N

N

A decomposition approach for the discrete-time
approximation of FBSDEs with a jump I: the Lipschitz
case
Idris Kharroubi, Thomas Lim

» To cite this version:

Idris Kharroubi, Thomas Lim. A decomposition approach for the discrete-time approximation of
FBSDEs with a jump I: the Lipschitz case. 2011. hal-00576922v3

HAL Id: hal-00576922
https://hal.science/hal-00576922v3

Preprint submitted on 26 Nov 2012

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00576922v3
https://hal.archives-ouvertes.fr

A decomposition approach for
the discrete-time approximation of
FBSDEs with a jump I: the Lipschitz case

Idris Kharroubi * Thomas Lim T
CEREMADE, CNRS UMR 7534 Laboratoire d’Analyse et Probabilités,
Université Paris Dauphine Université d’Evry and ENSIIE,
kharroubi @ ceremade.dauphine.fr thomas.lim @ ensiie.fr

November 26, 2012

Abstract

We are concerned with the discretization of a solution of a Forward-Backward
stochastic differential equation (FBSDE) with a jump process depending on the Brow-
nian motion. In this part, we study the case of Lipschitz generators, and we refer to
the second part of this work [11] for the quadratic case. We propose a recursive scheme
based on a general existence result given in the companion paper [10] and we study
the error induced by the time discretization. The L?-norm of the error is shown to

be of the order of the square root of the time step. This generalizes the results for
Brownian FBSDEs.
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1 Introduction

In this paper, we study a discrete-time approximation for the solution of a forward-backward
stochastic differential equation (FBSDE) with a jump of the form

t t t
Xy = x—i—/ b(s,Xs)ds+/ a(s,Xs)dWs+/ B(s, Xs-)dHs ,
0 0 0

T T T
}/;/ = g(XT) _'_/ f(87 XS7 }/Su ZS7 Us)dS - / stWs - / UsdHS )
t t t

where H;, = 1,<, and 7 is a jump time, which can represent a default time in credit risk
or counterparty risk. Such equations naturally appear in finance, see for example Bielecki
and Jeanblanc [2], Lim and Quenez [I4], Peng and Xu [I5], Ankirchner et al. [I] for an
application to exponential utility maximization problem and Kharroubi and Lim [10] for the
hedging problem in a complete market. Our work is divided into two parts. In this part, we
study the case where the generator f is Lipschitz. The case of a generator f with quadratic
growth w.r.t. Z is studied in the second part [11].

For Lipschitz generators, the discrete-time approximation of FBSDEs with jumps is stud-
ied by Bouchard and Elie [4] in the case of Poissonian jumps independent of the Brownian
motion. Their approach is based on a regularity result for the process Z, which is given by
Malliavin calculus tools. This regularity result for the process Z was first proved by Zhang
[16] in a Brownian framework to provide a convergence rate for the discrete-time approxi-
mation of FBSDEs. The use of Malliavin calculus to prove regularity on Z is possible in [4]
since the authors suppose that the Brownian motion is independent of the jump measure.

In our case, we only assume that the random jump time 7 admits a conditional density
given W, which is assumed to be absolutely continuous w.r.t. the Lebesgue measure. In par-
ticular, we do not specify a particular law for 7 and we do not assume that 7 is independent
of W as for the case of a Poisson random measure.

To the best of our knowledge, no Malliavin calculus theory has been set for such a frame-
work. Thus, the method used in [4] fails to provide a convergence rate for the approximation
in this context.

We therefore follow another approach, which consists in using the decomposition result
given in the companion paper [I0] to write the solution of a FBSDE with a jump as a
combination of solutions to a recursive system of FBSDEs without jump. We then prove a
regularity result on the Z components of Brownian BSDEs coming from the decomposition
of the BSDE with a jump. This regularity result allows to get a rate for the convergence of
the discrete-time schemes for these BSDEs as in [16] or [4].

Finally, we recombine the approximations of the solutions to recursive system of Brow-
nian FBSDESs to get a discretization of the solution to the FBSDE with a jump.

We notice that our approach also allows to weaken the assumption on the forward jump
coefficient. More precisely, we only assume that [ is Lipschitz continuous, unlike [4] sup-
posing that 3 is regular and the matrix I; + V3 is elliptic.



As said above, this kind of FBSDEs with a jump appears in finance. The general as-
sumptions made on the jump time 7 allow to modelize general phenomena as a firm default
or simpler as a jump of an asset that can be seen as contagion from the default of another
firm on the market, see e.g. [9] for some examples. In particular, the approximation of
these FBSDESs has its own interest, since it provides approximations of optimal gains and
strategies of the studied investment problems. We study in this part the case of FBSDEs
with Lipschitz generators, which is related to valuation in complete markets (see [I0]) and
the utility maximization in incomplete markets with compact investment constraints (see
[14]). The study of the discretization of FBSDEs with a quadratic generator, which are
related to more general investment problems (see [1]), is postponed to the second part of
this work.

We choose to present our results in the case of a single jump and a one-dimensional
Brownian motion for the sake of simplicity. We notice that they can easily be extended to
the case of a d-dimensional Brownian motion and multiple jumps with eventually random
marks, as in [10], taking values in a finite space.

The paper is organized as follows. The next section presents the framework of progressive
enlargement of a Brownian filtration by a random jump, and the well posedness of FBSDEs
in this context. In Section 3, we present the discrete-time schemes for the forward and
backward solutions based on the decomposition given in the previous section. Finally, in
Sections 4 and 5, we study the convergence rate of these schemes respectively for the forward
and the backward solutions.

2 Preliminaries

2.1 Notation

Throughout this paper, we let (2, G,P) a complete probability space on which is defined a
standard one dimensional Brownian motion W. We denote I := (F;),-, the natural filtration
of W augmented by all the P-null sets. We also consider on this slgace a random time T,
i.e. a nonnegative F-measurable random variable, and we denote classically the associated
jump process by H which is given by

Ht = ]]-TStu tZO

We denote by D := (D)o the smallest right-continuous filtration for which 7 is a stopping
time. The global information is then defined by the progressive enlargement G := (Gy), of
the initial filtration where

G = m <]:7t+s V Dt—l—s)

e>0

for all ¢t > 0. This kind of enlargement was introduced by Jacod, Jeulin and Yor in the 80s
(see e.g. [6], [7] and [5]). We introduce some notations used throughout the paper
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— P(F) (resp. P(G)) is the o-algebra of F (resp. G)-predictable measurable subsets
of @ x Ry, ie. the o-algebra generated by the left-continuous F (resp. G)-adapted
processes,

— PM(F) (resp. PM(G)) is the o-algebra of F (resp. G)-progressively measurable
subsets of 2 x R,.

We shall make, throughout the sequel, the standing assumption in the progressive enlarge-
ment of filtrations known as density assumption (see e.g. [8, 9] [10]).

(DH) There exists a positive and bounded P(F) ® B(R, )-measurable process 7 such that
Plredd|F] = w(0)dd, t>0.

Using Proposition 2.1 in [I0] we get that (DH) ensures that the process H admits an
intensity.

Proposition 2.1. The process H admits a compensator of the form A\ dt, where the process

A is defined by

A el?) ]]1159, t>0.

Plr>t| 7]
We impose the following assumption to the process .

(HBI) The process A is bounded.

We also introduce the martingale invariance assumption known as the (H)-hypothesis.
(H) Any F-martingale remains a G-martingale.

We now introduce the following spaces, where a,b € R, with a < b, and T < oo is the
terminal time.

— S@a,b] (resp. Sg°la,b]) is the set of PM(G) (resp. PM(F))-measurable processes
(Y:)tefa,) essentially bounded

||Y||soo[a,b} = esssuplYy| < .
tela,b]

— SEla,b] (resp. SE[a,b]), with p > 2, is the set of PM(G) (resp. PM(F))-measurable
processes (Y})ic[a,5 Such that

o

IVllsray == (B sup i])" < oo

te(a,b]

— Hila,b] (resp. HE[a,b]), with p > 2, is the set of P(G) (resp. P(F))-measurable
processes (Z;)ic[q,5 such that

1

P = ([ 12Pa0) ] < oo,



— L?()) is the set of P(G)-measurable processes (Up)ieo,r] such that

1

Ul = (E[/OTAS\USPCZSDZ < 0.

2.2  Forward-Backward SDE with a jump

Given measurable functions b : [0, T|xR = R, 0 : [0,T|xR = R, 8 : [0,T]xR—- R, g : R —
Rand f:[0,7] x RxR xR xR — R, and an initial condition € R, we study the discrete-
time approximation of the solution (X,Y,Z,U) in S2[0,T] x S[0,T] x HA[0,T] x L*(\) to
the following forward-backward stochastic differential equation

t t t
X, = x+/b(s,XS)d8+/a(s,XS)dW5+/5(8,X8)st, 0<t<T, (21)
0 0 0
T
Vi = g0+ [ £s X0 Yo 2 (1= H)U)ds
bor T
—/stws—/Usst, 0<t<T, (2.2)
t t

when the generator of the BSDE is Lipschitz.

Remark 2.1. In the BSDE (Z2), the jump component U of the unknown (Y, Z, U) appears
in the generator f with the additional multiplicative term 1 — H. This ensures the equation
to be well posed in S[0,T] x HZ[0,T] x L*(\). Indeed, the component U lives in L*(\),
thus its value on (7 A T, T] is not defined since the intensity A vanishes on (7 A T,T]. We
therefore introduce the term 1 — H to kill the value of U on (7 A T, T] and hence to avoid
making the equation depending on it.

We first prove that the decoupled system (21)-(2Z2) admits a solution. To this end, we
introduce several assumptions on the coefficients b, o, 8, g and f. We consider the following
assumption for the forward coefficients.

(HF') There exists a constant K such that the functions b, o and /3 satisfy
[b(t, 0)[ + [ (2, 0)[ + [5(£,0)] < K,
and
[b(t, x) = b(t, )| + |o(t,x) —o(t,2")| + |B(t,2) = B(t,2)| < Kloz—a'],

for all (t,z,2") € [0,T] x R x R.
For the backward coefficients g and f, we impose the following assumption.

(HBL) There exists a constant K such that the functions ¢ and f satisfy
|f(t,2,0,0,0)[+[g(z)] < K,

bt



and
[f(tzy,zu) = ftoy, 2 W) < K(ly—y|+]e =2 +u—]),
for all (t,z,y,y, 2,2/, u,u') € [0,T] x R x [R]?> x [R]* x [R]?.

In the sequel K denotes a generic constant appearing in (HBL) and (HF') and which may
vary from line to line.

Following the decomposition approach initiated by [I0], we introduce the recursive system
of FBSDEs associated with (211)-(2.2).

o Find (X'(0),Y'(0), Z'(0)) € S2(0,T] x S[0, T] x H2[#, T] such that

XHo) = x—l—/;J(S,Xsl(ﬁ))ds—l—/;(S,X;(G))dWstB(G,X;(9))]199, 0<t<T, (23)

yi0) = g(X}F(Q))+[?(s,Xj(@),Yj(@),Zj(@),o)ds—/Zj(e)dWS, h<i<T. (24)

t

for all § € [0,77.
e Find (X% Y Z9) € 820, 7] x 80, T] x HZ[0,T] such that

t t
XY = —I—/ b(s, X2)ds —I—/ o(s, X0dW,, 0<t<T, (2.5)
0 0

T T
YO = gl [ F NIV ZLYI ) - Y)ds - [ Zaw., 0<e<T. (26)
t

t

Then, the link between the FBSDE (2.I))-(2.2)) and the recursive system of FBSDEs (2.3))-
(Z4) and ([Z3H)-(Z0) is given by the following result.

Theorem 2.1. Assume that (DH), (HBI), (H), (HF) and (HBL) hold true. Then, the
FBSDE @1)-R2) admits a unique solution (X,Y, Z,U) € S[0,T] x S[0,T] x HEZ[0,T] x
L2(\) given by
Xe = Xlicr + X} (1) 1r<t
Y, = }/;O]lt<r + )/tl(T)]lTSt )
Zy = Z{ler + 2} (T) Loy
U = (V') = Y))Lizr
where (X1(0),Y1(0), Z1(0)) is the unique solution to the FBSDE ([23)-24) in S2[0,T] x
S0, T) x HE[0,T|, for @ € [0,T], and (X°, Y, Z°) is the unique solution to the FBSDE
Proof.
Step 1. Solution to (21I)) under (HF).

(2.7)



Under (HF) there exist unique processes X € S2[0, T satisfying (2.5), and X' (0) € Sz[0, T
satisfying ([23)) for all § € [0, 7] such that X! is PM(F) ® B(R, )-measurable. Then, from
the definition of H, we check that the process X defined by

Xy = Xto]lKT + th(T)]ltZT ) (2.8)

satisfies (ZI). We now check that X € S2[0,7]. We first notice that from (HF), there
exists a constant K such that

E[ sup ‘Xtoﬂ < K. (2.9)
te[0,7

Then, from the definition of X° and X', we have for all t € [0, T

sup | X (0)

‘2
s€(0,t]

t
< K(\Xg}2+\5<e,xg>\2+/€ b, X2(0)) P+ sup

)
s€(0,t] .

| atwxi@naw,

Using (HF) and BDG-inequality, we get
t
E[ sup }X;(@)ﬂ < K<1+/ E[ sup }X&(@)‘z}du).
s€(0,t] 0 u€elf,s]
Applying Gronwall’s lemma, we get

1
eité%]”X Ol szpr < K- (2.10)

Combining (Z8), 3) and ZI0), we get that X € SZ[0,T]. Moreover still using (HF) we
get the uniqueness of a solution to (2.1I) in SA[0,77.

Step 2. Solution to (2.2) under (DH), (HBI), (H) and (HBL).
To follow the decomposition approach initiated by the authors in [10], we need the generator
to be predictable. To this end, we notice that in the BSDE (2.2]), we can replace the generator
(t,y, z,u) — f(t, Xy, y, 2z, (1 — Hy)u) by the predictable map (t,y, z,u) — f(t, X;-,y, 2z, (1 —
Hi-)u).

Using the decomposition (2.8]), we are able to write explicitly the decompositions of the
Gr-measurable random variable g(X7) and the P(G) ® B(R) ® B(R) ® B(R)-measurable map
(w,t,y, z,u) — f(t, X~ (w),y, z,u(l — Hi-(w))) given by Lemma 2.1 in [10]

9(X7) = 9(XP)lrer + g(X7(1)Ipsr
f(ta Xt*7y7 z, (1 - Ht’)u) = fo(ta Y, =z, u)]ltST + fl(tu Y,z u, T)]]'t>7' )

with fO(t,y, z,u) = f(t, X2, y, z,u) and f(t,y, z,u,0) = f(t,th,(H),y,z,O), forall (t,y, z,u,0) €
0,7 x Rx R xR x R,.

Suppose now that (DH), (HBI), (H) and (HBL) hold true. Then, from Theorem C.1
in [10], the BSDE (24) admits a P(F) ® B(|0,T])-measurable solution (Y!, Z') and the
BSDE (2.6) admits a solution (Y, Z%). Using Proposition 2.1 in [13], we obtain

Y O llswpz + 12 Ol peppr < K

7



for all § € (0,77, and
||YOHS°°[O,T} + HZOHH?[O,T} < K.

We can then apply Theorem 3.1 in [I0] and we get the existence of a solution to (2.2) in
S[0,T] x HA[0,T] x L*(\).

Let (Y,Z,U) and (Y’,Z',U’) be two solutions to (Z2) in S[0,T] x HZ[0,T] x L*(\).
Since f(t,z,y,z,(1—Hy)u) = f(t,z,y,2,0) forall t € (1 AT, T] and X vanishes on (7 AT, T,
we can assume w.l.o.g. that U, = U/ =0 for t € (1 AT, T]. Then, from (DH), (HBI), (H)
and (HBL), we can apply Theorem 4.1 in [I0] and we get that Y < Y”’. Since Y and Y’
play the same role, we obtain Y = Y”’. Identifying the pure jump parts of Y and Y’ gives
U = U’. Finally, identifying the unbounded variation gives Z = Z'. O

Throughout the sequel, we give an approximation of the solution to the FBSDE (2.1])-
[22) by studying the approximation of the solutions to the recursive system of FBSDEs

23)-(24) and [2.5)-(2.9).

3 Discrete-time scheme for the FBSDE

In this section, we introduce a discrete-time approximation of the solution (XY, Z U) to
the FBSDE (2.1)-(2.2) based on its decomposition given by Theorem 2.11

Throughout the sequel, we consider a discretization grid = := {to,...,t,} of [0,T] with
O0=ty<ty <...<t,=T. Fort € [0,T], we denote by m(t) the largest element of 7 smaller
than t

m(t) = max{t;,i=0,....n[t;<t}.
We also denote by |7| the mesh of 7w
|w| = max{tiﬂ—ti,i:(),...,n—l},

that we suppose satisfying |7| < 1, and by AW/ (resp. AtT) the increment of W (resp. the
difference) between ¢; and t;_1: AW = W,, —W,, | (resp. AtT :=1t; —t;_1), for 1 <i < n.

3.1 Discrete-time scheme for X

We introduce an approximation of the process X based on the discretization of the processes
X% and X1,

o Fuler scheme for X°. We consider the scheme X %™ defined by

X =, (3.1)
XPT = X0 b, X7 AT + ot X)T)AWT . 1<i<n. '



o Euler scheme for X'. Since the process X' depends on two parameters t and 6, we
introduce a discretization of X' in these two variables. We then consider the following
scheme

thoﬂr(ﬂ-(e)) = T+ /8(t07z)ﬂﬂ(9)=0 )
X, (w(0)) = X7 (w(0) + b(tioa, X7 (m(0) AL + o (tia, X7 (w(0) AW (3.2)
+ B, X (O tyney, 1<i<n, 0<O<T.

We are now able to provide an approximation of the process X solution to the FSDE (21]).
We consider the scheme X™ defined by

XT = Xl + X 5 (r(0)) sy, 0<E<T. (3.3)

We shall denote by {F,"" }o<icn (resp. {F;™(0)Yo<icn) the discrete-time filtration associated
with X%7 (resp. X7)

DT o= (X0, <)
(resp. F;7(0) = o(X,7(0), j <i)).

2

3.2 Discrete-time scheme for (Y, Z, U)

We introduce an approximation of (Y, Z) based on the discretization of (Y, Z°) and (Y, Z1).
To this end we introduce the backward implicit schemes on 7 associated with the BSDEs
(24) and (2.6). Since the system is recursively coupled, we first introduce the scheme
associated with (Z4]). We then use it to define the scheme associated with (2.0)).

e Backward Euler scheme for (Y, Z'). We consider the implicit scheme (Y17, Z17) defined

by
YA (m(0) = g(Xp"(n(0))),
Y (m(0) = BT (w0)] + f(tor, X (7(0)), Y. (1(9)), 21 (w(6)), 0) AT
257 (n(0)) = A;E;ff"’ Y (@) AWF] , m(6) <ty 1<i<n,

(3.4)
where E}® = E[ . |F,""(s)] for 0 <i <n and s € [0,T].

e Backward Euler scheme for (Y°,Z%). Since the generator of (Z.6) involves the process
(V! (t))iefo.r)» We consider a discretization based on Y17 We therefore consider the scheme
(YOr Z97) defined by

veT = g(xi).,
YOT = B[V e (t XDT VO, 207 ) A

ti_1 | ti—17 T ti—10 (35)
70T = AHE?_l [Y)TAWF], 1<i<n,



where E? = E[ . |F)7] for 0 < i < n, and f™ is defined by

fw(ta z,Y, Z) = f(t> x,y, %, Yﬂl(’g (ﬂ-(t)) - y) )
for all (t,z,y,2) € [0,T] x R x R x R.
We then consider the following scheme for the solution (Y, Z, U) of the BSDE (2.2)
Y[ = Vil + Y0 ()L
77 = Zoher + 200 (m(7) Lisr (3.6)

Ur = (Yo (m(t) = Vo) Li<r |

for t € [0,T7.

4 Convergence of the scheme for the FSDE

We introduce the following assumption, which will be used to control the error between X
and X7,

(HFD) There exists a constant K such that the functions b, o and [ satisfy

K|t —t|2

Klt—t|,

b(t, ) — b(t', z)| + |o(t,z) — o(t',2)|
}B(t,x) - 5(15’,:)5)} + ‘O’(t,{E) - U(t',x)}

for all (t,t',2) € [0,T] x [0,T] x R.

<
<

In the following we provide an error estimate of the approximation schemes for X° and
X! which are used to control the error between X and X™.

4.1 Error estimates for X° and X!

Under (HF) and (HFD), the upper bound of the error between X° and its Euler scheme
X0 is well understood, see e.g. [12], and we have

E[ sup }Xf—ngﬂ < Kln|, (4.1)

te[0,7
for some constant K which does not depend on 7.

The next result provides an upper bound for the error between X' and its Euler scheme
X7 defined by ([B.2)).

Theorem 4.1. Under (HF) and (HFD), we have the following estimate

sup E| sup |X!(0) - X (=(0)*]| < Kl

0€0,7] Lte[6,T]

for a constant K which does not depend on .

10



Proof. Fix 0 € [0, T], we then have

E| sup [X}(0) - X25(m(@)] < 2E[ sup [x}(6) - X!(=(0))]"]

t€[0,7) ®) N t€[0.7)

. 2

+2E[ sup | x}(x(6) - X25(x(@)[] . (42)
telo,T)

We study separately the two terms of the right hand side.

Since 7(A) < 6 < t, we have by definition X!(7(0)) = X? for all s € [0,7(0)), and X!(0) =

X9 for all s € [0,6), which implies

b(s, X?)ds + /

()

0

x}0) - Xi=0) = [

t
o(s, XQ)dW, + 3(0, Xy) +/ b(s, X1(0))ds
() 4

+/6 o (s, X;(0))dW. — B((0), X3)) — /ﬁ(e)b(saXsl(ﬂ(@)))dS

[ oo, X2 m(o)

(©)

for all t € [, 7.
Hence, there exists a constant K such that

0 2
/ b(s,Xg)ds) +
()
¢
v
0

0 0 2
/ O’(S,XS)dWS / U(S,X;(W(G)))dWs
T ()

(©)
#] [ (o6 X20) = o X2 x00) ),
+ (80, X8) = B(=(0), X% '} (43)

< | [ ot xtaon)as]

(6)
b(s, X2(0)) — b(s, X2 (x(6)) | ds

2

- -

2

From (HF) and (HFD), we have

2

E[8(0,X7) — B(m(6), X)) " < K(7] +E|X) - X)) -

We have from (HF) and ([2.9])

4 2
E[ / a(s,Xg)dWs} < Klnl,

(©)

0 2
/ b(s, Xg)ds) +

(©)

which implies in particular E|X} — X7, > < K|r| and hence

11



We have also from (HF) and (2.10)

E| /: o (s, X (x(0))) 32} < Kl

©)

/: b(s,Xsl(w(H)))ds‘z +

(©)

Combining these inequalities with ([A3]), (HF) and BDG-inequality, we get

E[ sup | X1(0 X;(w(e))ﬂ < K(/etE[ sup \X;(e)—xg(ww))ﬂczww).

u€el,t] u€lf,s]

Applying Gronwall’s lemma, we get

E[ sup }th(e)—Xg(w(e))ﬂ < Kl . (4.4)

te(6,T)

To find an upper bound for the term E[sup,c 7 | X/ (7(6)) — X7 (7())[?] we introduce the
scheme X™(7(0)) defined by

{X;f(g)(ﬁw)) = Xp0(n(9)),
Xi(@(0)) = X7, (m(0)) + b(tior, X7, (0(0))) A] + 0 (tia, X7, (n(0))) AWT, ;> 7(6) .

ti—1

We have the inequality

- 2 S 2

E| sup [X}((0)) - X0 (m@)['] < 2E[ sup [X}(x(8)) = X2 (m(®))]"]
te(6,T) te[0,T)

+2E[t2[1;%]}X” o(7(0)) = X5 = O] - (4.5)

Since X™(m(6)) is the Euler scheme of X'(m(#)) on [x(#),T], we have under (HF) and
(HFD) (see e.g. [12])

E[ sup [x}(r(0) — X7 (O] < K(1+E[[Xk0 (0[] )17

telo,T

for some constant K which neither depends on m nor on 6. From [2I0), we get

- )
E| sup [X}(m(0)) - X5y(x(0)[*] < Klnl, (4.6)
te[0,T)
for all 6 € [0,77.
We now study the term E[supte[eﬂ Xﬂ(t)( 7(0) — X' (n (9))‘2} We first notice that

(L)
we have the following identity

E| sup [X7,)(m(0)) - X5 (r@)'] = E| sup [X5,(m(0) - X25(x(0)[*] .

te[6,T) te[n(0),T]

12



Hence we can work with the second term. From the definition of X™ and X", we get

sup | X7, (7(0)) — X127 (7(0))]” <

ue[m(6),t]
7(t) - 2
K(‘X}r(e)(ﬂ(é’)) Xl(ﬂ } _|_/(9) ’b(?r(s),X;(s)(ﬂ(é’))) — b(ﬂ(s),Xi’(Z)(ﬂ(é’)))’ ds
() B - 2
T i /7r(9) (7o), K (=(O)) = o (0. X7 (m(0)) J W)

Then, using (HF) and BDG-inequality, we get

E[ sup [ X5(r(0) = X}, (m(0)]"] < K (E[ X} (x(6)) = X2, (m(6))[

ue[m(6),t]

+/;§E[ sup [ X7, (n(0)) — X0 (7 (9))‘2]61‘9)'

ue([m(6),s]
From Lipschitz property of £, we have
T 2 K T |2
E|X30) (1(8)) = X35, (r@)] = E[X20, + 5(n(8), Xg)) — X75) — B(m(6), X7
< KE[X2 - X5
This last inequality with (1) gives

E| X2 (7(0)) — X} (=(0)]" < Klx|.

Applying Gronwall’s lemma, we get

E[ sup [X7,(r(0) - X5 (r@)] < Kl (4.7)
te[r(6),T)
Combining (4.2), (£4)), (43), (40) and (LT), we get the result. 0

4.2 Error estimate for the FSDE with a jump

We are now able to provide an estimate of the error approximation of the process X by its
scheme X™ defined by (B.3).

Theorem 4.2. Under (HF) and (HFD), we have the following estimate

E[ sup ‘Xt—XZTF] < Kin|,
te[0,T

for a constant K which does not depend on .

13



Proof. From the definition of X7, (DH) and (4.1l we have

B swp |X - X7 <E] sup |7 - X051 + B[ sup [x3(r) = X245 (=)
t€[0,7] tel0,7) te[r,T)
T
< E[ sup ‘Xto —ng)ﬂ —l—/E[ sup ‘X Xl(ﬂ ‘ r( ]d@
te[0,1] 0 te[0,T]
< <|7r\ + sup E[ sup | X! (6 Xi(g)(ﬂ(e))‘zb :
ocl0,1] L sefo,7]

From Theorem [4.1] we get

E[ sup ‘Xt ‘2] < Kln|.
te[0,7]

5 Convergence of the scheme for the BSDE

To provide error estimates for the Euler scheme of the BSDE, we need an additional regu-
larity property for the coefficients g and f. We then introduce the following assumption.

(HBLD) There exists a constant K such that the functions ¢ and f satisfy
‘g(l’) - g(l’/)‘ + ‘f(t7x7y7zau) - f(t/ax/7y7 Z,U)‘ < K(‘SL’ - ,T/‘ + |t - t/|%) )

for all (t,#',z,2',y,2,u) € [0,T])? x [R]? x R x R x R.

We are now ready to provide error estimates of the approximation schemes for (Y°, Z%) and
(Y1, Z1), and then for (Y, Z).

5.1 Regularity results

In this part, we give some results on the regularity of the processes Z! and Z°. We denote
Fli=0{X?, 0<s<t}and F}O) :=c{X1(), 0 <s <t}

Proposition 5.1. Under (HF), (HFD), (HBL) and (HBLD), there exists a constant
K such that

E[/j\gg(e)—Z;(t)(e)\zdt] < K(1+E[\X§(9)\4]é>|w\, (5.1)

for all 6 € .

Proof. We first suppose that b, o, f and g are in C}. Let us define the processes A and M

by
A = exp(/etayf(@i(e))dr),



and
M, = 1+ /et M, 0. f(©,(0))dW, ,
where ©L(0) := (r, X}(0),Y,}(0), Z}(6),0). We give classically the link between V?X/(0)(:=
0X1(0)/0X}(0)) and (DX ())g<s<: the Malliavin derivative of X}(6). Recall that X*(6)
satisfies
X0) = X}0)+ /@Z(r, X(0))dr + /@Z—(r, X)W, , 9<t<T.

Therefore, we get
viXH0) = 1+ /e t Aub(r, X, (0)) VX, (0)dr + /9 t Do (r, X} (0)) VX (0)dW, , 0<t<T,
and for 0 < s <t
D, X!(0) = o(s,X(0)) + / t Oub(r, X, (0)) DX} (0)dr + / t Dy (r, X (0)) DX (0)dW, .
Thus, we have

DXHO) = VIXHO[VIXLO)] o(s, X10)) . (5.2)

Using Malliavin calculus we obtain that a version of Z'(6) is given by (D;Y;'(0)),cp.0- By
Ito’s formula, we get

AMZHO) = E[MT(ATvg(X;(e))Dtx;(QH / T@f(@i(@))&Xﬁ(@)&dr)

t

7o),
for t € [0,T]. Using (5.2)), we get

AMZHO) = E[MT<ATV9(X}(9))VGX}(9)+ / TFrArdr>

FO)][V'x16)] ot X)) |
with F, := 9, f(©}(0))V?X}(#). This implies that

AMZHO) = (E[Gw(e)]—Mt / tF,A,dr) VX 0)] o (t X10))

with G := Mr <ATVg(X}(9))V9X}(9) + faT FrArdr>. Since b, o, f and g have bounded

derivatives, we have
E[IG] < oo, p=>2. (5.3)
Define m, := E[G|F}(0)] for r € [#,T]. From (&.3) and Doob’s inequality, we have

Im|[sppr) < o0, p>2. (5.4)

15



Hence, there exists a process ¢ such that
m, = E[G|F, (0 / G dW, . relf,T],
and

|l sepr) < o0, p>2.

We define Z by

Z,0) = (AtMt)‘l(mt—Mt / tFrArdr) VX o))"

By It6’s formula, we can write

t t
Z,(0) = Zg(e)+/ a:(e)dr+/ Q2(0)dW,, 0<r<T.
% [

Since b, o, f and g have bounded derivatives, we get from (5.4])

sup HZ( )HspeT < oo, p=2, (5.5)
0e[0,7)
and
sup ([l @)l + 03O |mpm) < oo, p>2. (5.6)

00,7
We now write for t € [t;,t;41)
E|Z:(0) - Z, 0] < K, +17,),
with R
{ L, = E[|Z(8) — Zo,(0)]*|o (t., X1(0)) "] ,
I}, = E[|Z0)P|o(t. X}(0)) - o (t:, X1 (0) ] -
We give an upper bound for each term.

1L, = E[E[IZ(0) - Z,0)P|FL0)] |o (6 XL0)]']

tit1
< KE[/ (0P + [02O))dr sup |o(t.x!0)]']
ti te[0,T)
which implies
tiy1 tit1 2
/ I}t < K|7T|E[/ (Jor(O)° + |a2(0)]*)dr sup |o(t, X, (6))] ] ,
ti ti te(6,T)

therefore we have

n—1

i1 T
/. + I}t < K|7r|E{/9 (Je (0))* + |e2(0)]?)dr sup \o—(t,th(e))ﬂ .

i=0,1,>0 71 te[6,T)

16



From Hélder’s inequality and (HFD) and (HF), we have

S e 1 g 1 4 214 3 1 472
[t < KimE] [ (ko) ot @)ar]” (1B s [xi0)[]).
i=0, ;>0 ti o te[6,T)
Using (0.6)), we get
n—1 tiv1 1
1 2
| /t I, dt < K|7T|<1+ [ sup |X, (0)] ] )

te(0,T]

[NIES

< K|ﬂ(1+E[}X§(9)}4}
We get from (&.0), (HFD) and (HF)

) . (5.7)

2} + |7r|2> .

2, < K(B[|Z- 2 [xL0))] +E[|X!0)Z - XL 0)2,

Arguing as above, we obtain

S [ el afiiof]e < e 0 o)

1=0, t; >0 9<t<T

[NIES

Moreover, from It6’s formula, X 1(9)2 is a semimartingale of the form
t t
XN0)Z, = X,(0)Zs + / ardr + / azdw,
0 0
where ||&'|| 2,71 + [162] | m2i0,) < K(1+E[| X}(0) %) Therefore, we have

tit1

[\X ~ X} (0)7,

| < KE| [ (&P a2
t;
which implies

1
2

} < K|W|E[(1+|X;(9)|4)} . (58)

7,+1
[ E[|X!(0)Z, - X.(0)Z,
=0, t; >0 "

Using (5.7) and (5.8) we get the result.

When b, o, 3, f and g are not in C}, we can also prove the result by regularization. We
first suppose that f and g are in C}. We consider a density ¢ which is Cf° on R with a
compact support, and we define an approximation (b, o<, 5) of (b, o, 3) in C} by

(b, 0%, B)(t, ) = %A(bvaaﬁ)(tx’)q(“

We then use the convergence of (X15¢(0),Y1<(0), Z1<(0)) to (X1(9),Y1(0), Z1()) and we
get the result. Next we assume that f and g are not C} and we consider for that f€ and g¢°
which are defined as previously and we get the result. O

v )dm’, (t,2) € [0,T] xR .

Using the link between X° and X} (6), we obtain that the bound (5.1)) is actually uniform
in 6.

17



Corollary 5.1. Under (HF), (HFD), (HBL) and (HBLD), there exists a constant K
such that

E[/GT }Ztl(e) - Z;(t)(e)fdt] < Kinl, (5.9)

for all 6 € m.

Proof. Since X is a Brownian diffusion, we have for any p > 2, from (HFD) and (HF),
that

E[ sup |Xf|p] < 00 .

te[0,7
We notice that from the Lipschitz property of 5 we have
4 4
E|[x30)|"] = E[|X5+500x5)|]

< K(1+E| sup}‘XtOrlD < .

te[0,T
Combining this result with (5.1]), we get (5.9]) O
We now study the regularity of Z°.

Proposition 5.2. Under (HF), (HFD), (HBL) and (HBLD), there exists a constant
K such that we have

T
2
IE[/O 20— 2°,| dt] < K.
Proof. The proof is similar to the previous one. The only difference is that the BSDE (2.0])

involves Y. We denote ©% = (r, X%, V,?, Z° Y !(r) — Y,?). We first suppose that b, o, 3, f
and g are in C}. We recall that

= g [ " H(©%)ds - / " paw,
¢ t
Therefore, for 0 < r <t < T, we have
Dy = exioxg+ [ (0.0(O)DXI+ (3, (@) DY
¢
+0.f(02) D, Z) + 0, f(©7) DTYsl(s)>dr — / : D, Z%dW;, ,
t
where DX?, DY, DZ? and DY,!(r) denote the Malliavin derivatives of X?, Y°, Z? and
Y, (r) for r € [0,T]. Using Malliavin calculus, we obtain that a version of Z° is given by

(DY, )iepo,r- By Ito’s formula, we get

T
AMZ, = E[Mr(ArVg(XP) DX + / (0] (O9) DXL + 0 f (O0) DY, (1)) Avr)
t

7.
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where A, := exp( [y (9, — 9,) f(©%)dr) and M, := 1+ [, M,d. f(©2)dW,. Denote by VX :=

g;ﬁ and VX}!(0) := gﬁgzg for 0 <t <@ <T. We then have forr < s < T
0 0

DrXsl(S) =1+ axﬁ(s,Xg))Dng =(1 +8x5(San))VX£U(T> XB)[VXB]_l )

thus we can see that D, X!(s) = VX!(s)o(r, X?)[VX?]~1. Therefore, we get by writing the
SDEs satisfied by (D, X (0))sejo,r for r <0, and (VXL(0))sepo.r

D, X0 = vXl) [VX?}_la(r, X)), r<6<s.

Writing the BSDEs satisfied by (D, Y, (0))sejo,r) for r < 6 and (VY] (0))sepo,r1, and using the
previous equality, we get

DY} s) = VYNs)[VXY] o(r,X0), s<6.
This implies
AMZ, = E|Mr(ArVg(X5) VXD + /t ' FAdr) | [VXT] ot ) |
with F, := 0, f(O0) VX + 9, f(©) VY, (r). We can write
MM Z, = (E[Gw] - /0 t MtFrArdr) VX o (t X0

with G := MT(ATVg(X%)VX%—l—fOT F,A,dr). Since b, o, f and g have bounded derivatives,
we have

E[IGP] < oo, p>2. (5.10)
Define m, := E[G|F?] for r € [0,T]. From (5.I0) and Doob’s inequality, we have

[mllsspry < o0, p>2. (5.11)
Hence, there exists a process ¢ such that

m, = E[G] +/Or¢uqu, rel0,7],

and

[Pl zrjor) < o0, p=2.
We define Z by

t
Zi = (A (mi - M / FAdr) (VX)L te0.1].
0
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By It6’s formula, we can write
B _ t t
Z, = Z0+/ ozids—l—/ azdW, , tel0,T].
0 0
Using the fact that b, o, f and ¢ have bounded derivatives and (B.11]), we get
||ZHZ‘P[0,T] < 007 p227
and
la | ooy + 10l ooy < 00 p>2. (5.12)
We now write for t € [t;,t;41)
E|Z) - Z))°] < KL, +1i,),
with . ~ - oo
{Iti,t = E[|Z, — Z,] lo(ts, X;,)| ]
= 2
I y= E[|Z)|o(t, X)) — o (t:. X7)|] -
As previously we give an upper bound for each term.
tit
I, < KIE[/ (Jey|* + [aZ]?)dr sup ‘a(t XO)} ]
v 4 t€[0,7)
From Holder’s inequality and Lipschitz property of o, we have

n=1 . T 1 1
Z/ I} dt < K|7T\E[/ (|ai‘4+\af|4)d7‘]2<1+E[ sup \X?}4]2) :
i—=0 t; 0

t€[0,T

Using (5.12), we get
n—1 tiv1
/ I dt < Klr|.
t;

1=0

From (HFD) and (HF), we get
2, < K(B[|Z- 21X + B[|x02 - X02,["] + )

Arguing as above, we obtain

> [ e7-

Moreover, X°Z is a semimartingale of the form

| X7 | ]dt < K|7T|(1+E|: sup ‘Xo}] )

te[0,T)

t t
X7, = X7+ / aldr + / azdw,
0 0
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where ||&'|| w2, + ||82] | m2j0,7) < K and we have

_ _ tit1
B|x0Z - X2, F| < KE [ (alf +1aP)ar,
t

which implies

Z/ E|[x02 - x02.]"| < Kirl.

When b, o, f and g are not C}!, we can also prove the result by regularization as for
Proposition 5.1 O

5.2 Error estimates for the recursive system of BSDEs

We first state an estimate of the approximation error for (Y1, Z1).

Proposition 5.3. Under (HF), (HFD), (HBL) and (HBLD), we have the following
estimate

sup { sup B[ [V(0) ~ V5 (=(0))[°] +E[/6T\Z;(e)—2;g)(w(9)) “as| b < Kl

0€[0,T] * t€[0,T)
for some constant K which does not depend on .

Proof. Fix 6 € [0,7] and ¢ € [#,T]. We then have
E[[v}(0) - Vg @)[] < 2E[|v0) - (x0)]]
+ 2E[ |V (x(0) - Y5 (0[] (5.13)
We study separately the two terms of right hand side.

Define 6 (6) := X} (6) — X, (r(8)), 0 (6) = Y} (6) — Y\(x(8)) and 67}(6) = Z}(6) -
ZH(m(0)). Applying Itd’s formula, we get

HOF - YO = 2 [ O [F(l0)) - r(eke)]ds
+2 / LY (0)62 (@)W, + / 620 0)2s
where ©1(0) := (s, X1(0),Y]}(0), 21(6),0). From (HBL) and (HBLD), we get
sl o] < K(Elxi0F +5 [ o)) <] [ ok

+E / 16Y.} (0 ||5Zle\ds /|5Z1 2ds :
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Using the inequality 2ab < a®/n + nb? for a,b € R and 1 > 0, we can see that
T T
By OF +E[ [ 5zi0kas] < k(slxioR) + [ E[av0)F)ds
t . t
+E[/ \5X81(9)|2dsD . (5.14)
t

From (4.4)) and Gronwall’s lemma, we get

E[[Y}0) - Y x6)]] < K|, (5.15)

We now study the second term of the right hand side of (513]). Using the same argument
as in the proof of Theorem 3.1 in [3], we get from the regularity of Z' given by Corollary
531

x 2
E[[v;!(r(0)) - Y5 (= (0)]*] < Kl (5.16)
This last inequality with (B.13) and (5I5) gives

sup { sup E[\Y Y;(v;;(w(e))\z}} < Kln|.

0€[0,T] * te[o,T]

We now turn to the error on the term Z'(6). We first use the inequality

E[/QT}Zg( ~ 24 (x }dt} < 21@[/5\23@(9) 75 (n \dt]
+2E[/9T}523(9)}2dt} . (5.17)
Using (514) and (5IH) with t = 6, we get
E[/QT\az;(e)fds} < Kln|. (5.18)

The other term in the right hand side of (BI7) is the classical error in an approximation of
BSDE. Therefore, using Corollary 5.1l and (5.16]), we have

T
E[/@ |2} (r(8)) — 2 (w(6))] dt} < Kinl. (5.19)
Combining (5.17), (5I8) and (5.19]), we get
T
IE[/ 12(6) — 227 (n(8))| dt] < Kinl.
6

O

We now turn to the estimation of the error between (Y°, Z°) and its Euler scheme (3.5)).

Since this scheme involves the approximation Y™ of Y we first need to introduce an
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intermediary scheme involving the ”true” value of the process Y'. We therefore consider the
scheme (Y97 Z%™) defined by

YT = g(X37)

VOT = B0 (VO] 4 f(ti, XOT VT 20T V) (1) — VOT)ALT (5.20)
- 1 -
Zr = A [V)TAWT], 1<i<n.

Using the regularity result of Proposition and the same arguments as in the proof of
Theorem 3.1 in [3], we get under (HF), (HFD), (HBL) and (HBLD)

T
sup E[}no_yf(vgﬂ +E[/ |2 — Zg(’” dt] < Kln|. (5.21)
te[0,T 0

With this inequality, we get the following estimate for the error between (Y°, Z°) and the
Euler scheme (3.1).

Proposition 5.4. Under (HF), (HFD), (HBL) and (HBLD), we have the following
estimate

T
sup ED}QO—Y:(’Z;‘Q] +E[/ |2 — Zg(ﬂ dt] < Kjnl,
te[0,T 0

for some constant K which does not depend on .

Proof. We first remark that
0,7 |2 0,7 0,7 0,7
sup E[‘Yto Y. } < 2 sup E[‘Y}O - Y ] + 2 sup E[‘Y Yw(t | ] ’

t€[0,T] t€[0,T] t€[0,7]
T T
0 0,m |2 0 _ ~0m |2 0,m 50,7
E[/O 20— 205 [Pat] < 21[-«::[/0 20— 207 [at] +2E[/0 205~ 22 Pat]

. 0,7 0,7 T |,0,m ~0,7
Using (B.21]), we only need to study supepo 1 E[[Y(;) Yﬂ(t *land E[ [y |27 — Z5|*dt]. To
this end, we need to introduce continuous schemes for all0 <i<n-—1. Since E[Y,)™?] < oo
and E[|Y,)™|?] < oo forall 1 < i < n, we deduce, from the martingale representation theorem,

~0,m
that there exist square integrable processes Z°™ and Z = such that

0 0 fi
ver = BRI+ [z,
~ o o ti+1 ~0,m
et = BRI [ 2w
t;

We then define

t
}/;0,71' _ }/;E),W _ (t_tl)f(t“XOﬂ Y07r Z07r Y17r( ) —Y;?’W) ‘l‘/ Z(S],ﬂdWS ’
t;

t
VPO = YT = (=) f (1, X0 YT 20T Y () - YT + / z,"aw,
12

i
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fort € [t;,tis1). Leti € {0,...,n—1} be fixed, and set 0Y; := V""" =Y 67, := Ztoi’”—ZtOi’”,

s 50,7 T g g T g T 07 Z0,m
5~Zt = Zg’ _Zt and 5ft = f(tleg 7}/;&?’ 7212’ 7}/27 (tl)_Y;?’ )_f(tqu 7}/;&?’ 721?; 7}/;}@1)_
Yt?’”) for t € [t;,t;11). By Itd’s formula, we compute that

tiy1 tit1
Ay = IE|5Yt|2+/ E|0Z,’ds — E|0Y;,,, > = 2/ E[6Y.0f)ds , t; <t <ty .
t t

Let @ > 0 be a constant to be chosen later on. From the Lipschitz property of f and the
inequality 2ab < aa? + b/, we get

tit1 K tit1
A, < a/ E\éYs\2ds+—/ E[\m
t a Jy

Using Proposition (3] we get

2 0Zi + V() — V()R ds

tit1 K K tit1 K
A, < a/ E|§Y,|?ds + — || E|5Yti|2+—/ E|6Z;|?ds + —|7|* .
p o o, o
We can write
tiy1 tit1
E|§Y,]*> < E|5Yti+1\2+/ E|6Z, |’ ds < a/ E|§Y,|*ds + B;, (5.22)
t t
where
K K K
By = E|Yi., + —|n| BIOZ + —|n| EISY,[* + —|nf*.

By Gronwall’s lemma, this shows that E|§Y;|? < B;e®™ for t; <t < t;,1, which plugged in
the second inequality of (5.22]) provides

tit1
E|5Yt\2+/ E|6Z,|*ds < Bi<1+oz|7r\e°“”|>. (5.23)
t

™ ~0,7 . . T ~0,m, .
Interpreting Zg’ (resp. Zg’ ) as the projection of Z°™ (vesp. Z ) in HZ[t;,t;11] on the set
of constant processes, we have

ti+1 ti+1
/ E|§Z;[*ds < / E|6Z,|*ds . (5.24)
ti t;

Applying ([B23)) for t = t; and o = 2K, and using the previous inequality, we get

tit1
IE|5Yti|2+k1(7r)/ E[0Z,’ds < ko(m)E|0Ys,,, >+ ks(m)|x>, 0<i<n-—1,
t;

%_KW\@ZKW (71')
1—@—K\ﬂ|262m7" » M2

for small |7| we have k(7)) > 0, we get

142K 2K || 1+K7|—62K“"‘
+ |7T‘6 and k3( ): 2 | ‘

. Since
1—@—K\ﬂ|262m7" 1—%—K|7{"262K‘ﬂ S

where kq () =

E[0Y,[* < ko(m)E[dYy,, [+ ks(m)|n|*, 0<i<n-—1,
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for || small enough.
Iterating this inequality, we get

E|5Y;, |2

< ko(m)FEIOY,, 2 + mPhs(m) 3 ka(m)y

Since ko(m) > 1 and d§Y;, = 0, we get for small |r|

1

E|§Y,|*? < |7|ks(m)ko(m)7 < Klz|, 0<i<n, (5.25)
which gives

sup EDYO7r 377?(;;‘2] < Kln|.

t€[0,T]

Summing up the inequality (5:23)) with ¢t = ¢; and o = 2K and using (5.24]), we get
n—1

1 T
<§—K|7r\62K|“>/ E| 207 — 297 Pds < 2K|7r\62K|“‘ZE|5Y; 2+ (14 2K]|x)E|6Y;, 2
0

n—1

1
+(5 + Klmle® ™) (| + 7| Y El6Y;,[?) -
1=0

Using (5.25]), we get for || small enough

/ E|Z)0 — ZoPPds < Klx|.
0

5.3 Error estimate for the BSDE with a jump

We now give an error estimate of the approximation scheme for the BSDE with a jump.
Theorem 5.1. Under (HF), (HFD), (HBL) and (HBLD ), we have the following error

estimate for the approximation scheme

sup E|[v; =¥/ ]+E[/OT}Zt—Zf}2dt] +E[/OT)\t}Ut—Ut”}2dt] < Klrl,

te[0,7]
for some constant K which does not depend on .

Proof.
Step 1. Error for the variable Y. Fix t € [0,T]. From Theorem 2T and (3.6]), we have

E[[vi—v7["] = B[V -5 ] + B[V (7) = VI (R ]
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Using (DH), we get

T
By~ ve] < B[ -vapP]+ [ B[ - Vi) Lero)] a9

< k(B[P -2 + e o [0 i)

Using Propositions and [54] and since ¢ is arbitrary chosen in [0, 7], we get

sw E|[vi =7 [*| < K|

te[0,7

Step 2. Error estimate for the variable Z. From Theorem 2] and (B.G]), we have

E[/OT 17— 7| dt] = E[/OTAT 120 - 2% "] +E[/Ti 1Z2(r) - 25 (r()| ]

Using (DH), we get

E[/OT\Zt—fodt} :/OT/OeEUZO ZOWMT }dtd@
+/0T/9TEDZt1( — 225 (w(0) (0 }dtd@.

< K(E[/T\ZO 2% i) + sup E| / 1210) = 225 (m(O) | at) .

0€[0,T)

From Propositions and 0.4, we get

T
E[/ \Zt—zgffdt} < Kln|.
0

Step 3. Error estimate for the variable U. From Theorem 2.1 and (3.6]), we have

T

E[/OT\Ut—U:\QAtdt} < KE[/O (1Y) = Y25 (me) 2+ 1Y2 = Y52 ) et

Using (HBI), we get
T
|2 1 1,7 2 0,m
E[/O U, — U7 | )\tdt} < K<92}(1JI,)T]£E;,F:)F}E“K (9) —Yw(t)(ﬁ(e))} ] +£B}:;]EDY Yﬂ(t)} ])

Combining this last inequality with Propositions and 0.4l we get the result. a

Remark 5.1. Our decomposition approach allows us to suppose that the jump coefficient
[ is only Lipschitz continuous. We do not need to impose any regularity condition on [
and any ellipticity assumption on I; + V5 as done in [4] in the case of Poissonian jumps
independent of W.
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