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Abstract

We present in this paper a class of schemes for the solution of the barotropic Navier-

Stokes equations. These schemes work on general meshes, preserve the stability

properties of the continuous problem, irrespectively of the space and time steps, and

boil down, when the Mach number vanishes, to discretizations which are standard

(and stable) in the incompressible framework. Finally, we show that they are able

to capture solutions with shocks to the Euler equations.
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1 Introduction

The problem addressed in this paper is the system of the so-called barotropic compressible
Navier-Stokes equations, which reads:

∂tρ̄ + div(ρ̄ū) = 0, (1a)

∂t(ρ̄ū) + div(ρ̄ū ⊗ ū) + ∇p̄ − div(τ (ū)) = 0, (1b)

ρ̄ = ℘(p̄), (1c)

where t stands for the time, ρ̄, ū and p̄ are the density, velocity and pressure in the flow, and
τ (ū) stands for the shear stress tensor. The function ℘(·) is the equation of state used for the
modelling of the particular flow at hand, which may be the actual equation of state of the fluid
or may result from assumptions concerning the flow; typically, laws as ℘(p̄) = p̄1/γ , where γ > 1
is a coefficient which is specific to the considered fluid, are obtained by making the assumption
that the flow is isentropic. This system of equations is posed over Ω × (0, T ), where Ω is a
domain of R

d, d ≤ 3 supposed to be polygonal (d = 2) or polyhedral (d = 3), and the final time
T is finite. We suppose that the boundary of Ω is split into ∂Ω = ∂ΩD ∪ ∂ΩN , and we suppose
that the velocity and density are prescribed on ∂ΩD, while Neumann boundary conditions are
prescribed on ∂ΩN . The flow is assumed to enter the domain through ∂ΩD and to leave it
through ΩN . This system must be supplemented by initial conditions for ρ̄ and ū.
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The objective of this paper is to present a class of schemes which enjoy three essential features.
First, these schemes work on quite general two and three dimensional meshes, including lo-
cally refined nonconforming (i.e. with hanging nodes) discretizations. Second, they respect the
(expected) stability properties of the continuous problem at hand, irrespectively of the space
and time steps: positivity of the density, conservation of mass, energy inequality. Third, they
boil down, for vanishing Mach numbers, to usual stable coupled or pressure correction schemes,
which means that the discretization enjoys a discrete inf-sup condition. Even if this is beyond
the scope of this paper, we remark that this latter property allows a control of the pressure to
be obtained through a control of its gradient; this property is used as a central argument to
obtain convergence results on model problems [8, 5, 6].

This paper is organized as follows. First, we describe the general form of the schemes (Section
2). Then we show how stability requirements are taken into account to design the discretization
of the velocity convection term (Section 3). The final expression for the schemes is given in
Section 4, and their stability properties are stated. Finally, we discuss their capability to capture
solutions of the Euler equations with shocks (Section 5).

2 The schemes: general form

2.1 Meshes and unknowns

A finite volume mesh of Ω is defined by a set M of non-empty convex open disjoint subsets K
of Ω (the control volumes), such that Ω̄ =

⋃

K∈M K̄. We denote by E the set of edges (in 2D)
or faces (in 3D), by E(K) ⊂ E the set of faces of the cell K ∈ M, by Eext and Eint the set of
boundary and interior faces, respectively. The set of external faces Eext is split in EN and ED,
which stand for the set of the faces included in ∂ΩN and ∂ΩD, respectively. Each internal face,
denoted by σ ∈ Eint, is supposed to have exactly two neighboring cells, say K, L ∈ M, and
K̄ ∩ L̄ = σ̄ which we denote by σ = K|L. By analogy, we write σ = K|ext for an external face
σ of K, even if this notation is somewhat incorrect, since K may have more than one external
face. The mesh M will be referred to hereafter as the ”primal mesh”.

The outward normal vector to a face σ of K is denoted by nK,σ. For K ∈ M and σ ∈ E , we

Dσ

Dσ′

σ′=K|MK

σ
=

K
|L

L

M

ǫ=D
σ |D

σ ′

Figure 1: Notations for primal and dual cells.
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denote by |K| the measure of K and by |σ| the (d − 1)-measure of the face σ.

Then, for σ ∈ E and K ∈ M such that σ ∈ E(K) (in fact, the only cell if σ ∈ Eext and one among
the two possible cells if σ ∈ Eint), we denote by DK,σ a subvolume of K having σ as a face (see
Figure 1), and by |DK,σ| the measure of DK,σ. For σ ∈ Eint, σ = K|L, we set Dσ = DK,σ∪DL,σ,
so |Dσ | = |DK,σ| + |DL,σ| , and for σ ∈ Eext, σ = K|ext, Dσ = DK,σ, so |Dσ| = |DK,σ|. The set
of faces of the dual cell Dσ is denoted by Ē(Dσ), and the face separating two adjacent dual cells
Dσ and Dσ′ is denoted by ǫ = σ|σ′.

For 1 ≤ i ≤ d, the degree of freedom for the ith component of the velocity are assumed to be
associated to a subset of E , denoted by E(i) ⊂ E , and are denoted by:

{

uσ,i, σ ∈ E(i)
}

.

The sets of internal, external, Neumann and Dirichlet faces associated to the component i are

denoted by E
(i)
int, E

(i)
ext, E

(i)
N and E

(i)
D (so, for instance, E

(i)
int = Eint ∩E(i)). We consider the following

assumption:

(H1) for 1 ≤ i ≤ d, ∀K ∈ M,

∪σ∈E(i)∩E(K)DK,σ = K and
∑

σ∈E(i)∩E(K)

|DK,σ| = |K|,

which means that the volumes DK,σ, σ ∈ E(i), are disjoint, and that, for 1 ≤ i ≤ d, (Dσ)σ∈E(i)

is a partition of Ω. The sets of faces, internal faces and Neumann faces of this dual mesh are

denoted by Ē(i), Ē
(i)
int and Ē

(i)
N respectively.

We suppose that the degrees of freedom for the pressure and the density are associated to the
primal cells, so they read

{

pK , K ∈ M
}

,
{

ρK , K ∈ M
}

.

We denote by V the approximation space for the velocity, by V (i), 1 ≤ i ≤ d, the approximation
spaces for the velocity components and by Q the approximation space for the pressure and the
density, and we identify the discrete functions to their degrees of freedom:

∀v ∈ V , vi ∈ V (i), 1 ≤ i ≤ d and vi = (vσ,i)σ∈E(i) ; ∀q ∈ Q, q = (qK)K∈M.

For the velocity, since the concerned degrees of freedom are located on the boundary, the Dirichlet
boundary conditions are enforced in the approximation space:

for 1 ≤ i ≤ d, ∀vi ∈ V (i), ∀σ ∈ E
(i)
D , vσ,i =

1

|σ|

∫

σ
ūD,i dγ,

where ūD,i stands for the ith component of the prescribed velocity.

2.2 The schemes

We now introduce the following notations and assumptions:

– for K ∈ M and σ ∈ E(K), we denote by u ·nK,σ an approximation of the normal velocity
to the face σ outward K,

3
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– for v ∈ V , 1 ≤ i ≤ d and σ ∈ E(i), we denote by (divτ(v))
(i)
σ an approximation of the

viscous term associated to σ and to the component i, and we suppose that the following
assumption is satisfied:

(H2)
d

∑

i=1

∑

σ∈E(i)

|Dσ | (divτ(v))(i)σ vσ,i ≥ 0.

– for q ∈ Q, 1 ≤ i ≤ d and σ ∈ E(i), we denote by (∇q)
(i)
σ the component i of the discrete

gradient of q at the face σ, and we suppose that the following assumption is satisfied for
any q ∈ Q and v ∈ V :

(H3)

d
∑

i=1

∑

σ∈E(i)

|Dσ | (∇q)(i)σ vσ,i =
∑

K∈M

qK

∑

σ∈E(K)

|σ| v · nK,σ.

With these notations, we are able to write the general form of the implicit scheme:

∀K ∈ M,
|K|

δt
(ρK − ρ∗K) +

∑

σ∈E(K)

FK,σ = 0. (2a)

For 1 ≤ i ≤ d, ∀σ ∈ E
(i)
int ∪ E

(i)
N ,

|Dσ |

δt
(ρσuσ,i − ρ∗σu∗

σ,i) +
∑

ǫ∈Ē(Dσ)

Fσ,ǫuǫ,i

+|Dσ| (∇p)
(i)
σ + |Dσ| (divτ(u))

(i)
σ = 0,

(2b)

∀K ∈ M, ρK = ℘(pK), (2c)

where the ∗ superscript denotes the beginning-of-step quantities, FK,σ stands for the mass flux
leaving K through σ, ρσ stands for an approximation of the density at the face, and Fσ,ǫ is a
mass flux leaving Dσ through ǫ. For the flux FK,σ at the internal face σ = K|L, we choose an
upwind approximation of the density:

FK,σ = |σ| u · nK,σ ρup
σ , with ρup

σ = ρK if FK,σ ≥ 0, ρup
σ = ρL otherwise. (3)

On σ ∈ ED, the density ρup
σ is given by the boundary condition, and, on σ ∈ EN , σ = K|ext,

ρup
σ = ρK , which is indeed an upwind choice, since the flow is supposed to enter the domain

through ∂ΩD and to leave it through ∂ΩN . For the velocity components at the dual faces, uǫ,i,
we choose either the centred or upwind approximation on the internal faces, and the value at
the face for the outflow faces.

A pressure correction scheme is obtained from (2) by splitting the resolution in two steps:

1- Velocity prediction step – Solve for ũ ∈ V the momentum balance equation with the
beginning-of-step pressure:

For 1 ≤ i ≤ d, ∀σ ∈ E
(i)
int ∪ E

(i)
N ,

|Dσ|

δt
(ρσũσ,i − ρ∗σu∗

σ,i) +
∑

ǫ∈Ē(Dσ)

Fσ,ǫũǫ,i

+|Dσ| (∇p∗)
(i)
σ + |Dσ | (divτ(ũ))

(i)
σ = 0,

(4)
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2 - Correction step – Solve for u ∈ V and p ∈ Q:

∀K ∈ M,
|K|

δt
(ρK − ρ∗K) +

∑

σ∈E(K)

FK,σ = 0. (5a)

For 1 ≤ i ≤ d, ∀σ ∈ E
(i)
int ∪ E

(i)
N ,

|Dσ |

δt
ρσ (uσ,i − ũσ,i) + |Dσ|

(

∇(p − p∗)
)(i)

σ
= 0,

(5b)

∀K ∈ M, ρK = ℘(pK). (5c)

The equations of the correction step are combined to produce a nonlinear parabolic problem for
the pressure, which reads, ∀K ∈ M:

|K|

δt

(

℘(pK) − ρ∗K
)

+
∑

σ=K|L

ρup
σ

ρσ

|σ|2

|Dσ |
(φK − φL) +

∑

σ∈E(K)∩EN

ρup
σ

ρσ

|σ|2

|Dσ |
φK

=
1

δt

∑

σ∈E(K)

|σ| ρup
σ ũ · nK,σ,

(6)

where φ ∈ Q is defined by φ = p − p∗. Note that the second and third terms at the left-hand
side look like a finite volume discretization of a diffusion operator, with homogeneous Neumann
boundary conditions on ED and Dirichlet boundary conditions on EN for the pressure increment,
as usual in pressure correction schemes (see [4] for a discussion on the effects of these spurious
boundary conditions).

The standard discretizations entering the present framework are either low-degree noncon-
forming finite elements, namely the Crouzeix-Raviart element [3] for simplicial meshes or the
Rannacher-Turek element [23] for quadrangles and hexahedra, or, for structured cartesian grids,
the MAC scheme [13, 14]. We describe here the construction of the diffusion and pressure
gradient terms for the finite element schemes, supposing for short that the velocity obeys homo-
geneous Dirichlet boundary conditions on ∂Ω. Let σ ∈ Eint and ϕσ be the finite element shape
function associated to σ. In Rannacher-Turek or Crouzeix-Raviart elements, a degree of freedom

for each component of the velocity is associated to each face, so E
(i)
int = Eint, for 1 ≤ i ≤ d. Let

1 ≤ i ≤ d be given, let e(i) be the ith vector of the canonical basis of R
d and let us define ϕ

(i)
σ

by:
ϕ(i)

σ = ϕσ e(i).

Then the usual finite element discretization of the diffusion term reads, for a constant viscosity
Newtonian fluid (that is supposing divτ (u) = µ∆u + (µ/3)∇div(u), with µ the viscosity):

|Dσ | (divτ (u))(i)σ =
∑

K∈M

µ

∫

K
∇u : ∇ϕ(i)

σ dx +
µ

3

∫

K
divu divϕ(i)

σ dx.

The pressure gradient term at the internal face σ = K|L reads:

|Dσ| (∇p)(i)σ =
∑

K∈M

∫

K
p divϕ(i)

σ dx = |σ| (pL − pK) nK,σ · e(i).

5
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3 The stability issue and consequences

3.1 A stability result for the convection

At the continuous level, let us assume that the mass balance ∂tρ + div(β) = 0 holds, with β a
regular vector-valued function. Then, for all scalar regular functions u and v, we have:

∫

Ω

[

∂t(ρu) + div(uβ)
]

v dx =

∫

Ω

[

∂t(ρu) −
1

2
(∂tρ)u

]

v dx + s(u, v) +
1

2

∫

∂Ω
u vβ · n dγ (7)

where s is the following skew-symmetric bilinear form:

s(u, v) =
1

2

∫

Ω
vβ · ∇udx −

1

2

∫

Ω
uβ · ∇v dx.

Taking u = v = ui and summing over i, the first term gives the time derivative of the ki-
netic energy, the second term vanishes and the last term corresponds to the kinetic energy flux
through the boundary of the domain. The following Lemma, proven in [20], states a discrete
counterpart of this computation in the case where the (possible) Dirichlet boundary conditions
are homogeneous (see also [1] and [9] for a direct estimate of the kinetic energy, for an implicit
and explicit scheme respectively).

Lemma 3.1 Let us suppose that, for an index i, 1 ≤ i ≤ d, the following discrete mass balance
holds over the dual cells associated to the ith component of the velocity:

∀σ ∈ E
(i)
int ∪ E

(i)
N ,

|Dσ|

δt
(ρσ − ρ∗σ) +

∑

ǫ∈Ē(Dσ)

Fσ,ǫ = 0. (8)

Let u, v ∈ V (i), and let us suppose that these discrete functions obey homogeneous Dirichlet
boundary. Then we have:

∑

σ∈E
(i)
int∪E

(i)
N

vσ

[ |Dσ|

δt
(ρσuσ − ρ∗σu∗

σ) +
∑

ǫ∈Ē(Dσ)

Fσ,ǫuǫ

]

≥ TΩ,k(u, v) + TΩ,s(u, v) + T∂Ω(u, v), (9)

with:

TΩ,k(u, v) =
∑

σ∈E
(i)
int∪E

(i)
N

|Dσ|

δt
(ρσuσ − ρ∗σu∗

σ) vσ −
1

2
(ρσ − ρ∗σ)uσ vσ,

TΩ,s(u, v) = S(u, v) − S(v, u), S(u, v) =
1

2

∑

ǫ∈Ē
(i)
int, ǫ=Dσ|Dσ′

Fσ,ǫ vǫ (uσ′ − uσ),

T∂Ω(u, v) =
1

2

∑

ǫ∈Ē
(i)
N

, σ=Dσ |ext

Fσ,ǫ uǫ vǫ.

Inequality (9) becomes an equality for a centred choice of the discretization of the face values
uǫ.

6



Staggered pressure correction schemes for barotropic flows

Of course, TΩ,s(u, u) = 0, and an easy computation shows that:

TΩ,k(u, u) ≥
1

2δt

∑

σ∈E
(i)
int∪E

(i)
N

|Dσ|
[

ρσu2
σ − ρ∗σ(u∗

σ)2
]

.

Applying Lemma 3.1 to each component of the velocity, the obtained term is thus the discrete
time-derivative of the kinetic energy, and may be used to obtain stability estimates for the
scheme (see Section 4).

Remark 1 (Non-homogeneous Dirichlet boundary conditions)
The limitation to homogeneous Dirichlet boundary conditions may be seen, from the proof, to
stem from the fact that no balance equation is written on the dual cells associated to faces
lying on ∂ΩD. The problem may thus be fixed by keeping these degrees of freedom and using a
penalization technique.

Remark 2 (Artificial boundary conditions) Lemma 3.1 may be used to derive artificial boundary
conditions allowing the flow to enter the domain through ∂ΩN , by first collecting the boundary
terms in the variational form of the momentum balance equation (i.e. adding to T∂Ω(u, v) the
terms issued from the diffusion and the pressure gradient) and then imposing that the result
may be written as a linear form acting on the test function (see [2] for a similar development in
the incompressible case). The so-built boundary condition is observed in practice to give quite
good results when modelling external flows [20].

3.2 Discretization of the convection term

The problem to tackle is now the following one: on one side, the discrete mass balance over the
dual cells (8) is necessary for the stability of the scheme; on the other side, the mass balance
is only written by the scheme(s) for the primal cells (Equation (2a) or (5a)). We are thus lead
to express the mass fluxes (Fσ,ǫ) through the dual faces as a function of the mass fluxes (FK,σ)
through the primal faces, in such a way that the discrete balance over the primal cells yields
a discrete balance over the dual cells. We describe in this section how this may be done, first
for the MAC (structured) mesh (see also [15]) and, second, for the Rannacher-Turek element on
general quadrangles.

3.2.1 MAC scheme

For the MAC scheme, in two space dimensions and with the local notations introduced on Figure
2, the mass balance on the primal cells reads:

K :
|K|

δt
(̺K − ̺∗K) − FW − FSW + FC + FNW = 0,

L :
|L|

δt
(̺L − ̺∗L) − FC − FSE + FE + FNE = 0.

Multiplying both equations by 1/2 and summing them yields, for σ = K|L:

|Dσ|

δt
(̺σ − ̺∗σ)

−
1

2

[

FW + FC

]

−
1

2

[

FSW + FSE

]

+
1

2

[

FC + FE

]

+
1

2

[

FNW + FNE

]

= 0, (10)

7
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FW FC FE

FNW

FSW

FNE

FSE

K L

Figure 2: Local notations for the definition of the mass fluxes at the dual edges with the MAC
scheme.

with the usual definition of the dual cell Dσ, which implies that |DK,σ| = |K|/2 and |DL,σ| =
|L|/2, and with the following definition of the density on the face:

|Dσ| ̺σ = |DK,σ| ̺K + |DL,σ| ̺L. (11)

Equation (10) thus suggests the following definition for the mass fluxes at the dual faces:

left face: Fσ,ǫ = −
1

2

[

FW + FC

]

; right face: Fσ,ǫ =
1

2

[

FC + FE

]

;

bottom face: Fσ,ǫ = −
1

2

[

FSW + FSE

]

; top face: Fσ,ǫ =
1

2

[

FNW + FNE

]

.

Note that this definition is rather non-standard: for instance, the flux at the left face of Dσ,
which is included in K, may involve densities of the neighbouring primal cells. The extension
of the above construction to the three-dimensional case is straightforward.

3.2.2 Rannacher-Turek element

A construction similar to that of the MAC scheme may be performed for rectangular meshes.
For K and L two neighbouring cells of M, the half-diamond cell DK,σ (resp. DL,σ) associated
to the common face σ = K|L is defined as the cone with vertex the mass center of K (resp.
L) and with basis σ, the density ρσ is defined by the weighted average (11), and the dual mass

FW FE

FN

FS

Fσ,ǫ

Figure 3: Local notations for the definition of the mass fluxes at the dual edges with the
Rannacher-Turek element
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fluxes are obtained by multiplying the mass balances over K and L by 1/4 and summing. With
the local notations of Figure 3, this yields, for the dual mass flux Fσ,ǫ, an expression of the form:

Fσ,ǫ = −
1

8
FW +

3

8
FN −

3

8
FE +

1

8
FS . (12)

We now explain how to extend this formulation to general meshes.

Let us suppose that, for any cell K ∈ M, we are able to define the fluxes through the dual faces
included in K in such a way that:

(A1) The mass balance over the half-diamond cells is proportional to the mass balance over K,
in the following sense:

∀σ ∈ E(K), FK,σ +
∑

ǫ∈Ē(Dσ), ǫ⊂K

Fσ,ǫ = ξσ
K

∑

σ∈E(K)

FK,σ,

with
∑

σ∈E(K)

ξσ
K = 1 and, for any σ ∈ E(K), ξσ

K ≥ 0.

(A2) The dual fluxes are conservative, i.e., for any ǫ = Dσ|D
′
σ, Fσ,ǫ = −Fσ′,ǫ.

(A3) The dual fluxes are bounded with respect to the (FK,σ)σ∈E(K):

∀σ ∈ E(K), ∀ǫ ∈ Ē(Dσ) ⊂ K |Fσ,ǫ| ≤ C max
{

|FK,σ|, σ ∈ E(K)
}

.

In addition, let us define |DK,σ| as:

|DK,σ| = ξσ
K |K|, (13)

and ρσ, once again, by the weighted average (11). Then the dual fluxes satisfy the required mass
balance. Indeed, for σ ∈ Eint, σ = K|L, we have:

|Dσ |

δt
(ρσ − ρ∗σ) +

∑

ǫ∈E(Dσ)

Fσ,ǫ

=
|DK,σ|

δt
(ρK − ρ∗K) + FK,σ +

∑

ǫ∈Ē(Dσ), ǫ⊂K

Fσ,ǫ

+
|DL,σ|

δt
(ρL − ρ∗L) + FL,σ +

∑

ǫ∈Ē(Dσ), ǫ⊂L

Fσ,ǫ

= ξσ
K

[ |K|

δt
(ρK − ρ∗K) +

∑

σ∈E(K)

FK,σ

]

+ ξσ
L

[ |L|

δt
(ρL − ρ∗L) +

∑

σ∈E(L)

FL,σ

]

= 0.

A similar computation leads to the same conclusion for the (half-)dual cells associated to the
Neumann boundary faces.

The next issue is to check whether Assumptions (A1)-(A3) are sufficient for the consistency of
the scheme. In this respect, the following lemma [16] brings a decisive argument.

Lemma 3.2 Let Assumptions (A1)-(A3) hold. For v ∈ V and K ∈ M, let vK be defined by
vK =

∑

σ∈E(K) ξσ
K vσ. Let u ∈ V , and R(u, v) be the quantity defined by:

R(u, v) =
∑

σ∈Eint

vσ

∑

ǫ∈Ē(Dσ),

ǫ=Dσ|D′

σ

Fσ,ǫ
uσ + uσ′

2
−

∑

K∈M

vK

∑

σ∈E(K)

FK,σ uσ.

9
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Let us suppose that the primal fluxes are associated to a convection momentum field β, i.e.
∀K ∈ M, ∀σ ∈ E(K), FK,σ = |σ| βσ ·nK,σ. (For the schemes used here, of course, β depends
the density and the velocity, see (3).) Then there exists C depending only on the regularity of
the mesh such that:

|R(u, v)| ≤ C h ||β||l∞ ||u||1 ||v||1,

with ||β||l∞ = maxσ∈E |βσ| and the discrete H1-norm on the dual mesh is defined by:

∀v ∈ V, ||v||1 =
∑

K∈M

hd−2
K

∑

σ,σ′∈E(K)

(vσ − vσ′)2.

The quantity R(u, v) compares two discrete analogues to
∫

Ω v div(uβ) dx; the first analogue is
defined with the divergence taken over the dual meshes while the second analogue is defined with
the divergence over the primal cells. Let us suppose that the discrete H1-norm of the solution
is controlled thanks to the diffusion term. Then, in a convergence or error analysis study in
the linear case (i.e. with a given regular convection field β), Lemma 3.2 allows to replace the
first discrete analogue by the second one, thus substituting well defined quantities to quantities
only defined through (A1)-(A3). It is used in [16] to prove that the scheme is first-order for
the stationary convection-diffusion equation. The convergence for the constant density Navier-
Stokes equations (that is with β = u) was also proven, controlling now ||u||l∞ by ||u||1 thanks
to an inverse inequality.

The last task is now to build fluxes satisfying (A1)-(A3); this is easily done by choosing ξσ
K = 1/4,

and keeping for the expression of the dual fluxes as a function of the primal fluxes the same
linear combination (12) as in the rectangular case. Note that this implicitly implies that the
geometrical definition of the dual cells has been generalized, since it is not possible in general
to split a quadrangle in four simplices of same measure (even if the quadrangle is convex) .
The extension to three dimensions only needs to deal with the rectangular parallelepipedic case,
which is quite simple [1]. Finding directly a solution to (A1)-(A3) may also be an alternative
route, to deal with more complex cases, as done in [16] to extend the scheme to locally refined
nonconforming grids.

4 Schemes and stability estimates

In order to obtain the complete formulation of the considered schemes, we now have to fix the
time-marching procedure. This is straightforward for the implicit scheme, and we concentrate
here on the pressure correction scheme. The problem which we face in this case is that the
mass balance is not yet solved when performing the prediction step. In our implementations in
the ISIS computer code [18] developed at IRSN on the basis of the software component library
PELICANS [22], it is circumvented by just shifting in time the density ρσ; the mass balance
on the dual cells is recovered from the mass balance on the primal cells at the previous time
step. This has essentially two drawbacks. First, the trick indeed works only if the time step
is constant; for a variable time step, one has to choose between loosing stability or consistency
(locally in time, so fortunately, without observed impact in practice). Second, the scheme is
only first order in time.

In addition, stability seems to require an initial pressure renormalization step, which is an
algebraic variant of the one introduced in [12]. It seems however that this step may be omitted
in practice.

10
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The algorithm (keeping in this presentation the pressure renormalization step) reads, assuming
that un, pn, ρn and the family (Fn

K,σ) are known:

1- Pressure renormalization step – Let (λσ)σ∈Eint
be a family of positive real numbers, and

let −div(λ∇)M be the discrete elliptic operator from Q to Q defined by, ∀K ∈ M and
q ∈ Q:

[

−div(λ∇)M(q)
]

K
=

∑

σ=K|L

λσ
|σ|2

|Dσ|
(qK − qL) +

∑

σ∈EN ,σ=K|ext

λσ
|σ|2

|Dσ |
qK .

Then p̃n+1 ∈ Q is given by:

−div(
1

ρn
∇)M (p̃n+1) = −div(

1

[ρn ρn−1]1/2
∇)M (pn), (14)

the weights (ρn
σ)σ∈Eint∪EN

and (ρn−1
σ )σ∈Eint∪EN

being the densities involved in the time-
derivative term of the momentum balance equation.

2- Velocity prediction step – Solve for ũn+1 ∈ V , for 1 ≤ i ≤ d and ∀σ ∈ E
(i)
int ∪ E

(i)
N :

|Dσ |

δt
(ρn

σũn+1
σ,i − ρn−1

σ un
σ,i) +

∑

ǫ∈Ē(Dσ)

Fn
σ,ǫũ

n+1
ǫ,i

+ |Dσ| (∇p̃n+1)(i)σ + |Dσ| (divτ(ũn+1))(i)σ = 0, (15)

where the (Fn
σ,ǫ)ǫ∈Ē(Dσ) are built as explained in the previous section, from the primal

fluxes at time tn.

3 - Correction step – Solve for un+1 ∈ V and pn+1 ∈ Q:

∀K ∈ M,
|K|

δt
(ρn+1

K − ρn
K) +

∑

σ∈E(K)

Fn+1
K,σ = 0. (16a)

For 1 ≤ i ≤ d, ∀σ ∈ E
(i)
int ∪ E

(i)
N ,

|Dσ |

δt
ρn

σ (un+1
σ,i − ũn+1

σ,i ) + |Dσ|
(

∇(pn+1 − p̃n+1)
)(i)

σ
= 0,

(16b)

∀K ∈ M, ρn+1
K = ℘(pn+1

K ). (16c)

The algorithm must be initialized by the data u0 ∈ V , ρ−1 ∈ Q and ρ0 ∈ Q satisfying the
discrete mass balance equation, and with the corresponding mass fluxes (F 0

K,σ). A possible

way to obtain these quantities is to evaluate u0 and ρ−1 from the initial conditions, and, as a
preliminary step, to solve for ρ0 the mass balance equation.

The upwinding in the discretization of the mass balance equation has for consequence that any
density appearing in the algorithm is positive (provided that the initial density is positive). The
existence and uniqueness of a solution to Steps 1 and 2 is then clear: these are linear problems
with coercive operators (for Step 2, thanks to the stability of the convection term). The existence
of a solution to Step 3 may be obtained by a Brouwer fixed point argument, using the fact that

11
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the conservativity of the mass balance yields an estimate for ρ, so for p, and finally for u (in
any norm, since we work on finite dimensional spaces). The algorithm is thus well-posed.

Let us now turn to the energy estimate. At the continuous level, this relation is obtained for
the barotropic Navier-Stokes equations by choosing the velocity u as a test function in the
variational form of the momentum balance equation, writing the convection term as the time
derivative of the kinetic energy, and setting the pressure work, namely −

∫

Ω p div(u) dx, under
a convenient form. This latter step is done by the following formal computation. Let b(·) be a
regular function from (0,+∞) to R, and let us multiply the mass balance by b′(ρ). Using:

b′(ρ)div(ρu) = b′(ρ)[u · ∇ρ + ρdiv(u)] = u · ∇b(ρ) + ρb′(ρ)div(u)

= div(b(ρ)u) +
[

ρb′(ρ) − b(ρ)
]

div(u),

we get:
∂t

[

b(ρ)
]

+ div
[

b(ρ)u
]

+
[

ρb′(ρ) − b(ρ)
]

div(u) = 0.

Choosing now the function b(·) in such a way that ρb′(ρ) − b(ρ) = ℘−1(p), integrating over Ω
and supposing homogeneous Dirichlet boundary conditions over ∂Ω yields:

−

∫

Ω
p div(u) dx =

d

dt

∫

Ω
b(ρ) dx.

The following lemma [7] states a discrete counterpart of this computation.

Lemma 4.1 Let us suppose that the velocity field obeys homogeneous Dirichlet boundary con-
ditions. Let b(·) be a regular convex function from (0,+∞) to R, and (ρ⋆

K)K∈M be a positive
family of real numbers. Then, with the upwind discretization (3) of the mass balance equation,
the family (ρK)K∈M is also positive, and we get:

∑

K∈M

b′(ρK)
[ |K|

δt
(ρK − ρ∗K) +

∑

σ∈E(K)

FK,σ

]

≥

1

δt

∑

K∈M

|K|
[

b(ρK) − b(ρ∗K)
]

+
∑

K∈M

[

ρKb′(ρK) − b(ρK)
]

∑

σ∈E(K)

|σ| uσ · nK,σ.

We are now in position to state the following stability result.

Theorem 4.2 Let us suppose that the velocity field obeys homogeneous Dirichlet boundary
conditions. The scheme (14)-(16) satisfies the following energy identity, for 1 ≤ n ≤ N :

1

2

d
∑

i=1

∑

σ∈E
(i)
int

|Dσ | ρ
n−1
σ (un

σ,i)
2 + δt

n
∑

k=1

∑

σ∈E(i)

|Dσ| (divτ(uk))(i)σ uk
σ,i

+
∑

K∈M

|K| b(ρn
K) ≤

1

2

d
∑

i=1

∑

σ∈E
(i)
int

|Dσ | ρ
(−1)
σ (u0

σ,i)
2 +

∑

K∈M

|K| b(ρ0
K).

The proof of this theorem is based on Lemma 3.1 and Lemma 4.1, and may be found, for the
essential arguments, in [7].
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Figure 4: Solution for the Sod shock-tube problem, obtained with a uniform mesh of 800 cells,
with a residual viscosity – left: velocity, right: pressure.

Remark 3 Let us suppose that the equation of state reads p = ργ , with γ ∈ (1,+∞). Then an
easy computation yields b(ρ) = ργ/(γ − 1) = p/(γ − 1). Theorem 4.2 thus yields an estimate for
the pressure in L∞(0, T ; L1)-norm. Note that this estimate is however not sufficient to ensure
that a sequence of pressures obtained as discrete solutions converges to a function; in fact, in
convergence studies of numerical schemes [8, 5, 6] as well as in mathematical analysis of the
continuous problem [21], the pressure has to be controlled from estimates of its gradient.

5 Euler equations and solutions with shocks

In this section we briefly discuss the capability of the considered numerical schemes to compute
irregular (i.e. with discontinuities) solutions of inviscid flows.

The results obtained with the above described pressure correction scheme for the so-called one-
dimensional Sod shock-tube problem are displayed on Figure 4 (see [19] for a more detailed
presentation). From numerical experiments, it seems that this scheme converges when the
velocity space translates are controlled, either by upwinding the discretization of the velocity
convection term, or by keeping a residual viscosity in the (discrete) momentum balance equation.
Numerical experiments reported in [19] (addressing also an extension of this algorithm to the
barotropic homogeneous two-phase flow model [11]) confirm the stability of the scheme, and
show that the qualitative behaviour of the solution is captured up to very large values of the
CFL number (typically, in the range of 50).

From the theoretical point of view, for Euler equations (i.e., precisely speaking, with a diffusion
vanishing with the space step), the control that we are able to prove on the solution of course
does not yield (weak or strong) convergence in strong enough norms to pass to the limit in the
scheme. We can however prove the following result: supposing convergence for the density in
Lp(Ω), p ∈ [1,+∞) and for the velocity in Lr(Ω), r ∈ [1, 3], it is possible to pass to the limit
in the discrete equations, provided that the viscosity vanishes as hα, α ∈ (0, 2) for both the
implicit and the pressure correction scheme. In this case, the limit of a sequence of discrete
solutions is proven to satisfy the weak form of the Euler equations, and so, in particular, the
Rankine-Hugoniot conditions at the shocks.
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6 Discussion and perspectives

The theoretical analysis of the schemes presented here has been undertaken for model stationary
problems: in [8, 5], we prove the convergence for the Crouzeix-Raviart discretization of the
Stokes equations (with the additional stabilization term needed for purely technical reasons); in
[6], we prove the same result for the (standard) MAC scheme. An extension, still for the MAC
discretization, to the stationary Navier-Stokes equations is underway.

From a practical point of view, a next step for the barotropic Navier-Stokes equations should be
to derive an upwind explicit version of the scheme presented here; in this direction, an extension
of Lemma 3.1 (stability of the velocity convection term) to the explicit case may be found in [9].

The main objective is however to deal with the full (i.e. non barotropic, therefore including an
energy balance) Navier-Stokes equations. An unconditionally stable pressure correction scheme
has been derived for this problem [17], but extensive tests of this scheme remain to be done. In
particular, stability requires that the internal energy remains non-negative (in practice, positive);
the way we obtained this property was to solve the internal energy balance, with a scheme able
to preserve the sign of the unknown. However, it is commonly agreed that, for the scheme
to converge toward the correct weak solution, a conservative discretization of the total energy
balance should be used. The actual occurrence of this problem, and the possibility to circumvent
it, possibly by adding stabilizing viscous terms, will deserve investigations in the near future; a
preliminary step on this route may be found in [10].
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