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GEOMETRICAL DESCRIPTION OF SMOOTH
PROJECTIVE SYMMETRIC VARIETIES WITH
PICARD NUMBER ONE

Alessandro Ruzzi

Abstract

In [A. RUZZI, Smooth projective symmetric varieties with Picard num-
ber equal to one, to appear in Int. J. of Math.] we have classified the
smooth projective symmetric G-varieties with Picard number one (and G
semisimple). In this work we give a geometrical description of such vari-
eties. In particular, we determine their automorphism group. When this
group acts non-transitively on X, we describe a G-equivariant embedding
of the variety X in a homogeneous variety (with respect to a larger group).
We show that these varieties are all related to the exceptional groups.

keywords: Symmetric varieties, Fano varieties.
Mathematics Subject Classification 2000: 14M17, 14J45, 14130

Let G be a connected semi-simple group over C and let # be an involution
of G. Let H be a subgroup of G such that (G?)° ¢ H C Ng(G?), then G/H is
called a symmetric space. It is known that G/H is spherical, i.e. it has an open
orbit under the action of an arbitrarily fixed Borel subgroup of G. Moreover, an
open, normal equivariant embedding G/H — X of a symmetric space is called a
symmetric variety. In [Ru07] we have classified the smooth complete symmetric
varieties with Picard number one, by using the theory of Luna-Vust colored fans.
In particular, we have proved that all these varieties are projective and actually
Fano, i.e. their anticanonical bundle is ample. Indeed, their canonical bundle
cannot be ample because all these varieties are rational. Furthermore, we have
proved that, given a symmetric space G/H, there is at most one embedding of
G/H with the previous properties.

There are some other known examples of smooth complete spherical varieties
with Picard number one: i) the projective space is the unique toric variety with
the previous properties; ii) the homogeneous varieties with the previous proper-
ties are the G/ P, where G is a simple group and P is a maximal parabolic sub-
group; iii) the horospherical ones are been classified by B. Pasquier in [Pa07]; iv)
the wonderful varieties with Picard number one are classified in [Akh83]. There
are also some partial results on the classification of Fano symmetric varieties
with Picard number strictly greater than one in [Ru06].

The open equivariant normal embeddings of a fixed spherical space G/H are
classified by certain combinatorial invariants, the so-called colored fans. These
invariants are defined in terms of some invariants of G/H, the spherical roots



and the colors, which in the symmetric case are strongly related to some classical
objects, naturally associated to the symmetric space: the restricted root system
and the spherical weights.

In [Ru07] we have classified the smooth complete symmetric varieties with
Picard number one by exhibiting the associated colored fan (and the open orbit).
In this paper we prove the following geometrical description of such varieties.

Let V be a n-dimensional vector space, we denote by G,,(V) the Grass-
mannian of the m-dimensional subspaces of V. If V.= C™ we denote G,,(V)
by G,,(n). Let g be a non-degenerate symmetric bilinear form on V and let
SO(V,q) be the corresponding special orthogonal group. We say that a sub-
space of V is isotropic if the restriction of ¢ to it is zero. Fix an integer m such
that 2m < n and let IG,, (V) C G, (V) be the algebraic subvariety whose points
are identified with isotropic m-dimensional subspaces of V. The group SO(V, q)
acts on IG,, (V) in the natural manner and the action is transitive if 2m < n.
Instead, if 2m = n, IG,, (V') consists of two isomorphic SO(V, ¢)-orbits (each of
them being a connected component of IG,, (V')); we denote such orbit by S,, (V)
(or by S, if V = C?™ and q is the standard symmetric bilinear form). The va-
riety IG,, (V) is called the isotropic Grassmannian of m-dimensional isotropic
subspaces, while S, (V') is called the spinorial variety of order m. In an anal-
ogous manner, let ¢’ be a non-degenerate skew-symmetric bilinear form on V
and fix an integer m such that 2m < n. We denote by LG,, (V') the algebraic
subvariety of G,,(V') whose points are identified with isotropic m-dimensional
subspaces of V; LG,, (V) is called the Lagrangian Grassmannian.

Many properties of the smooth complete symmetric varieties with Picard
number one depend only by the restricted root system. In particular, we have
the following characterization of the non-homogeneous varieties (see §1.1.2 for
the definition of the restricted root system and see §1.1.3 for the definition of
the type of an involution):

Theorem 1 Let X be a smooth equivariant completion of a symmetric space
G/H with Picard number one (where G is semisimple and simply connected).
Then Aut(X) acts non-transitively on X if and only if: i) the restricted root
system has type either Ay or Ga; ii) H is the subgroup of invariants G°.

The varieties with restricted root system G5 have the following description:

Theorem 2 Let G/GY be a symmetric space whose restricted root system has
type Go. We have the following possibilities for the smooth equivariant comple-
tion X of G/G® with Picard number one:

1. The smooth equivariant completion with Picard number one of the sym-
metric space Ga/(SLa x SLa) of type G. In this case, Aut(X) = Gs.
The involution 6 can be extended to an involution of SO7, whose invari-
ant subgroup is S(O3 x Oy4). The unique smooth equivariant completion of
S07/S(03 x Oy4) with Picard number one is isomorphic to G3(7) C P34



and X s the intersection of Gg(7) with a 27-dimensional Ga-stable sub-
space of P34, In particular, if we interpret C7 as the subspace of imaginary
elements of the complexified octonions Q¢, then X parametrizes the sub-
spaces W of C7 such that W @ C1 is a subalgebra of O¢ isomorphic to the
complexified quaternions.

. The smooth equivariant completion with Picard number one of the symmet-
ric (Go X Ga)-space Gy. In this case, Aut(X) is generated by Ga x G and
0. The involution 6 can be extended to an involution of SO7 x SO7, with
invariant subgroup equal to the diagonal. The unique smooth equivariant
completion of SO with Picard number one is isomorphic to the spinorial
variety S; C P and X is the intersection of Sy with a 49-dimensional
G-stable subspace of P%3.

The non-homogeneous varieties with restricted root system A, have the fol-

lowing description (see [LaMa01] or §1.3 for a definition of LG3(Q°)):

Theorem 3 Let G/GY be a symmetric space whose restricted root system has

type As (and G is simply-connected). We have the following possibilities for the

smooth equivariant completion X of G/G? with Picard number one:

1. the smooth equivariant completion with Picard number one of the symmet-

ric variety SL3/SO3 of type Al; it is a hyperplane section of LG3(6).

. the smooth equivariant completion with Picard number one of the symmet-
ric variety SLs; it is a hyperplane section of G3(6).

. the smooth equivariant completion with Picard number one of the symmet-
ric variety SLe/Spe of type AII; it is a hyperplane section of Sia.

. the smooth equivariant completion with Picard number one of the sym-
metric variety Fg/Fy of type E11; it is a hyperplane section of E7/P; =
LG3(05).

Moreover, SL3/SOs C SLs C SLg/Sps C Eg¢/Fy and also their smooth

equivariant completions with Picard number one are contained nested in each

other:

SLg/SOg C SiLg C SLG/SpG (—>E6/F4
LG3(6) = G3(6) C Slg C LGg(@G)

The connected automorphism group of X is isomorphic to G, up to isogeny.
If G/H is different from SLs, then the automorphism group of X is generated
by Aut®(X) and 0. If, instead, G/H = SL3 then Aut®(X) has index four in
Aut(X). Finally, Aut(X) has always three orbits in X.



The completion of SLs was already studied by J. Buczyriski (see [Bu07]).
The second row of the previous diagram is the third row of the Freudenthal magic
square (see [LaMa0l]). Furthermore, the varieties in this row are Legendrian
varieties (see [LaMa07] for the relative definition).

Finally, we have the following description of the homogeneous varieties. The
smooth complete symmetric varieties with Picard number one and rank one
are described by the following theorem of Akhiezer, which classifies the smooth
complete G-varieties with two orbits, whose the closed one has codimension one.
Indeed, the complete symmetric varieties with rank one have a unique non-open
orbit which has codimension one (because the open orbit is affine). Moreover,
they are smooth because they are normal and their singular locus is G-stable.

Theorem 4 (see [Akh83], Theorem 4) Let G be a semisimple group and let
H be a closed reductive subgroup. Let X be a smooth equivariant completion of
G/H such that X \ (G/H) is a G-orbit (of codimension one). Then X is a
homogeneous space for a larger group. If G/H is a symmetric variety and G
acts effectively on G/H, we have the following possibilities:

1. G is SLyx SLo, H is SLy and X is {(z,t) | det (x) = t*} C P(M(C)®C);
2. G is PSLy x PSLy, H is PSLy and X is P(M>(C));

3. Gis SL,,n>2, His GL,_1, 0 has type AIV (or Al if n =2) and X
is P(C™) x P(C™)*;

4. G is PSLy, H is PSOq, 0 has type AI and X is P(slz);

5. G is Span, n >3, H is Spy X Span—2, 0 has type CIT and X is Go(2n);

6. GisSO,,n>5, HisSO,_1, 0 has type AII (ifn=26), BII or DII and
X is {(x,t) | q(z,z) = t*} C P(C"®C), where q is the standard symmetric
bilinear form;

7. Gis SOy, n>5, H is S(O1 x Op_1), 6 has type AII (if n=26), BII or
DII, and X is P(C™);

8. G is Fy, H is Sping, 0 has type FII and X is Eg/P,, = P*Oc.
We have the following cases when the rank is at least 2.

Theorem 5 Let X be a smooth complete symmetric variety with Picard num-
ber one and rank at least 2. Denote its open orbit by G/H. If Aut(X) acts
transitively on X we have the following possibilities:

1. The restricted root system has type Ay x Ay and G /Ng(G?) is isomorphic
t0 SO, /S(01 X Op—1) X SO, /S(O1 X Opy—1) withn,m > 3. Then H has
index 2 in Ng(G?) and X is isomorphic to 1G1(n +m).

2. The restricted root system has type A;, | > 2 and H is Ng(G?). Then
X is isomorphic to the projectivization of an irreducible G-representation.
More precisely we have the following varieties:



10.

11.

o G/H ‘s isomorphic to PGLyy1 and X is isomorphic to P(M;41(C))
as (PGL;y1 x PGLj41)-variety.

e G/H isisomorphic to SLiy1/Nsr,,,(SO141), (G,0) has type AI and
X is isomorphic to P(Sym?(C*+1)).

e G/H is isomorphic to SLaj+2/Nsr,,,,(Sp2iv2), (G,0) has type AIT
and X is isomorphic to P(\*(C2+2)).

e G/H is isomorphic to E¢/Ng,(Fy), (G,0) has type EIV and X is
isomorphic to P(J3(0c)).

G/H is isomorphic to SO,, and X is isomorphic to S,, as (SO,, x SOy,)-
variety (n=>5 ormn > 7).

G/H is isomorphic to Spins and X is isomorphic to LG4(8) as Sping X
Spins-variety.

G/H is isomorphic to Spa, | > 3 and X is isomorphic to LGoi(4l) as
Spa; X Spoj-variety.

G/H is isomorphic to SLy/Nsr,(S(GLs x GLg)), (G,0) has type AIIT
and X is isomorphic to Gz2(6).

G/H is isomorphic to Sps/Ngps(Spa x Spa), (G, 8) has type CII and X
is isomorphic to Eg/P; = P?(Oc¢).

G/H is isomorphic to SOs/Nsos(GL4), (G,0) has type DIII and X is
isomorphic to Go(8).

G/H s isomorphic to SO, /S(O; x Op—;), n > 2l and (G, 0) has type
either BI or DI (n="5 orn > 7). Then X is isomorphic to Gy(n).

G/H is isomorphic to SO2/SO; x SO; and (G,0) has type DI (1 > 4).
Then X is isomorphic to Gy(21).

G/H is isomorphic to Spap/Spa X Span—a1, n > 3, (G,0) has type CII
and X is isomorphic to Gg(2n).

In the first section we introduce the notation and recall some general facts

about symmetric varieties. In the second one we describe the non-homogeneous

varieties, while in the third one we describe the homogeneous varieties. In partic-

ular, in §2.1 we will do some general considerations about the non-homogeneous

varieties, in §2.2 we consider the non-homogeneous varieties with restricted root

system G5 and in §2.3 we consider the non-homogeneous varieties with restricted

root system As.

Notation. Throughout this work we say a s.c.s.v. with P.n.1 to mean a

smooth complete symmetric variety with Picard number one. Similarly, we

denote a smooth equivariant completion of G/H with Picard number one by

s.e.C.

of G/H with P.n.1.



1 Introduction and notation

1.1 Symmetric varieties and colored fans

In this section we introduce the necessary notation. The reader interested in
the embedding theory of spherical varieties can see [Br97] or [Ti06]. In [Vu90]
is explained such theory in the particular case of symmetric varieties.

1.1.1 First definitions

Let G be a connected semisimple algebraic group over C and let # be an invo-
lution of G. Let H be a closed subgroup of G such that (G?)° ¢ H ¢ Ng(G?).
We say that G/H is a symmetric space. Unless otherwise specified, we always
suppose G simply connected. In this case the invariant subgroup G? is connected
(see [Ti06], Remark 26.1). Notice that this assumption is not restrictive (see,
for example, [Vu90], §2.1). An equivariant embedding of G/H is the data of
a G-variety X together with an equivariant open immersion G/H — X. We
say that a normal equivariant embedding of a symmetric space is a symmetric
variety. We say that a subtorus of G is split if () = ¢t~! for all its elements t.
We say that a split torus of G of maximal dimension is a mazimal split torus
and that a maximal torus containing a maximal split torus is maximally split.
One can prove that any maximally split torus is € stable (see [Ti06], Lemma
26.5). We fix arbitrarily a maximal split torus 7" and a maximally split torus T
containing T'. Let R be the root system of G with respect to T" and let RY, be
the root subsystem composed by the roots fixed by 6. We set Rb = R¢ \ R%.
We can choose a Borel subgroup B containing 7" and such that, if « is a positive
root in R, then 6(a) is negative (see [dCoPr83], Lemma 1.2). A normal G-
variety is called a spherical variety if it contains a dense orbit under the action
of an arbitrarily chosen Borel subgroup of G. One can prove that BH is dense in
G (see [dCoPr83], Proposition 1.3); thus the symmetric varieties are spherical.

1.1.2 Restricted root system

The classification of s.c.s.v. with P.n.1 depends on the restricted root system of
G/H. In this section we define it. The subgroup x(S) of x(T") has finite index,
so we can identify x(T1)r (:= x(T!) ® R) with x(S)r. Because T is f-stable,
6 induces an involution of y(7")g which we call again 6. The inclusion T* C T
induces an isomorphism of x(T")g with the (—1)-eigenspace of x(T)r under the
action of 6. Denote by Wg the Weyl group of G (with respect to T') and let
(-,-) be the Killing form over spang(R¢g). We denote with the same symbol the
restriction of (-, -) to x(T")r and we identify x(T*)g with its dual y.(T")g. The
set Rag:={B—0(8) | B € Ra}\ {0} is a root system in x(S)gr (see [Vu90], §2.3
Lemme), which we call the restricted root system of (G, 6); we call the non-zero
B — 0(B) the restricted roots. Notice that Rg ¢ can be non-reduced. Usually
we denote by 3 (respectively by «) a root of Rg (respectively of Reg g); often



we denote by w (respectively by w) a weight of Rg (respectively of Rg ). In
particular, we denote by w1, ...,w, the fundamental weights of Rg (we have
chosen the basis of Rg associated to B). Notice however that the weights of
Rg ¢ are weights of Rg. The involution ¢ := —uvyg - 0 of x(T') preserves the set of
simple roots; moreover ¢ coincides with —f modulo the lattice generated by R%
(see [Ti06], p. 169). Here vy is the longest element of the Weyl group of RY,. We
denote by aj, ..., a5 the elements of the basis {5 — 6(3) |5 € R simple} \ {0}
of Rgg. Let b; be equal to % if 2a; belongs to R ¢ and equal to one otherwise;
for each i we define o as the coroot %ai. The set {ay,...,aY} is a basis
of the dual root system R\éﬂ, namely the root system composed by the coroots
of the restricted roots. Let wy, ...,ws be the fundamental weights of Rg g with
respect to {ai,...,a} and let wy, ..., wy be the fundamental weights of Ry, ,
with respect to {a,...,ay}. Let Ct be the positive closed Weyl chamber of
X(S)r; we call —C™" the negative Weyl chamber. Given a dominant weight A of
G, we denote by V()) the irreducible representation of highest weight A. Given
a basis of an irreducible root system, we order it as in [Hu72].

We say that a dominant weight w € x(7T') is a spherical weight if V(w)
contains a non-zero vector fixed by G?. In this case, VS’ is one-dimensional
and 6(w) = —w, so w belongs to x(S)r. The set of dominant weights of
Re g is the set of spherical weights. Moreover, supposing 8; — 0(3;) = «; with
B; € Rg simple, w; is a positive multiple of w; + @) More precisely, we have
wi = @; + Wy if 0(j) # j, wi = 2w; if 0(j) = j and B; is orthogonal to R
and w; = w; otherwise (see [ChMa03], Theorem 2.3 or [Ti06], Proposition 26.4).
Thus the spherical lattice, i.e. the lattice generated by the spherical weights,
coincides with the weight lattice of Rg g and C™ is the intersection of x(S)r
with the positive closed Weyl chamber of Rg.

1.1.3 Classification of involutions

In this section we recall the classification of the involutions of a semisimple group
(see also [WaT72], §1.1). We say that an involution (G, 6) is indecomposable if
the unique #-stable, normal, closed, connected subgroup of G is the trivial one.
Moreover, (G,#0) is indecomposable if and only if Rg g is irreducible. Instead,
if (G, 0) is not indecomposable, we say that it is decomposable. In this case G
is a product of #-stable, normal, closed, connected subgroups G; and we write
(G,0) = [1(Gy,0). Moreover G/G? is the product [[G;/GY. We say that G/H
is (in)decomposable if and only if (G, 0) is (in)decomposable. Finally, if (G, 0) is
indecomposable we have two possibilities: i) G is simple; ii) G = G x G with G
simple and 0(z,y) := (y, ). In the last case, G/G? is isomorphic to G on which
G acts by left and right multiplication. The classification, up to conjugation,
of the involutions of a simple group is as in figures 1 and 2. In the fourth
column of these figures it is showed the Satake diagram of the involution. It is
defined as follows: it is the Dynkin diagram of G with the following additional
data: i) any vertex is either white or black; ii) a vertex is black if and only if



it corresponds to a simple root fixed by 6; iii) two distinct white vertices are
joined by a two-headed arrow if they corresponds to roots 3;, and 3;, such that
0(B:,) = Bi,- In the sixth column we indicate the possibilities for the rank [ of
Rg ¢ and for the rank n of G. In the last column we indicate with h.n.e. when
the symmetric space G/G? is hermitian and non-exceptional. Similarly, we use
the notation h.e. for hermitian exceptional symmetric spaces (see § 1.1.5 for
the definitions). Remark that we allow G to be non-simply connected. If G
is SO,, and 6 has type BI, BII, DI or DII, then G? is S(O; x O,,_;) and is
non-connected. Moreover, it is auto-normalizing and its identity component is
SO; X SOp—_y.

Finally, if G = G x G (with G simple) and 0(x,y) := (y,z), then RY is
empty and the Satake diagram consists of two copies of the Dynkin diagram of
G. Moreover, each vertex of a copy of the Dynkin diagram of G is joined to the
corresponding vertex of the other copy. For example, if Gis S Li41, we have the
following diagram:

7
7

1.1.4 Colored fans

We need the definition of colored fan associated to a symmetric variety only for
the non-homogeneous case. Indeed, in the homogeneous case we need only to
known that there is at most a s.e.c. of G/H with P.n.1.

Let D(G/H) be the set of B-stable prime divisors of G/H; its elements are
called colors. Since BH/H is an affine open set, the colors are the irreducible
components of (G/H) \ (BH/H). We say that a spherical variety is simple if
it contains a unique closed orbit. Let X be a simple symmetric variety with
closed orbit Y. Let D(X) be the subset of D(G/H) consisting of the colors
whose closure in X contains Y. We say that D(X) is the set of colors of X. To
each prime divisor D of X, we can associate the normalized discrete valuation
vp of C(G/H) whose ring is the local ring Ox p. One can prove that D is
G-stable if and only if vp is G-invariant, i.e. vp(s- f) = vp(f) for each s € G
and f € C(G/H). Let N be the set of all G-invariant valuations of C(G/H)
taking value in Z and let N(X) be the set of the valuations associated to the
G-stable prime divisors of X. Given w € N(X), we denote by E,, the associated
G-stable divisor of X. Observe that each irreducible component of X \ (G/H)
has codimension one, because G/H is affine. Let S := T/T NH ~ T - x,
where o = H/H denotes the base point of G/H. One can show that the group
C(G/H)B)/C* is isomorphic to the character group x(S) of S (see [Vu90],
§2.3); in particular, it is a free abelian group. We define the rank of G/H as
the rank of x(S). We can identify the dual group Homgz(C(G/H)B)/C*,7Z)



type G G? Satake diagram Rao
Al SLH—I SO[.H oO—- - =0 Al l Z 1 h.n.e.
ifi=1
AlTl SLojto Spaito e—0—e— —e—0—e A [>1
AlIT SLpy1 S(GL; x GLyp41-1) o@o B(C, 5>1>2 h.e.
AITT SLo S(GL, x GL;) o®o C 1>2 h.n.e.
AIV SLyi1 GL, oLe— —e20 BC, n>Il= h.e.
BI SO9pn11 S(O; x Oapt1-1) O——0—0—-—0>0 By >1>2 h.n.e.
ifl=2
BII SOQHJ,_l S(Ol X Ogn) o—eo——0>>0 Ay n—1>1=1
CI Spa; GL, 0——0<0 @) >3 h.n.e.
cili Span Spai X Span—_2i —0—0— —0—0— —0le B, % >1>1
CIlI Spai Spar X Spai e—0—e— —0—e<0 C 1>2
h.n.e.
[ )
DI SOs, S(Ol X Ogn_l) O——O—@— f.< B n—2>101>2 ifl=2
[ ]
O,
DI SOs9142 S(Og X Ol+2) o— —%o/ Y B >3
N
O
DI SOQl S(Ol X Ol) o—- ,%o/ Dl l > 4
\O
[ J
DII SOqy, S(Ol X OQn—l) o—e— —@ Ay n>4
[ ]
° h.n.e.
DIIT SOy GLoy; OO C 1>2
6]
o h.e.
DIl SO4l+2 GLZZ—H *—0—0— —O0—@ ) BC, 1>2
o
EI FEg Cy o—o—i—o—o FEg =6
EII Es As x Ay 0-0%0 0-0 o =4
o
EIIT FEg D5 x C* oﬁfii—\o—*o BCy =2 h.e.
EIV Es Fy O0—e—e—e—0 Ao =2

Figure 1: Involutions of simple groups
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type G G’ Satake diagram | Rg g
EV Er Az 0—0—0—

o
b
EVI E; | Dg x Ay o—ofofifofo Fy =4

EVII | E; | Eg x C* 0—0—0—0—e—0 Cs {=3| hn.e.

EVIII | Eg Dg 0—0—0—0—0—0—0 FEg =38

EIX | Eg | By x Ay ofofofofIfofo F, |1=4

FI F4 Cg X A]_ 0—0>>0—0 F4 =4
FII Fy B, o—e>0—0 BC; | 1=1
G G2 A1 X A1 O0O=>o0 G2 | =

Figure 2: Involutions of simple groups (cont.)

with the group x.(S) of one-parameter subgroups of S; so we can identify
X (S)r with Homz(x(S),R). The restriction map to C(G/H)") /C* is injective
over N (see [Br97], §3.1 Corollaire 3), so we can identify N with a subset of
X«(S)r. We say that N is the valuation semigroup of G/H. Indeed, N is the
semigroup constituted by the vectors in the intersection of the lattice x.(S)
with an appropriate rational polyhedral convex cone CN, called the wvaluation
cone. For each color D, we define p(D) as the restriction of vp to x(S5). In
general, the map p: D(G/H) — x.(S)r is not injective.

Let C(X) be the cone in x.(S)r generated by N(X) and p(D(X)). We
denote by cone(vy, ..., v,) the cone generated by the vectors vy, ...,v,. Given a
cone C in x.(S)r and a subset D of D(G/H), we say that (C, D) is a colored

cone if:
e (C is generated by p(D) and by a finite number of vectors in N;
e the relative interior of C intersects CNN.

The map X — (C(X),D(X)) is a bijection from the set of simple symmetric
varieties to the set of colored cones (see [Br97], §3.3 Théoreme).

Given a symmetric variety X (not necessarily simple), let {Yi}ier be the
set of G-orbits. Observe that X contains a finite number of G-orbits, thus
X,:={r € X |G-z DY} isopen in X and is a simple symmetric variety
whose closed orbit is Y;. We define D(X) as the set Uier D(X;). The family
{(C(X;), D(X;))}ier is called the colored fan of X and determines completely
X (see [Br97], §3.4 Théoreme 1). Moreover X is complete if and only if CN C
Use; C(Xi) (see [Br97], §3.4 Théoreme 2).

Thus, there is a bijection between the orbit closures of a symmetric variety X
and the colored cones in the colored fan of X; moreover, this bijection reverses
the inclusions. In particular, the whole X corresponds to (0, (), while the closed

orbits correspond to the maximal colored cones (see [Br97], §3.4 Proposition).
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Furthermore, the 1-codimensional orbit closures correspond to the 1-dimensional
cones (because G/H is affine).

Let X and X’ be two symmetric varieties with the same open orbit G/H
and associated respectively to the colored fans {(C, F)} and {(C’, F’)}. Then
the identity map G/H — G/H can be extended to a map X — X’ if and only
if for each colored cone (C, F) of X there is a colored cone (C’, F’) of X’ such
that C C ¢’ and F C F' (see [Br97], §3.4 Théoréme 2).

1.1.5 The sets N and D(G/H)

The set N is equal to —CT N x.(S); in particular, it consists of the lattice
vectors of the rational polyhedral convex cone CN = —Ct. The set p(D(G/H))
is equal to {aY,...,a)}. Observe that p(D(G/H)) is a basis of x.(S)g, so
rank G/H = rank Rgg. For each i, the fiber p~'(a) contains at most 2
colors (see [Vu90], §2.4, Proposition 1 and Proposition 2). We say that a simple
restricted root a, is ezceptional if there are two distinct simple roots f3;, and
Bi, in Rg such that: 1) 8;, —0(8;,) = Bi, —0(Bi,) = iy; 2) either 0(5;,) # — P,
or, if 0(6i,) = —Bi,, (Biy,Bi,) # 0. In this case we say that also oy, 6 and
all the equivariant embeddings of G/H are exceptional. If G/H is exceptional,
then p is not injective. We say that G/H contains a Hermitian factor if the
center of GY has positive dimension. If G/H contains a Hermitian factor and
is indecomposable, we would rather say that G/H is Hermitian. In this case
Rg ¢ has type BCy, Cy, By or A;. Moreover, an indecomposable symmetric
space is exceptional if and only if it is Hermitian and its restricted root system
has type BC;. If G/H does not contain a Hermitian factor, then p is injective
(see [Vu90], §2.4, Proposition 1). Furthermore, given an Hermitian G/H, p is
injective if and only if G/H is not exceptional and H = Ng(H). If p is injective,
we denote by D,v the unique color contained in p~*(a¥). If G/GY does not
contain a Hermitian factor, G is simply-connected and V is an irreducible G-
representation which contains a line fixed by GY, then the highest weight of V'
is spherical, because G? is connected and semisimple.

Given an involution # of G, to choose a subgroup G¢ ¢ H C Ng(GY) is
equivalent to give a lattice included between the restricted root lattice and the
spherical weight lattice; this lattice would be x(.5). By [Vu90], Lemme 3.1, x(S)
is the restricted root lattice (resp. the spherical weight lattice) if and only if H
is Ng(G?) (resp. GY).

1.1.6 Local description of symmetric varieties

Given a root 3, let Ug be the unipotent one-dimensional subgroup of G corre-
sponding to . Given p € x«(T)g = x(T)g, we denote by P(u) the parabolic
subgroup of G generated by 7" and by the subgroups Ug corresponding to the
roots 8 such that (5, 1) > 0. Given a parabolic subgroup P = P(yu), sometimes
we denote by P~ the opposite standard parabolic subgroup, namely P(—p).

11



Let X be a symmetric variety and let Y be a closed orbit of X. One can
show that there is a unique B-stable affine open set X p that intersects Y and is
minimal for this property. Moreover, the complement X \ X g is the union of the
B-stable prime divisors not containing Y (see [Br97], §2.2, Proposition). The
stabilizer P of Xp is a parabolic subgroup containing B. Suppose X smooth
or non-exceptional and let L be the standard Levi subgroup of P. Then L
is @-stable, §(P) = P~ and the P-variety Xp is the product R,P x Z of the
unipotent radical of P and of an affine L-symmetric variety Z containing xg
(see [Br97], §2.3, Théoreme and [Ru07], Lemma 2.1). Moreover, C(Z) is equal
to C(X'), where X’ is the simple subvariety of X with closed orbit Y. If Y is
projective, then Z contains a L-fixed point whose stabilizer in G is P".

Remark. Suppose that G/H does not contain a Hermitian factor and let
X be a simple embedding of G/H corresponding to a colored cone (C, F') with
dim C = rank G/H. Then the closed orbit of X is a homogeneous variety G/P~,
with P~ standard (with respect to B~). Moreover, P is associated to the set of
simple roots {3} such that either 8 = 0(8) or (8—6(83))Y € F (see [Ru07] pages
6-9). Moreover, the dual root system of Ry g has basis p(F). We need these
properties in §2.2 to give an explicitly description of some non-homogeneous
s.c.s.v. with P.n.1.

1.2 Combinatorial classification of smooth complete sym-
metric varieties with Picard number one

In [Ru07] we have proved the following combinatorial classification of the s.c.s.v.
with P.n.1. Here we describe the colored fan of X only in the case in which we
will need it, namely when X is non-homogeneous.

Theorem 1.1 (see [Ru07], Theorem 3.1) Let G be a semisimple, simply
connected group and let G/H be a symmetric space. Suppose that there is a
s.e.c. X of G/H with P.n.1. Then:

o The embedding X is unique, up to equivariant isomorphism.

e The number of colors of G/H is equal to the rank | of G/H; in particular
there are no exceptional roots.

o We have exactly the following possibilities for Rg o and x(S) (supposing
p injective):

Rec.g has type A1 x Ay and x(S) has basis {2w1, w1 + wa};

Rea.o has type A, and x(S) is the restricted root lattice;

R ¢ has type either Ay or Ay and x(S) is the spherical weight lattice;

Re o has type By and x(S) is the restricted root lattice;

Rec.o has type By and x(S) is the spherical weight lattice;

S Gv o v o~

R¢ o has type C; and x(S) is the spherical weight lattice;
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7. Rgo has type BCy, so x(S) coincides both with the restricted root
lattice and the spherical root lattice;

8. R¢ g has type Dy withl > 4 and x.(S) is freely generated by wy , ..., w)’" o,
w) | +w)’, 2w ; in particular H has index two in Ng(GY);

9. R has type Dy and x.(S) = Zw) © Zwy & L(w) + wy) © Z2w)!,
where {1, ], k,2} is a permutation of {1,2,3,4};

10. Rgg has type Ga, so x(S) coincides both with the restricted root

lattice and the spherical root lattice.

o If Rgg = Az and x(S) is the spherical weight lattice, then the s.e.c. of
G/H with P.n.1 has two closed orbits. Its colored fan has mazimal colored
cones (cone(ay, —wy —wy), {Dav}) and (cone(ay, —wy —wy),{Day}).

o IfRg o = Ga, then the s.e.c. of G/H with P.n.1 is simple and is associated
to (cone(a, —wy ), {Day })-

1.3 Description of some exceptional groups via composi-
tion algebras

We need a description of some exceptional groups via complex composition
algebras and Jordan algebras. The interested reader can see [LaMa0l] and
[Ad96] for a detailed exposition of the facts which we recall here.

Let A be a complex composition algebra, i.e. A = Ag ®r C where Ay is a real
division algebra (namely Ag = R, C, H or Q). If a € A, let a be its conjugate;
we denote by Im A the subspace of pure imaginary elements, i.e. the elements
a such that @ = —a. Let J5(A) be the space of A-Hermitian matrices of order
three:

L T3 T2
J3(A) = x3 1o Ty |,r;€C,x; €A
T2 T1 T3
J3(A) has the structure of a Jordan algebra with the multiplication Ao B :=
1(AB + BA), where AB is the usual matrix multiplication. There is a well
defined cubic form on J3(A), which we call the determinant. Given P € J3(A),
its comatrix is defined by

1
com P = P% — (trace P)P + 5((t7"ace P)? — trace P*)I

and characterized by the identity com(P)P = det(P)I. In particular, P is
invertible if and only if det(P) is different from 0.

Let SL3(A) C GL¢c(J3(A)) be the subgroup preserving the determinant;
J3(A) is an irreducible SL3(A)-representation. We let SO3(A) denote the group
of complex linear transformations preserving the Jordan multiplication; it is also
the subgroup of SL3(A) preserving the quadratic form Q(A) = trace(A?).

We call Z5(A) := C® J3(A) @ T3(A)* @ C* the space of Zorn matrices. The
space spg(A) := C* @ J3(A)* @ (Lie(SL3(A)) ® C) & J3(A) & C has a structure
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of Lie algebra and Z; has a natural structure of (simple) sps(A)-module. There
is a unique closed connected subgroup of GLa(Z2(A)) with Lie algebra spg(A);
we denote it by Spe(A). Moreover, there is an Spg(A)-invariant symplectic form
on Zy(A).

The closed Spg(A)-orbit in P(Z5(A)) is the image of the Spg(A)-equivariant
rational map:

¢:P(Co T3(A)) --» P(25(A))
(z, P) — (23, 22P, x com(P), det(P)).
Furthermore, if C is interpreted as a space of diagonal matrices (in J3(A)) and
(I, P) is interpreted as a matrix of three row vectors in A® then the previous
map is the usual Plucker map. The condition P € J3(A) can be interpreted
as the fact that the three vectors defined by the matrix (I, P) are orthogonal
with respect to the Hermitian symplectic two-form w(z,y) = zJy, where J =
(9 1). Therefore, it is natural to see the closed Spg(A)-orbit in P(Z2(A)) as the
Grassmannian LG3(A®) of isotropic 3-planes in AS.
Explicitly, we have the following possibilities:

Ap: RC Cc THIC o)
SO4(A) : SO4¢ SLyC SpiC F
]

SLs(A) : SLyC—> SLy x SLyC SLC Eq
]

Spe(A) : SpeC SLgS Spinis—— E7

2 Non-homogeneous varieties

In this section we describe the non-homogeneous s.c.s.v. with P.n.1. The most
part of the proof that these varieties are really non-homogeneous can be done
in a general way. We will do it in §2.1 together with some lemmas which will
allow ourselves to determine the automorphism group of such varieties. In §2.2
and §2.3 we will complete the proofs by a case-by-case analysis.

2.1 Some general considerations

First, we show that if Aut®(X) acts non-transitively on X, then it stabilizes a
closed G-orbit.

Lemma 2.1 Let X be a s.c.s.v. with P.n.1 and let Y be a proper G-stable
closed subvariety of X. If Y is smooth, then it is a G-orbit.
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Proof. Recall that the minimal B-stable affine open set X g which intersects
Y is a product P, X Z, where Z is an affine L-symmetric variety (see §1.1.6).
One can easily show that Z is an irreducible L-representation (see [Ru07], pages
9 and 17 or [Ru07], Theorem 2.2). Observe that Y is smooth if and only if Y NZ
is smooth. But Y N Z is a cone because the center of L acts non-trivially on
it. Thus Y N Z is smooth if and only if it is a subrepresentation of Z. Since Z
is irreducible, Y N Z is smooth if and only if it is a point. In such case Y is a
closed orbit. [J

We use the previous lemma only to prove the following corollary.

Corollary 2.1 Let X be a s.c.s.v. with P.n.1. If Aut®(X) acts non-transitively
on X, then Aut®(X) stabilizes a closed G-orbit.

Proof. Let Y be a minimal closed G-stable subvariety stabilized by Aut®(X).
Suppose by contradiction that Y is not a G-orbit, then it is singular by the
Lemma 2.1. Thus the singular locus of Y is not empty and is stabilized by
Aut®(X). In particular, its irreducible components are Aut’(X)-stable, closed
subvarieties of X properly contained in Y’; a contradiction. [J

Now, we explain how prove that a closed G-orbit is stabilized by Aut®(X).

Lemma 2.2 Let G/P~ be a closed orbit of X and let Z be as in §1.1.6. If the
highest weight of Z as L-representation is not dominant as weight of G, then
G/P- is stabilized by Aut®(X).

One can prove also the vice versa, but we do not need it. Indeed, when a
s.c.s.v. X with P.n.1 is isomorphic to a homogeneous variety, we will construct
an explicit isomorphism between X and such variety.

Proof. A closed G-orbit G/P~ of X is stabilized by Aut®(X) if H*(G/P-,
Ng/p-,x) = 0, where Ng/p- x is the normal bundle to G/P~ (see [Akh95],
§2.3). Recall that Xp is P, x Z; moreover, the intersection of G/P~ with
Xp is P, x {0}. Thus we can identify Z with the fiber of the normal bundle
Ng/p-,x over P~/P~. We know by the Borel-Weil theorem (see [Akh95], §4.3)
that H°(G/P-, Ng/p-,x) = 0 if and only if the highest weight of Z as L-
representation is not dominant as weight of G. [J

We will prove that if X is not homogeneous, then it has rank 2. Now,
we give some combinatorial conditions to identify the highest weight of the
L-representation Z.

Lemma 2.3 Let X be a s.c.s.v. with P.n.1 and with rank 2. Let Z be as in
§1.1.6 and let w be the highest weight of Z as L-representation. Suppose that
G/H does not contain a Hermitian factor and that there is a generator w" of
x«(Z(L)°/(Z(L)° N H)) such that (A, ") > 0 for every \ € Wy 9-C(Z)V. Let
a be the simple restricted root of R 1) 9. Then w is determined by the two
conditions: i) (w,a¥) =1; 2) (w,w") = 1.

Here, W, ¢ is the Weyl group of Ry g.
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Proof. By the remark of §1.1.6 the center of L has dimension one and Rz, 1] ¢
has rank one. By [Ru07], Theorem 2.2 we have (w,a") = 1. Let o be the cone
in x«(S)r corresponding to the closure of T -z in Z. In proof of Lemma 2.8 in
[Ru07] is proved that dual cone o of o is equal to Wy o - C(Z)V. There exists
x' = limy_ow" (t) - 2o in the closure of Tz in Z because (A, ") > 0 for every
A €oV. Thus (w,@") =1 because (Z(L)°/(Z(L)° N H))U 2’ is contained in Z
(and Z has a unique isotypic component as Z(L)%-representation). To conclude
it is sufficient to observe that x(S)gr has dimension 2. O

Remark that, given a s.c.s.v. with P.n.1, with rank 2 and such that G/H
does not contain a Hermitian factor, there is always a @ as in the previous
hypotheses because of [Ru07], Lemma 2.14 (with the notation of such lemma "
is Zézl fi, where {f1, ..., fi} is the dual basis of the basis {e1, ..., e;} generating
av).

We define the canonical completion of G/H as the simple symmetric variety
associated to the cone (—C™T, ). We say that a symmetric variety is toroidal if
D(X) = 0; the canonical completion of G/H is the minimal toroidal completion
of G/H. The orbit closures of a toroidal symmetric variety are the intersections
of G-stable divisors. Given any symmetric variety X, there is a minimal toroidal
variety X with a proper map 7 : X — X which extents the identity over G/H:
if X has colored fan {(C;, F;)}ier, then X has colored fan {(=CTNCy,0) }ier;
we call X the decoloration of X . We say that the canonical completion of G/H
is wonderful if it is smooth (see [Lu96], page 249 for the general definition of a
wonderful variety).

In the following of this section, let X be a s.c.s.v. with P.n.1, with rank 2
and such that Aut’(X) stabilizes all the closed G-orbits. The decoloration X
of X is the blow-up of X along the closed orbits (see Theorem 3.3 in [Br91]); in
particular, X is smooth and the G-stable prime divisor of X is the image of a
G-stable prime divisor of X.

Lemma 2.4 Let X be an indecomposable s.c.s.v. with P.n.1 and with mnk?.
Suppose that Aut®(X) stabilizes all the closed G-orbits in X. Then Aut®(X)
stabilizes all the G-orbits in X. Moreover, Aut®(X) is isomorphic to Aut®(X).

Proof. Aut®(X) is contained in Aut’(X) because the closed orbits are stable
under the action of Aut®(X). Moreover, by a result of A. Blanchard, Aut®(X)
acts on X in such a way that the projection is equivariant (see [Akh95], §2.4).
Thus Aut®(X) is isomorphic to Aut®(X). Since X is complete and Pic (X) is
discrete, the group Auto()? ) is linear algebraic and its Lie algebra is the space
of global vector fields, namely HO(X, T%).

First suppose X simple, then X is a wonderful G-variety. Moreover, Auto(f( )
is semisimple and X is a wonderful Aut®(X)-variety with set of colors D(G/H)
(see [Br07], Theorem 2.4.2). In [Br07] it is also determined the automorphism
group of the wonderful completion of a simple adjoint group G (see [Br07],
Example 2.4.5); in particular, it is proved that, if G # PSL(2), the connected
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automorphism group of the wonderful completion of G is G x G. Coming back
to our problem, the wonderful G-variety X has two stable prime divisors: the
exceptional divisor E and the strict transform D of the G-stable divisor D
of X. The divisor D corresponds to a simple restricted root (see [dCoPr83],
Lemma 2.2), which is not a dominant weight because the restricted root system
is irreducible. Thus D is fixed by Aut®(X) (see [Br07], Theorem 2.4.1), so
Aut®(X) fixes all the G-orbits in X.

We can proceed similarly in the case where X is non-simple. Indeed, using
[Br89], Proposition 3.3, [Vu90], §2.4 Proposition 1 and Proposition 2, one can
casily prove that HO(X,O(F)) = Csp for cach G-stable divisor F of X (here
s is a global section with divisor F'). Since £ - sp is a scalar multiple of sp for
any ¢ € HO(X, Ts) = Lie(Aut®(X)), F is stabilized by Aut®(X) as in the proof
of Theorem 2.4.1 in [Br07] (see also Proposition 4.1.1 in [BiBr96]). O

Lemma 2. 5 With the same hypotheses of the Lemma 2.4, the automorphism
group Aut(X) of the decoloration X of X coincides with Aut(G/H).

Proof. The group Aut(X) is contained in Aut(G/H) because it stabilizes
G/H. Moreover, we can extend every automorphism of G/H to an automor-
phism of X because X is normal and toroidal (these facts imply that each
(non-open) G-orbit O is contained in the closure of an orbit of dimension equal

to dim O +1). O

Lemma 2.6 Let X be an indecomposable s.c.s.v. with P.n.1 and with rank 2.
Suppose that:

o Aut®(X) stabilizes all the closed G-orbits in X ;
o Aut(G/P-) =G/Z(G) for a closed orbit G/P~ of X.
Then Aut®(X) is G/(Z(G) N H).

Proof. Since Aut®(X) stabilizes all the G-orbits in X, Aut®(X) is reductive
by a result of M. Brion (see [Br07], Theorem 4.4.1).

Notice that an element of Z(G) acts trivially on G/H (and on X) if and
only if it belongs to H, thus Aut’(X) contains G/(Z(G) N H). The restric-
tion ¢ : Aut®(X) — Aut®(G/P-) = G/Z(G) is an isogeny, because Aut®(X)
stabilizes all the G-orbits. Indeed, ker centralizes G/(Z(G) N H), because
Aut®(X) is reductive, and stabilizes G/H, so it is contained in the finite group
Autg(G/H) = Ng(H)/H. Therefore Aut®(X)is G/(Z(G)NH). O

Supposing the hypotheses of the Lemma 2.6 satisfied, we are going to to
study the full automorphism group Aut(X). This group permutes the Aut®(X)-
orbits; in particular it stabilizes the open orbit and the 1-codimensional orbit.
Therefore Aut(X) is contained in Aut(G / H). We want to prove the converse.
Notice that Aut(X) is contained in Aut(X), because X is the blow-up of X
along an Aut(X)-stable (not necessarily connected) subvariety. Hence, we have
to determine the automorphisms of X which descend to X.
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Let 7 : Aut(X) — Aut g (Aut® (X)) = Autqi4(G) be the action of Aut(X) on

Aut®(X) by conjugation:

Gl9)(@) = (g ¢ (@), Ve Aut(X), g€ Aut’(X), z € X.

Let T” be a maximal torus of H, then its centralizer 7" := Cg(T") is a
maximal torus of G (see [Ti06], Lemma 26.2); moreover 7" contains a regular
one-parameter subgroup A of G. Thus B’ := P(\) is a Borel subgroup of G and
B" := (B'N H)° is a Borel subgroup of H. The group Autq,(G) is generated
by G := G/Z(G) and E = {¢) € Autay(G) : »(T") = T' and (B') = B'};
the intersection of E with G is T/ := T"/Z(G), so Auta,(G) is the semidirect
product of G and E’ := {1 € E : ¢(t) =t ¥Vt € T'}. Observe that every ) € E
induces an automorphism of the Dynkin diagram (with respect to 77 and B’),
moreover such automorphism is trivial if and only if ¢ belongs to T''.

Lemma 2.7 Let X be as in Lemma 2.6. Let K be {¢ € Aut(G/H) : p(xo) =
xo and ¢ € E}. Suppose that, if N(H)/H is non-trivial, then: i) N(H)/H is
simple and ii) Z(G)/(Z(G) N H) is non-trivial. Then Aut(X) is generated by
Aut®(X) and K. Moreover, the kernel of = is contained in Aut(X).

Proof. Aut(X) is generated by G/(Z(G) N H) and by the stabilizer of z( in
Aut(X), so we have only to consider the elements of (Aut(X))s,. The kernel
of * is the group of G-equivariant automorphisms of X (and G/H), thus it
is isomorphic to Ng(H)/H. Moreover, it contains Z(G)/(Z(G) N H), so it is
Z(G)/(Z(G)N H) by the hypotheses. In particular, it is contained in Aut®(X).
Notice that, given ¢ € Auty, ()AZ')7 then @ belongs to F up to composing ¢ with
an element of H/(Z(G) N H). Thus Aut(G/H) is generated by Aut’(G/H) =
G/(Z(G)NH) and by K. O

The restriction of * to K is injective because Z(Aut(G/H)) does not fix xy.
Observe that any automorphism of G stabilizing H induces an automorphism
of G/H, so K is isomorphic to K’ := {¢ € E: ¢(H) = H}. Thus, to study
Aut(X) it is sufficient to determine K’. Remark that the involution @ is always
contained Aut(X) by [Ti06], Lemma 26.2. We will prove that, if G/H is not
isomorphic to SLs, then K'NE’ is E’; in this case the map ¢ — ¢ is surjective.

Lemma 2.8 Let X be as in Lemma 2.6. The automorphism group Aut()z)
coincides with Aut(X) if the following conditions are verified:

e If N(H)/H is non-trivial, then it is simple and Z(G)/(Z(G)N H) is non-
trivial.

o If X is simple, then Rg g has type Go. Moreover, given any ¢ € K, ¢
induces a trivial automorphism of the Dynkin diagram (associated to T’
and B’).
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o If X is non-simple then Rg,o has type As. Moreover, any ¢ in K \
Aut®(G/H) exchanges E_,y with E_,y. Furthermore, ¢ induces a non-
trivial automorphism of the Dynkin diagram (associated to T' and B’).

Proof. We must prove that every automorphism ¢ in K descends to an
automorphism of X. Observe that every automorphism of G/H can be extended
to the 1-codimensional orbit of X, so we have to show that ¢ can be defined on
the closed G-orbits of X.

First suppose X simple; in particular, ¢ stabilizes the closed orbit of X. Let
21 be a point (in the closed orbit of X) fixed by B’ and let P’ be the stabilizer of
21 in G. Then ¢ fixes x1 because ¢ € E. Let G/P’ be the image of G/ﬁ’ cX
in X. But ¢ induces the trivial automorphism of the Dynkin diagram (with
respect to 77 and B'), so ¢(P’) is P'.

Finally, suppose that X contains two closed orbits. In this case IV ()N( ) =
{—wY, —wy, —wy—wy } and the closed G-orbits of X are G/P(—w;) and G/ P(—ws);
observe that P(—wj) and P(—ws) are not conjugated. The closed G-orbit O; of
X which dominates G/P(—w;) is the intersection of E_,y with E_v_,y. Let
x; be a point in O; stabilized by B’, let P/ be the stabilizer of 7(z;) and let P’
be the stabilizer of z1; one can prove that P’ is also the stabilizer of zs.

The divisor E_,y .y is tNhe strict transform of D, while E_,v and E_y are
the exceptional divisors of X. Any automorphism ¢ in K exchanges O; with
Oz, because it exchanges E_,v with E_,y. Moreover, o(x1) = 2 because @
belongs to E. But ¢ is associated to a non-trivial automorphism of the Dynkin
diagram, so @(P]) is a parabolic subgroup of G containing B’, distinct by P|
and with the same dimension of PJ; thus it is Pj. [

2.2 Restricted root systems of type G5

Now, we study the s.c.s.v. with P.n.1 whose restricted root system has type G.
First of all, we determine their connected automorphism group; in particular,
we prove that such varieties are non-homogeneous.

Lemma 2.9 Suppose that Rg,¢ has type Go. Then the connected automorphism
group Aut®(X) is isomorphic to G.

Proof of Lemma 2.9. First, we prove that Aut®(X) does not act transitively
on X. The simple variety X is associated to the colored cone (cone(ay, —wy),
{Day}) and its closed orbit is isomorphic to G/P(—wi). Let w be the highest
weight of Z with respect to L (see §1.1.6), then (w,ay’) = 1 because Ry, 19 =
{£as} (see Lemma 2.3). Moreover, Z(L)/(Z(L)° N H) is the one-parameter
subgroup of T/T N H corresponding to —wy'; indeed (—wi,wy) < 0 and —w;
belongs to C(Z)Y = cone(ay, —wy)V. Hence 1 = (w, —w') = (aw; +ws, —201 —
a2) = —2a — 1, so w is —wy + wa. Thus Aut®(X) is isomorphic to G by the
Lemmas 2.2 and 2.6. Observe that the connected automorphism group of the
closed orbit of X is G, while the connected automorphism group of the closed
orbit of X is either SO7 or SO7; x SO;. O
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Proposition 2.1 The point 1) of Theorem 2 holds. More precisely, X is the
intersection in P(A\*V (w1)) of Gs(7) with P(V (2w;) & C).

Remark that the Gy-representation A” V (wy) is isomorphic to V (wy )&V (2w;)
@C (and that dimV(wy) = 7).

Proof of Proposition 2.1. The center of Gq is trivial, thus Aut(X) is con-
tained in Aut,q(G2) (see the proof of Lemma 2.7); such group is connected, so
also Aut(X) is connected.

Now, we prove that X is “contained” in G3(7). There is an involution of
SOz that extends 6; again, we denote it by 8. We have SO¢ = S(O3 x Oy), thus
Go/(SLy x SLy) is a closed subvariety of SO7/S(O3 x O4). There is a unique
s.e.c. of SO7/5(03 x O4) with P.n.1 and is isomorphic to G3(7) (see the point
9 of Theorem 5).

We have to introduce some notation. Let V' be a 7-dimensional vector space
and let {e_3,e_3,e_1,€0,€e1,€2,e3} be a basis of V. Let ¢ be the symmetric
bilinear form associated to the quadratic form (ef)? + eje* | + ese* o + eje’ 5
and let @ be the trilinear form ej Aej Ae* | +efAes Aer o +efAez Ael 3 +2e] A
esNes+2e*  AeryNet s € NP V*. The subgroup G of SL(V) composed by the
linear transformations which preserve ¢ and w is the simple group of type Go;
moreover, we can realize SO7 as SO(V, q). The vector space V is the standard
representation V(wq) of G and we can suppose that {e_3,e_o,€1,€0,€1,€2,e3}
is a basis of weight vectors for an appropriate maximal torus T of G. Moreover,
we can choose a Borel subgroup B of GG so that the weight of e; is a positive root
(respectively is 0) if and only if ¢ > 0 (respectively i = 0). The Grassmannian
Gs5(7) is contained in P(A* V) (2 P(V & V(2w;) @ C) as Go-space). The Ga-
subrepresentation of /\3 V isomorphic to V" has the following basis of T-weights:
{e,g/\e,g/\eo—el/\eg/\e,g —erNes/Ne_3,ea Ne_ao Ne_3—e1 Nex Neg +
egNe_1Ne_3,e3sNe_aNe_3—eir NegNeg—e Ne_1Ne_a,e1 NeaNeg—e_1 N
e_gNe_3g,ea NegNe_g—e  NeaNe_1+egNe_1Ne_3,—eaNesNe_o2—e1 N
e3Ne_1—egNe_1Ne_g,—e1 Ne_1 Ne_o—eaNeg/Neyg—ez3Ne_1 A 673}. Let
X" be the closure of Ga/(SLa x SLs) in G3(7) and let X’ be the intersection
of G3(7) with P(V(2w;) ® C); observe that X" is contained in X’ because w;
is not spherical (see §1.1.2). We claim that X is the normalization of X”.
Indeed P(V(2w;) @ C) has two closed Ga-orbits: one is isomorphic to Ga/P(w;)
and the other one is the point P(C). Therefore X’ contains one closed Ga-
orbit, otherwise G3(7) would contain a Go-fixed point, in particular V' would
be reducible as Ga-representation. Thus, the normalization of X" is a simple,
complete variety with closed orbit G/P(wy), so it is X.

We want to prove that X" coincides with X’ and is smooth (so it coincides
also with X). Notice that X’ is connected, because it is Ga-stable and contains
a unique closed Ga-orbit. Hence, it is sufficient to prove that X’ has dimension
8 and is smooth in a neighborhood of a point belonging to G/ P(w1). One can
verify that e; A e_a A e_g is a highest weight vector of V(2w1) € A*V. Let
A be the affine open subset of G3(7) composed by the subspaces generated by
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vectors {e;+> " a; je;}j=1,—2,—3:i=2,3,0,—1, where the a; ; are arbitrary constants.
Thus A is isomorphic to the space of matrices {(I3, M) : M € M34(C)} C
M3 7(C) and the matrix (I,{a; }) corresponds to the subspace generated by
{e;+> aijei}j=1,-2,—3;i=2.3,0,—1 (notice that the columns of (I3, M) are indexed
by a reordering of {—3,...,3}). In particular, (I,0) corresponds to the point
[e1 Ae_a Ae_s] € Go/P(wy).

The equations of ANP(V (2w; @C)) in A are given by the vanishing of the co-
ordinates associated to the basis vectors of V' given before. More precisely, given
such vector ) . ej, . Aej, ; Aej, ,, the associated equation is ) T(1,2.3),(j1.s.jz.1.55.0)
where T(1,2.3),(j1.1,j2.1,j5.1) 15 the 3 x 3 minor of (I3, M) extracted by the j; ;-th,
the jo ;-th and the js ;-th row. Thus the subvariety ANX' = ANP(V (2w; & C))
of A has equations:

ay,0 = —as,z2 + a3,
az—1 = —a12 + T(2,3),(2,0)
az,—1 = —a13+ T(2,3),3,0)>

a1,—1 = T(2,3),(2,3);
T(1,2),2,3) — L(2,3),2,-1) T L(1,2),00,~1) =0,
T1,3),2,3) — L(2,3),3,-1) T 1(1,3),00,~1) = 0,

a3 —1+T(1,2,3),23,0 +T(1,2),3-1) =0

(where T(p, k), (n,m) is the minor of {a; ;} extracted by the h-th and k-th row and
by n-th and m-th column). The closed subset A" of A defined by the first four
equations is the graph of a polynomial map, thus it is smooth of dimension 8.
Hence the last three equations are identically verified on A’, because X" has
dimension 8 (and AN X" C AN X’ C A’). Therefore AN X’ coincides with A’
and is smooth.

Now, we prove the last statement of the point 1). Identify V' with Im O¢ and
define the associator [+, -, ] : A*(O¢) — O as the linear map such that [a, b, ] =
(ab)c — a(bc). This map is Ga-equivariant and its restriction to A* Im(Q¢) has
kernel V(2w;) @ C. Thus X parameters the 3-dimensional subspaces W of
Im Q¢ over which [, -, ] is zero. Furthermore, [1, ] is identically zero. Let W
be a subspace associated to a point in X and let W be the subalgebra of Q¢
generated by W and 1. It can be either the entire algebra O¢ or a subalgebra
of dimension four. But, if W is the whole algebra, then O is generated by four
elements which associates between them, a contradiction (recall that O¢ and
W are composition algebras). Thus, W is a composition algebra of dimension
four, so it is isomorphic to He. O

Let (Vi,q1) and (Va, q2) be copies respectively of (V,q) and (V, —gq), where
V is as in the previous proposition; we can suppose Go x Go C SO(Vi,q1) X
SO(Va,q2). Moreover, let W; be a maximal isotropic subspace of V; for each i.
Let W be a maximal isotropic subspace of V; & V5 which contains W7 @ Ws.
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Proposition 2.2 The point 2) of Theorem 2 holds. More precisely, X is the
intersection in P(N“""(W))) 2 P((V1 @ Vo) @& V1 & Vo @& C) of S; with P((Vy @
Va) & C)

Proof of Proposition 2.2. The automorphism group of X is determined in
[Br07], Example 2.4.5. Alternatively, one can study it in a very similar way to
the Proposition 2.1.

Clearly the involution of Gy X G2 can be extended to an involution of
SO(Vy) x SO(Va) which we denote again by 6; in particular we have Gy =
Gy x G3/(Go x Go)? C SO(V1) x SO(V)/(SO(Vy) x SO(V1))? = SO(V,q).
Let X" be the closure of G5 in the unique s.e.c. of SO(V, q) with P.n.1, which
is isomorphic to S; (see the point 3 of Theorem 5). We claim that X is the
normalization of X" (one could show that X" is normal by [Ti03], Proposition
9).

Let ¢ : S7 — P(A"“" W) be the Spinjs-equivariant embedding of S; in the
projectivitation of a half-spin representation of Spinq4. Write V; = W; EBWZ' oC;
andV=Vi@Voa=We W, where Wi, W are maximal isotropic subspaces such
that W, @ Wy C W. The representation A" W is isomorphic to A\* W; ®
A Wo 2 \° Wy @ (\° Wa)* as (Spiny x Spiny)-representation (see the highest
weights and the dimensions). Moreover /\' W; is isomorphic to V; & C; as Ga-
representation, so A* Wy ® A°® Wy is isomorphic to (Vi ® Vo) @ Vi @ Vo & C as
G-representation. Let P be the projective subspace of P(A“’“" W) isomorphic
to P((V1®Va)®C). Observe that X” is contained in X’ := S;NP C P(A“"" W)
because Vi @ V, does not contain a line fixed by G? (see §1.1.2).

Observe that X’ contains one closed G-orbit, in particular X’ is connected.
Indeed P contains two closed G-orbits: one isomorphic to G/P(w;) and the
other one isomorphic to the G-stable point P(C). On the other hand, there
is not a G-stable maximal isotropic subspace of Vi @& Va, so P(C) is not con-
tained in S;. Thus the normalization of X" is the simple, complete symmetric
variety with closed orbit G/P(w1), so it is X. We want to prove that X" is
smooth and coincides with X’; it is sufficient to prove that X’ is smooth of
dimension 12; in this case X’ is irreducible, so it coincides with X" (and X).
Moreover, it is sufficient to study X’ in a open neighborhood of an arbitrarily
fixed point of G/P(wy), for example x = [e; Ae_aAe_3Aeg+ fo A faAfsAf_q],
where {e_3,e_a,e_1,¢e0,€1,€2,e3} is a basis of V; as before and {f_3, f_2, f1,
fos f1, f2, f3} is the corresponding basis of V5.

Let u be eg + fo; we can suppose that W is generated by ey, es, €3, f1, f2, [3
and u. The trivial subrepresentation C; of A°* W is spanned by 2v/—2 - 1y, +
e1 A ea A\ ez; moreover, Wy @ /\2 W1 is contained in the Ga-stable subspace of
A°® Wi isomorphic to V3. An open neighborhood of x in Sy is given by U~ - x,
where U~ is the unipotent radical of the standard parabolic subgroup opposite to
Stabspin,, (z). Notice that, as algebraic variety, U™ - « is isomorphic to Lie(U")
by the exponential map. The coordinates of exp(p) - « are the Pfaffians of the
diagonal minors of p. Let x; ; be the coordinates of the space M14(C) of matrices
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of order 14 with respect to the basis {e1, es, €3, u, f1, f2, f3, €-1,€_2,€_3, %(eo —
fo)s f=1, f—2, f—3}. We claim that a open neighborhood of z in X' N (U™ -x) is the
graph of a polynomial map. Given a skew-symmetric matrix, let [iy, 42, ..., 2]
be the Pfaffian of the principal minor extracted from the rows and the columns
of indices i1 < i9 < ... < l9k.

The three equations corresponding to the vectors 2v/—2e; A ej+e;Nej Au
finfanfs (e Vi) withi,j € {1,2,3} are, respectively, 0 = z; ; —[i,5,4,5,6,7] =
x; 5 — (xa,7pi,; + Gi,j), where the p; ; and the g; ; are homogeneous polynomials
in the zp, 1 such that : 1) (h, k) # (4,7); 2) either h > 3 or k > 3. Finally, we
consider the equation 0 = 47 —[1,2,3,4] = 247 — (¥1,2T3,4 — T1,3T2 4+ T2,3%1.4)
associated to fyAu+ fyAe; AeaAes (€ V). Substituting the first three equations
in the last one, we obtain x4 7(1 4+ 212f1,2 + 1,3f1,3 + 22,3 f2,3) = g where the
fi; and g are polynomial in the x4 ; with j < 4.

Therefore, there is an open neighborhood A of x in U~ - x where the previous
four equations become x1 9 = hy 2, 13 = h1 3, 23 = ho 3 and x4 7 = ha 7 (here
the h;; are polynomials in the coordinates different from x 2, 1,3, 2,3 and
x4,7). Observe that the previous equations are independent; on the other hand
X’ has dimension at least 12, because it contains X”'. Therefore, the subvariety
A’ of A obtained imposing the previous four equations is smooth with dimension
12, thus it is equal to AN X". Hence X' = X" (= X). O

2.3 Restricted root system of type A, (with H = GY)

In this section G/H is always a symmetric space with restricted root system A
and H = G°. We prove that its s.e.c. with P.n.1 is a hyperplane section of a
variety of the subexceptional series of subadjoint varieties. These last varieties
constitute the third line of the geometric version of Freudenthal’s magic square
and are Legendrian varieties (see [LaMa01] and [LaMa07]). For the completion
of S L3 this result is due to Buczyiiski (see [Bu07]). These varieties are contained
nested in each other. First, we prove that such varieties are hyperplane sections
of Legendrian varieties. Then, we study their connected automorphism group;
in particular we show that these varieties are not homogeneous. Finally, we
study their automorphism group.

The quotient SL3(A)/SO3(A) is a symmetric variety isomorphic to the image
of SL3(A) - [1,I] by ¢; in particular it is contained in the hyperplane section
X' = {[x1, 79, 73, 74] € LG3(A%) C P(C® J3(A) @ J3(A)* ® C*) : 21 = w4}
(see §1.3). Such section is irreducible because it is the image by ¢ of {[z, P] :
23 = det(P)}; moreover, it has the same dimension as SL3(A)/SO3(A), thus it
is the closure of SL3(A)/SO3(A) in P(Z2(A)).

Lemma 2.10 The variety X' is isomorphic to the s.e.c. X of SL3(A)/SO3(A)
with P.n.1.

Proof of Lemma 2.10. The variety X’ and its normalization X" have the
same number of orbits by [Ti03], Proposition 1; moreover, each orbit of X"
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have the same dimension as its image in X’. Observe that no orbit of X” has
dimension 0; thus X’ has two closed orbits, namely G/P(w;) and G/P(w2). One
can easily show that X" has a unique orbit O of codimension one (otherwise, by
the theory of spherical embeddings, X’ would contain a closed orbit isomorphic
to G/P(w1+wz)). Thus X" = G/HUOUG/P(w1) UG/P(ws). By Proposition
8.2 in [LaMa01], we know the possible dimensions for the singular locus of X'.
Because it is SL3(A)-stable, one can easily see that X’ is smooth (and coincides
with X”). Studying the colored fan of X", one can show easily that X" has
Picard number one, so it is isomorphic to X. O

Observe that we have proved the existence of the commutative diagram of
Theorem 3.

Lemma 2.11 Aut’(X) is isomorphic to G/(Z(G) N H).

Proof of Lemma 2.11. The character group x(S) of S is the lattice generated
by spherical weights. Let X’ be the simple subvariety corresponding to the
colored cone (cone(ay, —wy — wy), {Dqy}); its closed orbit is isomorphic to
G/P(w3). Let Z be as §1.1.6 and let w = ajw; + asws be the highest weight
of Z (with respect to L). The simple restricted root of Rz 11,0 18 a1, s0 a1 =
(w,aY) = 1 by the Lemma 2.3. Moreover, Z(L)°/(Z(L)° N H) is the one-
parameter subgroup of T//T N H corresponding to —3wy ; indeed (—w2,wy) < 0
and —wy € C(Z)Y = cone(ay, —w) —wy)V. Thus 1 = (w, —3wy) = —1—2as, so
w is w1 —wy. We can study he simple variety corresponding to the colored cone
(cone(ay, —wy — wy), {Day}) in a similar way. Thus Aut®(X) is isomorphic
G/(Z(G)N H) by the Lemma 2.6. [

To finish the proof of Theorem 3 we have only to determine Aut(X).

Proposition 2.3 We have:
e IfG/H is SL3/SOs, then Aut(X) is generated by SL3 and 6.

e If G/H is SL3, then Aut’(X) is (SLs x SL3)/{(g9,9) : g € Z(SL3)}.
Moreover, Aut(X) is generated by Aut®(X), 6 and (p, ), where ¢ is the
automorphism of SLs corresponding to the non-trivial automorphism of
the Dynkin diagram.

e IfG/H is SLs/Sps, then Aut(X) is generated by SLg/{£id} and 0.

e If G/H is Eg/Fy then Aut®(X) is simply-connected and Aut(X) is gen-
erated by Eg and 6.

Proof of Proposition 2.3. By the Lemma 2.11, Aut®(X) is G/(Z(G) N H).
Notice that Z(G) acts non-trivially on X because H is strictly contained in
Ng(G?). Moreover, if G is different from SL3 x SL3 and SLg, then the center
of G is a simple group, thus Aut’(X) is G. If G is SL3 x SL3, then its center is
C3 x C3, where C, is the group of n-th roots of the unit. Thus the intersection
of the center of G with G? is the diagonal of C3 x C3. If G is SLg then its center
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is Cp and its intersection with Spg (= GY) is {£id}. Observe that Ng(H)/H is
simple because the type of Rg g is As.

Now, we determine K (defined as in the Lemma 2.7). It is sufficient to
determine the subset K’ of E. Let v be the longest element of W and let vy be
the longest element of the Weyl group of ROG (here we consider the root system
of G with respect to T'). Then 0" := vwyf fixes T and B. One can easily show
that 0’ exchange wy with wy (see the figures 1,2 and [dCoPr83], §1.4), thus it
exchanges E_,v with E_,y. Hence, also § exchanges the previ~ous two G-stable
divisors; in particular 6 exchanges the two closed orbits of X. Notice that 6
belongs to K’ and induces the non-trivial automorphism of the Dynkin diagram
of G, with respect to 7" and B’ (see page 493 in [LaMa01] and §26 in [Ti06]).
If G is different from SL3 x SL3, then E/T’ contains exactly two elements.
Thus K'/Nz (H) coincides with E/T'. In particular, Aut(G/H) is generated
by Aut’(G/H) and 6. Moreover, Aut(G/H) coincides with Aut(X) by Lemma
2.8 and by [Ti06], Lemma 26.2.

Finally, suppose G = SLs x SL3. Let T be a maximal torus of SLg, let
B (> T) be a Borel subgroup of SLj3 and let ¢ be the equivariant automorphism
of SLj associated to the non-trivial automorphism of the Dynkin diagram (with
respect to T and B). We canset T =T =T xT, B=Bx B~ and B' = Bx B.
One can easily see that K’ is generated by N/ (H), 6 and (¢, ¢). (Notice that
E/T' has eight elements: id, 0, (¢,id), (id, ), (¢,¢), 00 (p,¢), 0o (p,id) and
fo(id, )). Observe that (¢, ¢) stabilizes both B and B-. We have w; = @} —w?,
where {w!, @)} are the fundamental weights of the j-th copy of SL3 in G (with
respect to 7' and B). Thus (g, ) exchange w; with wa, so (p,¢) exchange
E_,y with E_,v. Furthermore, (¢, ) induces a non-trivial automorphism of
the Dynkin diagram of G (with respect to 77 and B’). Therefore, Aut(X)
coincides with Aut(G/H) (= Aut(X)). O

3 Homogeneous varieties

We begin with the s.c.s.v. with P.n.1 and rank 1. Fixed any symmetric space
G/H with rank 1, the canonical completion X is the unique completion of G/H
because the valuation cone is a half-line. Thus X has a unique non-open orbit
which has codimension one. Moreover, X is smooth because the singular locus
is G-stable and X is normal; in particular it is wonderful. The Picard number
of a wonderful (not necessarily symmetric) variety is equal to number of colors
and it is at least equal to the rank of the variety. Thus the complete symmetric
varieties with rank 1 have Picard number at most equal to 2.

More generally, the wonderful (eventually non-symmetric) varieties with Pi-
card number 1 have rank 1. Moreover, the wonderful varieties with rank 1 are
exactly the G-varieties with two orbits, whose the closed one has codimension
one (we request also that G is reductive). They are classified by the Theorem
4 in [Akh83] due to Akhiezer. He has showed that they are all homogeneous
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(under the action of the automorphism group).

In the following we always suppose that G/H has rank 1 strictly greater than
one. Now we prove the Theorem 5. We exhibit an open equivariant embedding
of every symmetric space G/H appearing in Theorem 5 into an appropriate
homogenous variety with Picard number one and the same dimension of G/H.
Then, we conclude using the fact that the s.e.c. of G/H with P.n.1 is unique.

Given a linear endomorphism ¢ of a vector space V, let graph(y¢) be the
subspace {(v,¢(v)) : v € V} of V@ V. Observe that graph(p) has the same
dimension of V. Given a (skew-)symmetric bilinear form on V, then we can
define a (skew-)symmetric bilinear ¢’ form on V @ V' such that ¢'(v1 + ve,w; +
wa) = q(v1,wy) — q(ve, we) for each vy + vy, w1 +we €V B V.

Remark. Given an irreducible spherical representation V' and a non-zero vec-
tor v in V', then Co is stabilized by Ng(G?) because dim VE’ = 1. Moreover,
the stabilizer of Cv is exactly Ng(G?) because of [dCoPr83], Lemma 1.7.

Proof of the point 1 of Theorem 5. We begin with the decomposable s.c.s.v.
with P.n.1. First of all, we want to describe their open orbit. If Rg ¢ has type
Aq, then G/Ng(G?) is isomorphic to SO,,/S(O1 x SO, _1) for an appropriate
n > 3. If n = 3, the type of (G, #) is AI; if n = 4 then G/Ng(G?) is isomorphic
to PSLq; if n = 6, the type of (G,0) is AIl; if n = 2k with k > 4, the type
of (G,0) is DII; if n = 2k + 1 with k > 2, the type of (G, 6) is BII. Given a
s.c.s.v. with Pn.l and Rg g = A1 x Ay, write (G,0) = (G1,0) x (G2, 0) and let
gj € Ng, (G?) be a representant of the non-trivial element of Ng, (Gf) / G? for
each j. Then H is generated by G? and (g1, g2).

The group SO,, X SO, is contained in SO, 1,. Let {e1, ..., entm} be an or-
thonormal basis of C*"*™ such that SO,, C GL(spanc{es,...,e,}) and SO,, C
GL(spanc{en+1, -, €ntm}). The identity component of Stabso, xso,, (e1 +
ient1) 18 SOp_1 X SO4—1 (see also [dCoPr83], Lemma 1.7). Furthermore,
SO(Ct™) . [e1 + ieyy1] C P(C*™) is 1G1(n + m) because e; + ie,y1 is an
isotropic vector. Finally, there is a unique subgroup (G?)° ¢ H € Ng(G?) such
that exists a s.e.c. of G/H with P.n.1. O

Proof of the point 2 of Theorem 5. It is sufficient to exhibit an irreducible
spherical representation with dimension equal to dim G/H + 1.

i) If G/H is PGLj41, then X is isomorphic to P(M;41(C)) as (PGLj41 X
PGLyq)-variety. Indeed, PGL;1+1 X PGL;1+1 acts on P(M;11(C)) and the stabi-
lizer of [1] is the diagonal, namely (PGL;y1 x PGL;41)?. Moreover P(M;,(C))
has dimension equal to {2 + 21.

ii) If G/H is SLi41/Nsr,,,(SO141) and (G,0) has type A, then X is iso-
morphic to P(Sym?(C!*1)) (see the description of spherical weights in §1.1.2).

iii) If G/H is SLaj42/NsLy,,(Spait2) and (G, 0) has type AII, then X is
isomorphic to P(A*(C2+2)) (see the description of spherical weights in §1.1.2).

iv) If G/H is Eg/Ng,(Fy) and (G, 0) has type EIV, then X is P(J3(O¢)).
Indeed, J3(QO¢) is the 27-dimensional irreducible representation of Fg corre-
sponding to the first fundamental weight. The subgroup Fj of Ejg is isomorphic
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to the group of automorphism of J5(Q¢); in particular Fy fixes the identity
matrix. Thus P(J5(0¢)) contains the 26-dimensional variety G/H. O

Proof of the points 3, 4 and 5 of Theorem 5. Observe that Spins X Spins
is isomorphic to Sps x Sps. We have an inclusion of SO; (resp. of Spy;) into
IG;(20) (resp. into LGo;(4l)) given by the morphism ¢ : g — graph(g). It is
easy to show that this map is compatible with the action of G on the domain
and on the codomain of ¢. Now, it is sufficient to observe that G has the same
dimension of the codomain of ¢. [

Proof of the point 6 of Theorem 5. The group S L4 acts on the six-dimensional
space A\*(C*), thus it acts on Go(A>C*). The stabilizer of the space gener-
ated by e; Aes and ez A ey is Ngr, (S(GLa X GLy)), thus SLy/Ngr,(S(GLy X
GLy)) is contained in Go(A*C*). Moreover SLy/Nsp,(S(GLy x GLs3)) has
the same dimension of G5(A? C%), so the Grassmannian is the unique s.e.c. of
SL4/Nsr,(S(GLy x GL3)) with P.n.1. O

Proof of the point 7 of Theorem 5. Let (G',0) be an involution of type EI,
where G’ is the simply connected, simple group of type Eg and G'? has type Cjy.
Choose a maximally o-split torus and a Borel subgroup of G’ as in §1.1.1; then o
acts as —id over Rg and the parabolic subgroup P := P(w;) of G’ is opposed to
o(P). Furthermore, PNo(P) is a Levi subgroup of P containing P?; the derived
subgroup of PNa(P) has type Ds while (P?)Y has type Bs x By. Hence G’ / P°
is isomorphic to Sps/Nsps(Spa X Spa), up to quotient by a finite group. Notice
that G'/P is a s.e.c. of G'°/P° with Pn.1. Moreover, G'/P is embedded in
P(J3(0¢)) and J3(O¢) is a 27-dimensional irreducible representation of Eg. But
the smallest spherical representation of Spg has dimension 27, thus J3(O¢) is an
irreducible Sps-representation (see the figure 1). Thus P7 is Ngp,(Spa X Spa)
by the previous remark. [J

Proof of the points 8, 9, 10 and 11 of Theorem 5. First, observe that
SOs/Nso,(GLy4) is isomorphic to SOg/S(0O2 x Og). Indeed the involution of
SOg of type DIII (and rank two) is conjugated by an equivariant automor-
phism of SOg to the involution of SOg of type DI and (and rank two). In fact,
these involutions have the same Satake diagrams up to an automorphism of the
Dynkin diagram of SOsg.

Now, suppose G/H equal to SO, /S(Op x Op/—1r) (resp. to Spn:/(Spr x
Spnr—17)) and let g be the non-degenerate bilinear form on C"" with respect
to which is defined SO, (resp. Sp,/). Let W be a I’-dimensional subspace
of C" over which q is non-degenerate. We denote by W+ the orthogonal
complement of W. The stabilizer of W contains SO(W) x SO(W=) (resp
Sp(W) x Sp(W+)). By [dCoPr83], Lemma 1.7, the variety G;(n) is a s.e.c.
with P.n.1 of SO,/ /Stabso,, (W) (resp. of Sp,//Stabs, ,(W)). Notice that
G/H cannot be Spin, /(Sping x Spin, _2) because this last variety is Her-
mitian and p is not injective. Moreover, G/H cannot be Spg/Ngp, (Sps X Spa)
because of the point 7 of Theorem 5. So we can conclude because of the Theorem
1.1. O
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