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Abstract: In this paper the class of linear impulsive systems is considered. These systems are
those with a continuous linear dynamics for all time, except at a sequence of instants. When
such a discrete time occurs, the state undergoes a jump, or more precisely follows a discrete
linear dynamics. The sequence of time instants, when a discrete dynamics occurs, is nearly-
periodic only, i.e. it is distant from a periodic sequence to an uncertain distance. This paper
succeeds to state tractable conditions to analyze the stability, and to design reset matrices such
that the hybrid system is globally asymptotically stable to the origin. The approach is based
on a polytopic embedding of the uncertain dynamics. An example illustrates the main stability

result.

Keywords: Impulsive systems. Reset laws. Stability Analysis. Stabilization. Uncertainty.

1. INTRODUCTION

Hybrid systems are dynamic systems subject to both
continuous-time and discrete-time dynamics. The impor-
tance of hybrid systems in control systems analysis and
design have been growing in the last decades, due mainly
to their presence in practical systems and to overcome
performance limitations of more classical controllers, i.e.,
regular linear or nonlinear controllers (see, e.g., Clegg
[1958], Prieur et al. [2007], Zaccarian et al. [2005], Nesic
et al. [2008]). A particular class of hybrid systems is rep-
resented by reset systems, see Horowitz and Rosenbaum
[1975], Beker et al. [2001], Prieur et al. [2010], Barreiro
and nos [2010]. An interesting sub-class of hybrid systems
is the systems with finite state jump which are linear
continuous-time systems for which the state undergoes fi-
nite jump discontinuities at some discrete instants of time.
Such systems can be regarded as a special case of reset
systems in the sense that the reset rule is done through a
time condition instead of a state condition. These systems
can be named impulsive dynamical linear systems Haddad
et al. [2006]. See also for example Haddad et al. [2001a],

1 The research leading to these results has received funding from
the ANR project ArHyCo, ARPEGE, contract number ANR-2008
SEGI 004 01-30011459 and from the European Community’s Seventh
Framework Programme (FP7/2007-2013) under grant agreement
n 257462: HYCON2 Network of Excellence ”Highly-Complex and
Networked Control Systems”.

Haddad et al. [2001b], Li et al. [2001] and Hespanha et al.
[2008]. Lyapunov theory framework provides the main
tool to test the stability of reset of impulsive systems by
employing an adequate Lyapunov function (or a family of
Lyapunov functions) Liberzon [2003]. The results devel-
oped in the current paper are based on the use of adequate
parameter-dependent quadratic Lyapunov function (Lee
and Dullerud [2006], Daafouz and Bernussou [2001]).

The paper deals with both the stability analysis and
stabilization problems, for linear systems controlled by a
reset compensator. The reset rule, differently from Prieur
et al. [2010], is posed in function of the time. The interval
between two reset instants is supposed to be uncertain.
In this setup, this interval is defined as the sum of a
nominal reset period and an uncertain time-varying term
bounded in a given interval. Thus, in order to avoid
Zenon phenomena, we assume that the nominal reset
period is different from zero. The main conditions in
both problems is exhibited in terms of a parametric set
of linear matrix inequalities (LMI). Tractable numerical
solutions are proposed for these sets of parametric LMI to
be expressed as a finite number of conditions using convex
embeddings.

The paper is organized as follows. Section 2 describes
the class of systems under consideration and states the
problems of stability analysis and reset law design. In
Section 3, the main results to with both problems. Section
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4 presents two ways to solve the conditions developed in
Section 3. An numerical example is detailed in Section 5
to point out the potentiality but also the difficulty of the
proposed approach. Finally some concluding remarks and
forthcoming issues end the paper.

Notation. For a matrix M we denote by ||M || the induced
matrix norm. By M > 0 or M < 0 we mean that
the symmetric matrix M is positive or negative definite
respectively. We denote the transpose of a matrix M by
MT. By I,, we denote the m x m identity matrix. By 0 we
denote the null matrix of the appropriate dimension. By
Amaz (M) we denote the maximum eigenvalue of a square
symmetric matrix. For a given set S, co(S) denotes the
convex hull of §.

2. SYSTEM DESCRIPTION

Consider the following linear time-invariant system:

ip(t) = Azy(t) + Bu(t), Vt € RT, 2,(0) = a) € R"(1)

where 2, € R™, v € R™ and y € R™ represent
the system state, input and output, respectively. The
matrices A, B and C' are constant matrices of appropriate
dimension. Associated to the system (1) we consider a reset
controller:

0(t) = Ayn(t) + Byy(t), ¥t € RT =T, 1(0) =no € R™
u(t) = Cyn(t) + Dyy(t), (2)
n(t)=Rym(t™) + Ryy(t™), Yt e T,

where the matrices A,,, By, Cy, Dy, Ry, R, are constant
matrices of appropriate dimmension. 7 € R™ is the
controller state and ¢t~ = lim;_; r<; . The set

T = {tk Tty € R-’_,ﬁk < tg+1,Vk €N, khm tr = OO} (3)

represents the set of reset times. We denote by 74 the
interval between two reset instants,

Tk = tgy1 — tk,V kK €N (4)
We assume that the reset interval has the form
Tk = Tnom T+ 6Tk; (5)

where 7,0, represents a nominal reset period and é7; the
uncertain time-varying term bounded in a given interval,

6Tk S [07 5Tma$] . (6)

In order to avoid Zenon phenomena we assume that
Tnom # 0. The problems under study are formulated as
follows:

Problem 1. Assume that the matrices A, B, C' and A,,
B,, C,, Dy, R, and R, are given and constant. Provide
LMTI methods for checking the stability of the reset system
(1), (2) with a reset interval (5).

Problem 2. Assume that the matrices A, B, C' and A,
B, Cy, Dy, are given and constant. Design reset matrices
R, and R, to guarantee stability of reset system (1), (2)
with a reset interval (5).

3. RESET STABILIZATION
We consider the following generic linear reset systems:

#(t) = Acx(t), Vt e RT — T, (7)
z(t)=Arz(t™), VteT. (8)

Note that the system (1) with the control law (2) can be
expressed in this form using the notation

ac:(acg T eR™, n=n,+n,

A _ (A+BD,C BC,
; B,C A,

I,, 0
Ar = <RyC’ Rn) :
The following theorem proposes stability conditions for
closed-loop system (7) with a reset law (8).

Theorem 1. Consider system (7),(8), with 7 defined in (3)
such that the reset interval (4) satisfies the assumptions
(5) and (6). Assume that the matrix A, is given. If there
exist symmetric positive definite matrices P(d7), 67 €
[0, 6Timaz], and a matrix G of appropriate dimensions such
that the following set of linear matrix inequalities

T
P(d14) (eAC(T"°”L+5Ta) ATGT
a r -0, (11
<GAT6AC(T"°’“+5“) G+ GT — P(6m) (11)

is satisfied for all 674,075 € [0, 07Tmaz], then there exists
a reset law (8) for which the equilibrium point = 0 of
system (7) is asymptotically stable.

(9)
and
(10)

Proof. The proof is based on the evaluation of the system
behavior at the sampling instants ¢;. The solution of the
system (7) is described by the equation

z(t) = et A n (1), Vit € [tr, togr) - (12)
Note that since the continuous-time dynamic in between
two resets instances is linear, then the evolution of the
norm of the system state is upper-bounded for all t €

A+ AT

)
st lz(@)|| < et ||x(ty)|| for all t € [ty,trr1). This
implies that for analyzing the asymptotic stability of the
system it suffice to analyze the behavior of the system for
the values t = t, k € N. Note that at ¢t = tx41 the system
state is given by:

[tk,tr+1), i-e. there exist a scalar € = Apax (

2(tpyr) = ApeeriTt)Acp g,y
= Aqe™ex(ty)
= A, e(TromTOm)Ac g (1)) (13)
The previous equation represents a discrete-time linear
system with time-varying parameters 673 that appear in
an exponential manner. Following generic stability results
for linear system with time-varying parameters (Lee and

Dullerud [2006], Daafouz and Bernussou [2001]), we con-
sider the following class of Lyapunov functions:
V(z(tk),57k) == zT(tk)P(5Tk)$(tk). (14)
The equilibrium point z = 0 is stable if the function is
strictly decreasing for all z(t;) # 0 and all variations of
the parameter d7;. This condition can be expressed as

V (x(trs1), 0Tkr1) < V(x(ty), o7%) (15)
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which is the same as
V (Apelmron 9 p(t) Gri ) < V(a(t), om)  (16)

for all 67, 07k41 in [0, 0Tmae| and for all z(tx) # 0. Then
the stability is ensured if

V (Apelrontteg on ) < V(w,b,) (17)

max
OTHE [0167—7‘@@1:]

holds for all 67, € [0, dTmaz], x # 0.

Assume that there exist matrices P(d7), 07 € [0, dTimaz)s
and a matrix G of appropriate dimensions such that the
condition (11) is satisfied V 074,07 € [0, 0Tmaz]- Using
similar arguments as in (de Oliveira et al. [1999]), one can
see that multiplying the inequality (11) by

T:=[, — (Aetelmnomtora))T]

on the left and by its transpose on the right, the following
inequality holds true:

T

(eAC(T"°m+5Ta) A?P(éTb)ATeAC(T"Om”Ta) — P(d7,) <0,
(18)

V §7¢,67° € [0, 6Tmae] which guarantees that the condition

(17) is satisfied. O

The following theorem proposes conditions for the design
of a reset matrix A,, as defined in (8), that stabilizes the
system (7).

Theorem 2. Consider system (7) with 7 defined in (3)
such that the reset interval (4) satisfies the assumptions
(5) and (6). If there exist symmetric positive definite
matrices P(07,), 674 € [0,0Tmaz], and matrices G, W of
appropriate dimensions such that the following set of linear
matrix inequalities

( P(d14)

Ac(Thom+0Ta T T
(e " ) WY Lo (9
G+ GT — P(6m)

is satisfied for all 674,07 € [0, 07Tmaz], then there exists
a reset law (8) for which the equilibrium point z = 0 of
system (7) is asymptotically stable. The reset law is given
by (8) with A4, = G~'W.

WeAC(TnOWL +07a)

Proof. Assume that there exist matrices P(7), 07 €
[0, 0Tinaz], and matrices G, W of appropriate dimension
such that the condition (19) is satisfied. Using the change
of variables W = G A, the set of inequalities (19) leads to
(eAc(rmmMra)T ATGT

P(é7,)
( G+ GT — P(6m,) ) =0, (20)

GA, eAe(Tnom+07a)
Y 67a, 07 € [0,0Tmaz]. Using Theorem 1 guarantees the
asymptotic stability. O

In the following corollary it is shown how the approach in
Theorem 2 can be used in order to develop reset law for
the particular case of system (1) with the reset law (2).
Note that in this case the reset matrix A, has a particular
structure, as described in (10).

Corollary 1. Consider system (1), the reset control (2) and
the closed-loop matrices (9), (10). Moreover, consider that
the set 7 defined in (3) with the reset interval (4) satisfies
the assumptions (5) and (6). If there exist symmetric
positive definite matrices P(07,), 674 € [0,0Tmas], and
matrices G, Wy, W, of appropriate dimensions such that
the set of linear matrix inequalities (19) is satisfied with

I, 0
(% &) (21)
and
I, 0
W= <WyC’ Wn> (22)

for all 674,07 € [0,0Tmaz], then there exist a reset law
(8) with a structured reset matrix (10) for which the
equilibrium point = 0 of system (1) is globally uniformly
exponentially stable. The reset law is given by (8) and (10)
with R, = G~'W, and R, = G~'W,,.

Proof. Assume that the exist symmetric positive definite
matrices P(07,), 074 € [0,0Tmaz|, and matrices G and
W as in (21), (22) such that conditions (19) are satisfied.
According to Theorem 2, there exists a stabilizing reset
matrix A, given by

A, =G W (23)
L, O I, O
= < 0 G1> <Wyc Wn) (24)
I, 0
= <leyc G1Wn> ) (25)

which is of the form (10) with R, = G~'W, and R, =
G'w,. O

The application of the previous corollary to the ideal
case in which no uncertainty concerns the reset interval
(0Tmaz = 0) is given as follows:

Corollary 2. Consider system (1), the reset control (2) and
the closed-loop matrices (9), (10). Moreover, consider that
the set 7 defined in (3) with a nominal reset interval
Tnom- 1f there exist a symmetric matrix P and matrices
G, W,, W, of appropriate dimension such that the set
of linear matrix inequalities (19) is satisfied for P(d7,) =
P, 674 € [0, 0Tmaz), with G and W as defined in (21) and
(22), respectively, then there exists a reset law (8) with
the structured reset matrix (10) for which the equilibrium
point = 0 of system (1) is asymptotically stable. The
reset law is given by (8) and (10) with R, = G~'W,, and
R,=G™'W,.

Remark. Corollary 2 presents stabilization condition for
the case of nominal reset interval. The given conditions
represent a finite set of linear matrix inequalities which
can be checked using classical convex optimization tools.
Note that the conditions (11), (19) lead to a parametric
set of linear matrix inequalities, since they depend on
the different values of d7,,d7, in the interval [0, 07 qz].
Tractable numerical condition for solving this parametric
set of conditions are presented in the following section.

4. NUMERICAL EVALUATION
In this section it is shown how the parametric set of LMIs
presented previously, namely (11), (19), can be expressed
as a finite number of conditions using convex embeddings.

4.1 Polytopic sets

In order to obtain a finite number of LMIs from (11) and
(19), we have to deal with the exponential uncertainty
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e (Hetel et al. [2007]) that appears in the conditions.
Note that the uncertain matrices e<’™ are continuous
with respect to 7 and that §7 belongs to a bounded set.
Then, for §7, € [0, 6Tmaz], the matrix e4%7a describes a
compact subset of R™*™ :

E={X eRY™: X = e 67, € [0,6Tmaz]}  (26)
The basic idea is to embed the set of matrices £ into a
polytopic set Z, i.e. to find a set of N matrices Z; such
that

ECZ=co{Z1,Za,...,ZN}. (27)
This implies that for all 67, € [0, 0Tiaz] there exist a set
of scalars p;(d7,) € [0,1], ¢ =1,..., N, such that

N N
e =N i (67a) Ziy Y pi(d7a) = 1. (28)
=1 =1

In order to provide some insight about how a polytopic
embedding can be approximated, we recall briefly some of
the methods proposed in (Hetel et al. [2007]).

Consider an h-order Taylor series expansion of the matrix
exponential e?<97:

h A l
eOTade <Z l!C 57’5) .
1=0
Then we may construct a convex polytope by considering
the terms 07,1 = 1,2,...,h, as independent parameters.
The h-order Taylor approximation can be embedded in
a matrix hypercube with 2" vertices. However, one can
exploit the relation between the different parameters to
construct a convex polytope inside the hypercube. This ap-
proached is mathematically formalized in Lemma 4 (given
in the Appendix). Applying Lemma 4 to the polynomial
form (29) for d7, € [0, §Tpmaz), leads to a polytopic approx-
imation (27) with N = h + 1 vertices given by:

(29)

Zl :I’I’h
ZQ = 6TmazAc + Ina
2
Z3 = (ST,E,MZI 26' + 5TmamAc + In,

A.h A.h_l
_ s h ¢ h—1 c
Zh1 =0T 0 o + 0T =) +...
2
0T 2‘:| + 6Tz Ae + L.

In the following subsection we illustrate the use of such
polytopic embedding methods for reset matrices design.

4.2 Stabilization based on polytopic sets

As follows we show how the parametric set of linear matrix
inequalities, such as (11), (19), can be reduced to a finite
number of linear matrix inequalities. The approach is
illustrated for the condition (19). The conditions proposed
in Theorem 1 and Corolarry 1, can be treated in a similar
manner. The reset matrix design procedure based on
polytopic set (27) is formulated in the following Theorem.

Theorem 3. Consider system (7) with 7 defined in (3)
such that the reset interval (4) satisfies the assumptions

- J
» \ \ \ \ : \ \
0 1 2 3 4 5 6 7 8
4
05f J
o
X
ok J
05 \ \ \ \ \ \ \
0 1 2 3 4 5 6 7 8
2 T T T T
of 4
-2 1
4l J
5 \ \ \ \ \ \ \
0 1 2 3 4 5 6 7 8

Fig. 1. Tllustration of system evolution with a periodic reset interval
T om = 0.28.
(5) and (6). Moreover, consider the polytopic set (27) with
N vertices. If there exists symmetric positive definite ma-
trices P;, 1 =1,..., N, and matrices G, W of appropriate
dimensions such that the following set of linear matrix
inequalities
. T AcTnom T T
Lo gl e ) WEY o (30)
WeleTnomz, G+ G — P;

is satisfied for all 4,5 = 1,..., N, then there exists a reset
law (8) for which the equilibrium point = 0 of system

(7) is asymptotically stable. The reset law is given by (8)
with A, = G~1W.

Proof. Assume that there exist a set of matrices P;, ¢ =
1,...,N and matrices G and R such that the set of
inequalities (30) hold true. Then the condition

( Sy mil Sy w2 (efeTmem) WT) =0
YL mWereronZy G+ GT =0, ;P ’
(31)
is satisfied for any set of scalars p;, p; € [0,1], 4,5 =
1,..., N, such that Zivzl i = Zivzl p; = 1. Note that
eAe97a ¢ Z for all 67, € [0,6Tmaz]. Then the previous

condition implies the existences of matrices P(§7,) such
that the condition (19) holds with

N

P(67,) = Z 11i(674) Py, (32)
z;l

P(omy) =Y p1;(0m) P;, (33)

where 1;(07,), i (07) € [0,1], 4,5 = 1,..., N, represent
the barycentric coordinates of e« and e”<%™ in the
polytope Z. O

5. NUMERICAL EXAMPLES

Consider a reset system (7) with
0o -3 1 100
Ao = <1.4 —26 0.6) A, = <0 1 0) (34)
8.4 —18.6 4.6 000
The matrix A. has the eigenvalues

M o= —1.44, A = 3.44, )\ = 0. (35)
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o J
< Of 1
2 J
- s . \ \ \ .
0 2 4 6 8 10 12 14
2
1 J
<o J
—1F J
= s . s s \ .
0 2 4 6 8 10 12 14
40
20 f
o
&
0 J
_20 s . s s \ .
0 2 4 6 8 10 12 14

Fig. 2. Tllustration of system evolution with a periodic reset interval
T20m = 0.54.

5 : : : . .
ob |
5 |
10 \ \ \ \ \
) 2 4 6 8 10 12
XT
4 :
oL |
ob |
e |
4 \ . . \ \
) 2 4 6 8 10 12
X,
40 E
20 —
o |
—20f —
0 \ \ \ \ \
2 4 6 8 10 12

Fig. 3. Tllustration of unstable system behavior when the reset
interval switches among two values Tnom € {0.28,0.54}.

For this system the matrix A,e"m°m is Schur for 7., €
[0,0.58]. This implies that the system is stable if the reset
occurs periodically, with constant reset interval 7,,,, in
[0,0.58] and d7, = 0. However, variation of the reset
interval may induce instability. While the system is stable
for 7} = 0.28 and 72,,, = 0.54 (see Fig. 1 and Fig. 2,

nom nom
respectively), the matrix AyeTnom ApeTnom has eigenvalues
outside the unit circle. Therefore, resetting the system
with the pattern 7} =~ — 72, — 7l =~ — 12 ... leads
to an unstable behavior. This phenomena is illustrated in
Fig. 3.

Consider now that 7., = 0.1 and that §7,,4, = 0.2. In
order to illustrate graphically the construction of the poly-
topic embedding Z in (27), consider the Jordan normal

form of A.:
A 00
Jz(O A2 0)
0 0 As.

with \; = 1,...,3, given in (35). For this particular case,
the exponential uncertainty e®™*” has the form

(36)

0.95

0.9

0.85

0.8

0.75

0.7

0.65

0.6

055 I I I I I I I I I ]
1 1.2 1.4 1.6 1.8 2 22 24 26 28 3

Fig. 4. Representation of exponential uncertainty and of construc-
tion of convex polytopes in the ¢1(d7a) — ¢2(07p) plane, for
Tnom = 0.1, §7, € [0,0.2]. The polytopic embedding in dark
gray is obtained based on a 8th order Taylor approximation. In
light gray we represent a polytopic embedding obtained based
on a 8th order Taylor approximation applied on 5 subintervals.

¢1(07%) 0 0
e — ( 0 ¢2(07) 0) 71
0 0 1

with two uncertain scalar parameters ¢; (67) = €™ =
1,2, and 47, € [0,0.2]. In Fig. 4, we illustrate the curve
described by the exponential uncertainty in the ¢ (d7%) —
@2(071) plane as well as the obtained polytopic embedding
based on a 8th order Taylor series expansion (in dark
gray). Note that the polytopic embedding procedure can
be refined by dividing the interval [0, Tmqe] in several
subintervals, and applying the Taylor method locally.
Then, the extreme point of the global polytope can be
determined among the vertex of each local embedding
using classical convex hull algorithms. An illustration
based on 5 subinterval is given in Fig. 4 (light gray). Using
such an embedding and adapting Theorem 1 similarly to
Theorem 3, we can show that the system is robustly stable
for Thom = 0.1 with variations of the reset interval of a
maximum amplitude d7,,4, = 0.2. An example of system
evolution according to a random variation of the reset
interval is given in Fig. 5.

(37)

6. CONCLUSION

Focusing on linear impulsive systems, we stated tractable
conditions to analyze the stability. Also some sufficient
conditions are derived to compute reset matrices such
that the hybrid system is global asymptotically stable to
the origin. It is assumed that the jump instants are not
periodic but only nearly-periodic, i.e. with an uncertain
distance to a periodic sequence.

This paper lets many questions open. The first one may
be the generalization of this work to nonlinear systems.
Lyapunov techniques may be applied in this context (see
e.g. Goebel et al. [2009]). Also the performance issues
may be considered either for linear impulsive systems or
for nonlinear ones. One criterion to be optimized may
be the rejection of perturbations and the gain perturba-
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s L L
0 0.5 1 1.5 2 25 3 3.5 4

Fig. 5. Example of system evolution for Tnom = 0.1, 67 € [0,0.2],
based on an arbitrary sequence of reset intervals.

tions/output to be made as low as possible. The connec-
tion with the Input-to-State Stability (ISS) of impulsive
systems as in Hespanha et al. [2008] may be fruitful.

APPENDIX

Lemma 4. (Hetel et al. [2007]) Consider a polynomial
matrix
L(p) = Lo+ pL1 + p°La + ...+ pPL,, (38)

where the parameter p € R and L; € R™*"™ i =1,...,p.
For each upper bound p > 0 on p there exist matrices
U € R"™*™ 4 =1,...,p+ 1, s.t. the following property
holds:
For all p € [0, p] there exist parameters u;(p), i = 1,...,p+
1, with

p+1

> nilp) =1, and pi(p) 20, i=1,....,p+1,

i=1

s.t.
p+1

L(p) = >_ mi(p)Us.

In particular, U;, i = 1,...

(39)
, D, can be chosen as

Ul :LOa
U2 :ﬁLl + LO)
Us=p?Ly +pL1 + Lo,

Ups1=p L, + 9P 'Ly1 + ...+ 5Ly + 5Ly + L.

The relations between the parameters p and p are given
by:

P
,U1(p)—1—:,
p
p'— p’
Mi(p):_i,1 - = i=2...p, (40)
p p
pP
Mp+1(P):1*ﬁ—p
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