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Abstract

We study the discrete-time approximation for solutions of forward-backward stochas-
tic differential equations (FBSDEs) with a jump. In this part, we study the case of
Lipschitz generators, and we refer to the second part of this work [15] for the quadratic
case. Our method is based on a result given in the companion paper [14] which allows
to link a FBSDE with a jump with a recursive system of Brownian FBSDEs. Then
we use the classical results on discretization of Brownian FBSDESs to approximate the
recursive system of FBSDEs and we recombine these approximations to get a dis-
cretization of the FBSDE with a jump. This approach allows to get a convergence
rate similar to that of schemes for Brownian FBSDEs.

Keywords: discrete-time approximation, forward-backward SDE, Lipschitz generator, pro-
gressive enlargement of filtrations, decomposition in the reference filtration.
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1 Introduction

In this paper, we study a discrete-time approximation for the solution of a forward-backward
stochastic differential equation (FBSDE) with a jump of the form

t t t
Xy = x—i—/ b(s,Xs)ds+/ a(s,Xs)dWs+/ B(s, Xs-)dHs ,
0 0 0

T T T
Y, = g(XT)+/ f(s,Xs,Ys,Zs,Us)ds—/ stWs—/ UsdH, ,
t t t

where H;, = 1,<, and 7 is a jump time, which can represent a default time in credit risk
or counterparty risk. Such equations naturally appear in finance, see for example Bielecki
and Jeanblanc [2], Lim and Quenez [I§], Peng and Xu [2I], Ankirchner et al. [I] for an
application to exponential utility maximization and Kharroubi and Lim [I4] for the hedging
problem in a complete market. Our work is divided into two parts. In this part, we study
the case where the generator f is Lipschitz. The case of a generator f with quadratic growth
w.r.t. Z is studied in the second part [15].

For Lipschitz generators, the discrete-time approximation of FBSDEs with jumps is
studied by Bouchard and Elie [4] in the case of Poissonian jumps. Their approach is based
on a regularity result for the process Z, which is given by Malliavin calculus tools. This
regularity result for the process Z was first proved by Zhang [23] in a Brownian framework
to provide a convergence rate for the discrete-time approximation of FBSDEs.

In our case, we only assume that the random jump time 7 admits a conditional density
given W, which is assumed to be absolutely continuous w.r.t. the Lebesgue measure. In par-
ticular, we do not specify a particular law for 7 and we do not assume that 7 is independent
of W as for the case of a Poisson random measure.

To the best of our knowledge, no Malliavin calculus theory has been set for such a
framework. Thus, the method used by in [4] fails to provide a rate of convergence for the
approximation in this context.

We therefore follow another approach, which consists in using the decomposition result
given in the companion paper [I4] to write the solution of a FBSDE with a jump as a
combination of solutions to a recursive system of FBSDEs without jump. We then use the
existing results on the discretization of Brownian FBSDEs with a Lipschitz generator, which
is a well understood problem, see e.g. Chevance [5], Bouchard and Touzi [3], Zhang [23],
Gobet et al. [8], Delarue and Menozzi [6]. Finally, we recombine the approximations of the
recursive system of Brownian FBSDEs to get a discretization of the solution to the FBSDE
with a jump.

We notice that our approach also allows to weaken the assumption on the forward jump
coefficient. More precisely, we only assume that § is Lipschitz continuous, contrary to [4]
who assumes that ( is regular and the matrix I; + V3 is elliptic.

As said upper, this kind of FBSDEs with a jump appears in finance. The wide assump-
tions made on the jump 7 allow to modelize general phenomenon as a default of an asset
or simpler as a jump that can be seen as contagion from the default of another asset of the



market, see e.g. [13] for some examples. In particular, the approximation of these FBS-
DEs has its own interest, since it provides approximations of optimal gains and strategies
of the studied investment problems. We study in this part the case of FBSDEs with Lips-
chitz generators, which is related to valuation in complete markets (see [14]) and the utility
maximization in incomplete markets with compact investment constraints (see [18]). The
study of the discretization of FBSDEs with a quadratic generator, which are related to more
general investment problems (see [I]), is postponed to the second part of this work.

We choose to present our results in the case of a single jump for the sake of simplicity.
We notice that they can easily be extended to the case of multiple jumps with eventually
random marks, as in [14], taking values in a finite space.

The paper is organized as follows. The next section presents the framework of progressive
enlargement of a Brownian filtration by a random jump, and the well posedness of FBSDEs
in this context. In Section 3, we present the discrete-time schemes for the forward and
backward solutions based on the decomposition given in the previous section. Finally, in
Sections 4 and 5, we study the convergence rate of these schemes respectively for the forward
and the backward solutions.

2 Preliminaries

2.1 Notation

Throughout this paper, W denotes a d-dimensional Brownian motion, defined on a proba-
bility space (Q2,G,P). F = (F;),>, denotes the completion of the filtration generated by W.
We also consider on this space a random time T, i.e. a nonnegative G-measurable random
variable, and we denote classically the associated jump process by H which is given by

Ht - ]lq—gt, tZO

We denote by D = (D)o the smallest right-continuous filtration for which 7 is a stopping
time. The global information is then defined by the progressive enlargement G = (G;),~,
of the initial filtration where G := F vV ID. This kind of enlargement was studied by Jacoa,
Jeulin and Yor in the 80s (see e.g. [10], [II] and [9]). We introduce some notations used
throughout the paper:

— P(F) (resp. P(G)) is the o-algebra of ' (resp. G)-predictable measurable subsets
of @ x Ry, i.e. the o-algebra generated by the left-continuous F (resp. G)-adapted
processes,

— PM(F) (resp. PM(G)) is the o-algebra of F (resp. G)-progressively measurable
subsets of 2 x R,.

We shall make, throughout the sequel, the standing assumption in the progressive enlarge-
ment of filtrations known as density assumption (see e.g. [12, [13] [14]).
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(DH) There exists a positive and bounded P(F) ® B(R,)-measurable process vy such that

Using Proposition 2.1 in [14] we get that Assumption (DH) ensures that the process H
admits an intensity.

Proposition 2.1. The process H admits a compensator of the form \.dt, where the process
A is defined by

V(1)

)\t ]P)[’T > t|ft]

lier, t>0.

We impose the following assumption to the process A:

(HBI) The process A is bounded.

We also introduce the martingale invariance assumption known as the (H)-hypothesis.
(H) Any F-martingale remains a G-martingale

We now introduce the following spaces, where a,b € R, with a < b, and T < oo is the
terminal time:

— S&a, b] (resp. Sp°a,b]) is the set of PM(G) (resp. PM(F))-measurable processes
(Yi)tela,p) essentially bounded:

1Y ||y = esssup|Yy| < oo.
te(a,b]

~ SZla,b] (resp. SZ[a,b]) is the set of PM(G) (resp. PM(F))-measurable processes
(Y;)te[a,b} such that

1

IVl = (B[ sup %2])" < o0

te(a,b]

— LZ[a,b] (resp. Li[a,b]) is the set of P(G) (resp. P(F))-measurable processes (Z;)ieja,p)

such that
b !
120 2y = (E[/ Zidt))* < oo

— L?*()) is the set of P(G)-measurable processes (Up)ieo,r] such that

101 2 ::(ELATWJQA4>%< 50 .



2.2  Forward-Backward SDE with a jump

Given measurable functions b : [0, T]|xR? — R? o : [0, T] xR — R4 3 : [0, T] x R? — R?,
g: R Rand f:[0,7] x R x R x RY x R — R, and an initial condition z € RY, we
study the discrete-time approximation of the solution (X,Y, Z,U) in SZ[0,T] x S[0,T] x
L]0, T] x L*()\) to the following forward-backward stochastic differential equation:

t t t
X, = :c+/b(s,Xs)ds+/a(s,Xs)dWs+/B(S,Xs)dHS, 0<t<T, (21)
0 0 0
T
Y, = g(XT>+/f(s,XS,Y;,ZS,U5(1—Hs))ds
! T T
—/stws—/Usst, 0<t<T, (2.2)
t t

when the generator of the BSDE is Lipschitz.

Remark 2.1. In BSDE (22), the jump component U of the unknown (Y, Z, U) appears in
the generator f with an additional multiplicative term 1 — H. This ensures the equation
to be well posed in SF[0,T] x L4[0,T] x L*(\). Indeed, the component U lives in L*(\),
thus its value on (7 A T, T is not defined, since the intensity A vanishes on (7 AT, T]. We
therefore introduce the term 1 — H to kill the value of U on (7 A T,T] and hence to avoid
making the equation depends on it.

We first prove that the decoupled system (2.1)-(22) admits a solution. To this end, we
introduce several assumptions on the coefficients b, o, 3, g and f. We consider the following
assumption for the forward coefficients:

(HF') There exists a constant K such that the functions b, o and [ satisfy
[b(t, 0)] + [ (2, 0)[ + [B(£,0)] < K,
and
[b(t, 7) = b(t, )| +|o(t, x) — ot 2)| + [B(t, x) = B(t,2")| < Klo—a'],

for all (¢,z,2') € [0,T] x R? x R<.
For the backward coefficients g and f, we impose the following assumption:

(HBL) There exists a constant K such that the functions ¢ and f satisfy
|f(t,2,0,0,0)[+[g(z)] < K,
and
|t 2,y z,u) — flto,y, 2 d)] < K(ly—y]+1z= 2]+ u—1]),
for all (t,x,y,9, 2,2, u,u') € [0,T] x R? x [R]? x [R4)? x [R]2.
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Following the decomposition approach of [14], we introduce the recursive system of FBSDEs

associated to (ZI)-22):
e Find (X'(6),Y'(0), Z1(0)) € SE[0,T] x S0, T] x L0, T] such that

XHO) = :c+/;)(S,Xsl(ﬁ))ds+/;(S,X51(9))dWs+ﬁ(9,X91(9))]19St, 0<t<T, (23)

T

V' (0) = g(X,}(e))+l?(s,xj(e),nl(e),Z;(e),o)ds—/tzj(e)dws, O<t<T, (24)

for all 6 € [0,77.
e Find (X°,Y?, 29 € 82[0, T] x S[0,T] x L2[0,T] such that

t t
&):x+/b@X%kﬁ/d&wmm,ogth, (2.5)
0 0

T T
YO = g [ H NIV ZYI ) - YO)ds— [ Zlaw., 0<e<T. (20)
t

t

Then, the link between FBSDE (2.1))-(22]) and the recursive system of FBSDEs (2.5)-(2.0)
and (23)-(2.4) is given by the following result.

Theorem 2.1. Assume that (HF') and (HBL) hold true. Then, FBSDE ([2Z1))-(22)) admits
a unique solution (X,Y,Z,U) € S4[0,T] x SE[0,T] x L£[0,T] x L*(\) given by
Xy = XL + X/ (7)1«
Y, = Y;O]lt<7' + Ytl(T)]lTSt )
Zy = ZMyer + ZH )1t
U = (V') = Y)li<r

(2.7)

where (X1(0),Y'(0), Z'(0)) is the unique solution to FBSDE [Z3)-(24) in S2[0, T xS0, T] %
L2[0,T], for 6 € [0,T], and (X°,Y°, Z°) is the unique solution to FBSDE (2Z3)-[2.0) in
S2[0,T] x 80, T] x L2[0,T].

Proof.

Step 1. Solution to (2.I)) under (HF).

Under (HF) there exist unique processes X° € S2[0, T satisfying (2.5), and X*(6) € S2[0, T
satisfying (23)) for all § € [0, 7] such that X! is PM(F) ® B(R, )-measurable. Then, from
the definition of H, we easily check that the process X defined by

Xi = XPlor + X[ (T)Lisr (2.8)

satisfies (ZI). We now check that X € S2[0,7]. We first notice that from (HF), there
exists a constant K such that

E| sup [X7°] < K. (2.9)

te[0,7T



Then, from the definition of X!, we have

sup ‘X;(O)

‘2
s€(0,t]

< K(\X3}2+ ‘5(9,)((9)‘2—{—/6 ‘b(u,X&(@))‘zdu%— sup 2) :

s€(0,t]

| atwxi@naw,

Using (HF) and BDG-inequality, we get

E[ sup \X;(e)f] < K<1+/0tE[ sup \Xi(@)ﬂdu),

s€[6,t] u€(f,s]

for some constant K which does not depend on 6. Applying Gronwall’s lemma, we get

sup || X0 < K. 2.10
a0 KO g 210
Combining (2.8)), (29) and ZI0), we get that X € S2[0,T]. Moreover still using (HF) we
get the uniqueness of a solution to ([2.1I) in S2[0,77.

Step 2. Solution to (2.2 under (HBL).
To follow the decomposition approach initiated by the authors in [14], we need the generator
to be predictable. To this end, we notice that in BSDE (2.2]), we can replace the generator
(t,y,z,u) — f(t, X, y, z,u(1— H,)) by the predictable map (¢,y, z,u) — f(t, X}, y, z,u(1—
Hi-)).

Using the decomposition (2.8]), we are able to write explicitly the decompositions of the
Gr-measurable random variable g(X7) and the P(G) ® B(R) ® B(R?) @ B(R)-measurable
map (w,t,y, z,u) — f(t, X~ (w),y, z,u(l — Hi-(w))) given by Lemma 2.1 in [I4]:

9(Xr) = g(XP)rer + g(X7(7)r>r
f(ta th,y, Z, (1 - Ht*)u) - fo(ta Y, z, u)]ltﬁ‘r + fl(ta Y, z,u, 7-)]llt>7' )

with fO(t,y, z,u) = f(t, X}, y, z,u) and f1(t,y, z,u,0) = f(t, X1 (0),y,2,0), forall (t,y,2,u,0) €
0, 7] x Rx R x R x R,.

Suppose now that (HBL) holds true. Then, BSDE (2.6) admits a solution (Y, Z?%)
and from Proposition C.1 in [14] BSDE ([24) admits a P(F) ® B([0, T'])-measurable solution
(Y, Z'). Using Proposition 2.1 in [I7], we obtain the existence of a constant K such that

Y ' Oseory + 12 Ol ooy < K
for all 6 € [0, 77, and
1Y N sotory + 1 2% 20y < K-

We can then apply Theorem 3.1 in [I4] and we get the existence of a solution to (22]) in
S0, T) x LE[0,T] x L*(N).

Let (Y, Z,U) and (Y',Z',U’) be two solutions to ([Z2) in SF[0,T] x L4[0,T] x L*(\).
Since f(t,z,y,z,u(l—H;)) = f(t,z,y, 2,0) for all t € (1 AT, T] and X vanishes on (7 AT, T,
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we can assume w.l.o.g. that Uy = U/ = 0 for t € (1 AT,T]. Then, from (HBL), we can
apply Theorem 4.1 in [I4] and we get that ¥ < Y’. Since Y and Y play the same role,
we obtain Y = Y’. Identifying the pure jump parts of ¥ and Y’ gives U = U’. Finally,
identifying the unbounded variation gives Z = Z'. O

In the following, sections we give an approximation of the solution to FBSDE (2.T])- (2.2I)
by studying the approximation of the solutions to the recursive system of FBSDEs (2.3])-
24) and (23)-(2.6). For that we use the classical results of discretization in the case of
Lipschitz Brownian FBSDEs.

3 Discrete-time scheme for the FBSDE

In this section, we introduce a discrete-time approximation of the solution (XY, Z U) to
FBSDE ([2.1)-(22]), based on its decomposition given by Theorem 2.11
Throughout the sequel, we consider a discretization grid © = {to,...,t,} of [0,T] with

O=ty<ty <...<t,=T. Forte[0,T], we denote by m(t) (resp. m4(t)) the largest (resp.
smallest) element of 7 smaller (resp. larger) than ¢:
7(t) = max{t;, i=0,....n|t; <t}
(resp. m(t) = min{t;, i=0,...,n|t; >t} ).
We also denote by |7| the mesh of 7:
|| = max{tiﬂ—ti, izO,...,n—l} ,

and by AW (resp. AtT) the increment of W (resp. the difference) between ¢; and t¢;_;:
AW =Wy, — Wy, , (vesp. AtT :=1t; —t;_1), for 1 <i <mn.

3.1 Discrete-time scheme for X

We introduce an approximation of the process X based on the discretization of the processes
X% and X
e Euler scheme for X°. We consider the classical scheme X" defined by
X0,7r =z,
i)oﬂr 0,7 0,7 T 0,7 T . (31]‘)

e Euler scheme for X'. Since the process X' depends on two parameters t and 6, we
introduce a discretization of X' in these two variables. We then consider the following
schem

thoﬂr(tk) = T+ B(to,l’)ék:() y 0 S k S N y
XET(t) = X (6) + bltin, XU (B)AE + oltr, XAT (AW (3.12)
+ B(ti—hthiirl (tk))(sz:k ) 1 S /i7 k S n.

15, =0ifi £k and §;—p = 1 if i = k.



We are now able to provide an approximation of the process X solution to FSDE (21]). We
consider the scheme X™ defined by

XT = X0 ler + X 5 (r(1) sy, 0<E<T. (3.13)

We shall denote by {F"™ }o<icn (resp. {F™(0)Yo<icy) the discrete-time filtration associated
to X0 (resp. X7)

DT o= o(XT <)
(resp. F"(0) = U(thj’w(ﬁ), Jj<i)).

3.2 Discrete-time scheme for (Y, 7)

We introduce an approximation of (Y, Z) based on the discretization of (Y, Z%) and (Y, Z1).
To this end we introduce the backward implicit schemes on 7 associated to BSDEs (2.4])
and (2.€]). Since the system is recursively coupled, we first introduce the scheme associated

to (Z4]). We then use it to define the scheme associated to (2.6)).

e Backward Euler scheme for (Y, Z'). We consider the classical implicit scheme (Y17, Z1.7)
defined by

Y (x(0)) = g(Xg"(n(6)))
Yo (w(0)) = B[V (w(0)] + f(tin, X7 (7(0)), Yo7 (w(6)), 227 (x(6)), 0) AT,
1

Z70) = ZEBL T EONAWT] 2 w(6)

(3.14)
where EY = E[ . |F™(0)] for 0 <i <n and 6 € [0,T).
o Backward Euler scheme for (Y°,Z%). Since the generator of ([Z.6) involves the process

(v,! (t))iefo.r)» We consider a discretization based on Y17, We therefore consider the scheme
(YOr Z9™) defined by

veT = g(xy).
YOT(' _ E? 1[}/;?77‘1_'_.]?7‘—(@ 17X07T YOT(' ZOT()AtT(

ti1 ti—10 T ti—10 Tt

(3.15)
0,7'(' _ 071' iy .
Zgt = At”E?I[Y AW] 1<i<n,
where E? = E[ . |F)7] for 0 < i < n, and f™ is defined by

fw(t,llf,y,Z) = f(t>IayaZ>Yn(t)( ())_y)>

for all (t,x,y,2) € [0,T] x RY x R x R%.
We then consider the following scheme defined by
Y7 = Yool + Y05 (m(7) Liss

m(t)

7r = ZOW]lt<T+Z1W(7T(T))]lt>T (3.16)

m(t)

Ur = (Yo () = Y5 ) lier

7r(t



for t € [0, 7.

4 Convergence of the scheme for the FSDE

We introduce the following assumption, which will be used to discretize X.
(HFD) There exists a constant K such that the functions b, o and [ satisfy
Klt—t|7,
K|t -],

}b(t, x) — b(t, x)} + ‘U(t,x) —o(t, x)}
}ﬁ(t,x) - 5(15’,:)5)} + |o(t, z) — U(t',x)}

for all (¢,t,x) € [0,7] x [0,T] x R<.

<
<

We now provide an error estimate of the approximation schemes for X° and X'. We
then use these estimates to control the error between X and X™.

4.1 Error estimate for X° and X!

Under (HF) and (HFD), the upper bound of the error between X° and its Euler scheme
X0 is well understood, see e.g. [16], and we have

E[ sup }Xf—Xfrgﬂ < Klnl, (4.17)
te[0,7

for some constant K which does not depend on 7.

The next result provides an upper bound for the error between X' and its Euler scheme

X7 defined by [B.12).

Theorem 4.2. Under (HF) and (HFD), we have the following estimate

sup E| sup |X/(0) - X (=(0)*] < Kl

oo, 1] Ltelo,1)
for a constant K which does not depend on .

Proof. Fix § € [0,T], we then have

E[ sup [x}0) - X2 @) < 2E[ sup [x}(0) - X}(=(0))[]
te[0,T) t€[0,T]

+2E[t2[1;pﬂ X} ((0) = X235 (m@)] - (4.18)

We study separately the two terms of right hand side.

10



Since 7(0) < 0 < t, X} (7(0)) = X? for all s € [0,7()), and X (0) = X? for all s € [0,0),

S
we have

0
XHO) - XMx(8) = [ b(s, XO)ds + /

()

0 t
o(s, X)W, + B(6, X2) + / b(s, X1(0))ds
() 0
0

+/ a(s,X;(e))dWs—B(w(e),X}Q(@))—/ b(s, X, (m(6)))ds

0 ()

[ ol ximon)aw, — [ (s X x(0)ds
~(0) 9
—/9 U(S,X;(W(Q)))dWS,

for all t € [0, T]. Hence, there exists a constant K such that

2

- K r

6
/ b(s, X%)ds| +
=(0)

0
/ o(s, X2)dW,
™(0)

+ /ﬂ ; b(s, X! (w(e)))dsf + i

%
/ RSO
+]8(0, X7) —ﬁ(w(@),Xg(e))}2+/9 )b(s,X;(e)) —b(s,X;(w(e)))fds
+)/€ (o(s, X2(8) = o (s, X2 (x(0)) )| '} (4.19)
From (HF) and (HFD), we have

E|6(0, X5) — B(m(0), X3w) |
which gives with (£17)

2
< K(ln|+EIXy — X2,

2

E|5(6, X9) —5(7T(‘9)=X2(9))} < Kir|.
We have also from (HF)
9 2 9 2
E[/ b(s, X°)ds +/ a(s,Xg)dWs} < Kln|,
() ()

and with (2.10)

|

0 9 P ,
/ﬂ(e) b(s,Xs(W(e)))ds’ +’/7F(G)U(S,XS(7T(9)))CZWS ] < Kin|,

where K does not depend on 6.
Combining these inequalities with (£I9), (HF) and BDG-inequality, we get

t

Pi® - xiEOf] < & / E| sup [X1(0) = X}(m(0)|']ds + I])

u€e(f,s]

E[ sup

u€elf,t

11



Applying Gronwall’s lemma, we get

E[ sup }th(e)—xg(w(e))f] < Kln|, (4.20)

te(6,T)
where K does not depend on 6.
To find an upper bound for the term E[sup;cp 7 | X/ (7(6)) — X71r’(7;)(7r(9))|2] we introduce the
scheme X™(7(#)) defined by
X;r(o)(ﬁ(e)) = Xl(e)(”(e)) )
{ X[ (n(0)) = XT_ (7(0)) + b(tir, X7 (w(0))A] + o (tiq, X[ (w(0))AW] , t; > m(0) .
We have the inequality

E[ sup | X (m(6)) — X, (m (9))‘2] < QE[ sup | X (w ))_XW(”(W(H))}Q}

m(t) T
t€[0,T te(6,T]

+2E[ sup | X7 ((60)) —X}rg)(w(e))ﬂ . (4.21)

te(0,T

We first notice that under (HF) the initial value of X 7r(7?(9)) satisfies

| X0) (m(9))] = | X0y (m(O)] = | X700, + B(m(6), X0g))| < C(L+ sup |XP]). (4.22)

te[0,7]

Hence, it is bounded by a square integrable random variable which does not depend on 6.
Moreover X™(7(6)) is the Euler scheme of X' (7(6)) on [7(6),T]. Therefore, we have under
(HF) and (HFD) (see e.g. [16])

B[ sup [} (x(0) = X (rO) ] < K (1+E[[ X0 (m0)[] )il

for some constant K which neither depends on 7 nor on . From (£22]), we get

E| swp [X}(n(0)) = Xz (r@)[}] < K(1+1X"Igpm)lnl . (4:23)
te(6,T)

We now study the term E[supte[eﬂ ‘X:(t) (m(0)) — Xiér)( (9))‘2} We first notice that

we have the following identity

E| sup [X7(m(0)) - X5 (m@)] = B[ sup [X7(x(0)) - X25(x(0)] .

te[6,T) te[n(0),T]

Hence we can work with the second term. From the definition of X™ and X7, there exists
a constant K such that

sup | X7, (n(0)) = X170 (r(0)]” <

welr(0),1] ()
() )
K (|10 (m(0) = X215 (=) + /ﬁ oy 1207 X ((6))) = bl(s), X5 (e N ds
m(u) - - 2
o ow /ﬂ(a) (o(m(s), X7 (m(0))) — a(m(s), X, (m(6)))) AWy )
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Then, using (HF) and BDG-inequality, we get

B[ sup |X7,(x(0) = X0, (r0)] <K (B[x} ) (x(0)) = X5, (m(0)

welr(0),1] (u

+/ﬂt E[ sup | X7, (7(0)) _X;’(Z)(W(H))\Q] ds) '

(0) "uelm(0),s]

Using (£.20) with 7(6) instead of # and Gronwall’s lemma, we get

E[ sup }X;;(t)(w(e))—X;g)(w(e))ﬂ < Klnl. (4.24)
te[x(0),T)

Combining ([AI8), ([@20), [A21), (A23) and [@24), we get the result. O

4.2 FError estimate for the FSDE with a jump

We are now able to provide an estimate of the error approximation of the process X by its
scheme X7 defined by (B13).

Theorem 4.3. Under (HF') and (HFD), we have the following estimate

E[ sup \Xt—Xff] < Kln|,

te[0,T
for a constant K which does not depend on .

Proof. Fix ¢t € [0, T]. From the definition of X™ we then have

B sup X - X7[] <E[ sup [x0—x27]"] +E] up X3 (7) = X5 (r () |

t€[0,T] te[0,7] te[0,T

< E[ sup | X? — ijg;ﬂ + /0 jﬁz[ sup | X} (r) — X;g)(w(f))fw(e)] do.

t€[0,7)] t€([0,T

Using (£I7) and (DH), we have

E[ sup \Xt—ngf] < K<|7r|+ sup E[ sup \X;(e)—xlv’f)(w(e))ﬂ).

t€[0,T] 9e0,7] Lselo,T] m(s

From Theorem [£2] we get

E[ sup}‘Xt—Xﬂz] < Kl .

te[0,T
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5 Convergence of the scheme for the BSDE

To provide error estimates for the FEuler scheme of the BSDE, we need an additional regu-
larity property for the coefficients g and f. We then introduce the following assumption.

(HBLD) There exists a constant K such that the functions ¢ and f satisfy
‘g(l’) - g(fl)'/)‘ + ‘f(t7x7y7zau) - f(t/ax/7y7 Z,U)‘ S K(‘IL’ - ,’L'/‘ + |t - t/|%) )
for all (¢,¢',z, 2"y, z,u) € [0,T]* x [RY?> x R x R? x R.
We are now ready to provide error estimates of the approximation schemes for (Y°, Z°) and
(Y1, Z1), and then for (Y, Z).
5.1 Error estimates for the recursive system of BSDEs
We first state an estimate of the approximation error for (Y1, Z1).
Proposition 5.2. Under (HF), (HFD), (HBL) and (HBLD), we have the following

estimate

sup { sup B[J3(0) = V5(x(o)[] + B[ | 720 - 25 o) fas]} < Kl

00,T] \ te[6,T]
for some constant K which does not depend on .

Proof. Fix 0 € [0, 7] and ¢ € [#, T]. We then have

B[} 0) - Vi@ < 2E[v10) - v x(0)|]
+2E ||V (7(6)) = Yo (=(@)[*] (5.25)

We study separately the two terms of right hand side.
Define §Y;}(0) = Y,'(0) — Y;}(x(9)) and 6Z}(0) = Z}(0) — Z}(w()). Applying Ito’s
formula, we get

DY (O) — |87 (6)
2 / Y015, X2 (r(0). Y2 (x(60)), Z2(x(6)),0) — £ (s, X2(6), Y2 (6), 21(6).0)] s
+2 /t ' SYH0)5Z(0)dW, + /t ' 0Z1(0)[%ds .
From (HBL) and (HBLD), there exists a constant K such that
E[10v(0)] < K(E[|X}6) - XHr(®)[] +E /T\m1<e>\\xs<e>—X;<w<e>>\ds]
+E/ 572 (0)Pds] + E] / 57, (0)162:(0)as] ) /\521 )Pds]
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Using the inequality 2ab < a?/n + nb* for a,b € R and > 0, we can see that there exists a
constant K such that

Bl +E[ [ bz20rs] < K (Elxbe) b))+ [ Elyers
+1E[ /t ' X2(0) — X1((0)) 2ds]) . (5.26)

From Theorem and Gronwall’s lemma, we get
2
E[|Y,(0) -V (x(O)]] < Klnl, (5.27)

for some constant K which does not depend on 7.
We now study the second term of the right hand side of (£.25]). Since it is the classical
error estimate of an Euler approximation, we get from [23]

B[V (0) - Vag@@)|’] < K(1+E[XE x(0)]) ]
< K(1+E[|x%) + B(x(0), X30) )] ) I

for some constant K which neither depends on 7 nor on #. Since [ satisfies (HF) and
(HFD), we get

s 2 2
B[V (x(0) -5 O)]] < K(1+IX"I50) I
This last inequality with (5.25]) and (5.27) give

. 2
sup sup E[‘Ytl(e) —Yﬂl(’t)(ﬂ(ﬁ))‘ ] < Kln|.
0€[0,T] te[,T)

We now turn to the error on the term Z'(6). We first use the inequality

E[/j}gg( -2 O] < QE[/GT‘Ztl(W(Q) 257 e(0) "]
+2E[ /9 : \5Zt1(9)}2dt] . (5.28)
Using (520) and (B27) with ¢ = 6, we get
E[/GT \52;(9)\%} < Kln|, (5.20)

for some constant K which neither depends on 7 nor on 6. The other term in the right hand
side of (5.28) is the classical error in an approximation of BSDE. Therefore, we have from

[23]
E[/@T}Z}(w(e) 2 e)at) < K (14 B[ Xk (x0)]) In]

< K<1 + E‘Xg(g) + ﬁ(?‘(‘(@), X70r(9))}2> |7T| ’
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for some constant K which neither depends on 7 nor on 6. Since [ is Lipschitz continuous
we get

T
E[/ |2} (r(0)) — 21 (x(0))] dt} < Kln|. (5.30)
0
Combining (5.28), (5:29) and (5.30]), we get
T
E[/ |21(6) — 27, (x(9)) dt] < Klr|,
0

for some constant K which neither depends on 7 nor on 6. O

We now turn to the estimation of the error between (Y° Z°) and its Euler scheme
(B.I5). Since BSDE (2.6) involves Y, we need to introduce an intermediary quantity to
control the error due to the approximation of Y! by Y1, We therefore consider (37”, Z ™) e
S2[0,T] x L2[0, T] solution to

T T
Y7 = g(X9)+ f“(s,Xg,ﬁ”,Z;f)ds—/ ZTdW,, 0<t<T, (5.31)
t t

where we recall that f™ is defined by
f_w(t,llf,y,Z) = f(tazaya Zayn(t)( ( )) - y) )
for all (¢,z,y,2) € [0,T] x RY x R x R%

Proposition 5.3. Under (HF), (HFD), (HBL) and (HBLD), we have the following
estimate

sup IEDYO } ]+E[/OT‘ZS—Zf‘2dt] < Kjn|,

t€[0,T]
for some constant K which does not depend on .

Proof. Applying Itd’s formula, we get
T
EUY;O - Y;tﬂ|2} = QE[/(Y;O - }/;ﬂ)(f(s>Xg> Y;O’ Z2> Y:sl(s) - }/;0) - fW(Sa Xso> Y:r> Z;r))ds]
t

T ~
—IE/ |20 — Z7|ds .
t

for t € [0, 7). Using the Lipschitz condition on f, we can see that there exists a constant K
such that

E[YY - \]+E[[T\ZS—Z§\2ds] <
K(/tTEHYSO —zﬂ}Q]dH/tTEmf;(s) Y ()] ds) (5.32)
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for all t € [0, T]. Proposition E.2and Gronwall’s inequality imply that there exists a constant
K such that

sup E[|Y? —Y7)?] < Klnl. (5.33)

te[0,7

Combining (5.32) and (5.33)), we get

T
E[/ |Z£—ng|2dt] < Kl .
0

(I
Using the classical error estimates of the approximation scheme for a Brownian BSDE (see

e.g. [23]), we get
~ 2 T 2
sup EDYtW_Yf(’Z;‘ ] +E[/ }Zt’r—Zg’éT)} dt] < Kin|,
te[0,T 0

for some constant K which does not depend on 7.
Applying Proposition and the last inequality, we get the following estimate for the
error of the backward equation (2.6]).

Proposition 5.4. Under (HF), (HFD), (HBL) and (HBLD), we have the following
estimate

T
sup}E“nO—Yf(’g‘z]jLE[/o 20— 2% "at] < Klnl,

te[0,T

for some constant K which does not depend on .

5.2 Error estimate for the BSDE with a jump

We now give an error estimate of the approximation scheme for the BSDE with a jump.

Theorem 5.4. Under (HF), (HFD), (HBL) and (HBLD ), we have the following error
estimate for the approximation scheme

sup E[|v; - v’ +E[/O

t€[0,T

r 2 r 2
|2, — 77| dt]+E[/ U - U Padt] < Klnl,
0

for some constant K which does not depend on .

Proof.
Step 1. Error for the variable Y. Fix t € [0,7]. From Theorem 2T and (3.16]), we have

B[l -] = B[ -] B[ 6) - Vi) 1]
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Using (DH), we get

T
By~ ve] < B[ -vagf] + [ B[ - Vi) Lere)] a9

< K(E[Y? =5[] + sw sup B[|v60) - v 5=0)[])

0€[0,T] s€[6,T]

Using Propositions and [5.4] and since ¢ is arbitrary chosen in [0, 7], we get

sw E|[vi—v7*] < Klnl |
te[0,7

for some constant K which does not depend on .
Step 2. Error estimate for the variable Z. From (27)) and the definition of Z™, we have

o[ [ 12— ata] -s[ [ \a- 2P v6] [ 1200 - 28 e ]

Using (DH), we get

o[ [ V- zrta] = [ ['sljz- 2 o]
// }Zl = 2,0 (9))}2w(9)}dtd9,

<K IE? /0 |29 — ZOw‘ dt} + sup}/eTE[}Ztl( Zi(’t’( (9))\2}dt>.

0elo0,T

From Propositions and [0.4], we get

T
E[/ \Zt—zgffdt} < Klnl,
0

for some constant K which does not depend on 7.

Step 3. Error estimate for the variable U. From (2.7) and the definition of U™, we have

IE[/OT}Ut—Ut”f)\tdt} < KE[/OT(ml(t) —Yj(’;;(w(t))|2+|yo yﬂ_o(g( ())|2>)\tdt] .

Using (HBI), we get
T
E[/ }Ut—Ugf\QAtdt} < K( sup  sup E[\Y;(e) — Y (n(6))] ] + sup E[}Y —Y0r ])
0 0€(0,T)t€[0,T) te[0,7
Combining this last inequality with Propositions and 5.4 we get the result. O

Remark 5.2. Our decomposition approach allows us to suppose that the jump coefficient
[ is only Lipschitz continuous. We do not need to impose any regularity condition on # and
any ellipticity assumption on I;+ V5 as done in [4] in the case where y is a Poisson random
measure independent of W.

18



References

[1] Ankirchner S., Blanchet-Scalliet C. and A. Eyraud-Loisel (2009): “Credit risk premia and
quadratic BSDEs with a single jump”, forthcoming in International Journal of Theoretical
and Applied Finance .

2] Bielecki T. and M. Jeanblanc (2008): “Indifference prices in Indifference Pricing”, Theory
and Applications, Financial Engineering, Princeton University Press. R. Carmona editor
volume.

[3] Bouchard B. and N. Touzi (2004): “Discrete-time approximation and Monte-Carlo sim-
ulation of backward stochastic differential equations”, Stochastic processes and Their Ap-
plications, 111, 174-206.

[4] Bouchard B. and R. Elie (2008): “Discrete-time approximation of decoupled FBSDE
with jumps”, Stochastic processes and Their Applications, 118, 53-75.

[5] Chevance D. (1997): “Numerical methods for backward stochastic differential equa-
tions”, Numerical methods in finance, 232-244.

[6] Delarue F. and S. Menozzi (2006): “A forward-backward stochastic algorithm for quasi-
linear PDES”, Annales of Applied Probability, 16, 140-184.

[7] Douglas J., Ma J. and P. Protter (1996): “Numerical Methods for Forward-Backward
Stochastic Differential Equations”, Annales of Applied Probability, 6, 940-968.

[8] Gobet E., Lemor J.-P. and X. Warin (2005): “A regression-based Monte-Carlo method
to solve backward stochastic differential equations”, Annales of Applied Probability, 15,
2172-2202.

9] Jacod J. (1987): “Grossissement initial, hypothese H’ et théoreme de Girsanov”,
Séminaire de calcul stochastique, Lect. Notes in Maths, 1118.

[10] Jeulin T. (1980): “Semimartingales et grossissements d’une filtration”, Lect. Notes in
Maths, 883, Springer.

[11] Jeulin T. and M. Yor (1985): “Grossissement de filtration : exemples et applications”,
Lect. Notes in Maths, 1118, Springer.

[12] Jiao Y. and H. Pham (2009): “Optimal investment with counterparty risk: a default-
density modeling approach”, forthcoming in Finance and Stochastics.

[13] Jiao Y., Kharroubi I. and H. Pham (2011): “Optimal investment under multiple defaults
risk: a BSDE-decomposition approach”, Preprint.

[14] Kharroubi I. and T. Lim (2011): “Progressive enlargement of filtrations and Backward
SDEs with jumps”, Preprint.

19



[15] Kharroubi I. and T. Lim (2011): “A decomposition approach for the discrete-time
approximation of FBSDEs with a jumps II: the quadratic case”, Preprint.

[16] Kloeden P.-E. and E. Platen (1992): “Numerical solutions of Stochastic Differential
Equations”, Applied Math., 23, Springer, Berlin.

[17] Kobylanski M. (2000): “Backward stochastic differential equations and partial differ-
ential equations with quadratic growth”, The Annals of Probability, 28 (2), 558-602.

[18] Lim T. and M.-C. Quenez (2009): “Utility maximization in incomplete market with
default”, Preprint.

[19] Ma J., Protter P. and J. Yong (1994): “Solving forward-backward stochastic differential
equations explicitly-a four step scheme”, Probability Theory and Related Fileds, 98, 339-
359.

[20] Pardoux E. and S. Peng (1990): “Adapted solution of a backward stochastic differential
equation”, Systems & Control Letters, 37, 61-74.

[21] Peng S. and X. Xu (2010): “BSDEs with random default time and their applications
to default risk”, Preprint.

[22] Pham H. (2009): “Stochastic control under progressive enlargement of filtrations and
applications to multiple defaults risk management”, forthcoming in Stochastic processes
and Their Applications.

(23] Zhang J. (2004): “A numerical scheme for BSDEs”, Annales of Applied Probability, 14,
459-488.

20



	1 Introduction
	2 Preliminaries
	2.1 Notation
	2.2  Forward-Backward SDE with a jump

	3 Discrete-time scheme for the FBSDE
	3.1 Discrete-time scheme for X 
	3.2 Discrete-time scheme for (Y,Z) 

	4 Convergence of the scheme for the FSDE
	4.1 Error estimate for X0 and X1
	4.2 Error estimate for the FSDE with a jump

	5 Convergence of the scheme for the BSDE 
	5.1 Error estimates for the recursive system of BSDEs
	5.2 Error estimate for the BSDE with a jump


