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Diffusion limit for a stochastic kinetic problem

A. Debussche*and J. Vovellef
March 15, 2011

Abstract

We study the limit of a kinetic evolution equation involving a small
parameter and perturbed by a smooth random term which also involves
the small parameter. Generalizing the classical method of perturbed test
functions, we show the convergence to the solution of a stochastic diffusion
equation.

Keywords: Diffusion limit, kinetic equations, stochastic partial differential
equations, perturbed test functions.

MSC number: 35B25, 35Q35, 60F05, 60H15, 82C40, 82D30.

1 Introduction

Our aim in this work is to develop new tools to study the limit of kinetic
equations to fluid models in the presence of randomness. Without noise, this is
a thoroughly studied field in the literature. Indeed, kinetic models with small
parameters appear in various situations and it is important to understand the
limiting equations which are in general much easier to simulate numerically.

In this article, we consider the following model problem

1 1 1
Of* + Za(v) - Vof = LI+ - fm () m RE X TE x Vo, (1)

with initial condition
f2(0) = f§ in TG x Vi, (2)

where L is a linear operator (see (f) below). We will study the behavior in the
limit € — 0 of its solution f€.

In the deterministic case m® = 0, such a problem occurs in various physical
situations: we refer to and references therein. The unknown f€(¢,z,v)
is interpreted as a distribution function of particles, having position x and de-
grees of freedom v at time ¢. The variable v belongs to a measure space (V, u)
where p is a non-negative finite measure. The actual velocity is a(v), where
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a € L>®(V;R%). The operator L expresses the particle interactions. Here, we
consider the most basic interaction operator, given by

M:Kjwfﬁf€UMM- 3)

Note that L is dissipative since
— [ L s = 1L FE BV 4)

In the absence of randomness, the density p° = fv fedp converges to the solution
of the linear parabolic equation (see section @ for a precise statement):

dip — div(KVp) = 0 in R x T?,

where

K ::/Va(v)@)a(v)du(v)

is assumed to be positive definite. We thus have a diffusion limit in the partial
differential equation (PDE) sense.

When a random term with the scaling considered here is added to a differen-
tial equation, it is classical that, at the limit ¢ — 0, a stochastic differential
equation with time white noise is obtained. This is also called a diffusion limit
in the probabilistic language, since the solution of such a stochastic differential
equation is generally called a diffusion. Such convergence has been proved ini-
tially by Khasminskii , ] and then, using the martingale approach
and perturbed test functions, in the classical article [PSV77] (see also [EK834],
[FGPS07), [Kuss4]).

The goal of the present article is twofold. First, we generalize the perturbed
test function method to the context of a PDE and develop some tools for that.
We believe that they will be of interest for future article dealing with more
complex PDEs. Second, we simultaneously take the diffusion limit in the PDE
and in the probabilistic sense. This is certainly relevant in a situation where
a noise with a correlation in time of the same order as a typical length of the
deterministic mechanism is taken. Our main result states that under some
assumptions on the random term m, in particular that it satisfies some mixing
properties, the density p* = fv fedu converges to the solution of the stochastic
partial differential equation

dp = div(KVp)dt + p o QY/2dW (t), in Rf x T¢,

where K is as above, W is a Wiener process in L?(T%) and the covariance
operator () can be written in terms of m. As is usual in the context of diffusion
limit, the stochastic equation involves a Stratonovitch product.

As already mentioned, we use the concept of solution in the martingale sense.
This means that the distribution of the process satisfies an equation written in
terms of the generator (see section @ for instance). This generator acts on test
functions and the perturbed test function method is a clever way to choose the
test functions such that one can identify the generator of the limiting equation.



Instead of expanding the solution of the random PDE f¢ as is done in a Hilbert
development in the PDE theory, we work on the test functions acting on the
distributions of the solutions.

In section E, we set some notations, describe precisely the random driving term,
recall the deterministic result and finally state our main result. Section E studies
the kinetic equation for ¢ fixed. In section E, we build the correctors involved in
the perturbed test function method and identify the limit generator. Finally, in
section E, we prove our result. We first show a uniform bound on the L? norm
of the solutions, prove tightness of the distributions of the solutions and pass to
the limit in the martingale formulation.

We are not aware of any result on probabilistic diffusion limit using perturbed
test functions in the context of PDE. A diffusion limit is obtained for the non-
linear Schrodinger equation in [Mar0€], [ABD1(], [DT1(] but there the driving
noise is one dimensional and the solution of the PDE depends continuously on
the noise so that in this case an easier argument can be used.

2 Preliminary and main result

2.1 Notations

We work with PDEs on the torus T¢, this means that the space variable x €
[0,1]¢ and periodic boundary conditions are considered. The variable v belongs
to a measure space (V, ) where p is a probability measure. We shall write for
simplicity L? , instead of L? (T?x V, drx®dpu), its scalar product being denoted by
(-,+). We use the same notation for the scalar product of L?(T%); note that this
is consistent since p(V) = 1. Similarly, we denote by ||u||z> the norm (u,u)"/?,
wether u € L2, or L?(T?). We use the Sobolev spaces on the torus H?(T¢).
For v € N, they consist of periodic function which are in L2(T%) as well as their
derivatives up to order . For general v > 0, they are easily defined by Fourier
series for instance. For v < 0, HY(T?) is the dual of H~7(T¢). Classically,
for v1 > 79, the injection of HY(T?) in H*(T%) is compact. We use also
L>°(T4) and W1°°(T?), the subspace of L°°(T?) of functions with derivatives
in L>°(T%). Finally, L2(V; H*(T4)) is the space of functions f of v and z such
that all derivatives with respect to = are in L?(T¢) and the square of the norm

d
T /V 17122 + 3 0 f1120dp
=1
is finite.

2.2 The driving random term

The random term m® has the scaling

t
€(t.x) = -
me(t, ) m<52,z>,

where m is a stationary process on a probability space (£2, F,P) and is adapted
to a filtration (F;)tcr. Note that m® is adapted to the filtration (F)ier, with
ftE ::‘Fg*Qh tER



Our basic assumption is that, considered as a random process with values in a
space of spatially dependent functions, m is a stationary homogeneous Markov
process taking values in a subset £ of W1>°(T%). We assume that m is stochas-
tically continuous. Note that m is supposed not to depend on the variable v.
The law v of m(t) is supposed to be centered:

Em(t) = /Endl/(n) = 0. (5)

In fact, we also assume that m is uniformly bounded in W1:°°(T4) so that E is
included in a ball of W1°°(T%). We denote by (P;);>0 a transition semigroup
on F associated to m and by M its infinitesimal generator.

As is usual in the context of diffusion limit, we use the notion of solution of the
martingale problem and need mixing properties on m. We assume that there is
a subset Dy of Cp(E), the space of bounded continuous functions on E, such
that, for every ¥ € Djys, M1 is well defined and

b(mit)) - / M (m(s))ds

is a continuous and integrable martingale. Moreover, we suppose that m is
ergodic and satisfies some mixing properties in the sense that there exists a
subset Z); of C,(E) such that for any § € &), the Poisson equation

My =20, (6)

has a unique solution ¢ € D), satisfying / pdv = 0 provided
E

/Eedu =0. (7)

We denote by M ~'6 this solution and assume that it is given by:
M~0(n) = —/ P0(n)dt.
0

In particular, we assume that the above integral is well defined. We need that
Py contains sufficiently many functions. In particular, we assume that for each
x € T, the evaluation function v, defined by 1, (n) = n(x), n € E, is in Py.
Also, we assume that, for any f,g € Li,m the function 07, : n+— (f,ng) is in

Py and we define M 11 from E into W°(T9) by
(f,M~'I(n)g) :== M'054(n), Vf.geLl,.

We need that M ~!I takes values in a ball of W1>°(T4) and take C,, large enough
so that
[nllwrce(ray < Cry  [|M ™M (0)|lyrr.oe (pay < Ch, (8)

for all n € E. It is natural to require the following compatibility assumption,
which would follow from continuity properties of M ~1:

MY, (n) = M~ I(n)(z), Vné€E,zcT



Note that by (), 61,4 and 1, satisfy the centering condition (). We will also
assume that for any f,g € L? , the function

x,v)’

Ofg : nr—>(f,anll(n)g)f/E(f,ﬁMfll(ﬁ)g)dV(ﬁ)

isin P),.

To describe the limit equation, we remark that since m(0) has law v,

We define k € L>(T? x T¢) by the formula

~E [ mO@mO@d, oy,

and let F' € L>(T9) be the trace
F(z) = k(z,x) /m t, xeT

Note that, m being stationary,

te) = ([ mO@me@ae) 45 ( [ O m(O)g)m ()t

— 00

—5 ([ mOwmo@) 15 ([ OOO (=) )m(0)(a)at

=5 (O [ @) + & (mo)a) [ mow).

so that k is symmetric. Let @ be the linear operator on L?(T%) associated to
the kernel k:

Qf@) = [ k) f0)dy.
Then @ is a positive operator. Indeed, for f € L?(T?), denoting by 1; the map
wes [ wa)f@)is = [ n(o)f@)d,
Td Td

we have

(QF. f) = /E / by (n) Potby (n)dtd(n),



and, by the mixing properties of m,

T
(Qf, f)=_lim /E % [ . /R Pripp(n) Py s (n)dtdrdy(n)

T— 400

T— 400

T T
lim /E%[T [T P.aps(n) Py (n)dtdrdr(n)
2

= lim —
T—4+oc0 ET

/T Pﬂ/)f(n)dt] dv(n) > 0.
-7

Besides, @ is also self-adjoint and compact since k is symmetric and bounded.
We can therefore define its square root Q'/2. Note that Q'/? is Hilbert-Schmidt
on L?(T%) and, denoting by ||Q'/?| &, its Hilbert-Schmidt norm, we have

1QV2%, =Tr Q = /T k(z,z)dz.

We will not analyze here in detail which kind of processes satisfies our assump-
tions. The requirement (E) that m and M ~!'m are a.s. bounded in W (T%)
are quite strong. An example of process we may consider is

m(t) =Y m;(t)n;
JEN
with n; € Whee(T4),
Z ||77]-HW1,30(W) < 00,
JEN
where the processes (m;);en are independent real valued centered stationary,

satisfying the bound
|m;(t)] < C, a.s., teR,

for a given C' > 0. We are then reduced to analysis on a product space. The
invariant measure of m is then easily constructed from the invariant measures
of the m;’s. Also, the Poisson equation can be solved provided each Poisson
equation associated to m; can be solved. This can easily be seen by working
first on functions ¢ depending only on a finite number of j.

The precise description of the sets Dy and &), depends on the specific pro-
cesses mj, j € N. For instance, if m; are Poisson processes taking values in
finite sets S, then Djys and &) can be taken as the set of bounded functions on
[Licn Sj- More general Poisson processes could be considered (see [EGPS01)).

Actually, the hypothesis (E) can be slightly relaxed. The boundedness assump-
tion is used two times. First, in the proof of ([L3) and ([[4), but there it would be
sufficient to know that m has finite exponential moments. It is used in a more
essential way in Proposition E There, we need that the square of the norm
of m and M~'m have some exponential moments. However, (under suitable
assumptions on the variance of the processes for example), we may consider
driving random terms given by Gaussian processes, or more generally diffusion
processes.



2.3 The deterministic equation

There are also some structure hypotheses on the first and second moments of
[ We assume

/V a(w)dp(v) = 0, (9)

and suppose that the following symmetric matrix is definite positive:
K ::/ a(v) ® a(v)du(v) > 0. (10)
1%

An example of (V, uu,a) satisfying the hypotheses above is given by V = S9!
(the unit sphere of R?) with y = d — 1-dimensional Hausdorff measure and
a(v) = v.

In the deterministic case m = 0, the limit problem when ¢ — 0 is a diffusion
equation, as asserted in the following theorem.

Theorem 1 (Diffusion Limit in the deterministic case). Suppose m = 0. As-
sume that (f§) is bounded in L2, and that

z,v

PO, = / fodpw — po in H™H(T?).
1%

Assume (E)—@) Then the density p® := fV fedu converges in weak—Liz to the
solution p to the diffusion equation

Oip — div(KVp) = 0 in Rf x T%,
with initial condition: p(0) = pg in T.

This result is a contained is [DGPO0] where a more general diffusive limit is
analyzed. Note that, actually, strong convergence of (p®) can be proved by

using compensated compactness, see [] also.

2.4 Main result
In our context, the limit of the Problem ([l)-([) is a stochastic diffusion equation.

Theorem 2 (Diffusion Limit in the stochastic case). Assume that (f§) is
bounded in L2, and that

z,v

PO, = / foduw — po in L*(T?).
14

Assume @—@)—(@)—(@) Then, for all n > 0, the density p* = fV fedu con-
verges in law on C([0,T]; H™") to the solution p to the stochastic diffusion
equation:

1
dp = div(KVp)dt + S Fp+ pQY2dW (t), in RS x T, (11)

with initial condition: p(0) = po in T9. In ([), W is a cylindrical Wiener
process on L*(T?).



It is not difficult to see that formally, ([[1]) is the It6 form of the Stratonovitch
equation

dp = div(KVp)dt 4+ po QY2dW (t), in R} x T<. (12)

Theorem E remains true in the slightly more general situation where the coeffi-
cient in factor of the noise in (fl) is in the form 1o(f)m® with

o(f)=alp)+f, p::/vfdu,

where & is a smooth, sublinear function.

3 Resolution of the kinetic Cauchy Problem

3.1 Pathwise solutions
Problem ([[)-([]) is linear and solved for instance as follows. Let A := a(v) -V,
denote the unbounded, anti-self-adjoint operator on L2 , with domain

( _{feva7 ( )vlfeLi,v}

Since A is closed and densely defined, by the Hille-Yosida Theorem [, it
defines a unitary group e’ on L2

Theorem 3. Assume (E) Then, for any fo € Liv and T > 0, there exists

a unique solution f€ P-a.s. in C([0,T];L2,) of (ﬂ) @) on [0,T), in the sense

that,
. t 1
F0) = g+ [ et (—QLf(s) i fa(S)mE(S)) s,
0 £

P-a.s., for all t € [0,T]. Besides, if f§ € L?*(V; HY(T%)), then, P-a.s. f¢ €
([0, T); L3 ) N C([0,T); L*(V; HY(T?))).

The proof of this result is not difficult and left to the reader. The last statement
is easily obtained since A commutes with derivatives with respect to x.

Energy estimates can be obtained. Indeed, for smooth integrable solutions f¢
to ([])-(B), we have the a priori estimate

2w = e v+ 2 )
2 € € €
= g(fm af )

By ({) and (§), this gives the bound

d €
SIFE@IZ: -

2C,
175 @2 + /HLf J2ads < I£5]2 + /Hf 2 ds,

hence, by Gronwall’s Lemma, the following bound (depending on ¢):

2Cn
IF2 @72 < e = I f51I72 (13)

Similarly, we have
4Cn
12Oy < e =I5 12 - (14)



It is sufficient to assume f5 € L2(V; HY(T?)) (resp. f§ € L*(V; H?(T%))) to
prove ([J) (resp. ([[4)). By density, the inequality holds true for f§ € Lz,
(resp. f§ € L*(V; HY(T?))). In particular, ||f(t)||z2 is uniformly bounded in
weQif f§ e Li,v and ||f€(t)||L2(H1) also if f§ € LQ(V;Hl(Td)).

3.2 Generator

The process f€ is not Markov but the couple (f¢,m?) is. Its infinitesimal gen-
erator is given by :

L= %fA*S@ + E—IQXL*% (15)
with
Lasp(f,n) = —(Af, Do(f,n)) + (fn, Do(f,n)),

These are differential operators with respect to the variables f € L2, n € E.

z,v
Here and in the following, D denotes differentiation with respect to f and we
identify the differential with the gradient. For a C? function on L? ,, we also
use the second differential D% of a function ¢, it is a bilinear form and we
sometimes identify it with with a bilinear operator on L2 ,, by the formula:

D?o(f) - (h.k) = (D*¢(f)h, k).

Let us define a set of test functions for the martingale problem associated to
the generator Z¢.

Definition 4. We say that ¥ is a good test function if

o U : LYXV;HYT?) x E — R, (f,m) — ¥(f,m) is differentiable with
respect to f

e (f,m) — DVY(f,m) is continuous from L*(V;H*(T%)) x E to L2, and
maps bounded sets onto bounded sets

o (f,m) > MY(f,m) is continuous from L*>(V; H'(T?)) x E to R and maps
bounded sets onto bounded sets of R

o for any f € L2(V; HY(T?)), U(f,-) € Dy;.
We have the following result.
Proposition 5. Let U be a good test function. Then for any f§ € L*(V; H(T?)),

(S (t), me (1)) / LEU(f2(s),me (5))ds

is a continuous and integrable (Ff) martingale.

Proof: Let s,t >0 and let s =t; < --- <t, =t be a subdivision of [s,t] such

that max; [t;+1 — t;| = 6. We have for any F¢ measurable and bounded ¢

(w00 @) - w9 )

_ ]E((/: ge\p(ff(a),mE(a))da—) g) + A+ B,



With

A= T B ( (W0 )00~ W) i)
- [T R  SLF) + L 0). DY o) (@) ) )
and )
B = LB (W) me ) - 00 1)
— /t . M\Il(fs(a),mg(o))da) g).
We write ,
A= E((/O a(s(s)ds)g),
with
05(5) = 3 Tt () (DU((5), 7 (1112)) — DU((5), 0 () ).

Since f& € L(V; HY(T%)), we deduce from ([4) and the assumption on ¥ that
as is uniformly integrable with respect to (s,w). Also f¢ is almost surely contin-
uous and m* is stochastically continuous. It follows that DU (f(s), m®(t;41)) —
DU (f°(s),m"(s)) converges to 0 in probability when ¢ goes to zero for any s.
By uniform integrability, we deduce that A converges to 0. Similarly, we have

B :;1@((

and, by the same argument, B converges to zero when § goes to zero. The result
follows. W

i+1

[ a0 m0) - Mw<f€<a>,m€<a—>>do) g),

i

4 The limit generator

To prove the convergence of (p°), we use the method of the perturbed test-

function [PSV77. The method of [PSV77] has two steps: first construct a

corrector ¢° to ¢ so that Z¢y° is controlled, then, in a second step, use this
with particular test-functions to show the tightness of (p). In the first step, we
are led to identify the limit generator acting on ¢.

4.1 Correctors

In this section, we try to understand the limit equation at € — 0. To that pur-
pose, we investigate the limit of the generator .£¢ by the method of perturbed
test-function.

We restrict our study to smooth test functions and introduce the following class
of functions. Let ¢ € C3 (Li,v)' We say that ¢ is regularizing and subquadratic

10



if there exists a constant C', > 0 such that

le(Hllze < Co(1+ [ £lL2)%,

14" Dp(f) 12 < Col1+ [ f]12), 15)

|D2¢(f) - (A™th, A™2k)| < Co k|2 |[K| e,

[D%p(f) - (A™th, A2k, Am21)| < Col|hl 2]l k| 2|l e,
for all f,h,k,l € L2 ,, for all m,m; € {0,---,3}, i = {1,2,3}. Note that
regularizing and subquadratic functions define good test functions (depending
on f only).

Given ¢ regularizing and subquadratic, we want to construct 1, ws good test
functions, such that

L2 (fin) = Lo(f,n) +0(e), ¢ =p+epr +e2po.

The limit generator £ is to be determined. By the decomposition (@), this is
equivalent to the system of equations

L =0, (17a)
Lavp + L1 =0, (17b)
Laspr + Lrpr = ZLo(f,n), (17c)
Larps =0(1). (17d)
4.1.1 Order ¢2
Equation ([L[74]) constrains ¢ to depends on f = [y fdu uniquely:
PN =) Fi= | san (1)

and imposes that the limit generator . acts on ¢(f) uniquely, as expected in
the diffusive limit, in which we obtain an equation on the unknown fv fdu.
Indeed, since ¢ is independent on n, (L7a]) reads

(Lf, De(f)) = 0. (19)
Let (g(t, f))i>0 denote the flow of L on L(V, p):

d

Eg(taf):Lg(t’f)a g(oaf):f' (20)

An explicit expression for g is
g(t, f) = fTJF e_t(f - fT)a f_* / f(w)dp(v).
\%4

In particular, g(t, f) — f exponentially fast in L?(V, ) when t — +oo. By
(R0), equation (19) is equivalent to

o(f) =¢(g(t, f)), VteR,

i.e. ([I§) by letting t — +-o0.

11



4.1.2 Order ¢!

Let us now solve the second equation () To that purpose, we need to invert
1. Let us work formally in a first step to derive a solution. Assume that
m(t,n) is a Markov process with generator M and define the Markov process
(g(t, f),m(t,n)). Its generator is precisely .Z7.. Denote by (Q)¢>0 its transition
semigroup. Since both g and m satisfy mixing properties, the couple (g, m) also.
In particular, we have

Quif,m) = (W)(f) = /E o(Fdv, (21)

and it is expected that, under the necessary condition (Z4.p) = 0, a solution
to (L7H) is given by

¥1 :/ QtZA*ngt.
0
Let us now compute .Za.p. By ([§), we have for h € L2, (h,Do(f)) =

(h, Dip(f)), where as above the upper bar denotes the average with respect to
v. Hence

Since the first moments of a(v) and m(t) vanish,
AF=0 and [ (Fn.De(P)ivtn) =0,
hence (ZLa.p) = 0. We then write
e1(f,n) = /OOO QiZLasp(f,n)dt
~ | E(Laplatt, mit. )t
Note that ¢ is deterministic and § = f, so that

or(fin) = / " (@gt 1. Dol ) + E ((Fm(t.n), D)) dt
- / —(@g(E 1), De(F)dt + (FMI(n), Do (])).

Furthermore, regarding the term Ag(t, f), we have

©Ag(t, 1) = A0t 1) = ALg(t, £) = Ag(t, ) — Ag(t. ).

Since A_f_ = 0, we obtain %Ag(t, f)=—Ag(t, [), i.e

Ag(t, f) = e TAF.
It follows that

p1(f,n) = —(Af, De(f)) + (FM~'I(n), Do(f)).

12



By (E), this is equivalent to

p1(f,n) = —(Af, Do(f)) + (M~ (n), Do(f)). (22)

This computation is formal but it is now easy to define 1 by (@) and to check
that it satisfies ([L7h]). It is also clear that ¢ is a good test function.

Proposition 6 (First corrector). Let ¢ € C3(L92M) be regularizing and sub-
quadratic according to (@) Assume that ¢ satisfy (@) Then (@) has a
solution o, € C' (L3, x E) given by

p1(f,n) = =(Af, Dp(f)) + (FM~'1(n), Dyo(f)), (23)

or all f € L2 ,, n € E. Moreover , is a good test function.
2

z,v’

4.1.3 Order &°

Let us now analyze Equation ([L7d). Recall that

ZA*w(fv TL) - (7Af + fTL,D’l/)(f, TL)),

and

901(f,n) (7Af+fM71](n)aD90(f7n))

With respect to ¢, Za+p1 can be decomposed as the sum of a first-order and a
second-order operator:

Lavpi(fin) = (1, De(f)) + D*o(f) - (h, k), (24)
with

(1, De(f)) = (A + M~ I (n))(=Af + fn), Do(f)),
D*¢(f) - (h,k) = D*o(f) - (=Af + fM~'I(n), —Af + fn).

Alternatively, using ([[§), we have

(1, De(f)) = (A + M= (n))(=Af + fn), De(f)),
D?o(f) - (h,k) = D*o(f) - (=Af + FM~'1(n), =Af + fn).

By the cancellation properties (E) and (E), using the same notation as above,
we obtain

(Lacpr)(f) = (A2f, Dp(f))

+/E{(an_1I(n)7Dw( )) + D*o(F)(FM ™ 1(n), fn)} dv(n),
(25)

where, we recall, the average (1) is defined by (R1). Let A denote the unbounded
operator

Ap = div(KVp), D(A) = H*(T%) c L*(T), (26)
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where K is defined in ([[(J). We define the generator .#, acting on functions of
p € L?(T?), as follows

ZLY(p) =(Ap, D(p))

+ /E {(pnM ™1 (n), Dp(p)) + D*p(p) - (pM~*1(n), pn)} dv(n).

Observe that, by definition of K, A2p = Ap for all p € H?(T), therefore

(Lavp1)(f) = ZLo(f). Then, ([L7d) is formally satisfied if we set

palfm = [ T Qe Zaer) — ZLavgr} ()it (27)

We now develop @) to obtain an explicit candidate for p5. We first check that
A2g(t, f) — Af = e " (A2f — Af).

Using Ag(t, f) = e *Af, t > 0, and the decomposition (24), we obtain (s (f,n)

as the sum of two terms:

 (@F - AJ, Do) - / T P (Af (n + M7 (), Dol())dt

+f Pt{(f_nM_lf(n),Dw(f)) / (an_lI(n),Dw(f))dV(n)}dt, (28)

and

3D (T~ [ PPl (AT, flo + b1 10}

+ [T {2, o) - [ DM 1), i) | .
0 E
(29)
Then we observe that, for ¢ satisfying (1) = 0,

/ooo e PW(fn) + MY, m))dt = MTH(f,m),

since d
EPtMilw(fa TL) = _th(fa TL)
Therefore, recalling (fM~11(n),g) = M~(fn,g), () and (R9) are simplified

into
— (AT — AF + ATM " I(n), D (F))
v Pt{(an‘lf(n),Dw(f)) -/ (an_lI(n),Dw(f))dV(n)}dt, (30)

and
SD%6() - (A7, AF — 27 M 1(n)
+ [T prei . g - [ DA 10, Foavto)  a

(31)
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respectively. By @), and (E), we prove that pa(f,n) grows at most quadrati-
cally with respect to ||f]|zz. It is easy to check that ¢ is a good test function
and to control .Z4.p2. We obtain the following result.

Proposition 7 (Second corrector). Let ¢ € C3( ) be regularizing and sub-

quadratic according to ([[4). Assume (1) and (B) (H) ®). @1d). Let A denote

the unbounded operator defined by
Ap = div(KVp), D(A)= H?*(T%) c L*(T%).
Then (17d) is satisfied for & defined by: Vip € C2(L2(T4)),
ZY(p) = (Ap, DY (p))
+ [ {ond 1), Dolp) + Do) - (M 1), p) o), (32)
and a corrector g € C(Liﬁv x ) which a good test function and satisfies

lp2(f,n) < C (1 +[1f1I72)

for all f € L? s M€ B, where C is a constant depending on the constant Cy, in
®) and on the constant Co.

4.2 Limit equation

Let us develop the expression (BJ) obtained for the limit generator .. We have:
[ end= 1), D(o))avtn) =B [ (pm(©ym(e). Dl
1
= 5E [ (pm@)m(e). Dt

1
= 5 (PE, De(p)),
where

_E/m (2)dt = k(7).

To recognize the part containing D%y, we identify D?¢ with its Hessian and
first assume that it is associated to a kernel ®. Then, we write:

/ D2p(p) - (pM~"n, pn)du(n)

_E / D2p(p) - (pmt), pm(0))dt
- JE / D2p(p) - (pmt), pm(0))dt
_ 1k / (D2 (p) (pm(t)). pm(0))dt

- iE / / d / B () ple)m(0)()ply)m(O0)(y)ddyr
= % /Td /W ®(z,y)k(x,y)p(x)p(y)dzdy.
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Denote by ¢ the kernel of Q/2, then

k(z,y) = /W q(z,2)q(y, z)dz,

which gives
[E D2p(p) - (pM 1, pn)dv(n)
= %/w /W /W‘1>(w,y)q(fc,Z)q(y,Z)p(w)p(y)dwdydz

= %Trace[(p@l/Q)DQQD(/))(PQ1/2)*]-

By approximation, this formula holds for all C? function . We conclude that
Z is the generator associated to the stochastic PDE

1
dp = div(KVp)dt + - F pdt + pQY2dW (), (33)

where W is a cylindrical Wiener process.

5 Diffusive limit

Our aim now is to prove the convergence in law of p* = fV fedp to p, solution to
(@), or equivalently Equation (@) To that purpose, we use again the perturbed
test function method to get a bound on the solutions in Li,'u then we prove that
p° is tight in C([0,T]; H~"), n > 0.

5.1 Bound in L2

Proposition 8 (Uniform L2, bound). Assume @) Then, for all T >0, there
exists a constant C' depending on T and sup.sq || f§|lL2 only such that, for all
te (0,7, B f()]ls: < C.

Proof: Set ¢(f) := || f||22. We seek for one corrector ¢1 € C*(L2 , x E) such
that, for the modified test-function

©° == p+epr1,

the term Z°¢°(f,m®) can be accurately controlled. We compute, for f €
L3(V; HY(TY)), n € E,

Lo (fn) = e 2 LLup(f) + &7 H(Lawp + Liup1)(fin) + Lavpr(f,n). (34)

Since Mp(f,

n) = 0 (p being independent on n), and since Dp(f,n) = f, the
first term in (@) is

2 L0lf) = SIS (3)

which has a favorable sign. Since A is skew-symmetric, La.@ = (fn, f). This
term is difficult to control and we choose ¢1 to compensate it. We set

(Pl(f,n) - 7(fM71](n)7f)
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so that M1 = —(fn, f) and the second term in (B4) is

Lo+ Lrapr) = (LE Dr(f,m) = —2(Lf, I ().

By (§), we obtain

N Zaop + L) (0, mE (1) < SISO +ACIF O (36)
The remainder .Z4, ¢, satisfies the following bounds
Zaor(fim) = ~(AF, P () + (fn, M ()
S AN () + (fn, M 1)
(;
<3

By (E)a (@)7 ()7 we obtain
L2 (f2 (1), m* (1) < CfE ()|,

for a given constant depending on C), but not on €. Note that ¥ = ¢° is a good
test function so that by Proposition ﬂ we have

(
1

IN

IAM = I(n |L;fu+||M_1I(n>|L§?U||n”L§?U) 11172

SlallLe 1M~ ()|l + Ile(n)lng?vlnlL;?U) 111

E (7 (f°(t), m"(t))) < E(¥°(f5, m"(0))) + C]E/O 1£= ()l Z-ds.

Since p1(f,n) = (FM~1I(n), f) and ¢° = ¢ + ep1, we deduce, for e small
enough,

t
E|f5(0)]25 < 20152 + C / EJLf5(s) 2 ds,

where C'is a (possibly different) constant depending also on C,,. By Gronwall’s
Lemma, we obtain a bound independent on e on E (|| f<(¢)[|7.). ®

By Proposition E, Proposition ﬂ and Proposition ﬂ, we deduce:

Corollary 9. Let ¢ € C3(L92M) be a regularizing and subquadratic function
satisfying (@) There exist two good test functions o1, w2 such that, defining
©° =@ +ep1 +e%py,

ler(f,n)| < C 1+ 1£12:) -
lpa(£,m)] < C(1+11f1Z2)

|$€908(fa n) - g(p(f, n)' S Ce (1 + HfH%Z) ’
for all f € L? s M€ B, where C is a constant depending on the constant Cy, in
®) and C,. Moreover
ME(t) 1= (77 (1), m( /zs (F5(s),m"(s))ds, 120,
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is a continuous integrable martingale for the filtration (F§) generated by me.
Finally; fOT 0 S S1 S e S Sn S S S t and 1/} € Cb((Li,v)n))

t
B (@) - o6 -~ [ 200 @ao) w5075 )|
< Ce(l+sup || f5llL2),
e>0
with another constant C depending on the constant C), in (B), on C, and on

the supremum of 1.

Proof: Everything has already been proved except for the last statement. It
suffices to write:

- /: (i"so(pa(o)) - «i”asf(pa(ff))) do.

Then, we multiply by ¥(p°(s1), ..., p°(sn)) take the expectation, use the bounds
written above and finally Proposition E to conclude. W

5.2 Tightness

We choose v > max{6,2d}. In particular, the embedding of H(T9) C L2(T9)
is nuclear.

Proposition 10 (Tightness). Assume @), @), @), {d). Then
Ellp*(t) — p° ()| zr-=(ray < C (It — 5[ +¢), (37)
where C' > 0 depends upon the constant C,, defined in (B), T, sup.~g || f§ll Lz

Proof: We set
J=(Id—A,)"V2,

where Id is the identity on L?(T%). Since H~7(T4) is the dual of HY(T4), for
u € H=7(T?) we have

lull gr-+ray = sup  (u,0) = sup (u,J7p) = [[Jul| 2.
pEH(T4) PEL?(T)

Let 0 < s <t. To get an estimate on the H~7-norm
Ellp® () = p° ()| 71— (pay = EI T () — T7p%(5)| 22,
we expand the square to obtain

E7p%(t) = J7p ()72 =EIlJ7p"(t)II72 — EllJ70%(5)lI72
—2E(J7p"(s), J7p"(t) = J7p"(s))- (38)
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Let {p;;7 > 1} be a complete orthonormal system in L%(T¢). Since p°(s) is
Fs-measurable, we have

E(J7p%(s), J7p° () — J7p=(s))
= D E (s S () g T (1) = T (5))

= Z E{(pj, 70" (s)El(ps, J7p*(t) = 7 p*(s))| Fs]} -
By (BY), we obtain

%Ellps(t) = P () zay — {E(p° (1) — Ep(p" ()}
== E{(p;, S0 (s))EL (07(1) = Lo ()| F]},  (39)

Jj=1

where ¥(p) = L||J7p[22, Uj(p) = (pj,J7p). It is clear that ¢ and I; are
subquadratic and regularizing as in ([L). For example,

DA9(f) - (hy k1) = (JY2k, T2

hence
|D*(f) - (A1, A™2k, A1) < Cy ||| L2 || K]l 2211 22,

for all my,ma, mgz € {0,...,3} since a € L>(V, u) and J3V? is an operator of
order lower than 0. We can therefore use Corollary [] to get a correction on
Zeo(fe,m*) for ¢ =4 or l;. In particular,

< (Ce

\EW@)) B () ~E [ 20l (0))dor

where the constant C' may depends on 7', Cy,, Cy (the constant in ([Lf) for v)
and sup,~ || 5|l 2. Similarly,

< Ce

‘Elj(pg(t)) —EL;(p"(5)) *E/ Z1i(p*(0))do

where C' is as above and also independent on j, as easily checked. By (@) and
the analysis of . in Section @, we have

‘/gw ’/gz ))do

where C' is as above and independent on j. By (@) and the choice of v, we
obtain (B7). m

Remark 11. By interpolation of (31) with the C([0, T); L?(T%))-uniform bound
on p°, we obtain the estimate

< C|t—s|.

E|lp°(8) = p°(s)ll o (ray < C(It = 5| +¢)°77, (40)

for all 6 € (0,7].

19



5.3 Convergence

We conclude here the proof of Theorem E Fix n > 0. Let n > 6 > 0. Then
the injection of H—(T?) in H~"(T%) is compact. By ([id) and [JS0J (chapter
6, section 3b), the law of (p°(¢)) is tight in C([0, T]; H~"(T%)).

By Prokhorov’s Theorem [, there is a subsequence still denoted by (p°)
and a probability measure p on C([0,T]; H="(T%)) such that the law p¢ of p*
converges to p weakly on C([0, T]; H~"(T%)). We then show that s is a solution
of the martingale problem, with a set of test functions precised below, associated
to the limit equation ([L1]).

By Skohorod representation Theorem [Bil99, and since C([0,77; H~"(T%)) is
separable, there exists a new probability space ((NZ, F , @) and some random va-
riables B

7.5 2= C([0,T); H(T%)),

with respective law p€ and g such that 5° — 5 in C([0,T]; H="(T%)), P a.s.

Let ¢ € C3(L?(T%)) be regularizing and subquadratic according to ([[d). By
Corollary E, we have for 0 < g1 <---<s,<s<tand ¢ € Cb((Liyv)”),

‘E ((w(pg(t)) —@(p°(s)) — /: fw(ps(o))da) Y(p(s1),- . ,ps(sn)))‘

< Ce(1+sup |fgl2). (a1)

with a constant C' depending on the constant C,, in (§) and C, and on the
supremum of . Since p® and p° have the same law, this is still true if p® is
replaced by p®. Assume furthermore that ¢ is bounded and continuous from
H~"(T?) into R, then it is easy to take the limit ¢ — 0 in ([t]) and to obtain

B{ [¢0) - () - | t Lo | 6o Fsa) =0 (2

Thanks to Proposition E, we can approximate every subquadratic and regu-
larizing functions by functions in Cy(H ~"(T%)) which are subquadratic and
regularizing with a uniform constant in ([Iq) and which converge pointwise, and
prove that (@) holds true for every subquadratic and regularizing functions.

We have proved that p solves the martingale problem associated to . with
subquadratic and regularizing test functions. In particular, for all such ¢:

Mo(t) = o(p(t)) — / Lo(p(s))ds, >0, (43)

is a martingale with respect to the filtration F, generated by (p(s)). Let us now
identify the law p: let h € H3(T9). Then ¢: x + (x,h)z2 and p? are clearly
subquadratic and regularizing. Let t > 0 and let 0 = ¢; < --- < t, =t be
a subdivision of [0,¢] such that 6 = max|t; — t;4+1|. We have, since Lp(p) =
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Indeed, by the martingale property

tit1

B (elotin) - oot - [ Zetoto)as)

ti
ti+1

X <<P(P(tj+1)) —¢(p(t;)) — .i”ap(p(s))ds) ) -0,

for i # j. Clearly, by Proposition

E (HZ ( o fw(p(s))dsf) < 0,

where C' depends on h and sup, |f§|r2. We prove below that the last factor
on the right hand side has a limit when § — 0. It follows that those two
terms converge to 0. We further develop the first term and use the martingale

property:

= Z E (@(p(ti41))* = (p(t:))? = 20(p(t:) (p(p(ti;1) — o (p(t:)))
= > E( t h L% (p(s))ds — 2¢(p(t:)) t_m f@(p(S))dS)
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Since p has paths in C([0, T]; H=3(T4)), we deduce easily

-5 ( [ " 220(5)) - 26(6(5)) 2 o(p(5))s

when § — 0. An easy computation gives:

2

L6 (p(s)) — 26(p(5) Lelp(s)) = || Q2 ((s))|

2

We deduce that

M(®) = plt) = p(0) = [ Aple) + 5Fo(s)ds. 120

t *
is a martingale with quadratic variation / p(s)QY/? (p(s)Ql/Q) ds. Thanks

0
to martingale representation (see for instance []), up to a change of prob-
ability space, there exist a cylindrical Wiener process W such that

o) =p(0) = [ Ap(s) + 5Fo(s)ds = [ plQ 2w (). ¢>0,

It is well known that this equation has a unique solution with paths in the
space C([0,T]; H~"(R%)). This can be shown for instance by energy estimates
using It6 formula after a suitable regularization argument. Moreover pathwise
uniqueness implies uniqueness in law and we deduce that p is the law of this
solution and is uniquely determined. Finally, the whole sequence () converges
to u weakly in the space of probability measures on C([0, T]; H~"(R%)).
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