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Abstract. We obtain a nonlocal functional as the variational limit of an integral functional associated with the strain energy of
a pseudo-plastic material reinforced by a e-periodic distribution of pseudo plastic fibers. We begin by studying separately the
variational limit behavior, when € goes to zero, of the structure made of the soft material without fibers, and of the structure
constituted by the distribution of the small fibers. We show that the complete structure is, in the sense of the I'-convergence,
equivalent to a new homogeneous structure whose functional energy is the epigraphical sum of the limit integral functionals
energies modeling each two previous structures.
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1. Introduction

We are interested in the determination of the macroscopic behavior of the structure (S) constituted by
a matrix (M) made of a soft pseudo-plastic material reinforced by a periodic distribution (7°) of pseudo-
plastic fibers. The interior of the reference configuration of (S) is a cylinder O = O x (0, L) where
O is a domain of R2. Let 7. = U.ez2 e(D + 2) x (0, L) where D is an open subset of R? satisfying
DEeYyY := (0, 1); the distribution of fibers occupies O N T. while the matrix lies in O \ T.. This
structure (S) is clamped on the part [ = O x {0} of its boundary and subjected to applied body forces
L in Co(O,R?) where Cy(O, R?) denotes the space of R3-valued continuous functions on O vanishing
on 00.

*Corresponding author.



We aim to obtain an equivalent problem when e goes to zero of each three following variational
problems:

(Pr») inf{Fg’(,u) - /OE v e M(O, RS)},
(Pc.) inf{GE(,u) - /(9 Ly p€ M(O,R3)},

(Py.) inf{Hg(,u)—/OE-u: = M(O,R3)},

where F?, G, and H. are three integral functionals defined on the space M(O, R?3) of bounded Borel
measure by:

F2 () = { /@\TE feVwdz ifpe Wil (O.R), p=vonONT,,

+o00 otherwise,

. B 1,1 3
Go(p) = { /OQTE g(Vepydz if p|(O\T) =0, u|T-N O € Wi (T- N O,R%),

+00 otherwise,

d cuydaif L0, R3),
Ha(u)_{/O\TE f(eV) x+/Ostg(V wdz if p € Wi (O,R%)

+00 otherwise.

The space W}él(O, R?) is the subset of all the functions u in W"!(O,R?) such that u = 0 on [
in the trace sense, v is a given function in WIL’OI(O, R?), V. denotes the distributional derivative in
D'(O N T.,R?), and spt(p) the support of the measure 1. In order to consider large deformations, the
bulk energy density functions f, g are not assumed to be convex. They are assumed to be globally
Lipschitz, so that they have linear growth at infinity. To shorten notations, we identify any measure u
restricted to any open set {2 of R with its density du/dx as soon as j is absolutely continuous with
respect to the Lebesgue measure restricted to (2.

The first problem (Prv) describes the equilibrium configuration of the mechanical structure O \ T

clamped along O, with a prescribed displacement v along the boundary 07; N O. The argument eV
accounts for the softness of the material occupying O \ 7. The second problem (P, ) describes the
equilibrium configuration of the e-periodic distribution (7)) of very thin fibers clamped on O and free
on the remaining part of their boundaries. Now, assuming that the two previous structures are perfectly
stuck together, we obtain the third problem (Pp_ ), which was studied in [7] and [8] with a more complex
geometry on fibers but with convex integrands f and g of growth order p greater than 1. Here, the linear
growth seems necessitate a measure framework.

Let us make precise what we call equivalent problem. We actually want to compute the I'-limits
F?, G and H of F?, G. and H. respectively when M(O, R?) is equipped with the weak topology
a(M(O,R?),C.(O,R?). The functionals F and G appear to be convex integrals of measure. Accord-
ing to the variational properties of I'-convergence (see Proposition 12 below), the limit problems ob-
tained in this sense, describe the equilibrium of deformable bodies filling the closure of O as reference
configuration and subjected to the loading L.



We show that 'V is a gradient free energy defined for every i € M(O, R¥) by

Fo(u) = /O foly — v),

where, for every a € R3,

fola) = inf{/?\D f**(@u, 0)di: u € aﬁﬁl(a)},

adm(a) = {u c Wﬁl’l(f/,R3): /Audi' =a, u=0on D},
y

Vu denotes the tangential gradient of u and Wﬁl’l(f/, R3) is the set of ?-periodic functions in
WY, RY).

The functional G corresponds to a continuous distribution of strain energies of elastic strings
D x (0, L) 4+ & (see [2]) when Z runs through the basis O, more precisely

*kk 1 a *3%,00 . A
G) = { |D|/O(gi) <ﬁa—;) +/FO(gL) (v()) ifv € M(O,BV((0, L),R%)),
+00

otherwise.
The density (g-)** is the convex envelope of the function g, defined for every a € R® by
1 _ . 2%3
g (a) = inf{g((M,a)): M € M**°},

and (gL)**’C’O is its recession function (see Section 2). Note that in general, gL is not convex (see [2]
with p = 2). The notation (») stands for a suitable measure in M(O x (—oo, L), R?) concentrated on
Iy that we will call the orthogonal trace of the measure v on I (see Definition 2 and Proposition 6).
The convex functions of measures entering the definitions of F'¥ and G are taken in the sense of [18].

We finally establish that the stored energy limit of the whole structure is the infimal convolution (or
epigraphical sum) of the two functionals F° and G \p| on M(O, R3): for all . € M(O,R?)

H(p) = inf{F"(u) + G(|D|v): v € M(O,R%)}
= inf{/@ folu—v)+ G(|DJv): v e M((’),R3)}
= F° L G p)(w.

It is worth noticing that the functionals F’¥ and G turn out to be convex integrals of a measure, while H is
a nonlocal convex functional. The identification of this limit energy functional as an infimal convolution
is capital for the mechanical understanding of the macroscopic behavior: it appears as two homogenized
media, connected in series. Although our main goal was to determine the macroscopic behavior of the
whole structure (.S), it is this actual characterization that leads us to a strategy different from that of
[7,8] by studying previously and separately the two media making up (5). The limit energy functional
H is nonlocal, the state of the homogenized structure is described by a global state variable (see [17]):



the field of displacement which is actually a measure on O. Nevertheless, the macroscopic behavior can
also be described by the displacement y, and an additional internal or hidden variable v which accounts
for the microstructure of (5). In this case, the total free energy of this nondissipative medium has a
density function which reads as

h(p,v) = folu =)+ |Dl(g4)™ (aa—”)
L3
and involves a space derivative of the internal variable [16].

The paper is organized as follows. In Section 2 we establish the I'-convergence of the functional F? to
the functional F'*. Section 3 is devoted to the I'-convergence of G to G. We deduce in Section 4 the limit
energy of the complete structure. Finally, we recall the notion of I'-convergence and give some technical
results in Appendices 1, 2, 3. From a technical point of view, we use alternative ways to those used in
[7] and [8]. Indeed, for p = 1, the two-scale convergence scheme seems to require differentiability and
positively 1-homogeneity of f** (see [3]). Nevertheless our technique also applies to the case p > 1.

2. The limit problem associated with the soft material structure

We denote by a - b the scalar product of two elements a and b in R? and by A : B the Hilbert—Schmidt
scalar product of A and B in the set M3 of 3 x 3 matrices.

We assume the following growth conditions on the density f: there exists two positive constants «
and 3 such that, for every 3 x 3-matrix M

a(IM]— 1)" < FOD < A1+ M), M

where (-)* denotes the positive part. Moreover, we assume that f satisfies the Lipschitzian condition:
there exists a positive constant  such that, for all M, M’ in M;

|fM) — f(M")| < 1M — M. 2)

Note that when f is quasiconvex this condition is automatically satisfied (see B. Dacorogna [11]). Fi-
nally, as there is no energy when no displacement occurs, we assume f(0) = 0. Note also that hypotheses
(1), (2) include the function M +— /1 + |M|?> — 1 which is the main example of nonnegative C*° func-
tion vanishing at 0 and with linear growth.

Let us recall that FY : M(O,R?) — R U {+c0} is defined by

FI(p) = /@\T fEeVm dx ifﬂGW}gI(O,W), p=vonONTy,
+00 otherwise,
where v is a given function in W}E)l((’), RY).

We begin by giving various expressions of the expected limit density f given in the Introduction. Let
us recall that, for every a € R?

fola) = inf{ /}7 » £ (Vu,0) di: u e a/dr\n(a)},



adm(a) = {u c Wﬁ]’l(f/,R3): /Audi” =a, u=0o0n D}.
%

Similarly, for every a € R?, we now consider the following set of Y -periodic functions
adm(a) = {u € Wﬁ” (Y,R%): /Yudx =a,u=00nT :=D x (0, L)}
and set
fo(a) = inf{/ f(Vuwde: u e adm(a)}.
Y\T

The proposition below yields another expressions of fj and its Legendre—Fenchel transform.

Proposition 1. With above notations,
@  fola) = inf{/ P (Vu)dz: u e adm(a)} = ~(;*(a),
Y\T

(i) Va* €R’, fi(a*) = fe (a¥) = inf{/ f*(o)dx: o0 € adm* (a*)}, where
Y\T
adm*(a*) := {o € LY \ T, M3), dive = —a* in Y \ T, on antiperiodic on 9(Y \ T) \ 9T }.

Proof. The second equality in (i) is classical and left to the reader (in the same spirit, see also Appen-
dix 1). By Jensen’s inequality, we have, for any v € adm(a)

ok Kok o A A
/Y\T S (Vu)dz > /?\D f (/o Vu(z,z3) dx3,0> di
= fola)

because & +— fol u(Z, x3) dzs belongs to a/d?n(a). Therefore f(;“*(a) > fola).
Since for any v € adm(a) the function @ defined by u(Z, x3) = u(Z) belongs to adm(a) and satisfies

F(Vayde = /A £ (Vu, 0) di,
Y\T Y\D

we also have fg*(a) < fola).
The proof of assertion (ii) is established in Appendix 1. O

A first piece of information that one may capture on any sequence of displacement fields with
finite energy is that it is bounded in L'(O,R?) thus weakly converges (i.e., in the sense of the
a(M(O,R?),C.(O,R?)) topology), at least for a subsequence, to some y in the space M(O, R?) (see
Proposition 2 below). Therefore, according to Proposition 12(i) of Appendix 1, it is natural to treat the
asymptotic analysis of the problem (Pgv) in M(O, R?).



Proposition 2. Let 1. € M(O,R?) be such that sup, FY(ue) < +oo. Then, there exist |1 € M(O,R?)
and a subsequence, not relabeled, such that

pe = pu in M(O,R?).

Proof. The Poincaré—Wirtinger inequality

JAG
Y

gives, after scaling and integrating over (0, L)

/yw|dg;<c*;3w</ \w|da:+/ |anydz> 3)
@ oNT: @

for every regular function w and finally, by a density argument, for every function w in W'(O,R?).
Applying this inequality to ., from the coerciveness assumption in (1), we obtain

/ lue| doe < Cpyy </ lv| dz + / |eVue| dm)
o ONT. O\T.

1
< Clory (/O ol de + ~ FY o) + 2yc9|)

1
—— | w
|D| Jp

di < Cpw /A|@w|d§c
Y

which is bounded. O
2.1. The lower bound
In this section, we establish the lower bound in the definition of the Gamma-convergence of F? to F':
Proposition 3. For every 1. weakly converging to i in M(O, R?),
FY(u) < liminf FY (o).
Proof. One may assume

lim i(r)lfFE”(,ug) < 400 4)
e—

so that, at most for a subsequence, yi. belongs to W!(O,R?) and agrees with v on O N T,. We must
establish

lim inf feVu.)dx > / Jolp — v).
=0 JO\T. 10)

Let us recall that since fj is convex, the integral [, fo(x — v) is given by the duality principle

/Ofo(u—v)zilélz{w—v,w)—/Ofé‘(w)da:},



where L is the set of all the functions w : O — R3 such that f o w belongs to L'(0). But we also have
(see Bouchitté [9])

Eéﬁﬂrﬂﬂzigﬁﬂ—mw>—ﬁﬁﬁwkm}

where £ is the set of all the step functions w of the form
w=Yzlo, 2 €R, (1—)B0) = L0,
i€l

(O)ier 1s a finite partition of O made up of Borel sets and z; € R. Our strategy is to establish for every
weé€

lim inf fEeVu)de = (u—v,w) —/ fo(w)dx (5)
O\T. o

e—0

by taking into account the expression of f; given in Proposition 1(ii). The conclusion will follow by
taking the supremum over w € &.

In order to localize the calculation on each O;, we consider a family (y; 5);er of regular functions with
support included in O;, 0 < ;5 < land Y, p;5 — 1 a.e.in O when § — 0T,

Consider w = ), 1o, in £ and let o; be a e-minimizer of ~A*(2;) in adm™(z;), extended by period-
icity to R* \ U,¢z2 (T + 2). According to Fenchel’s inequality, for a.e. z € O \ T. we have

FEV@) > FeVi@)pis@) > (Vi o (1) = (o £) ) )it

Summing over ¢ € I and integrating over O \ T} yields
T . x
LtV =S ([ Vo Dewde— [ p (o) )ess). ©
O\T: icl \WO\T: € O\T: €
Now we extend o; in R®. First, let us consider £ € L=(T N'Y, R?) satisfying

1
divé = (1 — \D\)Z’* inTNnY,

E-n=o;-n on 0T\ D x {0} UD x {1},
E-n=0 onD x {0}UuD x {1}.

Such a solution £ of above problem may be obtained through a sequence of solutions of p-Laplacian
problems indexed by p going to one. We set

G — ag; IHY\T,
“1l¢ inTny



and extend it by periodicity in R3. Integrating by part the first term in the right-hand side of (6) and by
using boundary conditions satisfied by £, we easily obtain

e—0 L

1 T
> Y liminf <2l pisdr + N1 = —= )z pisdx — (ol =) Jwisdr|.
= U@\TE ferZipio C Tsv < !D) “iia G /o\TEf (02(6>) w0 4

i€l

lim inf F(eVue) dz
0\

Extending now o; by 0 on 7 (still denoted by ;) and since f*(0) = 0, we obtain

lim inf feVu)dx
O\T.

e—0
2 llm lnf / e - zi ¢Z,5 dx + / v - 1 — — Z,L- 901,5 dl‘ - / f o\ — SOZ,(S d.’IZ
o =0 Lo T. |D| o €
_ <u _ v,ng@i,5> - [ S pisfiwds.
iel Oer

We conclude by letting 6 — 0. O
Remark 1. The previous lower bound also holds if one replaces v by a function v, such that 17 rpve
weakly converges to some measure written | D|v in M(O, R?). In this more general situation, taking up

previous proof, one easily obtain

F”(p) < lim i(glfFfa(us),
£ —>
where, for every 11 € M(O, R?),

/(’)\T f(eVupydr ifpe W};)I(O,R3), uw=v.onONTy,

400 otherwise,

ng(u)z{

P/ = [ fon = ).
@
2.2. The upper bound

Now we establish the upper bound in the definition of I -convergence:

Proposition 4. For every p in M(O, R?), there exists a sequence (u.)- in M(O, R?) weakly converging
to p such that

limsup F (ue) < FO(w).

e—0



Proof (First step). We assume 1 — v € C'(O, R?) and we construct a sequence (u.).~q satisfying

Us — 44 in M(O,R3),

timsup F2(u) < [ foGu = o).

e—0 (@]

For every u in L'(O,R?), let Adm(O x Y, u) be the set

{w e L'(0, W;’p(Y, R3)): / w(-,y)dy =wae.in O, w(zx,-) = 0a.e.on T}

Y

and, for every u € C'(O,R?), let Adm'(O x Y, u) be the set

{w eC'(OxY,R): / w(-,y)dy = wa.e.in O, w(z,-) =0a.e.onT,w(z,-) Y—periodic}.
Jy

Note that, in some sense, adm(a) may be considered as a localization of the set Adm(O x Y, u) at
a = u(x). With this remark in mind, we have the following localization lemma. For a proof, we refer to
Bellieud and Bouchitté [7]. For a general result about the permutation between “inf and [, consult also
Anza Hafsa [4], Anza Hafsa and Mandallena [5].

Lemma 1. For any given u in C'(O,R?)
/ inf{/ f(Vw(y) dy w € adm(u(x))} dz
0] Y
= inf{/ [ (Vyw(z,y) dedy: w € Adm(O x Y, u)}
OoxY
= inf{/ f(Vyw(z,y) dzdy: w € Adm'(O x Y,u)}.
OxY
Let then u in v + C'(O, R?). According to Lemma 1 and the definition of f; we have
/ folp — v)dz = inf{/ f(Vyw(z,y)) dzdy: w € Adm'(O x Y, — v)}.
(@ OxY
For n > 0, choose w, in Adm!'(O x Y, u — v) satisfying
nt [ F-ode> [ f(Tyuny) dedy.
@ oxY
and extend it in O x R? by Y -periodicity with respect to 7. We now set

Uep(T) = wy) (x, g) + v (N



which fulfills the condition u., = v on O N'T;. When ¢ — 0, a straightforward calculation gives
Uy = p—v+v=p inL'(O,R?)
and

lim F () = /O (V) dedy < /O Jo(u(@) — v(@)) dz + 1. ®)

Before going to the limit on 7, we slightly modify ., in order to match the boundary condition. For
this, let Vo = {z € O: dist(z, I)) < £} and ¢, € C}(O) satisfying

|905| <C
Ve < Ce,
we =0 OnVa/Za we =1 OHO\VE

>

and set e ;) = Q:Ue . Clearly
fiey — p in L'(O,R?)
when ¢ goes to zero. Moreover

F(fiey) < F¥(uey) + J(eViey)dz. ©)
(O\To)NVe

From (7), the growth conditions (1) and the regularity of w

lim f(eVigy,)dr = 0. (10)
e=0 J(O\T)NV:

Combining (8), (9) and (10), we obtain

lim sup F2 (ley) < /O folp(x) — v(x)) dz + 7.

e—0

Letting n — 0 gives

lim sup lim sup F (U 5) < / fo () — v(x)) dz.
n—0 e—0 O

Invoking a classical diagonalization argument, there exists a map € — 7(€) and ue = Ue 4(c) in Dom(F7)
such that

u. —u in L'(O,R%),
timsup FY(u) < [ folpu@) — o(@) do.
(@]

e—0

10



Last step. We establish the result for any measure p — v. Classically, there exists 6,, € C.(O,R?)
weakly converging to 1 — v in M(O, R?) such that

Jim [ f@ds = [ o,

that is,

tim [ Foun — 0o = [ fi*u =

n—-+00

where we have set u,, := v + 6,. According to the first step, there exists u,, . weakly converging to pi,
such that

timsup lim sup F(ur) < [ "~ o)
O

n—-+4oo e—0

limsup limsup u,. = weakly in M(O, R3) .

n—-+4oo e—0

We end the proof by a diagonal argument. O

Due to the growth of f, in order that the infimum (Pgv) be finite, classically £ has to satisfy a safe
load condition like

Q
] b
CP w

L]l < (an

where C}DW is the best constant in (3), proof of Proposition 2. Collecting Propositions 2, 3, 4, and
according to Proposition 12, we obtain:

Theorem 1. Assuming condition (11), the problem

(Pr) inf{Ff(u)— /O Loppe M(@,R3)}

converges to the problem

(Pgv) min{Fv(,LL) - /OE RS M(C’),R3)} =— /O fo(L(x)) dz — /Oﬁ(a:) -vdz,

in the sense that, up to a subsequence, every sequence (). of e-minimizer of (Prv) weakly converges
in M(O, R?) to a minimizer of (Ppv) and inf(Ppy) tends to min(Pgv).

11



3. The limit problem associated with the fibers

We assume that the density g also satisfies the conditions (1) and (2) of the previous section.
Let us recall that the energy functional associated with the equilibrium configuration of the union 7%
of very thin tubes clamped on O is the functional G- defined on M(O, R%) by

. _ 1,1 3
) = {/(’)ng g(Veydz i pl(O\To) =0, pu|T:NO € WE(T: N O,R?),

+o00 otherwise.

In this section, we are going to prove that the I'-limit of the sequence (G¢)e>0 is given by
a * . A
G(p) = { 1Dl / ( : > do / "F(yw) if (u,v) € M(O.BV((0, ). RY)),
otherwise,
when M(O, R?) is equipped with the weak * topology and
g (a) = inf{g((M,a)): M € M>*?},

We will make precise the space M(@, BV((0, L), R?)) in Definition 1 below. Let us recall the definition
of the recession function g of a given convex function

7:R®> — [0, +00].
For all a € R?, §(a) := Sup; > g(ap + ta)/t where ay is an arbitrary element of the domain of g. It is
easily seen that g™ is positively homogeneous of degree 1 and that this definition is independent of the
choice of a in the domain of §. In our case the domain of § is R?. The trace () entering the definition
of the surface part will be defined in Subsection 3.2.
3.1. The space M(@, BV((0, L),R?))
We are going to give the definition of the space M(O,BV((0, L), R%)). Let 2 = 2 x (a,b) be any

cylinder of R? where Qs an open bounded subset of R? and a, b belong to R. Let i be any measure in
M($2, R?). For every ¢ in Cy(£2, R?) we define the measure (i1, @) by

Wt e Gl@hR). [ ot / oot dp, (12)

where ¢ denotes the vector valued function whose components are (; ® gof, 1=1,2,3.

Definition 1. Let M(Q BV((a, b), R?)) be the space of all measures ;. € M(£2, R?) such that the mea-
sure {u, ) defined in (12) belongs to BV((a, b), R?).

12



Note that when u belongs to M((AZ, BV((a, b), R?)), since (u, ) belongs to the space L'((a,b),RY),
the left-hand side of (12) is also given by

ot d((u @) = / o (p, @) das.

(a,b) (a,b)

The choice of the weak topology which equips M(O, R?) is suggested by Proposition 12(i) and the
following compactness result.

Proposition 5. Let . € M(O,R?) be such that sup, Ge(ue) < +o00. Then, there exist u €
M(O,BV((0, L), R®)) and a subsequence, not relabeled, such that

{ lonr. pte = p inM(O,R%),
Ofte R op . 3
lonrt. oy o0 in M(O,R°).

Proof. By coercivity of g, the measure 10st o.- 1is bounded in M(O, R?). The weak convergence of

lonT, pte in M(O, R®) is a straightforward consequence of Poincaré’s inequality. Now, for a not relabeled
subsequence, we identify its weak limit § € M(O, R?). Let us denote by u. the restriction of . on ONT
and let p € C°(O,R?). Let D, = U,z e(z + D), integrating by parts gives

aug 6u5 R 0
/ / / da;di = —/ lont pte - =— dz.
Ong 6933 onb. Jo, L) Qa3 16) 0x3

Letting ¢ — 0 gives 0 = O /0x3.

At last, to prove that p € M(@,BV((O, L),R%)) it suffices to establish that (1, o) belongs to
BV((0, L), R?) for every ¢ € Co(@). This is a straightforward consequence of the following lemma
whose proof is given in Appendix 3 where we actually give a more general result (Lemma 3):

Lemma 2. Let a, b in R. Then
{ueM((a,b),R™): Dy € M((a,b),R™)} = BV((a,b),R™),
where Dy denotes the distributional derivative of the measure p.

Indeed, from definition (12) of the measure (v, ), we have, in the distributional sense,

(srohet ) =—(d)5st)
0

= a—(WP ) dv

o . |
—<a—mS,SOSD >

and the conclusion %( @) € M((0, L), R®) follows from 2% - € M(O, RY. O

13



Corollary 1. The domain of any cluster point of G for the I'-convergence, is included in
M(O, BV((0, L), R)).

3.2. Orthogonal trace of measures in M(@, BV((0, L),R%))

In order to take into account the boundary condition which will be classically relaxed by the surface
energy in the definition of F, we define now the trace of the elements of M(O, BV((0, L), R?)).

Definition 2. Let O be the cylinder O x (=00, L), the orthogonal trace on Iy of a measure v in
M(O,BV((0, 1), R?)) is the measure y(v) in M(O, R?) concentrated on I defined by:

Y6 € Co(O.RY). (Y. ) =0 ((v.¢(2.0))) @ es.

where ((v, ¢(&,0))) denotes the measure defined in (12), yo(w) the trace on {0} of any element w €
BV((0, L), R*) and e3 = (0,0, 1).

This definition is meaningful. Indeed, from Lemma 2 and the proof of Proposition 2 we know that
((v, #(£,0))) belongs to BV((0, L), R?), then possesses a trace on {0}. The trace operator satisfies the
following properties

Proposition 6. The trace operator v:v +— (v) is linear continuous from M(O, R?) into M((’) RY).
Moreover, if 0 denotes the extension in M(O,R3) of any measure 0 of M(O, R?) defined for every Borel
set B ofO by O(B) = 0(B N O), we have

E—/év—y—i— (v),
dx;  Ox3 i

—_~—

where Ov /dx3 and (V) are mutually singular.

Proof. the first assertion is easy to establish. Let us now consider ¢ = cﬁgpL where © = (;)i=1..3 €
D(O,R?) and o = (¢1)i—1..3 € D((—00, L),R?). From the definition of the distributional derivative,
from (12) and the fact that (v, $) belongs to L'((0, L), R?), we have

o oD _ oD _ ot
-, @ — — o V= — —_— UV = — / _ I/, b dﬂ? . 13
<ax3 > O 03 0 03 ©.L) 013 v ) das 4

As {v, @) belongs to BV((0, L), R?), one may apply the generalized Green’s formula to the last expres-
sion, which gives, with our definition of y(v):

ot . 0 . .
—/ S2 (v, $) das :/ o (V. @) + (1. () ® P)) @ es
(0,L) 0x;3 (0,L) 0x3

= o =— (1, @) + (Y ), D)

= SOL<—’¢J>+<’Y(V),¢>
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= /(_OO’L) ot <§—;,¢> + (yw), D)
_ <aa:;¢> 4 (v, B, (14)

where, for passing from the second to the third equality, we used a%g (v,9) = (5—;, @) in M((0, L), R?)
which is a straightforward consequence of definition (12) of the two measures (v, ¢) and <§_:3, o). We

also used (12) with 2 = O x (0,L) and {2 = O x (—o0, L) for passing from the third to the fourth
equality. Collecting (13) and (14), we finally obtain for every & = ¢~

<§:~3,¢> _ <§Z’3,@> + (), )

and the conclusion follows from a classical density argument. Obviously, as y(v) is concentrated on [

and 0v/0x3 on O, these two measures are mutually singular. O
3.3. The lower bound

We establish the lower bound in the definition of the Gamma-convergence of G to G:
Proposition 7. For every 1. weakly converging to i in M(O, R?),

G < liminf Ge(pee)-

Proof. Obviously, one may assume

lim i(glst(,ug) < 400 (15)

so that the restriction u, of . on O NI belongs to W}Ol (T- N O,R?). We are going to prove

. 1 0 *3%,00
timint [ g(Veuds > 1] [ (65 (pran )+ [ 65 . (16)

=0 Jorr. [D] 35

With the notations of Definition 2 and Proposition 6, we begin by extending u. on ONT. by setting

- fu. inONT,
Y“Z10 inONT\ONT..

Note that 0t /0x3 = Ou./0x3.
Proceeding exactly as in Proposition 5 one may prove that there exist ji in M(O, BV((—o0, L), R?)
and a subsequence not relabeled such that

1y e = [ in M(O,R?),
du. o . ~

= — = inM(O,R%).

OoNT: ax3 ax3 m (O’ )

15



Let us show that 9fi/dx3 = 0/i/dx;. Indeed, for every & = @b, $ € DO,R?), ¢+ €
D((_OOaL)eR?))’

oL B A8g0L>
Il A oY
<61:3’ > <,u,<pax3

0t
= —21_1% 51(9st'“5 %) s dx
0 1
— —lim < o e d@) R TN
€—0J(0,L) 1) 6953
0 1
Y P
0.L) 0x3

2
=(—,D).
< 0z;3 >
We have firstly used the strong convergence of [ o lont.ue - $dz to {u, p) in L'((0, L), R?) insured by
the weak convergence of this sequence to (y, $) in BV((0, L), R*) and secondly equality (12) defining
(R, ) N
Now we establish inequality (16). Let &5, &5 < 1 & be a positive function in C.(O) satisfying &5 = 1

on O and converging to 1o a.e. when § — 0. We use a duality argument. According to Fenchel’s
inequality, for every @ € Co(O,R?),

d d
/ g(VEug)de/ 1ngL<ﬁ> dx_/~1ng¢( ue)%dx
ONT. 10) 0x3 %) 0

au *
> <15nga = ¢¢5> /51Tg(gi) (D)Ds du.

Therefore, by the observation made above and according to Proposition 6

lim inf g(VEuE)dx>|D|[< I on @> /5 (gi)*(qs)q&(;dx]

e—0 oNT: ‘D‘ a

- ID!Kﬁ(@ +’y(u)) 45455> - ) @, dx].

—~—

Taking the supremum over ® € Co(O,R?) and noticing that 01/9x3 and () are mutually singular we
obtain

. 1 [/ ou
imint [ o(Voudo > D] [ (o) (,D,( a0 ) 2
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= |D| [/@V(QL)** (ﬁg):gi)@a + /6(gl)* <|Dyv(u)>¢a}

Since ~y(u) is singular with respect to the Lebesgue measure and concentrated on [, and (g
positively homogeneous, above inequality yields

J_)**,oo is

1 **OO
1. . f D @
imigf [ 5 g(Veue)dr > | ]/ (|D[ 37 ) 5+/ (v()) ®s

=|D|/O(gi)**(,%,§£) 5+/ )" (v) 25

We end the proof by letting § — 0. O
3.4. The upper bound
We establish the upper bound in the definition of I'-convergence, namely:

Proposition 8. For every p in M(O, R?), there exists a sequence (u.). in M(O, R3) weakly converging
to p such that

lim sup Ge(pe) < G(p). a7

e—0

First step. We assume u € C'(O,R%) with u = 0 on Ip, and we construct a sequence (u:)e>0 in
C'(O,R?) satisfying u. = 0 on I and

u: —u in M(O,R%),

1 ou
lim Ge(ue) < |D| [ ¢t =5—)d
i Getur < 1D [0 (1575 ) &

Consider two functions &1, & in C'(O, R?), possibly depending on 7, such that

1 ou 1 ou 1 Ju
0+ fo <\D|ax3)d > [o(a+ Dl ox £+Wa_xz’ﬁa_x3>dx

(see the selection theorem in Ekeland and Temam [14] or consult Castamg and Valadier [10]).
Let finally ¢ € C! (Y R?) satisfying (£) = & in D, extended by Y- -periodicity in R?, and set

1 z
@) = 100 ) +€.6.07 (o £).0) ). (18)
A straightforward calculation gives, when ¢ — 0,

Uy —u  in M(O,R?)

17



and

1 Odu 1 ou 1 Ou
li —|D 2 e
Jim Ge(ttep) = | |/9<51+1D\ axl’&ﬂpyaxz’\pyam)

|/ (\D|6 >dx+n. (19)

Going to the limit on 1 and using a classical diagonalization argument, there exists a map € — n(¢)
and Uz = Ug (), sSuch that

Ue — U inM(O,R3)9

1 Ou
' < 1 2 “%
gl_l’%Gg(ua) S \D|/09 <|D| ax3>dx

and the proof of this step is complete.

Last step. One may assume G(1) < +00 so that u € M(O, BV((0, L), R?)).

For t > 0 intended to go to 0, let us consider the subset O, := O x (t, L) of O and p; the restriction of
u to M(Oy, R?). From Proposition 6 applied to ; where O is substituted for O and O for O, we have

o dpu
6953 a

Classically, there exists 6,, ; in Ccl((’)t, R?) weakly converging to |1ﬂx—i in M(O,, R?) such that

lim / L, dx:/ L (——) 21
Jim [ g6 5,9 (D1 21
Extending 6,,; by zero on O \ O; and setting

z3
V(@) = /0 Oy, 5) ds,

from (20), (21) becomes

. 1 avn,t) _ L k* (L@) 1\ *%,00 (L )
W0 o (ax3 dx—/o(g ) Do +/O(9 )" e
. Lk La_/i> 1 **oo( 1 )

Letting ¢ — O finally gives

. . 0Vt *k 1 a# " *%,00
o (52 [ 2) )
00 nFoo Og (83:3) v o(g ) |D| 0x3 * Fo(g ) ’D‘ ")
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The limit obtained in the second member as ¢ — 0 may be easily justified. For a complete proof, we refer
the E:ader to Abddaimi [1]. Using a diagonal argument: there exist a map n — #(n) and v, = Uy yn) in
C'(O,R?)? weakly converging to z in M(O, R?) such that v,, = 0 on I} and satisfying

ov 1 ov 1
1i SN / L **(__) / L\ ¥%,00 <_ )
nHHJIrlOO Og <al‘3> v O(g ) |D| 05 + T (g ) |D|7(V)

Collecting the result of the first step, we now conclude the proof by still using a diagonal argument.
Noticing that condition

o
<2 22
€] < 5 @2)

implies inf(Pg_) > —oo, we obtain from Propositions 5, 7, 8, 12:

Theorem 2. Under condition (22), the problem

(Pc.) inf{GE(u) — ./oﬁ'“: vE M(O,R3)}

converges to the problem

(Pa) min{G(u) — / L p:ve M((’),R3)}
O
in the sense that, up to a subsequence, every sequence (Lic)e of e-minimizer of (Pg_) weakly converges
in M(O, R®) to a minimizer of (Pg) and inf(Pg_) tends to min(Pg).
4. The limit problem associated with the complete structure

Now, we deal with the asymptotic behavior of the structure describing interaction between the dis-
placement field in the matrix and in the fibers. Let us recall that the functional energy H. is defined on
M(O,R?) by:

eV )da:—i—/ (Vepydr  if p € Wr'(O,R3),
H.(pn) = { /(Q\Tg JEva ONT. JLVelt s ri ( )

+00 otherwise.
It is worth noticing that for 1 in W}Ol (O,R?),

H.(p) = F£'(p) + Ge(11.nop).-

We want to establish the I'-convergence of the sequence (H.): to the infimum convolution F 02G’| D|-
Moreover, as L£: p — [, Pdp is a continuous perturbation of HY, according to Proposition 12(ii), we
will obtain the Gamma-convergence of H, + L to FO{Gp| + L.

The choice of the weak topology which equips M(O, R?) is suggested by Proposition 12(i) and the
following compactness result. The proof is very similar to that of Proposition 5 and left to the reader.
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Proposition 9. Let p. in M(O, R?) be such that sup, He () < 400 and set ve = 11.nope. Then, there
exist (i, v) in M(O,BV(0, L)) and a subsequence not relabeled such that

(e, ve) = (u, |Dlv)  in M(O,R?) x M(O,R?),
ops  O|Dv
a$3 a$3

lont. in M(O,R3).

We have introduced the coefficient |D| in the definition of the weak limits for technical reason (see
Remark 1).

4.1. The lower bound
In this section, we establish the lower bound in the definition of the Gamma-convergence of H, to H:

Proposition 10. For every 1. weakly converging to 1 in M(O, R?),

H() < liminf Ho(uo).
e—

Proof. One may assume so that lim inf,_,o H.(uc) < 400, so that, for a nonrelabeled subsequence,
He(pe) = FE<(pe) + Ge(ve).

According to Proposition 9, Subsection 2.1 and Remark 1, and to Subsection 3.3, we then obtain
lign_j(l)lst(Ue) > F¥(p) + G(|D|v)

> inf {FY G pi(0
9@}?033){ (1) + G p|(0)}

which ends the proof. O
4.2. The upper bound

Now we establish the upper bound in the definition of I -convergence:

Proposition 11. For every p in M(O, R?), there exists a sequence (u.). in M(O) weakly converging to
W such that

lim sup He(pe) < H(p). (23)

e—0

Proof. We do not take into account the boundary condition which may be easily treated by using argu-
ments of Subsection 2.2. Obviously one may assume H (i) < +o0. For n > 0 intended to go to zero, let
vy, be a n-minimizer in the definition of H(y):

H(p) = F" (1) + G p|(vy) — 1.

In order to shorten notations, we will denote this minimizer by v.
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Classically, there exists two sequences ((,)nen and (0,)nen in Ccl((’), R?) weakly converging to 1 — v

and 0v/9x3 such that

| datu=vr= tim [ oG da.

/(9(&)**(2) = lim O(gJ‘)**(On)da:.

6x3 n—-+400
We set
€3
V() :/ 0(z, s)ds,
0
Up = Cn + vy,
so that

FY(p) + G p|(v) = nETOO(Fv”(un) + G| p|(vn)).

(24)

From Subsection 2.2, there exists a function u,. in C'(O, R?) satisfying u,, . — u, in M(O, R?) and

;13% Fm(upe) < F(up).

(25)

On the other hand, with the notations of Subsection 3.4, Proposition 8, first step, consider vy, . obtained

by replacing u by

Dlvy:
Une(®) = 1100 (Vn(®) + £C2)
satisfying
lim Ge(vne) < Gp|(Un)-
Collecting (25) and (26), we obtain
" (up) + Gip|(vn) = lim FL" (i 2) + Gelvne)
= lim H.(iiy..)
where

Un,e = Une + €Ce

which weakly converges to u,, in M(O, R?®) when ¢ goes to zero.

Now (24) yields

lim lim lim He(iin.) = H().

n—0n—-+o0o0 e—0

We end the proof by a diagonal argument. O
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Noticing that condition

1 1
< inl - —— —
[£]lo0 < amln(L, cr +L)> (28)

implies inf(Pg_) > —oo, we finally obtain

Theorem 3. Under condition (28), the problem

(Pr.) inf{HE(,u) — /OE Sp v E M(O,R3)}

converges to the problem

(Pu) min{H(u) — /OE NINS M((’),R3)}

in the sense that, up to a subsequence, every sequence (lic): of e-minimizer of (Pp_) weakly converges
in M(O, R®) to a minimizer of (Pg) and inf(Py_) tends to min(Pp).

Appendix 1. I'-convergence (or epiconvergence)

Let (X, 7) be a first countable topological space and {(F},)neN, F, n — 400} a sequence of func-
tionals mapping X into RU {+o00}. The following notion of convergence, equivalent to the convergence
of the epigraph of F,, to that of F' in the Kuratovski—Painlevé sense, was first introduced by De Giorgi
and Franzoni [13]. For overview on epiconvergence, we refer the reader to Attouch [6] and Dal Maso
[12]. Since the functionals considered in the paper are equi-coercive and the restriction of the weak *
topology of M(O, R?) to bounded sets is first countable, the theory of first countable spaces can be
applied for X = M(O,R?).

Definition 3. The sequence (F},),en I '-converges (or epiconverges) to F' at x in X iff both following
assertions hold:

(i) for every sequence (Y,)neN, converging to x,

F(x) < liminf F},(y,),
n—-4o0o

(i1) there exists a sequence (x,)nen of X, converging to x, such that

F(x) = limsup F,(z,).

n—-+4oo

When (i) and (ii) hold for every = in X, we say that (F},),, I'-converges (or epiconverges) to F' in (X, 1)
and we write F' = epilim F,.

The main interest of this concept is its variational nature precised in item (i) below. Moreover this
convergence is stable under continuous perturbation (item (ii) below).
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Proposition 12. Assume that (F},)pen I'-converges to F.

(1) Let x,, € X be such that
Fo(zy) <inf{F,(x): z € X} + &y,

where £, > 0, €, — 0. Assume furthermore that {x,, n € N} is relatively compact. Then any
cluster point T of {x,, n € N} is a minimizer of F' and

lim _inf{F,(@): x € X} = F(2).

(i) If @:(X, 1) — Ris continuous then (F,, + P)nen I'-converges to F' + P.

Appendix 2

In this appendix we aim to compute the Legendre—Fenchel transform of

h:avw— ha) = inf{/ f*(Vu)dz: v e adm(a)},
Y\T

where

adm(a) = {u € Wﬁl’l(Y,R3): / udz = a, v = 0on T}.

Y

Proposition 13. The Legendre—Fenchel transform of h is given for every a* € R? by

h*(a*) = inf{/ f*(0)dz: o € adm* (a*)} = fi(a®),

Y\T

where o — [*(0) denotes the Legendre—Fenchel transform of a — f(a) and

adm*(a*) := {0 € LY \ T, M3), dive = —a* in Y \ T, on antiperiodic on 3(Y \ T') \ 9T '}.

Proof. By definition and according to the second expression of h given in Proposition 1(i), we have
h*(a*) = sup{a* ca— inf{/ f(Vu)dz: u € adm(a)}}
Y\T

= sup {a* -a— (/Y\T 7 (Vu)dz + I(a, u)) }, (29)

(a,u)ER3 X Wﬁl’l (Y R?)

where

0 if u € adm(a),

+o0o otherwise.

I(a,u) = {
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Working with the new variable ¢ € L'(Y \ T, M3), we obtain

h*(a*) = sup {a* ca+ 0: gdx — </ f**(q)dx+f(a,q)>},
(a.QER*X LYY \T . M3) Y\T Y\T
where
~ 0 if Ju € adm(a),qg = Vu|Y \ T,
I(a,q)—{ . (@4 A
+o00 otherwise.
Therefore

h*(a*) = (J—|—1:)*(a*,0),

where J is the integral functional defined in R? x L!(Y \ T, M3) by
J(a,q) = / [ (@) dx.
Y\T

Classical convex analysis computations yield
h*(a*) = (J*ET%) (a*,0)

= inf T (a® = b, =2%) + I* (b*, 2%)). 30
(b*,z*)€R3><12°°(Y\T,M3)( (a ') (b".27)) (30)

Let us now compute /* and J*. By definition

I (b, 2%) = sup {b-b*—i— z:z*dx—f(b,z)}
(b.2)ER3X LI (Y \T.M3) Y\T
= sup {b~b*+ Vu: z*dx}
(b,u)ER3 x adm(b) YAT
= sup {/ w-b* —/ w-div(z*) dz + z*n-ude}
(baw)ER3 xadm(b) L/ Y\T YAT dY\T)\OT
= K (b, 2%), 31)

where

0 if div(z*) =b*in Y \ T, 2* - n antiperiodic on 9(Y \ T) \ 97,

+o00 otherwise.

K(b*,z") = {

On the other hand, we classically have

J (e ") = sup {c* .c+/ z*:zd:n—/ f**(z)da:}.
(c.2)ER3X LI (Y \T, M3) Y\T Y\T
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Noticing that (f**)* = f*, we obtain
J%&wﬂ::{ﬂaff@)dSI“IZO’ (32)
+o0 otherwise.

We conclude by collecting (31), (32) and (30). Equality h*(a*) = f(;‘ (a*) is a straightforward conse-
quence of above calculus by substituting f for f** in (29). O

Appendix 3
We now establish the proof of Lemma 2. Actually, we give a more general result in a second assertion.
Lemma 3. Leta, bin R. Then
{nw e M((a,b),R™): Dy € M((a,b),R™)} = BV((a,b),R™).
If 2 is an open subset of RY, then
{p e M(2,R™): Dp € M(2,R™)} C BVjoe (2,R™).
Proof. For any measure v € M({2, R"™), we denote by 7 its extension in RY, that is to say the measure
7 in M(RY, R™) defined for every Borel set of RN by (B) = v(B N {2). On the other hand, for any
v € M(R™,R™), we denote by v| {2 its restriction to the Borel field of 2.

Consider a sequence (p:)e>0 of mollifiers. Let us recall that p. is a function in CSO(RN ) defined by
p-(x) = e =N p(x/¢) where p is a symmetric nonnegative real-valued function in C>°(R™) satisfying

/ p(z)dz =1, sptp C B(0).
RN
For any v € M(RY,R™) we define on R the function p; * v by

pesvia) = [ pela — yidy.

RN

We then have

Lemma 4. The functions p. v belong to C* (RN ,R™) and p. v weakly converges to v in M(RY, R™).
For a proof, consult, for instance, Temam [18].
We begin by proving the second assertion of Lemma 3. Let p € M({2,R™) such that Dy €

M(2, R™Y). For all C'-domain w, w € £2, and for ¢ < dist(w, £2) we have

(pe x )2 — p weakly in M(2,R™),
D((p=* )| §2)  is bounded in M(w, R™¥).

25



Indeed the first assertion is a straightforward consequence of Lemma 4. For the second, reasoning in the
distributional sense, it is easily seen that

D((p= * )| £2) = pe * Dy

in w for all € < dist(w, {2) so that

[ 1D+ 1) = sup [ px D pda
e PEC(W.R™N) [lplloc <1 /@

= sup / pe * pDp
PEC(W.R™N),[lpfloo <1 /W

</ [ Dyl </ [Dp.
w 2

The sequence ((pe * [1)|2)e>o is then bounded in BV(w,R™). By the compactness embedding of
BV(w,R™) into L'(w,R™), there exist a subsequence (not relabeled) and v € L'(w,R™) such that
(p= * f1)| 2 strongly converges to u in L'(w, R™). Consequently p = u belongs to L'(w, R™).

We now establish the first assertion. According to Lemma 4

0. := (p- * D) |(a,b) = Dy weakly in M((a, b), R™).

We set
T
Ug ::/ 0-(t)dt
a

so that Du. — Dy weakly in M((a, b), R™). Clearly the sequence (u.).~¢ is bounded in BV((a, b), R™).
Therefore, by the compactness embedding of BV((a, b), R™) into L!((a,b),R™), there exist a subse-
quence (not relabeled) and v € L'((a,b), R™) such that u, — u strongly in L'((a,b),R™). We then
have Dy = Du in the distributional sense so that p differs from u by a constant, then belongs to
L'((a,b),R™). O
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