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METASTABLE STATES,
QUASI-STATIONARY AND SOFT MEASURES,
MIXING TIME ASYMPTOTICS VIA VARIATIONAL PRINCIPLES

ALESSANDRA BIANCHI AND ALEXANDRE GAUDILLIERE

ABSTRACT. We establish metastability in the sense of Lebowitz and Penrose under practi-
cal and simple hypothesis for (families of) Markov chains on finite configuration space in
some asymptotic regime, including the case of configuration space size going to infinity. By
comparing restricted ensemble and quasi-stationary measure, we study point-wise conver-
gence velocity of Yaglom limits and prove asymptotic exponential exit law. We introduce
soft measures as interpolation between restricted ensemble and quasi-stationary measure
to prove an asymptotic exponential transition law on a generally different time scale. By
using potential theoretic tools we prove a new general Poincaré inequality and give sharp
estimates via two-sided variational principles on relaxation time as well as mean exit time
and transition time. We also establish local thermalization on a shorter time scale and give
mixing time asymptotics up to a constant factor through a two-sided variational principal.
All our asymptotics are given with explicit quantitative bounds on the corrective terms.

1. METASTABILITY AFTER LEBOWITZ AND PENROSE

1.1. Phenomenology and modelization. Lebowitz and Penrose characterized metastable
thermodynamic states by the following properties [J]:

(a) only one thermodynamic phase is present,
(b) a system that starts in this state is likely to take a long time to get out,
(c) once the system has gotten out, it is unlikely to return.

We can think, for example, to freezing fog made of small droplets in which only one phase
is present (liquid phase) that remains for a long time in such a state (until collision with
ground or trees, forming then hard rime) and that once frozen will typically not return to
liquid state before pressure or temperature have changed.

To modelize such a state they considered in [[] a deterministic dynamics with equilib-
rium measure p. First, they associated with the only one phase of the metastable state a
subset R of the configuration space, and described this metastable state by the restricted
ensemble ur = u(:|R). Second, they proved that the escape rate from R of the system
started in p is maximal at time ¢ = 0, and that this initial escape rate is very small. Last,
they used standard methods of equilibrium statistical mechanics to deal with (c). As esti-
mate of the returning probability to the metastable state they used the fraction of member
of the equilibrium ensemble that have configuration in R and they noted ([f]], Section 8):

This amounts to assuming that a system whose dynamical state has just
left R is no more likely to return to it than one whose dynamical state was
never anywhere near R. The validity of this assumption, at least in the
short run, is dubious, but at least it provides us with some indication of
what to expect.
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In this paper we want to give a different model for the same phenomenology that over-
comes the last difficulty. We will work with stochastic processes rather than determinis-
tic dynamics, but the Lebowitz-Penrose modelization will be our guideline. We will try
to recover this phenomenology under simple and practical hypotheses only. Since the
study of metastability has been considerably enriched after Lebowitz and Penrose work,
we want also to incorporate in our modelization as much as possible of what was previ-
ously achieved. We will then make a brief and partial review of these achievements. On
this review will depend our goals and starting ideas but not our proofs since we want
to make this paper as self-contained as possible. Our model and results are presented in
Section P).

1.2. A partial review. Since Lebowitz and Penrose paper, an enormous work has been
done to describe the metastability phenomenon. In particular Cassandro, Galves, Olivieri
and Vares introduced the path-wise approach, which focused, in the context of stochastic
processes, on time averages associated with an asymptotic exponential law [§]. This was
further developed by the pioneering works of Neves and Schonmann who studied the typi-
cal paths for stochastic Ising model on a given volume in the low temperature regime ([f],
[B]). This work was then extended to higher dimensions, infinite volume and fixed tem-
perature regimes, locally conservative dynamics and probabilistic cellular automata ([[L[J],
(@3], (LS, (23], 290, (D).

As developed in [P4], a crucial role was played by large deviation tools inherited from
Wentzell and Freidlin in their reduction procedure from continuous stochastic processes
to finite configuration space Markov chains with exponentially small transition rates [f].
This is especially true for very low temperature regimes, but the same kind of reduction
procedure allowed to deal in various cases with large volume rather than low temperature
limits (see [[14]] for Curie-Weiss model under random magnetic field, see [R4] for further
examples).

Then, using potential theoretic rather than large deviations tools, Bovier, Eckhoff, Gay-
rard and Klein, developed a set of general techniques to compute sharp asymptotics of the
expected value of asymptotic exponential laws associated with the metastability phenome-
non, and revisited (after [, [[Q]) the relation between generator spectrum and metasta-
bility ([L4], [I91, [BF). This allowed, for example, to go beyond logarithmic asymptotics
for stochastic Ising models in the low temperature regime ([[I7], [R5]) and to prove the
first rigorous results in the fully conservative case ([B5]), to deal with metastability for
the random hopping time dynamics associated with the Random Energy Model ([[L§]), to
make a detailed analysis of Sinai’s random walk spectrum ([R8]]), to extend the study of the
disordered Curie-Weiss model to the case of continuous magnetic field distribution ([B{],
[BD).

We then reached to an essentially complete comprehension of the metastability phe-
nomenon in at least two classes of models: very low temperature dynamics in finite fixed
volumes and large volume or continuous configuration space dynamics that can be re-
duced via Wentzell-Freidlin procedure to the previous case. Of course, specific and often
non trivial computations have to be made for each specific model, but there exists a general
approach to the problem that is developed in [R4]] and, as far as the potential theoretic part
is concerned, [[16], [[L9], and [RJ] together with [B§], that bridges between potential the-
ory and typical path description by reinforcing and generalizing the results of [B] (and it
is worth to note that [B§], after [B3, B7], contemplates also the case of polynomially small
rather than only exponentially small transition probabilities). For both classes of models,
like one-dimensional metastable systems as considered in [R§] or [R7], a recurrence prop-
erty to a very localized subset of the configuration space (single configurations identified
to metastable states in the first case, small neighborhoods of the dynamics attractors in the
second case) plays an important role.
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Beyond these two classes of models there are many limit cases, special cases, and partial
results. For example, in [[[§] we are far from a finite fixed volume situation but single
configurations can still be identified with metastable states and have still enough mass at
equilibrium for potential theoretic or renewal techniques to work. This is not the case
in [B5], where potential theoretic tools give only expected values of some hitting times
when the system is started from some specific harmonic measures that are very different
from what one would expect to be a “metastable state” (here, like in the sequel and fol-
lowing Lebowitz and Penrose, we mean a whole measure when referring to a metastable
“state” and not to a single configuration of the configuration space). Any kind of exponen-
tial law is presently also lacking in this case. The same difficulty is faced in [BQ], but it is
overcome in [B€] by mean of a specific coupling argument that gives point-wise estimates
and opens the way to the exponential law. Finally, the beautiful paper by Schonmann
and Shlosman [[[5] achieves the tour de force of using essentially equilibrium statistical
mechanics computations to deal with the dynamical problem of metastability. In this case
also the exponential law is lacking as well as sharp estimates on the transition time, even
though the simple formulation of such properties is not completely obvious in this fixed
temperature and vanishing magnetic field regime.

1.3. Starting ideas. In the present paper we want to elaborate some tools to describe
the metastability phenomenon beyond the case of a dynamics with a recurrence property
to a very localized subset of the configuration space. We will focus on exponential laws
and sharp asymptotics of their expected values. We note that the exponential law itself
suggests some kind of recurrence property. If it is not a recurrence property to a very
localized subset, it has to be in some sense a recurrence property to a whole “spread
measure”. And this measure should coincide with our metastable state. Now, following
Lebowitz and Penrose, if we associate the metastable state with some subset R of the
configuration space X, then, considering property (b), we have at least two candidates to
describe our metastable state: one is the restricted ensemble yg = u(:|R) the other is the
quasi-stationary measure

1R = t_liinoo Pun (X(t) € [Ta\r > 1) €8]
where X (t) is the configuration of the system at time ¢ and 7\ is the exit time of R (we
will be more precise in the next section). The main advantage of ux is that ug is often
an explicit measure one can compute with, while .}, is only implicitly defined. The main
advantage of 7, is that the exit law of R for the system started in 7, is an exponential
law. Our first results will then start with a comparison between ur and pj,. We will give
simple and practical hypotheses to ensure that they are close in some sense, then we will
be able to prove some kind of recurrence property to uj,. All this will be done in the
simplest possible setup: considering a Markov process on a finite configuration space in
some asymptotic regime (including the possibility to send to infinity the cardinality of the
configuration space).

In the present work we will essentially build on the ideas of four different papers: [J]
for the formulation of the problem, [F] for the focus on exponential laws, [[L] for the
introduction of potential theoretic techniques in the metastability field to get sharp esti-
mates on some mean hitting times, and Miclo’s work [B4] where some concepts of local
equilibrium, and “hitting times” of such equilibriums, are introduced. As far as this last
paper is concerned, it will only work as a source of inspiration: we will not require a full
spectrum knowledge, and we will not introduce any notion of a starting point depending
local equilibrium. Finally, we note that the idea of considering quasi-stationary measures
as metastable states was already contemplated in [R(]. Even though some of our results
echo some of [RQ], we were not able to make any clear comparison, essentially because of
the much more analytical point of view of [R(] and the many hypotheses introduced in the
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results of [R0]]. We note that, on the one hand, [RJ] deals with a much more general setup
than ours since the authors consider non-reversible Markov processes on a continuous
configuration space, while we look at reversible Markov processes on finite configuration
space. However, the reason why we assume reversibility is to be able to use potential the-
oretic results to get sharp estimates on mean times via variational principles, a question

that is not considered in [R0]].

2. MODEL AND RESULTS

2.1. Quasi-stationary measure and restricted ensemble. We consider a continuous time
Markov process X on a finite set X’ with generator defined by

Lf(z) = pla,y)(fy) - f(z)) (2)
yeX

for z in X and f : X — R, and where p is such that ) p(z,y) = 1. Since X is finite, any
generator can be written like in (f) up to time rescaling. We assume that X is irreducible
and reversible with respect to some probability measure u, we denote by (-,-) the scalar
product in £2(p), by || - || the associated 2-norm, by D the Dirichlet form defined by

D) = {foLf) =5 3 elwy)lf@) ~ ) ®)

z,yeX

where each conductance ¢(z, y) is equal to

c(x,y) = p(@)p(z,y), D)
and by ~ the spectral gap
: D(/f)
= min . (5)
7 Var, (f)#0 Varu(f)
For R C X we define in each = € R the escape probability
er(z) =Y plx,y) (6)
y€R
and we denote by X5 the reflected process with generator given by
Lrf@) = prlz,y)(f(y) - f(x)) %

YyER

for z in R and f : R — R, and where, for all z, y in R,

_ | plzy) if z # y,
pr(z,Y) = { p(z,z) +er(z) ifz=y. (8)

We will only consider subsets R such that both X and X\ are irreducible and we note
that X5 inherits from X the reversibility property with respect to the restricted ensemble

pr = p(-|R). )

We identify ¢*(ur) with the subset of ¢2(y) of functions f : X — R such that f|y\g =0
and we denote by (-, ), || [|r, Pr, cr(z,y) and vz the associated scalar product, 2-norm,
Dirichlet form, conductances for z, y in R and spectral gap.

We denote by p}, the sub-Markovian kernel on R such that, for all z, y in R,

pr(,y) = p(z,9). (10)
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We know from [P]] and the Perron-Frobenius theorem that there exists % > 0 such that
1 — ¢} is the spectral radius of p}, and that there is a unique quasi-stationary measure p,
such that p5 p% = (1 — ¢ )i . In addition we have, for all z, y in R and t > 0,

limy 4 00 PJC(X(t) = y’TX\’R > t) - /f;z(y% (1D
B, (Ta\r > t) = e ¥R, (12)
1R (er) = ¢%- (13)

In Sections P.3 and [ these properties will be rederived in a slightly more general context.

Our first result states that if 1/¢},, the mean exit time for the system started in p},
is large with respect 1/, the relaxation time of the reflected process, then the quasi-
stationary measure /., is close to the restricted ensemble ;1. More precisely, defining, for
allzin R,

PR

e (14)
"o
] pr (z)
hp(x) = (15)
R (@) R ()
we prove the following.
Proposition 2.1. If ¢} < 1, then
* * 8*
Var,y (W) = Wk = Ixllz < 775 (16)
R
Proof. See Section B.1l. O

Remark. When proving that ¢ goes to 0 in some asymptotic regime (for example when
the cardinality of the configuration space goes to infinity like in [[f], when some parameter
of the dynamics goes to O like the temperature in [[]] or when both happen like in [B2]])
one has to give upper bounds on ¢} and lower bounds on . As far are such upper
bounds are concerned we will show that they can be easily obtained using test functions
in some inequalities (see Theorem below together with the following remark). In
addition, since one can often easily compute with pz and eg is often explicit, one can
usually estimate

R = pr(€R) a7
and use the following lemma that we prove in Section 3.2.

Lemma 2.2. ¢7, < ¢r.

Lower bounds on vz can be more difficult to obtain. However we note, first, that rough
lower bounds will often be sufficient to our ends, second, that the new Poincaré inequality
we will prove in this paper (Theorem P.12) can be used to this purpose.

As a consequence of this first result we can control the convergence rate of the Yaglom
limit (L1). We note that, by the reversibility of X with respect to u, p} is a self-adjoint
operator on /2 (uz ) and has real eigenvalues. By the Perron-Frobenius theorem, this implies
the existence of a spectral gap 75 > 0 equal to the difference between the first and the
second largest eigenvalue of p,.

Proposition 2.3. If £} < 1, then

%gi{l_‘fi’%}. (18)

Proof. See Section B.3. O
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Remark. Since, after the statical study made in [B9], we intend to apply our results to the
dynamical study of the cavity algorithm introduced in [R], for which finite effects volume
are of first importance, we need to give asymptotics with quantitative control of corrective
terms. This produces quite long formulas and to simplify the reading we put between
graph parentheses any terms that goes to 1 in a suitable asymptotic regime.

Then we define

Cr = min i (v) () = min e (2)hie () (19

and, if 5, < 1, for any ¢ €]0, 1],

1 2 cx
Tfp =— (In— =" {1+ R (20)
sR v}%( 5(1—5)%){ 1—53%}

to get point-wise mixing estimates for Yaglom limits.

Theorem 2.4 (Mixing towards quasi-stationary measure). If ¢ < 1/3, thenforall z,y € R
and § €]0,1],

Po(X(t) =yl > 1)

1 (y)

Proof. See Section B.4. O
Remark. In words this says that either the system leaves R before time Ty or it is de-
scribed after that time by % in the strongest possible sense. This theorem is useful only
if one can provide upper bounds on Tj,. We already estimated ~}, in Proposition 2.3
and we note that, as far as (3 is concerned it only appears in the formula through its

logarithm. Very crude estimates will then often be sufficient. One has for example the
following lemma.

Lemma 2.5. If p(z,x) > 0 for all z € R, then

Gr = min i (@) > e 2R 0x, (22)

—1‘<6 as soon as t>T§7R 2n

where
Ar = max{—Inpr(z,y) : pr(z,y) >0, Vz,y € R}
Dr =min{k > 0: p&(z,y) >0, Vz,y € R} ’

Proof See Appendix [A. O
We will make a special choice for the parameter ¢ in (R(). We define

5 = Gk min er(a) (23)
and set

Tp = Tg}aR. (24)
The next lemma is necessary for the following results to make sense.

Lemma 2.6. For €}, < 1, it holds

* * * ok * V2 2
or < op < 9rTR < 2e3 <1nm> {1+\/ﬁ} (25)
Proof. See Section f.7]. O

Remark. We will often refer in the sequel to the regime ¢}, T; < 1. The lemma implies that
in this regime, % and ¢}, also go to 0. In addition, it provides a sufficient and practical
condition for being in such a regime: since min,c5_x er(x) is usually an easy to estimate
quantity, one has a lower bound on §% as soon as one can estimate (j; from below, and,
since on the right hand side 63, appears only through its logarithm, rough bounds will often
be enough to show that 7, goes fast enough to 0.
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We close this section with a first asymptotic exponential law.
Theorem 2.7 (Asymptotic exit law). For any probability measure v on R, define g (v) =
P,(tar < Tg). If e < 1/3, then
€y
Byl < T + 7525 {14+ 63} < 2 {1+ 0T + 7}
Ey[rag] > - {1+ 9 TR — )
(ii) forall t > ¢, 1%,
(1 —7mr(v)e t{e¢R (1+6%)}
(1 —mr(v))e "t {e?rTR(1 - 6%)}

Proof. See Section O

Remark. The theorem gives more than asymptotic exponential exit law. The first part
shows in particular that in the regime ¢}, T}; < 1, the quasi-stationary measure maximizes
asymptotically the mean exit time on the set of all possible starting measures. The second
part shows that, provided 7z () converges to some limit, the normalized mean exit time
PR Txr converges in law to a convex combination between a Dirac mass in 0 and an
exponential law with mean 1.

As an example of application we can consider the case of the restricted ensemble.
Lemma 2.8. It holds
TR(UR) = Pur (Tanr < Ti) < orTx - (26)
Proof. See Section §.3. O
Corollary 2.9. If 5 < 1/3, then
7 {1 = 0rTR)(1 + 0k TR — 0R)} < Euelrag] < 5= {1+ 0Tk + 0%} (27)
and, for all t > ¢%TF ,

e {(1 = orTR)1 = 00)e?R TR | < P (rage > ) < e {1+ dR)eR TR . (28)

This shows asymptotic exponential exit law in the regime ¢rT}; < 1 for the system
started in the restricted ensemble.

2.2. (k, A)-capacities, mean exit times and a new Poincaré inequality. In this section
we introduce a new object which extends the notion of capacity between sets. For any
k,A > 0 and A,B C X, we first extend the electrical network (X,c), with ¢(z,y) =
w(z)p(z,y) = u(y)p(y,z) for all distinct z,y € X, into a larger electrical network (X, ¢)
by attaching a dangling edge (a, a) with conductance xu(a) to each a € A and a dangling
edge (b, b) with conductance A\u(b) to each b € B. More precisely, we add |A| + | B| nodes
and edges to the network by setting

X=XU{a:acA}U{b:be B}
and, for all distinct Z,§ € X we define
c(z,y) if (2,9) = (z,y) € X x X
_ ku(a) if (Z,9) = (a,a) for somea € A
b

oz,9) = A\u(b) if (#,7) = (b,b) for some b € B
0 otherwise

(29)
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Definition 2.10. The (x, A)-capacity, C)(A, B), is defined as the capacity between the sets
A and B in the electrical network (X, ¢), and then is given by

C2(A,B) = min {; Z &, L@ - F@)% fIA =1, ~|1_f; - 0}
X

f:X-R .
x,ye
(30)
= min )+ kK wula —1P4+2D u® }
f:XHR{ (LEZA bEZB
= min (D) + ma(ANE, [, — 1] + Nl BBy [ — 0]}

Remarks.

i) Since all the points of A and B are at potential 1 and 0 respectively in formula (B0),
they are electrically equivalent and we could have defined the (x, \)-capacity be-
tween A and B by adding just two nodes to the electrical network (X, ¢). However,
our definition with dangling edges will be more useful in the sequel.

ii) A (k,\)-capacity is in some sense easy to estimate since it satisfies a two-sided
variational principle. On one hand, by definition, it is the infimum of some func-
tional, and any test function will provide an upper bound. On the other hand
it is the supremum of another functional on flows from A to B, which are anti-
symmetric function of oriented edges with null divergence in X, i.e., on functions
Y : X x X — Rsuch that forall z € X \ (AU B), div,¢ = zxexw(m z) = 0.
This is Thomson principle that goes back to [[ll], Chapter 1, Appendix A (see also
lecture notes [B1]] for a more modern presentation or textbook [[3] for the proof
of an almost equivalent result). Letting

ngzg

i,gex

‘@1

be the energy dissipated by the flow ¢ in the network~()? ,@), and ¢, (A, B) the set
of unitary flows from A to B, that is, the set of flows 1) from A to B such that

Ydived =Y S da i) =1=- divig =~ > > d(5,3), (8D

acA acA zeX beB beB e X
or, if D(1)) < +oo, such that
=Y d(a,a) =1=> _1(b,b), (32)
acA beB
we have
CMA,B) = max_ D(1))
¢€¢1(A73)
dlvazp)2 leb’l/}
= max D + (33)
iy {0+ S e >
_ u(A) divy u(B) divy)?
= weg}?ﬁB){D(W + = By [( m >|A] + 55 Eup [( m )BH ’

where ¢, (A, B) is the set of unitary flows ¢ from A to B and

Zﬂ)fﬂy

z,yeX

Then, any test flow provides a lower bound on C (A4, B).
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iii) We know ([[I3]l, [BTD) that the infimum and supremum in (B0) and (B3), are
realized, respectively, by the equilibrium potential V} = Py (Galox) < Gg(on)),
where G4 and Gp are the right continuous inverses of the local times in A and B,
while o, and o) are independent exponential times with rates x and )\, and by its
associated normalized current

C A c(T
— et | (@,9) € X x X — SEL (V@) - V(). (34)

We will say more on such quantities in the next section.

iv) The previous definitions and observations extend to the case when « and \ are
equal to +oo. In that case we identify A to A in the extended network if x = +o0,
or B to B if A\ = +00,and we drop the infinite upper or lower index in the notation,
so that, for example, C. (A4, B) = C°(A, B). However, when ~ and \ are both
equal to +o0, to avoid any ambiguity we need to require that AN B = (). In that
case the notation becomes C (A, B) = C2(A, B) and we recover indeed the usual
notion of capacity.

We then get sharp asymptotics on mean exit times for the system started in the quasi-
stationary measure.

Theorem 2.11 (Mean exit time estimates). If e, < 1/3, then, for all k > 0,

Cu(RAR) . s « _ Co(RAR) i | ok B
u(R) {1—6R—7_R}S¢R§ M(R)_{1+¢RTR+5R+TR} (35)
Proof. See Section . O

Remarks.

i) In the regime ¢}, + ¢ 7% < 1 one can choose « such that ¢}, < k < yg and get
matching bounds.

ii) Both bounds are in some sense easy to estimate since capacities satisfies a two-
sided variational principal. Moreover, compared with the formula for mean exit
time provided by potential theoretic techniques (see, e.g., [[]), the above in-
equalities require no residual mean potential estimates. (Such estimates, as well
as some harmonic measures will only play a role in the proof of the theorem.)

iii) Resolving the upper bound in ¢} (¢% appears also in the right hand side of the
inequality) one can get good bounds on ¢3 and prove that it decreases fast enough
to guarantee ¢, T < 1.

Our (k, \)-capacities provide also spectral gap estimates and a new general Poincaré
inequality. For x, A > 0 and A, B C X we set

C)A, B)
pw(A)p(B)

Theorem 2.12 (Relaxation time estimates). For all x, A > 0 and any R C X such that Xx
and X yr are both irreducible Markov processes,

Pr(A,B) = = ¢5(B, A). (36)

2

1e 1 | Ga(RAR)  CMRAR)
7 2 RRAR) N C S 37)
1 1 E+on (R,AR) A¢n (R, AR
TS amEA T max( wo T Taw >}
Proof. See Section [. O

Remarks.

i) Without loss of generality, we can assume p(R) < u(X\R) so that, by (B9),
o) < 2CNR,X\R)/u(R). Then, as a consequence of the previous theorem and
of the monotonicity in x and A of (k, A)-capacities, we get matching bounds over
1/~ in the regime €}, + 5*X\R + ¢%/7r < 1. One can indeed choose « such that
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¢4 < Kk < YR, as for Theorem (Remark i)), and X such that ¢%,, ¢*X\72 LNKL
Yxr- In addition and like previously, all the relevant quantities can be estimated
by two-sided variational principles.

ii) The lower bound is a generalization of the classical isoperimetrical estimate that is
recovered for k = \ = +o0.

iii) The upper bound is a new Poincaré inequality. This inequality, or an easy to derive
version when one divides the configuration space into more than two subsets,
echoes Poincaré inequalities given in [R]]]. We are not able to compare in full
generality our result with that of [RI] but we note that because of the presence
of some global parameter called v in [RI]] one gets generally in our metastable
situation an extra factor 1/ min(yr, yxr ) by applying the results of 21].

2.3. Soft measures, local thermalization, transition and mixing times. We address
now the difficulty raised by Lebowitz and Penrose. Whatever the measure we choose
to describe our metastable state, restricted ensemble or quasi-stationary measure, it is
associated with some subset R of the configuration space. Then there is an ambiguity
when one looks at property (b): what is “getting out” of the metastable state? One is
tempted to say that it corresponds in our model to the exit of R. But doing so we are very
unlikely to modelize in any satisfactory way property (c): we can expect that “on the edge”,
when the system just exited R, it has probabilities of the same order to “proceed forward”
and thermalize in X'\'R and to go “backward” and thermalize in R. Then we would like
to define what would be a “true escape” from R. Theorem P.4] suggests an answer in the
regime qﬁ}\RT;\R < 1. We could define the true escape has the first excursion of length
T;(\R inside X'\ R. Since time randomization is almost always a good idea, we are led to
the following definitions.

For any A C X we call

La(t) = /0 t 14(X(s))ds (38)

the local time associated with A up to time t and we denote by G4 the right-continuous
inverse of L 4:

Ga(t) =inf{s > 0: Lg(s) > t}. (39)

For o) an exponential time with mean 1/\ that is independent from X we define for all =
and y in R

Pr(@,y) =Po (X(77) =y, Lag (1) < o) (40)

with 7% the return time in R after the first clock ring 7, i.e., 7, = 7 + 7g 0 6, with ¢

the usual shift operator. (One can see the process X as a process updated according to its

discrete version with transition probability matrix p at each ring of a Poissonian clock with
intensity 1.) We also define, for all z in R,

er () =Py(Lng () > 03) =1 — ZP%,A(%y) (41)
YyER

and for all z and y in R

(42)

5 (x, if x )
PR,,\(%ZJ):{ RA(:0) e

Pra(@:2) tera(z) ifz=y.

The Markov process X ) on R with generator defined by

Lraf(@) =Y pralfy) — f(@)) (43)

YyER
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is reversible with respect to ux and has spectral gap

. Dr .
TRA = Varfzg”) £0 VarMR((f f) ) “44)
where )
Dra(f) = B Z rA@Y)(f(z) = f(y)? (45)
with ’
crA(@,Y) = pR(T)PRA(Z,Y) = PRAWY, )UR (Y)- (46)
In addition we define
TrA = Lr(Grg (o)) 47)

We know by the Perron-Frobenius theorem that the spectral radius of p} , is a simple
positive eigenvalue that is smaller than or equal to 1 and has left and righ‘é eigenvectors
with positive coordinates. We call it 1 — ¢} , and denote by 1.}, , the unique associated left
eigenvector that is also a probability measure on R. 7

Lemma 2.13. It holds
i) ¢i;2,)\ = N%A(GRJ\) ;
D Pur (Tary > 1) = e RN VE>0;
iii) lim Pu(X o Gr(t) =y|Tarr > 1) = prr, YT,y €R.
t—00 ’ ’

Proof See Section b.1. O

We say that u7 , is a quasi-stationary measure associated with a soften barrier, or a
soften quasi-stationary measure, or, more simply, a soft measure. Indeed, 7, , is the limit-
ing distribution of the process conditioned to survival when it is killed at rate A\ outside R.
So, the hardest quasi-stationary measure associated with R, corresponding to A = +oo,
is the quasi-stationary measure p3, while the softest measure, corresponding to A = 0, is
the restricted ensemble pg (¢% o = 0 and pf, ( is the equilibrium measure associated with
PR.o = PR,0, Which is reversible with respect to u). More precisely we have the following.

Lemma 2.14. The function A € [0,+0c] — wh € ?(ur)* is a continuous interpolation
between the restricted ensemble g and the quasi-stationary distribution yu%. In particular,
forany A\g € [0, +00] and y € R, we have

/\lim uR7A(y) = KR\ (v) (48)
—>>\0

and for all x € R it holds the commutative limite property
lim lim Pp(X oGr(t) =y|Tagrr > 1) = lim lim P (XoGr(t) = y|Txra >1). (49)

A— Ao t—00 t—00 A= Ao
Proof. See Section p.2. O

Analogously to what was done in the case A = 400 we set Era = PR, A TR hray =
I »/mr and we call v | the gap between the largest and the second eigenvalue of p, |
(since p}, , is self-adjoint with respect to (-, -)% it has only real eigenvalues). We also define
PR = UR(ER )

Proposition 2.15. The parameters g\, ¢% », €x  and ¢r \ depend continuously on A. In
addition, when X decreases to 0, so do ¢}, ,, €k y and ¢r », while vy  increases.

Proof. See Section b.3. O

The proofs of Sections [J carry over this more general setup, and we get the following
theorem.
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Theorem 2.16 (Mixing towards soft measures). For all A > 0, ¢% \ < ¢%, Yrx = Yr and
€r. < €, Proposition Proposition Theorem .4 and Lemma .5 hold with an extra
index \ and writing X o G instead of X.

Remark. By continuity and monotonicity, the hypothesis ¢} , < 1 and €} , < 1/3 are
always satisfied for A\ small enough.

We are now ready to deal with local thermalization. We define inductively, for x, A > 0,
the stopping times 7; for ¢ > 0:

o = 0, (50)
1 = Ggr(og) A GX\R(O')\), (51)
Ti+1 = Ti+T10 97-2. (52)

Then for ¢ € (0,1) we call iy the smallest i > 1 such that one of the two following condi-
tions holds,

i) X(r) € Rand Lgr(1;) — Lr(1i—1) > T£R7A, (53)
i) X(ri) € Rand Lyr(7i) — Lag(Ti-1) > T5 vg as (54)
and we set 75 = 7.

Theorem 2.17 (Local thermalization). For any 6 €]0, 1] and any probability measure v on
X, if ek, <1/3and R < 1/3, thenVz € X,

o ([P =21 X () € R) | [BAX(m) =2 | X ¢R) [ 5 (s5)
MRA(QC) N;(\Rﬁ(x)
Moreover if £ = max <e“T5R»A -1, e Moxma 1) < 1, it holds
]P’V(T—5>t(%+§))§et{i}. (56)
Proof. See Section b.4. O

Remark. For x and A small enough, we have €% , < 1/3 and Eyra <1 /3. Then, when
x and \ decrease to 0, we have non increasing upper bounds on Ty , and Ty AR As a

consequence, the condition £ < 1 will always be satisfied for x and A small enough and the
theorem says that starting from any configuration the system is close to a random mixture
of two states (uy, , and :“’5(\73,;@’ close to ur and pag respectively) after a time of order

Tira T 15 2R
As previously me make a special choice for the parameter ¢ in previous theorems. We
set

0y =0Chy X min egr(zx Ty =T5% . 57
rA = (R i, r(T), Tg\ 55 RA (57)

Note that here we use min,cy  er(z) and not ming,ecs_r er x(z) for the sake of concrete-
ness and practical estimates : there is no simple way to give lower bounds on e (x) while
min,cp_r er(x) is usually an easy to control quantity. In doing so we have no straight
equivalent of Lemma P.6. We only have the following result.

Lemma 2.18. If e}, , < 1, then

* * * * * * €7
O <or and @iy < R Tk < 2%, <ln 75;“(1@5;“)) {1 +4/ 172%} (58)

Proof. The proof runs similarly to that of Lemma .6 and we omit it. O
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Now the proofs Section [ carry over this more general setup and we get asymptotic
exponential laws for the transition time 7y ) that is the time spent in R before “truly
escaping” from R as indicated by Theorem below.

Theorem 2.19 (Asymptotic transition law). For all A > 0, ¢r \ < ¢r and Theorem 2.7
together with its Corollary hold with an extra index .

We can also give sharp estimates on the mean transition time and asymptotics of the
mixing time.

Theorem 2.20 (Mean transition time estimates). If €}, , < 1/3, then, for all K, > 0 and
T > L+ 4, andsetting 6 = ¢)(R, X\R), it holds

Brop > CURAR) [ (rcal uRytoncal o, (1 ma (22, 2522) )}

* ch éIJR X\'R) * * * (75?3 A ’ (59)
PR S TRm) {1 T ORATR A T 0N+ == }
where
x 1,1\7¢
ap=1-— (bi’k - eiT(EJrX)
ag = e ¥AT _ Loy
ag = e PraTR %
x 5
ag = a3(1+ ¢x Ty — 0k + —5)
Proof. See Section p.5. O

Remark. In the regime 3, + ewr TR /vxr < 1 and assuming p(R) < p(X\'R) one can
choose « and X in such a way that ¢} < ~r < vz and ¢}, gb}\R < A < g, choose T
such that

1 1
E+_<<T<< (60)

A PR
and then get matching bounds provided ¢} ,7% , < 1. Once again, all the relevant quan-
tities can be estimated via a two-sided variational principle.

Theorem 2.21 (Mixing time asymptotics). If 53’\7& 0 Er < 1/3, we define T = Gagr(on)
and, for any z in X we write v, = P, (X (T ) = -). Then,

* 1 £3
ny - /’LX\RHTV S )\TX\R,O + 55/\/\7%707 (61)
* 1 *
vz —pllrv < w(R) + )‘TX\’R,O + §5X\R,0- (62)
In addition, if
* 1 * * ¢';;2,)\ % %
then, with
. 1+n
Tiig = maxinf 41> 0 ¢ [Po(X (1) =) = pllv < —— (64)
reX 9
we have
2

i (1 =n)d%» ()

Proof. See Section b.6. O
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Remark. The theorem makes sense when ;(R) < u(X\R) and in the regime €}, + fyr t
qu ro < 1. One can then choose A such that ¢* < A K TQ*(\R,O’ and, provided
PR )\T* %y < 1, our parameter 7 can be as close to ,u(R) < 1/2 as we want. Then, since the
spectral gap goes like ¢, , /u(X\'R) and u(X'\R) > 1/2 the theorem provides the correct
order for the mixing time.

Let us finally summarize our results. To have a mathematical model of the metasta-
bility phenomenon described by properties (a)-(c), we describe metastable states by soft
measures associated with a subset R of a finite configuration space X where runs a re-
versible Markov chain with respect to some probability measure p in the regime €7, —1—5’;(\73—1—
% /vxr < 1 and such that u(R) < p(X\R). In this regime all soft measures are close
to the restricted ensemble (Theorem P.16). If we choose x and A such that PR < kKR
and ¢}, qb*X\R < A < ynr then we can show

i) local thermalization towards the soft measure ug  Or g, Starting from any
configuration in X' and on a short time scale 1 + + (Theorem .17,
(The-

ii) exponential asymptotic transition time on a long time scale 3 L

orems and R.20),

iii) return time to metastable state on a still longer time scale ——— ~ HAR) (The-

R CR(RXR)
orem .20 applied to X'\ R in place of R).

In addition relaxation and mixing times are of the same order as the mean transition time
(Theorems and R.21)) - in particular the relaxation time has the same exact asymptotic
up to a factor (X \R) - while exit times are on long, but generally shorter, time scale
(Theorem R.11]). And we note once again, that all relevant quantities can be estimated via
a two-sided variational principles.

cA(R X\R

3. ANALYSIS IN £2(uR)

3.1. Proof of Proposition P.1. We recall that the dynamics on R with reflecting barrier on
O_R, is reversible w.r.t. ur with spectral gap . In particular, for any function f € 2(ug),
it holds the Poincaré inequality Var,, (f) < ’YLRD,R( f), where Dg(f) is the Dirichlet form
of f given by

Dr(f) = (f,—Lrf)u= D nr(x 0 (y) —pr(2,9))f(y)- (66)

z,yER

Applying the Poincaré inequality to hZ,, we get

Var,,, (hy) < 7—DR he) = — Z pR(2)hR (%) (6:(y) — pr(2:Y)) hR ()
z,yER
= L) = Y sk @pr(@ i)
TR z,yER
) (67)
= — [ (MR = > wr(@)(p(x,9) + u(y)er ()R (y)
TR z,yER
< a3 wk(@pi(e p)hiw)
TR T,yeER

where in the first two lines we use that, by definition of A,

pR(2)R (1) = pi(z) and  pr(hR) = pr(hR?).,
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and then we exploit the definition of pr and p%. From the last line, using that p}, is a left
eigenvector of p}, with eigenvalue (1 — ¢% ), we get

Vit () < 22 e (15e%) = Z2 Ve () + 2 (68)
R R R
Finally, rearranging the terms in the above inequality and from the hypothesis €3, = fg <

1, we obtain the required upper bound.

3.2. Proof of Lemma 2.2. Let us denote by £, the sub-Markovian generator associated
to the kernel p%. For any function f € ¢?(ug), this is defined as

(LRf) (@) = —f(x)+ Y prl@,9) (). (69)
YyER
We have (s o P
* _ min M2 _EZRJI/R
R R T 0 70

Taking f = 1% as test function, we get

b < 3 nnlo) (1 - Zpa*amy))

TER yeER

=2 #r(@) (1 - Zp(cv,y)) 71

TER yeER
= > ur(r)er(@) = ¢r
TER

which concludes the proof.

3.3. Proof of Proposition R.3. The second smallest eigenvalue of the sub-Markovian gen-
erator ﬁ%, ®R + Vi, satisfies the variational formula

= min {{f,~Lrf)r : (f.hR)r = 0,(/, flr =1}

Let f be a function on R that realizes the minimum in the above definition, with (f, f)z =
1. Since (f, h})r = 0, we have

¢R + R = min {
(72)

(f,hg = Ir)r = —={f, Ir)r = —pr(f)
and then, by the Cauchy-Schwartz inequality together with Proposition P.1],

* 8*
nr(f) < IFl - 1Pk = Irlz < =5 (73)
R

Now, writing the orthogonal decomposition f = ux (f) + g, with ur(g) = 0, we have

L= |Iflik = nx(f) + lgllk
and thus, from ([73)),
er 1 —2ey

gk =1 — pgk(f) > 1~

Using ¢ as a test function in

mzmm{ ! :h#O,m(h)ZO}, 74)
Tl

* *
1—¢e% 1—¢%
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we get
<1_€%D()—1_€%D(f) (75)
’Y72_1_2€,7k2 729—1_28:;2 R .

We will conclude the proof using the following result.
Lemma 3.1. For dll f € ¢*(ug), it holds

D(f) .
Dr(f) < R (f,—Lrf)m - (76)

~—

Proof of Lemma B.]. For all z,y € R with « # y, pr(z,y) = p(z,y). Then we have

Dr(f) =3 Y mw(@hpr(ey) [f) - f)

, z,YyER 2 (77)
=5 D mr@)py) [f(2) — fW)*
z,yER
since only the terms in z # y matter in this sum. Thus
Dr(f) <5 3 wnl@ple.n) ) - F) < 0. 78)

z,yeX

and this provides the stated upper bound.

To prove the equality, we recall that the space /2(ug) is identified with the subset of
functions f € ¢*(u) with f|,., = 0. Since, for all z,y € R, it holds that ur(z) = pu(z)/u(R)
and pi (z,y) = p(z,y), we have

by) - L x)f(x — oz
WR) ~ H(R) Z§Xu< )£ () (8(y) — pla ) £(v)
= 3 r(@) (@) (Guly) — (@) ) 79)
z,yeER
=(f,~Lrf)r
that concludes the proof of the lemma. 0

Turning back to the proof of the proposition, and combining inequality (f5) with Lemma

3.1], we get
B.1 weg

*

1—¢ *
< R ¢ _1 —

*

* * 0

since f was chosen in order to have (f, —E;z IR = ¢ + V5. Setting ¢, = cxryr and
rearranging the terms in the last inequality, we get

1—3eh +ek? < 11—\ .
1-2e, )= \1-2e )"

that under the hypothesis ¢}, < 1/3 implies

1olfizs)
T2~ 7R 1 -3y,
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3.4. Proof of Theorem P.4. The proof is based on a classical trick to control mixing times
with relaxation times. For any probability measure » on R, any f : R — R such that
pi(f) # 0 and any s,t > 0, one can check that

E [f(X(s + ) Lirpm>srty] — 1r(F)Py (TX\R > 5 +1)

_ Z =y, Tar > 5) — Pu(tag > 5)ur(y))
yeER

x (Ey[f<x<t>>1{m>t}1 Py (ram > Dii(f))

Indeed, one can rewrite the right hand side of the above equality as the sum of four terms,
two of which coincide with the two terms in the left hand side by the Markov property,
while the other two terms cancel using the quasi-stationarity property, i.e.

EM% [f | TR > t] = ,u%(f) . (82)

(81)

As a consequence one gets

By [f(X (s + ) Lrpresty] — 1R (FPu(Tog > 5 +1)]

B IP’I,(X(S):y,TX\R>S)_ - Ny
- \y;z,m(y) ( e a) Py (taogr > )hn(y))

% (ByLF (X)L >] = Pylrag > ik () |
and, by the Cauchy-Schwartz inequality

B [F(X (s + ) Lirpmesy] = 1R (P (Tog > 5 +1)]
< ‘ Py (X (s)=", T\ >5)

P By (e > i) (83)
X HE(o[f(X(t))]l{Tm»}] Py (T > t)/ﬁz(f)HR
We now estimate these two factors. Noting that

Py(X(s) = Tag > 8) = ve™= () and  Eg[f(X(0)L{rmsn]) = R (),

and diagonalizing the self-adjoint operator L, in orthonormal basis, one gets

|

with 6, € [0,7/2[ such that || 2 ||, [|h || cos 6, = (£,

P, (X (s)=-, TX\R>S H
pr()

2 * *
< ||| sin? 6,62 0RHR) | (84)
HR

HR”h cos 0, e PR® »

h%) =v(h%), and
hZ — ok 2 . _ * *
[EO U X preny] = 1l i cosby e~ < I sin® 620 (85)

with 6 € [0, 7]\ {w/2} such that ||l [}l cos by = (f,h}) = i (f)-
Moreover, since

Po(X(s)=-,T >s
PV(TX\R > 8) = Ur ( (X LR(_)X\R )) )

from inequality (84) we get
0, —ots| Py (Tanr >s
Py (T > 5) = Il HRHCOS e PR%| = ‘MR <% [~ HRHh* = cos 0y e %)
Py (Tanr >5) v *
< <]]-Ra Mz\i‘(,z) H ||R||h* ” COSH e —PRS >’R

< 7z llz sin 0,65 PrtIR)

(86)
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Using inequalities (B4) and (BA), we finally get

Py (X (s)=",Tar>S3) %
| B g > ROl
):'7TX\R>S o5 s
T = e et cos B e &7
[ (Poam > ) = Izl it %) 1
<l | (1 + [|hk[IR) sin 6, e *@R %)
which provides an estimate of the first factor in (§3).
To what concerns the second factor, noting that
Poy(tar > ) = E() [Ir(X (1) Ly >1)]
and that, from the definition of cos 6 applied to f = 1x,
1 . 9 IR ll2, -1  Var,, (k%)
cos by, = T and sin“6y, = e, ”2 - ”thHQR :
we get
h; —ont]|? _ Varug (h) —ou(gr 4
[Poam > 0 - g e o] < Spgileerow, (88)
and from inequalities (BY) and (B9),
[EQI(XW®) Lrgon] = Po) (Tew > Ok (1))|
h; s
< |[EO U XL ) = 15 i cos 87 €51
* h — X
+{[Pear > O Wil cos O =l i cosop et
. /Var,., (%) e s
< F ll sin 8™ ORATR) 4| || | A e Y cos O € PR TTR)
o . pr(f) Varun(h%) — (% +5)
- <HfHR sin @y + T ) e~ HortT1R)

which provides an estimate of the second factor in (B3).
Inserting and (B9 in Eq. (BJ), we then obtain

B [f (X (s + )1 {rymot] — 1R (F)Py (TR > 5+1)]
Y . SOV, () | rarnrigr ey (90)
<z llz (L +[[hz (=) sin 6, <HfH72 sinf; 4 & iR IR ) o~ (5T (R +7R)

1h% =

To conclude our proof we will make two more steps. First notice that from (8§) one also
get that, for any ¢ > 0,

Pu(rag > ) 2 125l (fek —sing, e @R F1R)) .

In particular, as soon as the following condition is verified

sin @, e HPRTIR) < §.00800 —ORt oy ol tan @, e PR < § oD
v Thillz RIIR v =7
R

it holds

Py(rag > 1) > (1= 8)| 2 || e %" (92)
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Now, dividing both terms of (PQ) by uj (f)P.(Txg > s + t), we reach an inequality that
controls the Yaglom limit and that, provided condition (P1)) and from the last inequality,
reads as

]Eu f Xt T, >t 1+ h * A
A ;E;i)(Jlf)X\R l_ 1‘ Mtan@ <tan9f + \/VaruR(hR)> e RE, (93)

As a final step we apply this inequality to » = ¢, and f = ¢,. For this choice of v and f,
and by definition of §, and 6, one has

tand, < Lo Il and tanf; < L _ 1Ml )
cos B, pr(z)h () cos by 1R (y)h5 (y)
Thus, from (93)), we obtain that under condition (P1])
P ((XO= lroe>t) _ | <yt (HIRR )l |\2 L VAl ()
1 () - (1-9) \/,uR(:v \/,uR Ih% = 94)

< eREL / R < R ) 1 1 R
e ® <1 + 1+ 1—e% 1+ 1—ex /47*3 /47*3 + 1—e%, ’

where in the second line we used that ||h%||, > 1, the estimate given in Proposition
and we introduced the quantity ¢}, defined in (I9.
The right hand side of the last inequality is smaller than ¢ as soon as

t> 4 [mm e +1n<<§+§,/1+1f—§%> <1+1f§%) <1+,/ R‘fz))] , (95)

which also implies (P1)).

Finally, from the hypothesis ¢} < 1/3, from the concavity of the logarithm and of the
square root function, and using that ¢ < 1, then §(1 — §) < 1/4 and In8 > 1+ 5/(4v/2),
after some computation one obtains that the condition (@) is implied by the stronger

condition
(i) )

which concludes the proof.

4. AROUND THE EXPONENTIAL LAW

4.1. Proof of Lemma 2.6. The proof uses the super-harmonicity of h3 on R, where hi
is thought as a function in ¢?(p) with hj (z) = 0 for z # R. To prove that h}, is a super-
harmonic function, notice that, for all z,z € R,

(Lhi) (@) = —hR(x) + Y pla,y)hk(y)

yekX
b )
< " 97)
P,(X(t) =y, >t 97
ki +hmzpyw) (t) =y, Tvr > 1)
yeX :U) P.(Tar > 1)
t = >t
= —hx(x)+ lim Z ( +T — T TR +T),
t—o00 — P.(tag > t)

where ¢ + 7 is the time of the first clock ring after ¢. Then

(LhR) (@) < —hi(2) + lim 3 P-(X(t+7)=zlmop >t47) _ R () + W (z) = 0.

oo i pur(x)
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This implies that A}, reaches is minimum in R on _R. As a consequence, being ur (h}) =
1, there exists xy € 0_R such that h} (o) < 1. Setting e = mingcp_r er () and recalling
that (3, = minger py (x)h% (), we then have

O = er Cr < erpir(w0)hR (7o) < er(wo)ur(w0) < d% (98)

which proves the first inequality.

Now, since 73, < 2, 05(1 — 05)(%k < 6%x(1 —6%) < 1/4 and (In8)/2 > 1, from the
definition of T; we get that T; > 1 and prove the second inequality.

The last inequality is equivalent to

Y v N
I G — M agisy TN G <20 Ene

and it follows from 0% (1 — 0%) < 0% < (%.

4.2. Proof of Theorem R.7. We write

Ey[tar] = mR(WEu[Tag | Tor < TRl + (1 = 7R (V) Ev[tag [ T > TR,
and notice that trivially
0 <E,[rag|Tagr <Tr] <Tx -
Moreover, by Theorem P.4, one gets
1
PR

Altogether this proves statement (i).
In the same way, we can write

1

5 + *
R 2

{1 -0r} <Elrag |Tar > TRl < T + —{1 + 0z}

Py(Tar > 5) = TR(Py(Tar > g2 [ Tar < TR)
+ (1 = mr (V)P (Tar > ﬁ

TX\R > T7*Q) )

If t > ¢ T, the first term in the r.h.s cancel and we get

P, <7'X\72 > %) =(1—-mr(¥))P, <7'X\R > é TR > Tﬁ) .

By Theorem P.4, we also have

R (G —TR)

-
S 5;26_¢R(¢,’;2 TR)7

_t * )
P, <TX\R > P ’TX\'R > TR)
that, together with the previous equality, provides the relation (ii).

4.3. Proof of Lemma 2.8. Let X denote the discrete version of X, such that X follows X
at each ring of a Poissonian clock of intensity 1, and let N (¢) denote the number of rings
up to time ¢. By the natural coupling between the dynamics X% and its discrete version
X% we have

Pur (T < TR) = D Pur (Frr = K)P(N(TR) > k)
k>1

<3N B (Xr(k — 1) = 2)er(2)B(N(TR) = k) (99)

k>12z€R
= ¢orE[N(TR)] = orTx -
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5. WORKING WITH (k, A)-CAPACITIES

5.1. Proof of the upper bound in Theorem R.T1,. Let X denote the continuous time
Markov chain on X’ defined, for % > 0,by the generator

) R(f(x) — f(2)) ifr=z€cR
(LHE) =< (Lf)(x)+r(f(T)— f(z) fz=2€R . (100)
(Lf) () ifr=2cX\R

This is a reversible process with respect to a measure /i defined as

oy Jop(x) ifz=zxeX
i) = { bu(z) ifi=zeR (101)

Note that /i is not a probability measure. Let us denote by 7 the harmonic measure on R
associated with X'\ R, i.e., the probability measure on R defined by

o —R@ (L) ()
Up(T) = CL(R.A\R) (102)

and with

1 ifr=2€cR
0 ifr=2eX\R
With obvious notation, we then have

{ Vi(x) =Py(on <) ifT=z2€R

e AV
Ereliowl = 5m 2Ry
Such kind of formula was introduced for the study of metastability in [[[f]. We refer to

lecture notes [B1]] for a derivation.
Now setting v(x) = v (z) for all x € R, we can write

(103)

Eog [Fow] = + + Eulraw] + Evlraw] - £+ 1 = £+ Eu[ragl(1+£).
and i
ﬂ(VH) . (Vi) + Zfefz () (Vi) + %N(R)

CoR,X\R)  Cu(R,X\R) Cu(R, A\ R)
Inserting the above equalities in (I03) and multiplying by &, we then get
Fu(Vi) + Fu(R)
Ck(R, X\R)

Note that u(R), u(Vi), Cx(R, X\'R) and E,[T1\z]| do not depend on #. Then, in the limit
of a vanishing &, it holds

1+ E, [rog] (7 + &) = (104)

£u(R)

R AR 1o

L+ kE, [Trogr] =
By Theorem P.7, this implies
K * * * k(R
S AL+ TR +0R}+12 %
that is equivalent to the upper bound in ([B5).

For future use, we note that dividing Eq. by &, and then sending & to +oco, we get

1(Vi)
E, = . 106
Together with (LI035, this implies C,:(L7(a‘,/§()\72) = (ﬁg@\ﬂ) — % or equivalently



METASTABILITY AND QUASI-STATIONARY MEASURES 22

Lemma 5.1.
Cyx(R, X\R)

Ku(R)
5.2. Proof of the upper bound in Theorem R.12. For any f € ¢*(u), we have
Var,(f) = p(Var,(f[1r)) 4 Var,(u(f|1r))
= u(R)Var,, (f\R) + M(X\R)Varu;c\n (fl;c\R) (108)

FuRIAR) (i) ~ 1))

Now, using the test function

pr(Vi) =1 — (107)

raw (fir) = PR (faz)
in the definition (BQ) of (x, \)-capacity, we get
CR (R, X\R) < D(f) + wu(R)Vatyr (fir) + M(X\R)VaL iz (1)

= (1) ~ 10w () (DU + SRVt (i) + As(X\R) Vit ()

f=

2
which provides an upper bound over (,uR( fiz) — pagr(f] AR)) . Applying that bound in
Eq. (109), and from the definition of ¢ (A, B), we get

Var,(f) < w(R)Varug (fig) + m(X\R)Vary,uz (i)

+ (D(f) + kp(R)Var . (fi) + )\M(X\R)Varﬂmz (me)) gbé(R, X\R)_1(109)

D(f) w(R)DR (fir,) . OR)DaR (f] ) 5

S prawt T am <1 + ¢>2(’R,X\’R)) o (1 + ¢2(R,X\R))
D(f) SRR 1r . S)(RARIEA

S RBRAW {1 . ma‘X( YR aw >} ’

where in the last step we used that

D(f) < 1R)Dr(fix) + HX\R)Dag (e -
The upper bound in (B7) follows directly.

5.3. Proof of the lower bound of Theorem R.11. From inequality (I09)applied to f =
h% and A = 400, and since h}*%m3 =0, we get

D(h%) H(R)(1 = () {1 + %} . (110

Var,(hr) < u(R)Var,, (hr) + AR, X\R)

On the other and, by ([109),
Var,(hg) = p(R)Var,, (hg) + p(R)(1 = (R)).

Inserting this formula in ([I0), the term p(R)Var,, (k%) cancels and then, dividing by
1(R), we have

1= R) < g B s - (R {1+ 5 a1

Now, modifying the transition probabilities along the edges that connect X'\R to R with-

out changing the (non-diagonal) ratios cc(gf’% but modifying also u, in order to keep a
probability measure on X, we can send ;(R) to 0 without changing ur, h% and the ratio
D(hy)/Ck(R,X\'R). Then we obtain, for the modified system as well as for the original

system,

A PR .
CMR, X\R) {1 + W} < D(h%). (112)



METASTABILITY AND QUASI-STATIONARY MEASURES 23

Now, dividing by u(R)||h% % and using that, by Prop. B}, ||h5]|% = Var,, (k%) +1 <
1/(1 —€%), we get
A _ A 1 .
CXR,X\R) | 1 5’75 <C(R X\R){1+i} < D(hy) —eh, (113)
n(R) 1+ 2= p(R)|Ih% 1% " 1h5 7 (R)
where the last equality comes from Lemma [3.1] and the fact that
(hi, —LRrIR)R = 0% -
Finally, using the convexity of the function x — le, we obtain
A
CR(R7X\R) {1 _ 5
#(R)

which concludes the proof of the lower bound in (B5).

} o (114)

5.4. Proof of the lower bound in Theorem 2.12. We use the test function V}, for which
we know that (see (BQ))

D(VY) + kpu(R)E,, [(vAR 1)2] + AU(X\R)E,, [(v,ﬁm - 0) 2} — CMR, X\R)
so that

D(V)) < CXR,X\R). (115)
We then look for a lower bound on Var,(V,}). From ([L0§) we have

Var(V2) > a(R)u(X\R) (nr(V ) — (V) -

thus we need to estimate MR(VK/\\R) and X\R(Vﬁ/\mﬁ).
By the monotonicity in A, for all z € R we get

Vf-c)\(x) =P,(Gr(os)) < GX\R(UA)) > Pylon < Tag) = Vil2),

which implies, together with Lemma .1,
CAM(R,
PRV ) =1 - “,EZ?(%R) :

In the same way we have
A CR(R,X\R)
,UX\R(VH |WZ) < (PR

Altogether, we finally get

D(V,) CARXR) (1 CAMRXR)  CMRXR)\ >
TS Var, vy S wRMAR) (1 ~u(R) MR ) : (116)

6. WORKING WITH SOFT MEASURES

6.1. Proof of Lemma R.13]. If A = 0 the first statement holds trivially since, in that case,
PR =0=px (ern). If A > 0, we can write

Pus  (Taegr <) =D Pz (N() > k)(1 = 62,)"  alera)
k>1
where N (t) is the number of clock rings inside R for the Poissonian clock associated to X.
Taking the limit as ¢ — oo in the above equation, we get that
1= N;a,,\(eR,x\)/@ka,,\ — ¢i72,>\ = M%,A(GR,A) )

which provides identity i).
Let us now define the operator £ R ON %(ur) as

(Lrpf)(@) (@) + Y pral@y)fly)  VreR,felP(ur) (117)
YyER
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and notice that, for any probability measure v on X, it holds

By [£(X 0 GR()1 sy, 50)| = v (470 ) . (118)

The exponential law given in ii) follows from the above identity applied to v = uj , and

f=1x.
Finally, since 1 — ¢ , is a simple eigenvalue equal to the spectral radius of pJ, ,, for any
x,y € R and in the large ¢t regime, we have

Pr(X o Gr(t =9y), Tor ) > 1) ~ cgc,u}})\(y)eit@k%A ) (119)

where c, %, , is the canonical projection of ¢, on the one-dimensional eigenspace associ-
ated with % - Note that ¢, is positive, otherwise we would have Pu%’A(Tx\ja A > 1) <

(1—px, )\(ac))eft‘ﬁz’k +o(e”"R.A) while 1% > 0 and this would contradict the exponential
law. From ([[19), and taking the limit of ¢ — oo, it follows

Jim Py (X 0 Gr(t = y) [T > 1) = gy

6.2. Proof of Lemma R.14. The result is once again a consequence of Perron-Frobenius
theorem. Let x,(y) denote the characteristic polynomial of Ly, ,, that can be written as

() = (y — or)ay). Ifaly) = (v — 9% .\)q(y) +r(y) is the Euclidian division of a(y) by
(y — #% »), then r(y) = r(0) # 0, and we have the Bézout identity

070 — 7 aW)(y — dra) = 1. (120)

In particular, for any = € R, 0 )6 a(Ly \) = czpks o is the canonical projection of 6, on
the eigenspace associated to % ,, and since ¢, > 0 as previously noticed, we have

596“([';2 N
BRA = = . (121)
e >_yer 02a(Ly 3)0y
Since a(y) = W) the above equation expresses the map \ — p}, , as a composition

(y_¢'72,>\) ?
of continuous functions of .

6.3. Proof of Proposition 2.15 As far as ¢g ) is concerned, continuity and monotonicity
derive from continuity and monotonicity of e (z) for any = € R. We then consider the
other parameters. The continuity follows from the continuity of the eigenvalues as root of
the characteristic polynomial. To prove the monotonicity, we notice that when \ decreases
to zero, px \(z,y) grows for for all x and y in R as well as cg \(z,y) for any distinct
x,y € R. From the variational characterization of PR L€

dra = min{(f.—Lp i (fHr=1,f>0] (122)
= min ) g f@) =Y Pral,9)f(y) (123)
f§>R L wer JER

where the restriction f > 0 comes from the fact that, by the Perron-Frobenius theorem, the
right eigenvector has positive coordinates, we see that ¢% , is decreasing in A\. Similarly,
using

YR\ =min < 3 Z cr (@, y)(f(@) — f(y)? : Varu,(f) =1, (124)
T, tER
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we see that yz » is increasing in A\. As a consequence c%, , is decreasing in ), and we have

Pro  Proler0)

)

TYR,0 TR,0

ER,0 = =0. (125)

6.4. Proof of Theorem R.17. Proof of (55): We first write

Py(X(rs) =2 |X(r) €ER) = 5 (X(Tlé) =) S Pulio > i, X(ri) =x;)  (126)
v i>0 T, €X

x P (X oGr(ox) =2, Gr(0k) < Grgr(or), 0k > T5x\)

Now, conditioning on o, and setting P7x = P (- | 0,), we get

1 . .
P, (X(Ts5) € R) Z Z Py (ig >4, X(7i) = x)

i>0 2,€X
x E [ng(X o Gr(oy) =z, Gr(oy) < GX\R(U)\), o > T;R,)\)]

1 . .
~ P,(X(T3) € R) > Pulio> i, X(n) = 1)

i>0 z;EX

P,(X(15) =x|X(15) €R) =

(127)

XE g ors, JPI(X 0 Grlow) = |05 < Tap P (0 < Trpn)|

where the second equality comes from the independence between X, o,, and o). Since

P(X(T5) € R) = 3 D Pulio > i X(r) = )E [Lgoms P2 (0 < Tam)]

i>0 T,€X
(128)
from (I27) we get
]P’V(X(Tg) Zx‘X(Tg) S R) 1 . .
- —-1= P, (ip > i, X (1) = x;)
KR P, (X(T5) € R) % x%
- (129)
o ng(XOGR(O'H) :x|0'n <T RA)
X E | Lgsrr, (P77 (06 <Tar) < pE MRA ).
T R,A

Py (X(rs)=x| X(15)EXR)

MX\R,K
from Th.2.1§, and in particular for the equivalent of Th. R.4.

To prove inequality (b)), we first state the following lemma.

An analogous expression can be found for —1. The result then follows

Lemma 6.1. Let T > 0 and {o; : i > 1} be a sequence of independent exponential random
variables of rate r such that e*T —1 < 1. If N = min{i > 1 : o; > T}, then

t e
P\ D o> | <i—r—p (130)
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Proof of Lemma Using the property of the exponential distribution, we have

N
t
ZO’Z>— ZIP’ n)P Zgi>;‘01<T7---70n—1<T7Un>T
n>1 7=1
t
SZP(N:n)P<an> E—(n—l)T‘an>T>
n>1
t
= ZIP’(N =n)P (an > — nT) (131)
n>1 k
_ Z —HT n—1 —/@T —t+n/@T
n>1
—t kT n—1 e_t
=) (e -1 = T (T 1)’
n>1
which concludes the proof. O

Coming back to the proof of Th. P17, we first notice that if 75 > t(X + 1), then L (75) >
% or Layg(7s) > % As a consequence, defining

AR = {kLr(71s) V ALang (75) = kLR (7s) >t}
Axg = {kLr(75) V ALx\R(T5) = ALx\g(75) > t}

so that P(Ar) + P(Ang) < 1, we have
Py (15 > (5 + 3)) = Puls > t(5; + ) AR)Pu(AR) + Pu(7s > t(3+ + 1) Avg)Pu(Aag) -

Using the independence between o, o) and X, together with the previous lemma, we
finally get

P, (T—6>t(E+1) e { e} (Puldr) +Puldng) < e { X} -

6.5. Proof of Theorem P.20. Considering the extended electrical network associated with
C)A, B), the proof of the upper bound is similar to that of Theorem and we omit it.

As far as the lower bound is concerned, the situation is much more delicate. In the proof
of the analog Theorem we used a partial Poincaré inequality to control the mean exit
time from R. Here we will do the same, with the difference that we will have to work
on the whole space X and not only on R. Since KRy 1S concentrated on R, we will first
compare it with another quasi-stationary measure, /%, that spreads on the whole space
X. Then we will control the escape rate of i, from X with the spectral gap estimated in
Theorem R.12]. This second step will be the easier one.

Let /1%, be the quasi-stationary measure on X associated with the Markovian process X
on X = X U X\ R with generator £ defined, for some X\ > 0, by

(132)

) (Lf)(x) ifr=2xeR
(LNH(@) =3 LNH)+Af(@) - f(z) fi=zecX\R . (133)
M f(Z) = f(2)) ifr=z€X\R
With obvious notation, for any = € X and any probability measure v on X, we have
iz (r) = lim P, (X (t) =z Tem > 1) (134)

We want to show that /i), is in some sense close to u, . The difficulty comes from the fact
that while /% is defined through the global time of the dynamics, y} , is defined through
the local time in R. In particular, it is not true that u% y = @%(-|R).
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For any a > 1 and T > 0, there is a large enough ¢ > T such that, for all z € R,

(Pue (X(t) =, 7 > 1)
i (z) > =R _ AR (135)
a PH%)\ (Tm > t)

Recalling the definition of the times 7; given at page [L2, we set
T=min{r; >0: 7 >t—-T}.

The numerator in ([[35) then satisfies

P, (X(t)=ua, 7

KR

>1) 2Py (X(t) =2, 7n >1>T)

=Euz | [Eum [Lix(t)=z, - >t}’-7:7'] ]l{t/\ﬂ' >7’}}

~ B, [Pxn(X( = T) =2 T > 0= D]

To what concerns the denominator, we have
P O > 1) S P (e S EAT) = Prgy (T <INT) + P (T AT > ). (136)

Now, since Py:  (X(71) = |7 T > T1) = fig 5, We get

HRA(T/\7'7>t) _ IP’H%A(7'1>T)
lu‘R,)\(T <t /\Tm) - ]P’M%A(Tl <T, X(m1)€eR)

Now, similarly to the proof of Theorem (-) but, since we do not care about condi-
tions (5354), without the correcting factor - 5, we have, on one hand,

1,1\
P (r>T)< () (137)

KR

and, on the other hand,

Pug (11 <T, X(11) €R) =Pyz, (X(11) ER) =Ppr (1 >7T, X(11) ER)

¢*
=1 50 —Puy (0x + TRk > T, TR < 02)

(138)

d)*
>1-F2 =Py (on+ox>T)

21 ST ()

where the last inequality comes from the following direct computation for x # A and

a=1/(t+})

B Ne K/ A _ o= Aa/k B 7 l_’_l -1
PM%’A(JH+JA>T):€O[< A=K <e“=e (++3)

)

and a continuity argument for the case k = A.
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We conclude that

PN%,A (%ﬁ > t) < ]P)M;Q,)\( NX\R

¥ 1,1\1
1— 4572)\ . 7T<E+X>
1 _ d)%,/\

<Py (T<tAT__) i (139)
= pu 1

o Ttk 1(R43)

P, A(T<z&A%m)
- 1,1\ 1”

1— DR\ T(EJFX)

. 1,1y
and coming back to (I35), with oy =1 — %TA - e_T<~+>\>

S B |[Pxn(X(t=T) =2, Fee >t = Tlpne >7) 140)
Hal®) ==, Prs (T <t A7) '
Now we note that starting from /i, ,, and conditionally on {7 < EATr (T)
is close to pu}, in total variation. Indeed,
pr =Pus, (X(11) =-]z(n €R))
= PM%A(X(Tl) = -|£C(7’1 S R), < T)PM%’/\(Tl < T|£C(7'1 € R)) (141D
+PMR,>\(X(7—1) = -|£C(7’1 S R), T > T)Pllk)\(Tl > T|£C(7'1 S R))
and, by ([138)
s 1)
Pur (1 <T[X(11)ER) 2Py, (m<T, X(11) ER) 21— 2 \F' A =a.
As a consequence
. N 1—og
[P, (X(T) =T <t 7)) =i < — (142)
This is useful because, from the estimate
]PX(T)(X(t - T) =x, T T) Z Px(T)(X(t - T) =x, TX\R,)\ >t — T)
Z IP’X( Y X(E=T)=z|mvrr >t —T)Pxi) (T >T)
and since PM%’A(Tx\RA >T)=e¢ ?"aT we get that forall a > 1,
* 11—
(o) > 2 (R ) o) = o), (143
a
where v(z) is a probability measure such that [|v — p% ,[[rv < 1;‘1)‘1. In particular,
TRAW) < TRAGRA) 15 = 1 - e PRaTRA 4 — =1-ag,
where, we recall, 7z \(v) = P, (Txg \ < T ), and by Theorem we get
Evlfm] = Bulfm +on] 2 525 {1+¢R)\TR)\_5R>\}+)\ o (144)

Finally, dropping the coefficient 1/a in -) since the inequality holds for all a>1, we
get
100y

(51 B i) = 3 A P M (145)

*
Xy zER (bR’)\
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This gives a lower bound on ¢% ,, provided we have an estimate on ¢%. We get such an
estimate by comparison with the spectral gap. By Lemma B.1] applied with R = X and,
with obvious notation, f = h%., we have

oo o D(hy) _ [h%P —1 D(hy) <_ ! ) 146
P T e Vara) -\ )" (e
Now,
% 112 T ﬂ}(l’) 2
Il > gzﬂ()(um) (147)
_ o (Fx@))’
= 4R 3 (22 (148)
~ % 2
> u(R) (Zw(z)’“‘*(”) (149)
ot ()
L e me s (@) 5 0 (a1as)?
=y PR SRy R = TRy (150
so that, by Theorem P.13,
(/R \ CAR.A\R) |
> (1 (a1a2)2>ﬂ(7€)(1M(R)){1+max(’jf,m¢)}' ey

Plugging this last estimate in (145) and using the convexity of z — 1/(1 + ), we get the
desired result.

6.6. Proof of Theorem P.21. By Theorem P.16, for all z in &,
P, <X(T) = y‘a)\ > Ti‘\’R,O)

max — 1| < 5% . 152
yeR par (V) - RO (152)
Then
1 * *
lve = poglv < 58hgo +P (aA < TX\KO) (153)
1 — *
= SO+l R (154)
1
< 50ro+ A TR0 (155)

Also || ppang — |l = p(R) and the upper on ||v, — |7y follows from the triangular inequality.
Now, for all £ > 0,

P2 (X(8) = -) = pllrv < v = pllrv + Po(T > 1) (156)

and to prove our mixing time estimate, it is sufficient to show

2 1+n 1
P, < - — \T'y — =04 . 15
To obtain such an estimate we give an upper bound on the mean value of 7 and use Markov
inequality.

With 77 = o A 7, conditionally to X (7’) € R, we have

1 * * *
Exr) [tral < pe {1+ R TrA+ 0%} (158)
R
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Then

=
5
=

A

E[O‘)\] +E, [EX(T/ . (X T') € R} (159)

1
< < ¢ {14 o \TR A+ 00} (160)
RA

2 1—ndrr 1—n 1-—n
Po|T>+——| < A + &% T o + 0% (161)
< (1_77)‘%,,\) \ ( RALRA R,A)

2 2 2
1+n ¢73 A
< T—n+§ B + or TR A+ R (162)
1+ . 1.,
= 5 O n(R) — Ml wr0 — 552(\73,0- (163)

APPENDIX A. A VERY CRUDE ESTIMATE

We prove here lemma .5, The first inequality is obvious from the definition of (5. Let

X denote the discrete version of X, such that X follows X at each ring of a Poissonian
clock of intensity 1, and let N(¢) denote the number of rings up to time ¢. Then, for z € R,
we have

pr(2) = lim Po(X (1) = 2 [ Tog > 1)
= lim Y P (X(k) =z|fxr > k)P(N(t) = k)

t—o00

k>0

> lim » Po(X(k + Dr) = 2[7vg > k + DR)P(N(t) = k + Dr) (164)
k>0

:tir&ZZP$(X()_y’TX\R>k) ( (DR)—Z‘TX\R>DR)
k>0yeR

x P(N(t) =k + Dg),

where we used the notation 7y for the hitting time of the chain X on X\R. Since for all
y € R we have

Py(X(Dr) = z|fwg > Dr) > Py(X(Dg) = z, fxg > Dr) > e “RPR

we get

pR(2) 2 e BRPR lim "N " Py (X (k) = y | Fag > k)P(N(t) = k + Dr)

t—o00

k>0 yeR (165)
= ¢ ARDR Jim P(N(t) > D) = e ARDPR
t—o00
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