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THE NONLINEAR MEMBRANE MODEL: A YOUNG MEASURE
AND VARIFOLD FORMULATION

MED LAMINE LEGHMIzI!, CHRISTIAN LICHT? AND GERARD MICHAILLE®

Abstract. We establish two new formulations of the membrane problem by working in the space
of Wll(’)p (Q, R3)-Young measures and Wllt’)p (92, R®)-varifolds. The energy functional related to these
formulations is obtained as a limit of the 3d formulation of the behavior of a thin layer for a suitable
variational convergence associated with the narrow convergence of Young measures and with some weak
convergence of varifolds. The interest of the first formulation is to encode the oscillation informations
on the gradients minimizing sequences related to the classical formulation. The second formulation
moreover accounts for concentration effects.
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1. INTRODUCTION

Let w be an open bounded subset of R? and consider a thin layer of size € > 0, whose reference configuration
Q. = wx(0,¢) is filled up by some elastic material. The structure is assumed to be clamped on I'g . = v % (0,¢)
where 7 is a part of the boundary of w with non null one dimensional Lebesgue measure.

The stored strain energy associated with a deformation field u : Q. — R? is given by an integral functional

= [ () do

associated with an elastic density function f satisfying classical growth conditions. The equilibrium configuration
of the structure is given by the optimization problem:

(P:) inf {Fe(u) — / geudr:u € WI}(’)”E (Qa,RB)}
Q. ’

where

L.(u) :/Q ge.u dx
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denotes the exterior loading associated with applied body forces g. living in L9(Q., R?), and Wllt’)p (e, R3) the
space of all the functions of W1?(Q., R?) having a null trace on I'g ..

We assume that this mechanical structure is occupied by a material which undergoes reversible solid/solid
phase transformations as for instance some cristalline solids, so that the elastic density energy f may possess
various potential wells and is not quasiconvex. Consequently the total energy presents a lack of lower semi-
continuity related to the weak convergence on Wllt’)pa (2:,R3) and (P.) has no solution in general. Moreover,
even if some lower semicontinuity hypothesis is impbsed, due to the small parameter ¢, the three dimensional
problem (P.) is not well fitted to numerical treatment.

After rescalling the problem in order to work in the fixed Sobolev space Wll[’)p (2, R3), Q = wx(0,1), equipped
with its weak convergence, a classical procedure for obtaining a good formulation of the membrane problem,
consists in computing the I-limit of a rescaled functional F. when & goes to zero (see [9]). In our case, this
strategy has the disadvantage to “quasiconvexify” the density of the limit functional, so that the limit problem
does not provide information on the oscillations of gradients minimizing sequences of (P.) and does not account
for “bidimensional” microstructures. More precisely, the limit energy is an integral functional whose density is
the quasiconvexication of the function fy defined for every 3 x 2 matrix \, by fo(j\) = inf{f(jx, ), ¢ € R?}.

An alternative way, described in this paper, consists in “enlarging” the space of admissible functions by
considering a subspace of the set Y(£2; M3*3) of Young measures p = (fiz)zeq ® £ (i1, is a probability measure
on M3X3_ L is the Lebesgue measure on (2), well adapted to capture oscillations of the gradients. The func-
tional F. is written in term of Young measure argument and we compute a suitable “variational limit” of the
new formulation when ¢ goes to zero. The two limit problems give the same minimum energy value. Moreover
there is some important connexions between them, as, for instance, the fact that each gradient Young solutions
encodes oscillations of gradient minimizing sequences of (P.) and its barycenter field is the gradient of a solution
of the classical limit problem. We would like to point out that the expression of the limit functional energy allow
us to suggest a modeling which may account for microstructures in thin film. We recover the important result
of Bhattacharya and James [3] which predicts the existence of exact untwinned austenite/martinsite interfaces.

In a second stage, we intend to capture possible concentration of gradients minimizing sequences (Ve )e>0
of (P.). Following the previous idea, we introduce a new formulation of the membrane problem in term of W1P-
varifolds, a recent concept introduced in [6] for analyzing oscillation and concentration effects. The basic idea
is that concentrations of (Vu.).>0 are encoded by the singular part of the weak limit of the measure |Vu.|PL
through the recession function f§° of degree p of the function fy. Since fooo(ﬁu)[: = fgo(ﬁu/|§u|)|§u|pﬁ,
where Vu denotes the tangential gradient of u and L the Lebesgue measure on w, we are lead to also describe
the functional F; in term of the measures of the type (5%(3))369 ® |[VulPL.

The paper is organized as follows. In Section 2, we recall the classical formulation of (P.) and the limit
problem (P). Section 3 is devoted to the functional analysis setting related to the Young measure and vari-
fold formulations. In Section 4 we introduce the Young measure formulations of (P.) and the expected limit
problem (P). We establish the main Theorem 2 and its corollaries. Finally, in Section 5 we give a Wll(’)” (Q,R?)-
varifold formulation and establish the main Theorem 3.

During the writing of this paper, we have been aware of the work of [7] which treats the membrane problem
by capturing only oscillations in a quite similar way.

2. THE CLASSICAL FORMULATION

In order to take into account large purely elastic deformation, the constitutive law of the deformable body is
associated to a non convex elastic density f satisfying growth and continuity conditions of order p > 1: there
exists three positive constants «, 8, L such that

Va e M¥P, alal’ < f(a) < B(1+al?) (1)
Va, be M¥P|f(a) = f(b)| < L|b—al(L + |afP~" + [p["~1). (2)
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The stored strain energy associated with a deformation field v : Q. — R3 is given by the integral functional
F: LP(Q:,R?) — R U {+00} defined by

1/ f(Vu) do if w € Wi (0, R®)
F(u)={ © 79

400 otherwise.

1 accounts for the stiffness of the material. In the linearized elasticity framework, it

The scaling parameter e~

corresponds to Lamé coefficients of order e~ 1.
The structure is subjected to applied body forces g. : Q. — R3 for which we make the following assumption:

there exists a vector valued function g : Q = w x (0,1) — R3, g € LY(Q,R?) (1/p + 1/q = 1), such that

€ge(Z,ex3) = g(z), x = (&, x3). The exterior loading is

L.(u) :/ ge-u dx
Qe

so that the equilibrium configuration is given by the displacement vector fields u., solutions of the problem:
inf { Fo(u) — Le(u) : u € LP(Q-, R?)}.

Due to the very small thickness € of the layer )., for computing an approximate equilibrium deformation field,
it is illusory to make use of finite element method. The variational property of I'-convergence would give us
a new procedure: by letting £ go to zero, to find a new (fictitious) material occupying the two dimensional
membrane w and to compute an approximate equilibrium displacement field by means of a two dimensional
finite element method related to a discretization of the new structure. This scheme has been described in [9]
and the limit problem is given by
inf { F(u) — L(u) : u € L*(Q,R?)}
where
= . 1 3 3u

/ Qfo(Vu) dz if u € WP (Q,R?), =— =0,
_ Q

400 otherwise,

Q@ fo denotes the quasiconvexification of the function fy defined by

fo(\) = inf{(),€), € € R®}.

For the definition and main properties of the quasiconvexification we refer the reader to [4]. The functional L
is defined by

L(u):/wg.u dz, ﬁ(i)z/olg(i,s) da.

As said in introduction, we would like to moreover capture the oscillations and possible concentrations of gradient
minimizing sequences of problems (P:) and we adopt the following strategy: we formulate the problem (P:)
in terms of Wll[’)p (2, R?®)-Young measure or Wll(’)p (Q, R?)-varifold and we compute a suitable variational limit
when € goes to zero.

In order to work in the fixed space LP(2, R?), Q = wx (0, 1), the change of scale (%, z3) = (2, ex}) transforming
(Z,23) € Qe into (T, 25) €  leads to the following equivalent optimization problem:

inf {Fe(v) - /Qg.v dz:ve LP(Q,R3)}
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where
~ ]. a'l) . 1 3
f{ Vo, =5—) daifve WP (Q,R?)
FE(U) _ Q 3 6$3

400 otherwise,

Ty = 70 x (0,1), Vv denotes the tangential gradient of v defined by Vo = (g—;};)izl,273, j=1,2-

Note that if the magnitude of the stiffness and of the forces are of order one, this result shows that the total
energy of the structure is equivalent to e(F — L) in a variational sense.

All the results of the paper remain valid when working with a density f dependaing on the plane variable Z,
provided that growth conditions be uniform on Z.

3. SOME SUITABLE SETS FOR CAPTURING OSCILLATIONS AND CONCENTRATION EFFECTS

3.1. Young measures and varifolds parametrized on 2

We denote the sets of 3 x 3 and 3 x 2 matrices with real numbers entries by M?3*3 and M?3*2, respectively,
and their unit spheres by S3*3 and S§%*2. Considering the space M>3*? as the product M3*2 x R?, we will
denote by A the first coordinate in M3*2 of any element A of M3*3,

We define the sets of Young measures Vsx3(€2) and varifolds YVsx3(Q2), parametrized on €, as follows:

pE V3x3(Q) < p €M (Qx M3*3) and Po#p =L,
VVs353(Q) = V3x3(Q) x MF(Q x §373)

where Po#u denotes the image of the measure p by the projection Pq : Q x M3X3 — Q.
We now define the space Cp(£2; M3*3) of all Carathéodory integrands, namely, the space of all measurable
functions 1 : Q x M3*3 — R such that

i) v(x,.) is bounded continuous on M3*3 for every x € (;
ii) x — ||¢(z,.)|le is Lebesgue integrable.

On the other hand, classically, we denote by Co(£2x §3*3) the space of all continuous functions ¢ : 2 x8**3 — R
vanishing on the boundary 9Q x §3%3.

Let us recall that the narrow convergence of a sequence (fi,)nen to p in Ysx5(2) and the weak convergence
of a sequence (6,,)nen to 8 in M*(Q x S3*3) are defined as follows:

i " = lim (w,\) djin = / (e, \) dp
n—+00 [y A3x3 QX M3x3
for all 1 € Cp(; M3*3),
6, =0 < lim o(x,A) db, :/ o(z,\) db
n—-+4oo O xS3x3 OxS3x3

for all ¢ € Co(Q x S33).
In all the paper, we equip V3x3(2) with the narrow convergence denoted by "X and JVsy3(2) with the
product of the narrow convergence on Vs« 3(€2) and the weak convergence on M* (2 x §3%3) denoted by —.
We now define the two following subspaces EV)553(2) and EVYV3.3(Q) of respectively V3x3(2) and
WVs3(2) whose elements will be called respectively elementary Wlll’)p(ﬂ, R3)- Young measures and elementary
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Wlll’)p(ﬂ, R3)-varifolds:
1€ EVYsx3(Q) <= Jue WEP(QR?), p= (dvu())sen ® L,

Ju e WrP(Q,R?) situ:
(11, 0) € EVYV3,3(Q) <= { 1= (dvu(a))eca @ L,
_ p
0= (5%(93))160 & |VU| L.

The Young measure p and the varifold (u,6) will be said to be associated with the function uw. Note that if
(1, 0) in EVYVs5,3(82) is associated with u, then

/ P, ) dp = / (e, Vu) do
QX M3%3 Q

and

Vu
Y(x, A dez/w z, — )| VulPdz
/stﬁx3 (@) Q ( [Vl [Vl
whenever each integral exists.

We denote the sequential closures of EV)Ys3x3(2) and EVIVsy3(f2), respectively, by VYVsx3()
and VYVs3,3(£2). Their elements are respectively called Wllt’)p (€2, R?)- Young measures and Wllt’)p (92, R®)-varifolds.
A sequence (ue)e>o whose associated sequence ((fie,0c))e>0 of elementary Wll[’)p (€2, R?)-varifolds tends to a
Wll[’)p(Q, R3)-varifold (p,0) will be called generating the couple (u, ).

Let (u,0) be a Wlll’)p(Q, R3)-varifold generated by (uc)e~o and let us denote by 7 the image ™ = Po#6 of 0
by the projection Pq : Q x S3*3 — Q. Obviously, 7 is nothing but the weak limit of the measure |Vu.|PL.

According to the Slicing theorem (see [12,13] and Th. 4 of the Appendix), for every (u,6) in YV553(f2), there

exists a family of probability measures (i )zeq on M3*3 and a family (6,).cq of probability measures on §3*3
such that

1= (to)zea ® L
0= (9)169 Q.
Let us consider the Lebesgue-Nikodym decomposition of the measure m:

:E;C-i-ﬂ'é

We have the following characterization of WI}(’)” (2, R3)-varifolds for p > 1 (see [6]):

Theorem 1. A pair (p,0) is a Wl’p(Q R?’)—varifold iff the four following assertions hold
(i) there exists u € Wy P, R3) such that Vu(z) = [, axs A dppa(N), £ a.e. € Q;

(1) Y(Vu(z)) < [ oxs ¥(N)dpa(N), £ ae. € Q, for every quasiconvexr function v satisfying classical
growth condztwns of order p:

Iw(A)I < B(L+[A[P);

(iii) stw YN dpz (A) < —2( fs3x3 Y(A)db, (M), L a.e. x € Q, for every p-homogeneous continuous func-
0)

tion ¥ such that QzZ( =0, where Qw denotes the quasiconvezification of ¥;

() [g3xs W(A)dOz(N) > 0, ms a.e. = € Q for every p-homogeneous continuous function 1 such that

Q(0) =
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Remark 1.
1) Note that, using condition (iii) with 1»(\) = |A\|P we obtain

/Q s AP dpe(z, A) < 400 (31)
X X

and Theorem 1 then yields (i), (ii), (iii)’, a well known characterization of WI}(’)” (2, R®)-Young measures i (see
[8,10,11]).

2) The singular measure 75 encodes concentrations effects of the sequence (Vu,).>o generating 6 (see various
examples in [6]).

The two following subspaces VYVsx20(Q2) C Vsx3(2) and VIVsx20(2) C VI V543(Q2) defined below will
play an essential role in the Young measure and varifold formulation of the nonlinear membrane problem:

I(ue)e>o bounded in WI}(’)’)(Q, R?) s.t.

69, (2))vea ® L=
1V Vsn() (0% u. (2))zen 1

nar

Mz = /3/:8 ® 60)

where (5@%(1))%9 QL= fi must be taken in the sense of the narrow convergence in the space Ysx2(€2) of

Young measures parametrized on €2, with values in M?*2 and (fi;)zcq is the family of probability measures
on M?3*2 stemming from the disintegration of the Young measure ji. To summarize, will write = fi ® dp;

I(te)eso s.t. (3) holds and
(6\352\
(1,0) € VIV3520(Q) = (5%(@)%9 ® |Vue|PL — 6 (4)

Po#tl = Po#0 =
0, = H#0, m a.e. x €Q

(o))ze @ [VulPL — 0

where (6 .. .\ )zeQ ® |Vuc|PL — 6 must be taken in the sense of the weak convergence in M* (€ x §3%2),

Suc| (z)
(02)zeq and (éx)xeg are the familly of probability measures on the unit spheres S3*3 and S3*2 of M3*3 and
M?3*2 stemming from the desintegration of the measures 6 and 0 with respect to w. The map H is the extension
operator H : §3%2 — §3%3 defined by H()\) = (},0).
It is worth noticing the similarity between (3) and (4). Indeed p, in (3) is nothing but H#/i, if we extend
H into the map M3*2 — M3*3 X — (},0).

3.2. Young measures and varifolds parametrized on w

Similarly we denote by Ysx2(w) and YVsxa(w) the spaces of Young measures and varifolds parametrized
on w, defined by:

[t € Vaxo(w) <= pe Mt (wx M32) and P,#u =L,
WVixa(w) = Vaxa(w) x MT(w x §3%2)

where £ denotes the Lebesgue measure on w and P,#u the image measure of p by the projection P,, : w X
M3*Z ),
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We equip Ysx2(w) with the narrow convergence and YVsyo(w) with the product of the narrow convergence
on Vsw2(w) and the weak convergence on M (w x §3%2).

We now define the subspaces of elementary Wvl(;”(w,R3)—Young measures and elementary Wvlo’p(w,Rg)-
varifolds as follows:

v € EVsxa(w) <= Ju € WiP(w,R?), v = (Syu)sew ® L,
Ju e WiP(w,R?) s.t.:
(1,m) € EVIVio(w) = { V= Ovu@)icw ® Z,
m= (%(ﬁ))zew ® |VulPL.
The spaces VYzx2(w) and VYV3y2(w) of W%P(w, R3)- Young measures and W;(;p(M R®)-varifolds are the se-

quential closures of EVYsx2(w) and EVYVsy2(w) respectively. The analague of Theorem 1 holds with obvious
adaptations.

3.3. From parameters in {2 to parameters in w: the mean operators ® and =

We now define the two operators © from VYsy20(€2) into Ysx2(w) and = from VY Vsy20(Q) into YVsxa(w)
as follows:

O : VV352,0(Q) — Vax2(w)

1
p= 00 i with iy = [ s das
0

E:VIWisyx20(02) — yVSXQ(W)l
(1, 0) — (7, 0) with 85 = / Oz dma(s), 0= (03)sc0 ® 7
0

where /i, § are the measures defined in (3), (4) and (73)se, is the familly of probability measures on (0,1)
stemming from the desintegration of the measure 7 with respect to its projection 7 on w:

™= (7r5:)5:€w & ﬂwa = Pw#ﬂ~

Proposition 1. The images of VY5x2,0(2) and VY Vsx2,0(2) by the two maps © and = are exactly the two
spaces VYVsxa2(w) and VY Vsxa(w).

Proof. a) Let us prove ©(VYVsx20(2)) C VYsx2(w). Let v = O(u) with g € VV3x20(£2). We must establish
that v satisfies the conditions (i), (ii) of Theorem 1 and (iii)’ of Remark 1. Since u belongs to VYsy2 o(€2) there
exists ue in Wll(’)p(Q7 R?) such that (3) holds. Let u be a cluster point of (ug)eso in Wll[’)p(Q, R3). Classically,
we have, for a.e. x in €,

M3X3

According to (3), we also have for a.e. x in §,
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so that u does not depends on the variable z3, and u € W;(;p(w, R3). Integrating (5) over (0, 1) gives, for a.e.
Zinw

which proves (i).

Let now ¢ : M3%2 — R be a WP (w, R3)-quasiconvex function satisfying | (AN)] < B+ [A]?) and set
P(N) := (X)) which defines a W1 (9, R3)-quasiconvex function satisfying [((\)] < 3(1+ |A[). Since p belongs
to VY5x3(£2), (ii) holds and, for a.e. z in €,

0 (Vul@) =0 (Tu@) < [ G0 du.
- / ¥(\) . (6)
M3><2

which proves (ii). Assertion (iii’) may be easily established and left to the reader.
b) We prove Vsy2(w) C O(VIsx2,0(2)). Let v € VVsy9(w) and (ve)e>0 a bounded sequence in WP (w, R?)
generating v. We set
ue(z) = v (&).
Let us now consider the measures . = (Ovy, (2))cen @ £ and fi. = (5@%(1))%9 ® L in respectively Vsx3(€2)

and YVsx2(f2). It is easily seen that the sequences (u:)->0 and (fic)e>o are tight so that, from Prokhorov’s
theorem (see Th. 5 in Appendix), there exit u € V)553(2) and ji € V342(Q) satisfying

nar

He — 1,
i ™ .
Since moreover g:a = 0, one easily deduce
Ha = flz ® do.

Consequently p belongs to VYsx20(€2).

It remains to establish that fi, = v;. Since @ue = Vu. in LP(Q, R?), the sequences (@u5)5>0 and (Vue)eso
generate the same Young measure in Vsx2(2). As moreover (Vu,)cso generates v ® dxs, one has i = v ® dxs
so that fi, = v;.

c¢) We establish Z(VY V342 0(2)) C VI Vsxo(w). Let (v,m) = E(u, 0) with (u,0) € VIV5420(2)). According
to a) and b) above, it remains to establish iii) and iv).

Let 1 be a p-homogeneous continuous function on M?>*? satisfying Qv(0) = 0 where Q1) denotes the
quasiconvexification of ¢/ on M?** and set P M3*3 5 R defined, for every A € M3*3 by h(\) = w()\). It
is easily seen that w is a p—homogeneous continuous function on M?3*3 and that Qw( ) = 0 where Qw now
denotes the quasiconvexification of w on M?3x3,
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Since (u,0) is a WI}(’)” (92, R?®)-varifold, from iii) and iv) of Theorem 1, we deduce that for all Borel subset B
of w:

. - | dr ~ ~
/QlB(:L') s W(A) db, (N)dmg(z) + /Q 1p(%) {E(m) - P(A) db, () — /M3><3 () dum()\)] dx

= [1s@)| [ 30 av.]an) - [16@)] [ 500 aw] aszo.

Now, since (u, 8) belongs to VY Vs420(2), 0, = H#@z and p; = fip ® dg. Moreover, taking into account that
(X)) = (X, 0), we obtain

/913(:2){ quz)(},()) déz}dw(m)/913(:2){/M3X2¢3(A) dﬂm] dz > 0. (7)

Let us consider the slicing decomposition of m: m = (73)zec0 @7 where 7% is the projection of 7 on w. According
to the slicing Theorem 4 (cf Appendix) applied to the first term of (7) and to Fubini’s theorem for the second
term, (7) becomes

/U Smw( ) s, odms (s )}dw (2) /U /M du“dm] di >0

that is, with the definition of the probability measures m; and vg,

/B [ - ey dm;@}dw‘”(i) —/B [/MSX2 ey dui.] dz > 0. (8)

Collecting the regular and singular part in (8), according to the Lebesgue-Nikodym decomposition of the
measure 7

dnv

W __

™

we obtain

/ [ P dmi.] dny () +/ {dﬂ-f (&) P dmg —/ P dul] dz > 0.
B S3x2 B L dL S3x2 MBX2

As the measures 7 and L are mutually singular, we deduce

dnv - R
A(:c)/ wdm@—/ Y dvy >0 L ae x€w,
dc S3x%2 M3x2

Y dmz > 072 ae € w,

S3x%2

which ends the proofs of (iii) and (iv).

d) We establish VY Vsyo(w) C Z(VIV3x20(R)). Let (v,m) € VIVsxa(w) and (ve)eso generating (v, m),
that is to say:

(O, (2))icw @ L X v
(5 Ve (j))Ae ®|VUE|1”24 m.
TEw

[Vvel
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Let us consider the function u. € Wllt’)p (2, R3) defined by u.(z) = v-(2) and the following measure of M*(Q x
S3X3):

0. — (5 v, <x>)xeg ® |Vue|PL.

[Vue]

Since

sup 0. (2 x §3*?) = / [Vue|P dz < 400,
Q

e>0

there exists a subsequence of (.).~¢ (non relabeled), weakly converging to some measure # in M*(Q x §3*3).
On the other hand, with the same arguments, one may easily establish that the measure

[Vuel

0.= 6+, ® |Vue|PL
5@ e

weakly converges, for a non relabeled subsequence, to some measure 6 in M+ (2 x 8§3%2).
According to the definitions of the operator = and the space VY Vsy 2 0(€2), it suffices to prove:

(1,0) € VIV32,0(€2) (9)

and

1
ms :/ 0z, dmz(s), ™ a.e. & € w. (10)
0

Proof of (9). To shorten notations, we do not distinguish a continuous function on §**3 or $3*2 with its p-
homogeneous extension. Taking into account b), it remains to establish 7 := Po#6 = Pg#é and 0, = H #éz
for m a.e. x € Q. A straightforward consequence of the definition of u. is that Po#6 and Pg#é are the weak
limits of the measures |Vuc|PL and [Vue|PL. Let ¢ € Co(Q2) and ¥ be a Lipschitz function on §3*3. The weak
convergence of 6. to 0 in M(Q x §3%3) yields

lim [ o(x)(Vu:) do = /

e—0 Jo Q

o [ v as,) ar (11)

On the other hand, since A — ?/1(5\70) belongs to C(S83*2), the weak convergence of 0. to 0 in M(Q x §3%2)
yields

lim [ o(z)¢(Vue,0) do = / cp(:c)< ¥(A,0) déz) dr. (12)
e—=0 Jo Q S3x%2
As
lim [ o(@)¢(Vue) do = lim | o(z)¢(Vue,0) da,
e—=0 Jo e—=0 Jo
(11) and (12) yield
P(\) db, = ¥(X,0) df, 7 ae z € Q,
SBXS 83><2
so that, according to the definition of H#ém, and by a density argument, 0, = H#ém for m a.e x € (L. O

Proof of (10). Let us recall that

W:(Tri)ieu@ﬂw; Ww:Pw#Tr
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and denote by 7 the weak limit of the measure |V, |[P£ in M(w). We claim that # = 7. Indeed, from the
definition of u., for every ¢ € Co(w), we have

/cp(:fc)dfr = lir%/cp(i)|Vv€|pd§c

where we have used 7 = P, #m in the last equality.

Now, since (5‘?5‘ (3))i€w ® [Vue|PL = m = (ma)sew @ 7 in M(w x 83%2), for every ¢ € Co(w x S3*2),

i [ @ w0 di = [ [ o8 ame(h) dar(@)

) / /S (3, 8) dma(3) dr(3). (13)

On the other hand

=

lim [ ¢(&, Vo (2)) di = lim | (&, Vo (£)) da
e—0 /, e—0 Jo

:/ (/Sm@( A) déx) dr
// (/S (2, \) déﬁ,sdﬂﬁ(s))dﬂ“. (14)

Collecting (13) and (14) and since ¢ is arbitrary, we obtain (10). O

4. YOUNG MEASURE FORMULATION

According to the various notions introduced in Section 3, we now describe the Young measure formulation
of the total energy associated with the layer.

4.1. The Young measure formulation of the stored strain energy of the thin layer

We introduce the Young measure formulation of the stored strain energy of the layer by defining the integral
functional: Ge : Y3x3(02) — RU { + oo},

<1
/ ! (& —AB) dp(w, \) if p € EVYsx3(Q)
Ge(p) = { M )

+00 otherwise.
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For each p € VYs345(f2), let us denote by Ep its barycenter:

Bu(@) = [ A
MBX3

Clearly there exists a unique u € Wll(’)p(Q, R?), denoted by V™'Ey, such that Vu(z) = Eu(z) for a.e. z € .
The exterior loading in the Young measure formulation is then given by: L : Y3x3(©2) — RU { + oo},

/ GV 'Ep dr if p € EVY353(Q)
L(p) =47

+00 otherwise.

In order to shorten notations, we have adopted the same notaion L to define the classical exterior loading and
the exterior loading in the Young measure formulation. Note that if y belongs to EYsy3(2) then G (1) — L(p) =

F.(u) — L(u) with u = V" 1Ep.
The stored strain energy G of the limit problem in the Young measure formulation is defined as follows:
G: )ngg(w) —RU { + OO},

/ Fo(A) (@, A) if v € Vsxa(w)
G(V) _ WXM3X2

+00 otherwise.

The limit exterior loading in the Young measure formulation is the following functional: L : YVixa(w) —
RU { + oo}

- / GV IEW) di if v € Vo)
L(v) = w

+o00 otherwise.

4.2. The I'y-convergence in the Young measure formulation

In this section, we are going to introduce a variational convergence, justifying the previous formulation of
the limit energy. We begin by introducing a new weak notion of convergence between elements of Vs, 3(12)
and YVsxao(w).

Definition 1. Let (uc)e>0 be a sequence in V3x3(2) and v in Y3x2(w). We say that u. weakly converges in
the sense of membranes to v and we write

mem
N

e
iff there exists p in VY3x2,0(Q) such that u. = p and v = O(p).

It is worth noticing that, according to Proposition 1, the weak limit v necessary belongs to VYsxa(w).
Let us now consider a sequence of functionals

He : V3x3(Q) — R U {+o0}
H : YViya(w) — R U {+00}.

The following concept of convergence is very similar to that of I'-convergence (see [1,5]).
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Definition 2. We say that H. I'y-converges to H in the Young measure formulation and we write
H ™oH

iff for all v in Vsx2(w), both following assertions hold:

mem

Ve € YVaxs(Q), st pe — v, H(v) glilgn_églfHa(pa)

e € V3u3(Q) st ve v, H(v) > limsup He(ve).

e—0

Let us consider the two following functionals I'y liminf H, and TI'y limsup H. from YVsxa(w) into R U {+o0},
defined by
Ty liminf H. (v) = inf{liminf. o He(pe) : pe — v}

mem

Iy limsup H. (v) = inf{limsup,_,o He (pc) : pe — v}.

It is easy to establish that these two functionals are lsc on Vsx2(w) and that H. Ly, H iff one has, for every v
in y3><2(w)
Iy limsup H.(v) < H(v) < Ty liminf H.(v).

In the proposition below, we establish that the I'y-convergence is variational.

Proposition 2. Let us assume that (H:)eso I'y-converges to H and let (e)e>o0 be a sequence of Vsx3(2)
satisfying

H.(pe) < inf{ Ho() : p € Voxs() } + <.

Assume furthermore that {p. : € > 0} is relatively compact for the weak convergence in the sense of membranes.
Then any cluster point v is a minimizer of H in Ysxa(w) and

lim inf{ He () : 1 € Vsxs()} = H(v).

Proof. Let v € Vsxa(w) be such that p. " v. From the first assertion in Definition 2, we have

H(v) < liminf H(pe). (15)

e—0

Let p be any element of Vsxo(w). From the second assertion in Definition 2, there exists a sequence (ve)e>o
in YV3x3(2) such that

limsup He (ve) < H(u). (16)

e—0

Inequalities (15) and (16) yield:
H(v) < limi(glfHE(ue) = limi(r)lfinf{ H.(C) : ¢ € V5x3(2) }

< limsup H.(v.) < H(p).
e—0

This shows that v is a minimizer of H in Ysx2(w). Taking u = v in above inequalities gives 1inr(1) inf{ H.(¢) :
C€Vsx3(Q))} = H(v). O
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4.3. The main result in the Young measure formulation

Let us define the total energies in the Young measure formulation:
H..=G.—-L H=G-L.

Theorem below is our main result.

Theorem 2. Let us consider the sequence of integral functionals (H:)eso and H defined above. Then we have

(i) Compactness: if sup He(ue) < +oo then {pe : € > 0} is relatively compact for the weak convergence in
e>0
the sense of membrane.

(ii) Convergence: H. — H = G — L.
(iii) Let (pe)eso satisfying He(ue) < e + ian H., and associated with some u. in WESP(Q,R3)_ Let

y3><3( )
moreover v be a cluster point of (pe)e>o for the weak convergence in the sense of membrane (see(i)),

then v is a minimizer of ymi? )H and u. weakly converges to some u in WI}(’)P(Q,Riﬁ) which belongs
3x2(w

to W;(;p(w,RS). For a.e. & in w, Vu(Z) is a barycenter of vz and u is a minimizer of the classical
formulation

min { F(u) — L(u) : u € Wvl[;p(w7 R%)}.

(iv) If v is a minimizer of ymi? )H then the barycenter field
3x2(w

T A dvz
MBX2

is the gradient of a minimizer of the classical formulation
min { F(u) — L(u) : u € Wvl(;p(w, R?)}
which then posseses an integral representation.

Proof.
Proof of (i). From the equiboundedness sup, o H (te) < 400, we obviously obtain

He = (5Vu5(:c))z€§l & Ea

~ 1 Ou, -
He e) = €y dx — ~€d7
(12) /Qf<Vu Eax3> o= [ gaue s

(Ve )eso bounded in LP(QvMSXB)’

(ﬁue)oo bounded in LP(2, M3%2),

1
(— aua) bounded in L?(Q, R?).
€ 81'3 e>0

Since (Vue)eso is bounded in LP(£2, M3*3), the sequence (pe)eso is tight, and there exist p € V3x3(Q2) and a
non relabeled subsequence satisfying

fe = pin Vixs().
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On the other hand, since (@ue)oo is bounded in LP (2, M3*2), for the relabeled subsequence related to (pc)e>o,
the sequence (fic)e>0, fte = (5@%(1))169, is tight and there exists ji € VY3x2(2) and a non relabeled subsequence
such that

fte = [1in V352(2).

Finally, since % — 0 in L7 (Q, R3), we classically have
Z3

(58% (ay)een @ L™ 8 @ L in Y(Q,R?).

One easily deduce that
Mo = flz @ do
so that u belongs to V)3x2,0(2). Let us set v = O(u), we have p. — v.

Proof of (ii).
a) Let u. € V3x3(Q) and v € V3xo2(w) be such that . =" v. We establish

H(v) < lim i(r)1f H.(p1e).

Since pe "' v, there exists u € VYV3x2.0(£2) be such that . “X pand v = ©(u) = fi. According to Proposition 1,

v belongs to VY5x2(w). On the other hand, one may assume sup H.(pe) < +00. Therefore
e>0

e—0 e—0
lim inf (/ Fo(A\) dpe(, ) — / J-Ue dx)
e—0 Qx M3x3 Q

B / fo(A) dp(x, ) /
QxM3x3 Q

/ (/ duz®50) de — [ gude

Q AMBX3

= [y o) T 02 [ 35
WX M3%2 w

= H(v).

<1
liminf H.(p.) = liminf (/ F(A =A3) due(z, M) —/g.ue dx)
QX M3x%3 9 0

v

bll
H

b) Let v € V3x2(w). We establish
Ty limsup G.(v) < G(v).
To shorten notations and formulas, we do not take into acount the exterior loading which does not bring
additional difficulties.
One may assume G(v) < +o00. Therefore v € VY342(w) and (see appendix),
Jv, € Wvlo’p (w, R?) such that Vo, generates v;

(IVy|P)y>0 UL on w,
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hence
Gv) = lny / Jo(Voy) di (17)

Let now & be an arbitrary function in D(w, R?), and set
Uey € WI}(’)”(Q7 R?) defined by u. ,(z) = v,(2) + ex3&(2),

Mem = ((5qu e ))er ® L.

It is easy to prove that, when ¢ — 0,

mem

Men — Vnp = (5§@n(§;))i’€w ® L.

On the other hand
liy Geliien) = [ £(50,,6) di
Consequently ’
I'y limsup G.(vy) < / f(Vvy,, ) dz

Taking the infimum over ¢ in D(w, R3) in the right handside and using a classical localization argument, we
then obtain

Iy limsup G¢(vy) < / fo(Vuy,) di
Since the functional T'y lim sup G¢ is Isc on YVsyo(w), letting n — 0, (17) yields

Ty limsup G.(v) < G(v).

c) According to the steps a) and b), we finally obtain, for every v € V3o (w)
I'y limsup G.(v) < G(v) < I'y liminf G.(v)

that is to say
I'y

G. — G
and the proof of (ii) is complete.
Proof of (). The proof is a straightforward consequence of Proposition 2 and left to the reader.

Proof of (iv). Let v be a minimizer of min {H () : p € Vsx2(w)}. Since v belongs to VYsxa(w) and Qfo is
quasiconvex

Ju € WhP(w,R?), Vu(z) = /M Avi(\) a.e iew

Qfo( /medmb) < /Mmeo( s (3).

Therefore

/w Qfo(Vu(@) di < / /M3X2Qfo( s (A) da

// A)dvz(A) da
M3><2
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Consequently
F(u) = L(uw) < H(v) = min {H(p) : p € V3x2(w)}
= min {F(v) — L(v) :v € W;(;p(w, R%)}
where the last equality is a consequence of a well known relaxation result (see [10], Th. 4.4 p. 67). O

Remark 2. The previous result of variational convergence and the expression of G(v) when v belongs to
EVYsyx2(w) allow us to suggest a modeling of thin films of material with bulk energy f. It should be a
membrane model with a surfacic strain energy density function fy so that the total strain energy involved
by a displacement u : w — R3, is fw fo(Vu(z)) dz, where fo is not necessarily quasi-convex. If f exhibits
potential wells, it will be the same for fy, thus this model may account for microstructures in thin films. A
“variational” modeling of thin films was previously obtained in [3] from three-dimensional nonlinear elasticity
but augmented with a classical term for interfacial surface strain. Neglecting formally the contribution of this
term in their modeling provides a strain energy density function like our fy. Thus all their considerations
concerning microstructures are valuable for our modeling: a major fact is to predict the existence of exact
untwinned austenite/martinsite interfaces.

5. OSCILLATION-CONCENTRATION EFFECTS: THE VARIFOLD FORMULATION

In this section the integral functional associated with the exterior loading, is that of previous section, and
we assume that T is the lateral boundary T' = ~ x (0,1) where v = Ow. In order to further take into
account concentration effects for gradients minimizing sequences, according to the notion of varifold introduced
in Section 3, we now describe the varifold formulation of the energy associated with the layer. For capturing
possible gradient concentration on the boundary I of €, we extend  to the open bounded subset Q = & x (0,1)
where @ is an arbitrary bounded open subset of R? satisfying w C @ C @. We will denote by @ the extension by
zero on \ © of any function u € WO1 P(Q, R?) and the same notation @ holds for the extension by zero on @\ w
of any functions u € I/VO1 P(w,R3). We will use the same notations L, L to denote respectively the Lebesgue
measure on  or 2 and w or @. . 3 3 )

The following spaces YVsx3(2), EVIVsx3(2), VIV343(Q), VVix20(2), YVsx2(@) and VY Vsx2(@) are re-
spectively defined like the spaces YV3x3(2), EVIV3x3(2), VI V53(2), VV5x2.0(2), YVsx2(w) and VIVso(w)
of Section 3, where ., @ are substituted for €2, w, @ for u and the generated functions u. for ..

The following lemma, whose proof is very easy, makes precise the relation between the spaces VYV, o(@)

and VYVsya(w).
Lemma 1. If (v,m) belongs to VY Vsx2(@), then

v=vlwx M3>*?+6,@ L]0\ w,
w)

m=m|wx S¥>? +m|(@\w) x §3*2,

(v|w x M3*2 m|w x 83%2) belongs to VI Vsx2(w) and m|(©\ w) x S3*2 is concentrated on v x S3*2.

Note that, since the support of the measure m| (@ \ w) x §3*2 is included in v x §3*2, the decomposition
mlwx 832+ m|(0\w) x 32 of m is equal to m|w x S3*2 +m |y x §3*2, thus does not depend on the choice
of the extension @ of w. We will see that the measure §yp ® L|® \ w does not play a role in the limit functional.
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5.1. The varifold formulation of the stored strain energy of the thin layer

We introduce the varifold formulation of the stored strain energy of the thin layer by defining the integral
functional: G¢ : YV543(Q2) - RU { + oo},

/ f<&,1A3> dp(z, N) if (p,0) € EVYV3yx3(Q)
Gel,0) = ¢ P A E

+00 otherwise.

Obviously, Ge(y,0) = F.(u) when (u, ) belongs to the domain of G, and is generated by w.
We make the following additional hypotheses on the behavior of the density fy at infinity: there exists a
p-homogeneous function f§° satisfying:

lim FoN) = fF AN _ (18)
|A|—+o0 [AlP

When fy depends on the plane variable &, this limit is assumed to be uniform with respect to . Note that f§°
is uniquely defined by (18) and is nothing but the recession function of f of degree p defined by

) = i 20,

t——+oco P

The stored strain energy G of the limit problem in the varifold formulation is defined as follows: G : YV5x2(@) —
RU{ +x},

[ @ a s [ e dm
wX M3x2 WX S3X2

G(v,m) = +/ f(N) dm if (v,m) € VI Vs3x2(@)

X S§3%2
+00 otherwise.

5.2. The I'yy-convergence in the varifold formulation

In this section, we are going to introduce a variational convergence, justifying the previous formulation of
the limit energy. We begin by introducing a new weak notion of convergence between elements of YV3.3(12)
and YVsy2(@).

Definition 3. Let (u.,0:)->0 be a sequence in yV3><3(Q) and (v, m) be a varifold in YVsx2(®). We say that
(ue, 0:) weakly converges in the sense of membranes to (v, m) and we write

(pte, 0c) = (v,m)

iff there exists (i, 0) in VY V3x2.0(Q) such that (uc,0.) — (u,0) and (v, m) = Z(u, ).
It is worth noticing that, according to Proposition 1, the weak limit (v,m) belongs to V)Vs.2(@).

Let us now consider a sequence of functionals
H. : YV3.3(Q) — RU {+00}

and
H: yV3><2(L:)) — RU {+OO}
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Definition 4. We say that (H:)e>o I'-converges in the varifold formulation to H, and we write
H. ™% H,
iff for all (v,m) in YVsx2(@), both following assertions hold:

v(ﬂeaee) € yV3><3(Q), s.t. (Ne;ee) = (Va m)a
H(v,m) < 1imi(r)1fH5(uE,9€)

(pte, 0:) € YVsns(Q) s.t. (e, ) ™= (v,m) and
H(Va m) Z thUp HE(ME) 96)
e—0
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Raisonning like in the proof of Proposition 2, it is easy to establish that this concept of convergence is variational.
We left the reader to state the analogue of Proposition 2. It is moreover easily seen that the integral functional L
associated with the exterior loading is a continuous perturbation of stored strain energies G, for this convergence.

5.3. The main result in the varifold formulation

Theorem below is our main result.

Theorem 3. Let us consider the sequence of integral functionals (G:)eso and G defined above. Then we have

(i) Compactness: if sup Ge(fte,0e) — L(pe) < 400 then {(pe,0:) : € > 0} is relatively compact for the
e>0

weak convergence in the sense of membrane.
.. Iyvy T
(i) Convergence: Ge — L — G — L.

(iii) Let (pe,0:) satisfying Ge(ue,0:) — L(pe) < e+ inf (G. — L), associated with uc in Wol’p(Q,R?’).

YV3x3(82)

Let (v,m) be a cluster point of ((pe, 0:))eso for the weak convergence in the sense of membrane (see(i)).
Then (v,m) is a minimizer of min (G — L), u. weakly converges to some u in Wy (2, R3) which

YV3x2 (@)

belongs to Wol’p(w, R3); for a.e. & inw, Vu(®) is a barycenter of vz and u is a minimizer of the classical

formulation
min { F(u) — L(u) : u € Wy'P(w, R?)}.

Moreover the measure m = (M3 )zcwuy QT captures concentrations of (Vue)e>o) in the following sense:

its projection ™ on & is the projection on & of the weak limit in M(Q) of the measure |Vu.|PL.
() If (v, m) is a minimizer of min (G — L) then the barycenter field

Vax2(®)

T A dv;
M3><2
is the gradient of a minimizer of the classical formulation

min { F(u) — L(u) : u € Wy'P(w, R%)}

which then posseses an integral representation.

Proof.

Proof of (i). From the proof of (i) of Theorem 2, there exists a subsequence of (ue)e>0, non relabeled, and

p € VVs52.0(Q) such that pe = p.
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On the other hand, clearly
0 (1 x $¥%) = / VP dz < +oc.
Q
Therefore, for a non relabeled subsequence of (6. )., there exists a subsequence and # € M+ (Q x S3X?) such
that §. — 6. Arguying as in the proof d) of Proposition 1, we easily establish that (i, 0) € VI Vsx20(£2). Let

us set (v,m) = E(u, ). Clearly, for the non relabeled subsequence corresponding to that of (.).>0, we have
(Nav o) = (Vv 9)'

Proof of (ii). To shorten notations, we only work with the stored energies.
a) Let (pie,0:) € YVsx3(2) and (v,m) € Vsx2(@) be such that (p,0:) = (v,m). We establish
G(v,m) < hmmfG (e, Oe).

mem

Since (jc,0:) ™ (v,m), there exists (11,0) in VIV3x2,0(Q) such that

(e, 0e) = (1, 0) and (v, m) = Z(u, m).
According to Proposition 1, (v, m) belongs to VY V5x2(w). On the other hand, one may assume sup G, (p., 6:) <
>0

+00. Therefore there exits some u. in Wy (Q, R?) such that . generates the varifold (1, 6) € VY V3xa,0(€).
More precisely

(O0va.(2))eeq @ L = 1

(5@aa(z))xeﬂ ® L= fi

fo = flz @ do,

0 := (5%(@%6@ ® |VuePL — 0,
0. = (5;% (0))vctr ® |Vuc|PL — 6,
Pa#0 = Q#H =,

0, = H#0, m a.e. z € Q.

Noticing that f§°(0) = 0, we have

<1
hmmfG (e, 0e) = liminf/ f ()\,—)\3) dpee(z, N)
QX M3%3 3

e—0

Y

e—0

lim inf / Fo(A) dpe(a, )
QXM3X3

hmlnf/ fol VUE

ugy(@mﬁﬂw%wn+éﬁ%%Mdﬁ

limiélf/(fo — 1) (Vue) d:E+hm1nf/ 5 <|Y |> V| da
e~ Q —0 ) Vi,

Y

IV

1/ (hfmx>m+/ f3°(5) dé (19)
QX M3x3

Qx83%2

/Q</M3><2(f0f0 (A )dﬂaz> dm+/ﬂ</s3x2f000(5\)déz)dﬂ.
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Where we have use the lower semicontinuity result (see Appendix, Prop. 3), the slicing theorem (see Appen-
dix, Th. 4) and Lemma 1 in the last equality. By using Fubini’s theorem in the first term and the slicing
decomposition 7 = (7;)zep ® 7 in the second term of (19), since (v,m) = Z(u, ), we finally obtain

liminf G. (ic. 6:) > / (fo — f&)(N)dw + / f5°(\)dm
e—0 WX MBX2 TXS3x2
= G(v,m).

b) We establish the upper bound in the definition of the I'yy-convergence. One may assume G(v,m) < +o0.
Let (v,m) € YVsx2(@) and (vn)nen, vn € Wy (w, R?) generating the varifold (v, m):

Un = (6vs, (2))ico ® L™y

my ‘= (5 Vin (@)) ® |Vﬁn|pﬁ —m
IVonl TE®

with 7, = |V, [PL — 7% = Py#m. According to (18), it is easily seen that & — 1,(2)(fo — f°)(Vin(2))nen

is uniformly integrable so that, according to Proposition 4 of the Appendix

[ g0 =t [ (o~ £57)(T0) da. (20)
WX MBX2 n—+oo [,

On the other hand, since the measure m,, weakly converges to the measure m in M (& xS3*2), from the continuity
of A — f§°()\), we deduce that the measure f§° m, weakly converges to the measure f5° m in M (o x S3%2).
Now, since @ x S3*? is a compact subset of @ x S3*2, Alexandrov’s theorem yields

/ F&(A)dm > limsup / f°(Viy) di
wx83x%2 w

n—-+o0o

= 1imsup/ 15 (Vo) di. (21)

n—-+o00
Combining (20) and (21) gives

G(v,m) > limsup/ fo(Vuy,) di.

n—-+o0o

We end the proof as that of Theorem 2ii, b). d

Remark 3. Obviously, our study is a first approach in modelling concentration effects in membranes. Ac-
tually, in order to obtain gradients concentrations, for instance on the boundary of the membrane, it would
be necessary to deal with exterior loadings varying with € and concentrated near the boundary. This case is
more involved because the associated integral functional L. may be a noncontinuous perturbation of G¢ for the
I'yy-convergence.

6. APPENDIX

For a general exposition of the theory of Young measures, we refer the reader to Balder [2], Valadier [12,13]
and the references therein.

In all the Appendix, § is an open bounded subset of RY and F = R%, d = m x N so that R? is canonically
isomorphic to the space M™*Y of m x N matrices.
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Definition 5. We call Young measure on 2 X E, any positive measure gy € M¥ (2 x E) such that its image by
the projection mq on €2 is the Lebesgue measure £ on €2: for every Borel subset B of (2

ra#n(B) = u(B x E) = L(B).

We denote by Y(2; E) the set of all Young measures on 2 x E.
We equip Y(€; E) with the narrow topology, that is the weakest topology which makes the maps

B ¢ dp
QX E

continuous, where ¢ runs through Cp(€; E). This topology induces the narrow convergence of Young measures
defined as follows: let (fn)nen be a sequence of measures in Y(Q; F) and pu € Y(2; E), then

V(p S C(,(Q; E),
pn = g = .
im [ oo ) dune ) = [ o) dute, ).
n—+ JoxE OXE

The following slicing property, is a generalization of Fubini’s Theorem.

Theorem 4. Let u be any Young measure in Y(Q; E). There exists a family of probability measure (pz)zeq
on E, unique up to equality L-a.e. such that

(i) x |—>/ Y(x, A) dpy is L-measurable;
E

@) [ o) duted) = [ ([ on) dpw)s

QxE

for each p-integrable function . The familly (1:)zcq is called a disintegration of the Young measure p and we
write 1 = (fz)req @ L.

Let us define the tightness notion for Young measures.

Definition 6. A subset H of Y(€; E) is said to be tight if

Ve > 0, 3K, compact subset of E, such that sup p(Q x E\ K.) < e.
HEH

Theorem below may be considered as the parametrized version of the classical Prokhorov compactness theorem.

Theorem 5 (Prokhorov’s Compactness Theorem). Let (u™)nen be a tight sequence in Y(Q; E). Then, there
exists a subsequence (W™ )ren of (W )nen and p in Y(Q; E) such that

nar

oy — poin Y(Q; E).

Let u : Q — E be a given function and let us consider the image measure p = G#L of L by the graph function G
of u:

G: Q- QAxE, v (z,u(x)).
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Since the image of p by the projection on Q is £, u belongs to Y(£2; E). This measure, concentrated on the
graph of u, is called the Young measure associated with the function u. By definition of the image measure,
p “acts” on Cp(£2; E) as follows:

[ o) dulen) = [ plauta)) do Vo € G ).
QX E Q
This shows that the probability familly (u.).cq associated to p is (dy(z))zen-

Let now (un)nen be a sequence of functions u, :  — E and consider the sequence of their associated Young
measures (fn)neN, fn = (Ou, (2))zeq @ L. If pp " in Y(Q; E), the Young measure p is said to be generated
by the sequence of functions (un)nen. In general, u is not associated with a function.

Here is a semicontinuity result related to non negative functions:

Proposition 3. Let ¢ : Q x E — [0,+00] be a B(2) ® B(E) measurable function such that A — o(x,\) is lsc
for a.e. x in Q. Let moreover (fin)neN be a sequence of Young measures in Y(2; E) narrowly converging to
some Young measure p in Y(Q; E). Then

/ oz, A) du(x, ) < 1iminf/ o(x, A) dpn(z, N).
QxE QxE

n—-+o0o

Let us recall the notion of uniform integrability: a sequence (fn)nen, fn @ @ — R is said to be uniformly
integrable if

lim sup/ |frnl = 0.
Rotoo neN 11> R]

One may extend the set Cp (2, R™) of test functions related to the narrow convergence as follows:

Proposition 4. Let (t,)nen be a sequence of Young measures associated with a sequence of functions (un)neN,
narrowly converging to some Young measure p. On the other hand let ¢ : Q x E — R be a B(Q2) ® B(E)
measurable function such that X — o(x, ) is continuous for a.e. z in Q2. Assume moreover that x — @(x, u,(x))
is uniformly integrable. Then

[ ewn duen = tin [ gl ()
OxE n—+too JoxE

In order to apply Proposition 4, the following result is fundamental.

Proposition 5. Let (un)nen be a bounded sequence in Wll[’)p(Q,Rm) whose gradients generate a WP-Young

measure . Then there exists another sequence (Vn)neN in Wll[’)p(Q,Rm), whose gradients generate the same
Young measure p, and such that (|Vv,|P)nen is uniformly integrable.

We end this section with the following characterization theorem for W1P-Young measures (Young measures
generated by gradients of W1P-functions), established by D. Kinderlehrer and P. Pedregal (see [8,10,11]).

Theorem 6. Let p > 1. Then u € V(4 E) is a WHP-Young measure iff there exists u € WHP(Q, R™) such
that the three following assertions hold:

i) Vu(x) :/ A dp(N);

E
ii) for all quasiconvex function ¢ satisfying 0 < ¢p(A\) < B(1 + |A]P) for some B > 0 and for all X € E, one
has

$(Vu(z)) < /E 60N (N, aax e

iii) / (AP dp(z, N) < +oo.
QX E
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