,ooile—1 = Z ’uéo [ [Iul] 0 ] Z [Ty [ptl[/ﬁt—l] 1 } L.e]

MOer Mtfler
/ def l1 1 0 le—1 1 0:| 1
= “ .. — 76
s St [y ] [y V0
w1€Fp pt—1€Fp

(where, if t = 1, we set ¢/ B [1,¢]) to describe completely the space (Indﬁo(pt) x2)!t. We find that

PROPOSITION 5.2. Let t > 2. Then an F-basis for the space (Indﬁo(pt)x;?)lt/(Indﬁo(pt_l)x;ﬁ) is given

by the elements ?21,...,% with l;_1 > 1. In particular we have

dimg ((Indgnpxp)™) = 2"

-1

for any t € Ns.

Proof: It follows the arguments in the proofs of propositions 4.3, 4.7 and it is left to the reader.f
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