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Abstract

—

Let v(CT)mDC’n) be the domination number of the Cartesian product of directed

—

cycles CTm) and C,, for m,n > 2. Shaheen [13] and Liu and al.[11], [12] determined
the value of y(aﬂa) when m < 6 and [12] when both m and n = 0 (mod 3). In
this article we give, in general, the value of 'y(CT,;DC_)n) when m = 2 (mod 3) and
improve the known lower bounds for most of the remaining cases. We also disprove
the conjectured formula for the case m =0 (mod 3) appearing in [12].

AMS Classification[2010]:05C69,05C38.
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1 Introduction and definitions

Let D = (V, A) be a finite directed graph (digraph for short) without loops or
multiple arcs.

A vertex u dominates a vertex v if u = v oruv € A. Aset W C V is a
dominating set of D if any vertex of V is dominated by at least a vertex of W.
The domination number of D , denoted by (D) is the minimum cardinality of a
dominating set. The set V' is a dominating set thus (D) is finite. These definitions
extend to digraphs the classical domination notion for undirected graphs.

The determination of domination number of a directed or undirected graph is, in
general, a difficult question in graph theory. Furthermore this problem has connec-
tions with information theory. For example the domination number of Hypercubes
is linked to error-correcting codes. Among the lot of related works ([7], [8]) mention
the special case of domination of Cartesian product of undirected paths or cycles
([1] to [6], 91, [10)).

*CNRS Université Joseph Fourier



30

32

34

36

38

40

42

44

46

48

50

52

54

56

58

60

62

64

66

For two digraphs Dy = (V1, A1) and Dy = (Va, Ag) the Cartesian product D10Ds
is the digraph with vertex set Vi x V5 and (x1, z2)(y1,y2) € A(D10Dy) if and only if
x1y1 € A1 and 9 = yo or Zoys € As and 1 = y1. Note that Do0Dy is isomorphic to
D,0Ds. In [13] Shaheen determined the domination number of CT,:DCH,Z form <6
and arbitrary n. In two articles [11], [12] Liu and al. considered independently the
domination number of Cartesian product of two directed cycles. They gave also
the value of ’y(C’—>mDC—'n)) when m < 6 and when both m and n = 0 (mod 3) [12].
Furthermore they proposed lower and upper bounds for the general case.

In this paper we are able to give, in general, the value of 7(0755)”) when m = 2
(mod 3) and we improve the lower bounds for most of the still unknown cases. We
also disprove the conjectured formula appearing in [12] for the case m = 0 (mod 3).

We denote the vertices of a directed cycle (/T)n by C, = {0,1,...,n— 1}, the
integers considered modulo n. Thus, when used for vertices labelling, a + b and
a — b will denote the vertices a + b and a — b (mod n). Notice that there exists an
arc xy from z to y in C_‘>n if and only if y = 4+ 1 (mod n), thus with our convgtion,

if and only if fy=1 + 1. For any i in {0,1,...,n — 1} we will denote by C! the
subgraph of C DCn induced by the vertices {(k i)/ ke{0,1,....,m— 1}} Note

that C” is isomorphic to C’ . We will denote by C?, the set of vertices of C”

2 General bounds and the case m =2 (mod 3)

Proposition 1 Let W be a dominating set of'y(C_)mDCT;) then for alli in{0,1,...,n
considered modulo n we have ’W N C’;{l| + 2 ’W N C'fn} > m.

Proof : The m vertices of C?, can only be dominated by vertices of W N C? and
W N il Each of the vertices of W N C?, dominates two vertices in C? . Similarly
each of the vertices of SN C% ! dominates one vertex in C¢,. The result follows.

Od
Theorem 2 Let m,n > 2 and k1 = L%J then
—  —
e if m =0 (mod 3) then v(Cp,OCy,) > nky
— —
o if m =1 (mod 3) then v(Cp,,0Cy) > nk1 + 5
— =
e if m =2 (mod 3) then v(Cp,OCy) > nk1 +n

Proof :

Let W be a dominating set of ?mDFn and for any ¢ in {0,1,...,n— 1} let
a; = |W N C% |. Notice first that each of the vertices of W dominates three vertices
of CT;DC_)'n Thus [W| > ™. This general bound give the announced result for

— = — —

m = 3ky, v(C,,,0C,) > nky + g for m = 3k; + 1 and ~(CprOCy) > nky + 2% for
m = 3k1 + 2. We will improve these two last results.

Assume first m = 3k; + 1. Let J be the set of i € {0,1,...,n — 1} such that
a; < ky. If J =0 then |[W| > n(ky + 1) > nk; + 5 and we are done. Otherwise let

={i|i+1(mod n) € J}. By proposition 1, we have a;—1 + 2a; > 3k1 + 1. Then
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if i belongs to J, a;—1 +a; > 2ky+1. Thus JNJ' =0 and Y., a;i > |J| (2k1 +1).
Therefore ;1 o1y @i = [J(2k1+1)+(n=2|J|)(k1+1) = nki+n—|J| = nki1+7.

Assume now m = 3k; + 2. Let J be the set of i € {0,1,...,n — 1} such that
a; < k. If J = 0 then we are done. Otherwise let J' = {i|i+ 1 (mod n) € J}.
If i+ € J we have a;_1 + 2a; > 3k1 +2 thus a;_1 +a; > 2k; +2. Then JNJ' =0
and 3.y ai = |J[(2k1 + 2). Therefore >,y o1y ai = [J|(2k1 4+ 2) + (n —
2|J) (k1 +1) > n(ky + 1).

Od

Let us now study in details the case m = 2 (mod 3). Assume m = 3k;+2. Let A
be the set of k1 +1 vertices ofCTm) defined by A = {0}U{2+3p | p=0,1,..., k1 —1} =
{0}uU{2,5,...,m—6,m—3}. For any i in {0,1,...,m — 1} let A; be the translate,
considered modulo m, of A by i; thus A; = {i} U{i+2,i+5,...,i —6,i — 3}(see
Figure 1).

— —

We will call a set S of vertices of C,,0C,, a A-set if for any j in {0,1,...,n—1}
we have SN CY, = A;; for some ij. Therefore |S|= n(k; + 1); thus if a set is
boﬂ) a é;set and a dominating set, by Theorem 2, it is minimum and we have
’Y(CmDCn) = n(k:l + 1)

TR
Ll
crTTTT Tt

Figure 1: A;;A; 1 and A;.»

Lemma 3 Let m = 3k1 +2. Let S be a A-set and for any j in {0,1,...,n—1} let
i; such that SN Cy, = A, . Assume that:

forany je{l,....n—1} i; =14;_1+ 1 (mod m) ori; =i;_1 — 2 (mod m)
and
i0 = in—1 + 1 (mod m) orig =ip—1 — 2 (Mmod m).
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then S is a dominating set of C,OC,.

Proof :

Note first that for any 4 in {0,1,...,m — 1} the set of non dominated vertices
of Cpy by AjisT ={i+4,i+7,...,1—4,i—1}. Note also that A;;2 = {i+2} U
{i+4,i+7,...;i—4,i—1}and A;_y ={i—1}U{i+1,i+4,...,i—7,i—4}. Thus
TC Ai+2 and T C A;_1. ‘

Let j in {1,...,n—1}. Let us prove that the vertices of Cj, are dominated.
Indeed, by the previous remark and the lemma hypothesis, the vertices non domi-
nated by S N C}, are dominated by SN C,]{l(see Figure 1). For the same reasons

the vertices of CY, are dominated by those of S N CY and SN CR-1L.
(|

Lemma 4 Let m = 3ky + 2. If there exist integers a,b > 0 such that

a+b=n-1
and
a—2b=2(mod m)ora—2b=m—1(mod m)

then ’y(CTn)DC—'n)) =n(ki +1).

Proof : Consider a word w = wj...w,—1 on the alphabet {1, -2} with a
occurrences of 1 and b of —2. Such a word exists, for example w = 1%(—2)’. We
—_— —
can associate to w a set S of vertices of C),,00C),, by the following algorithm:

° SHC%:AO
e Fori=1ton—1do
begin

Let k such that SN CL 1t = A,

Ifw;=11let k' =k+1 (mod m) else ¥ =k — 2 (mod m)
SNCL = Ay

end

By construction S is a A-set. Notice that we have SNC% 1 := A; | where 4,1 =

Z;ll wg, = a — 2b (mod m). Thus i,—1 = 2 (mod m) or i,—1 =m — 1 (mod m). By

lemma 3 S is a dominating set. Furthermore, because S is a A-set, |S|= n(k; + 1),
— =
thus by theorem 2 it is minimum and we have v(C,,,0C),) = n(k; + 1). O

Theorem 5 Let m,n > 2 and m =2 mod 3. Let k1 = L%J and ko = L%J
— =
e if n = 3k then v(Cp,,OCy) = n(k1 + 1)
— =

e if n=3ke+ 1 and 2ky > ky then v(C,,0C,) = n(ky + 1)
o ifn =3k +1 and 2ks < ky then v(Ca0Cy) > n(ky + 1)
e ifn =23k +2 and n > m then V(C?Da =n(k1 +1).

— —
e if n=3ks+2 and n < m then (C,,,0C,
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Proof : We will use lemma 4 considering the following integer solutions of

a,b>0
a+b=n-—1
a—2b=2(mod m)ora—2b=m—1(modm).
o if n = 3ky then ko > 1. Take a = 2ky and b= ky — 1
o if n=3ky+ 1 and 2ky > k1 then take a = 2ko — k1 and b = ko + k1
. o — — _ — — (2k2+1)m
o if n = 3k + 1 and 2ky < ky then v(Cp,0C,)=7(C,0Cy,) > =45~ by
theorem 2. Furthermore W —n(k+1) =5 —k >0
o if n =3ky+2 and ko > ki then take a = 2kg — 2k1 and b = ko +2k1 + 1
— — —  —
o if n =3ky + 2 and ka < ky then use v(C,,,0C,)=7(C,OC,,).

3 The case m =0 (mod 3)

In [12] Liu and al. conjectured the following formula:
S —
Conjecture 6 Let k > 2. Then v(C3,0C,) = k(n+ 1) for n # 0 (mod 3).

Our theorem 5 confirms the conjecture when n = 2 (mod 3). Unfortunately the
formula is not always valid when n =1 (mod 3).
Indeed consider C5;,0C4. In [11] the following result is proved:

— = I
Theorem 7 Let n > 2. Then v(C40C,) = 32 if n = 0 (mod 8) and v(C40C,) =
n+ [2] otherwise

We have thus v(C5,0C;) = v(C40Cs;) = 3k + [25] when k # 0 (mod 8).
On the other side the conjecture 6 proposes the value V(CE) Da) = 5k. These two
numbers are different when k& > 3.

4 Conclusion

Consider the possible reminder of m, n modulo 3. In some of the nine possible
— —>
values we are able to determine v(C,,0C),). The remaining cases are

e m=0 (mod 3) and n =1 (mod 3)
e the symmetrical case m =1 (mod 3) and n = 0 (mod 3).

e mand n =1 (mod 3).

The case m or n = 2 (mod 3) is not completely solved by Theorem 5. The following
sub cases are still open

e m=2 (mod3) and n =1 (mod 3) with m > 2n+1
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e the symmetrical case m =1 (mod 3) and n =1 (mod 3) with n > 2m + 1.

For these values of m,n there does not always exist a dominit)ing__s;et reaching the
bound stated if Theorem 2 and thus the determination of ~(C,,0C),) seems to be a
more difficult problem.
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