N
N

N

HAL

open science

Optimal stopping of a mean reverting diffusion:

minimizing the relative distance to the maximum
Romuald Elie, Gilles-Edouard Espinosa

» To cite this version:

Romuald Elie, Gilles-Edouard Espinosa. Optimal stopping of a mean reverting diffusion: minimizing
the relative distance to the maximum. 2011. hal-00573429v1

HAL Id: hal-00573429
https://hal.science/hal-00573429v1

Preprint submitted on 3 Mar 2011 (v1), last revised 12 Jul 2012 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00573429v1
https://hal.archives-ouvertes.fr

Optimal stopping of a mean reverting diffusion:

minimizing the relative distance to the maximum

Romuald ELIE Gilles-Edouard ESPINOSA
CEREMADE, CNRS, UMR 7534, Department of Mathematics
Université Paris-Dauphine and CREST ETH Zurich
elie@ceremade.dauphine.fr gilles-edouard.espinosa@math.ethz.ch

February 2011

Abstract

Considering a diffusion X mean reverting to 0 and starting at Xo > 0, we study the

control problem

Xo

sup X
s€(0,7]

inf E
in f

where f is a given function and 7 is the next random time where the diffusion X
crosses zero. Our motivation is the obtention of optimal selling rules related to the
minimization of the relative distance between a stopped mean reverting portfolio and
its upcoming maximum. We provide a verification result for this stochastic control
problem and derive the solution for different criteria f. For a power utility type criterion
f:y— —y* with A > 0, instantaneous stopping is always optimal. On the contrary,
for a relative quadratic error criterion, f : y +— (1 —y)?, selling is optimal as soon as
the process X crosses a specified function ¢ of its running maximum X*. As in [5] and
[8], the inverse of ¢ identifies as the maximal solution of a highly non linear ordinary
differential equation. These results reinforce the idea that optimal prediction problems
of similar type lead easily to solutions of different nature. Nevertheless, we observe
numerically that the continuation region for the relative quadratic error criterion is

very small, so that the optimal selling strategy is close to immediate stopping.

Key words: optimal stopping, optimal prediction, running maximum, free boundary PDE,

verification, mean reverting diffusion
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1 Introduction

At a first glance, trying to stop a one-dimensional process as close as possible to its ultimate
maximum may be viewed as a hopeless ambition. Graversen, Peskir and Shiryaev were the
first authors who tackled successfully this challenging problem. Considering a one dimen-
sional Brownian motion B on the time interval [0, 1], they solve in [6] the optimal stopping
problem infy E [| By — Bj|?], where B} denotes the maximum of the process B at time 1 and
0 is any stopping time smaller than 1. Stopping is optimal as soon as the drawdown of the
Brownian motion, i.e. the gap between its current maximum and its value, goes below the
function t — ¢*y/1 — ¢, for a specified constant c¢*. Urusov [10] observes that this strategy
leads to a good approximation of the last time 7% where the Brownian motion reaches its
maximum, since it also solves the problem infyE [|0 — 7*|]. For a drifted Brownian motion,
this property is no longer satisfied, and Du Toit and Peskir |2, 3| characterize both solutions
of these problems. Once again, stopping is optimal as soon as the drawdown of the drifted

Brownian motion enters a time-to-horizon dependent region.

Considering instead a geometric Brownian motion (S¢)o<¢<1, several authors (Shiryaev, Xu
and Zhou [9], Du Toit and Peskir [4] or Dai, Jin, Zhong and Zhou [1]) tried to minimize
the relative distance between the stopped process S; and its ultimate maximum. In par-
ticular they solve the problem supy E [Sy/S7]. Their purpose is of course the obtention of
an optimal selling rule of the stock S as close as possible to its ultimate maximum. As
pointed out in [4], the formulation in terms of ratio between the stopped process and its
maximum has the effect of stripping away the monetary value of the stock, focusing only
on the underlying randomness. Using either probabilistic or deterministic methods, the
common interpretation of the solution derived in these papers is that one should "sell bad
stocks and keep good ones". Indeed, introducing the "goodness index" « of the stock as
the ratio between its excess return rate and its square volatility rate, the optimal strategy
appears to be of "bang-bang" type: one should immediately sell the stock if @ < 1/2 and
keep it until maturity otherwise. Focusing also on the problem infy E [ST/Sp], Du Toit and
Peskir [4] observe that one should sell immediately if o < 0, keep until the end if o > 1
and stop as soon as the ratio S*/S hits a specified deterministic function of time in the
intermediate case. It is worth noticing that these two optimal prediction problems of sim-

ilar type offer therefore different optimal selling strategies for a large range of parameter set.

Of course, the only consideration of stocks with Black Scholes type dynamics is unrealistic
and limitative. A recent paper of Espinosa and Touzi [5] allows for the consideration of
more general diffusion dynamics and, as a by product, requires to focus on a stationary
version of this problem. Studying an even more realistic infinite time horizon problem and
a mean reverting diffusion portfolio X with general dynamics starting at Xy > 0, they treat

the problem: infyE [\X: — X9|2] where 7 is the first time where X hits zero and 6 is any



stopping time smaller than 7. They solve explicitly this problem as a free boundary problem
and obtain that one should sell the portfolio whenever the running maximum X* and the

drawdown X* — X are both large enough.

In a similar framework, the purpose of this paper is to minimize the relative distance between
a stopped mean reverting positive scalar diffusion and its upcoming maximum when it
reaches zero. The consideration of the ratio of the stopped process with respect to its
upcoming maximum allows to capture the scale of the prices themselves and we solve the

two following problems

Xp\* : X — Xp\?
(}é)], for A>0, and ngung[<TXT*9)],

where 7 is the first time where X hits 0 and 6 is any stopping time smaller than 7. For

Vi = supE
0

the first problem Vi, we prove that the optimal stopping strategy consists in liquidating
the portfolio immediately. This conclusion is in accordance with the results of [1, 4, 9]
since keeping the stock until maturity is obviously irrelevant in our framework. Hence, the
(bang-)bang type strategy also occurs for general mean reverting diffusion dynamics and
for any relative power utility type criterion (A > 0). Conversely for V5, when minimizing
the relative quadratic distance between the process and its ultimate maximum, the optimal
selling time is the first time where the process X goes below a specified function ¢ of its
running maximum X *. Similarly to [8] and [5], this function ¢ (or more precisely its inverse)
is characterized as the "biggest" solution of an ordinary differential equation and can be

easily approximated numerically.

As already observed by Du Toit and Peskir [4], our results confirm that optimal stopping
prediction problems of similar nature can lead to different types of optimal solution. Pre-
dicting the maximum of a process is really intricate and the corresponding optimal strategy
strongly depends on the criterion choice. However, we shall temper a bit this conclusion
since, in our case, numerical experiments provided in the paper show that the function ¢
is close to the identity function. Hence, even if immediate stopping is not optimal, a port-
folio manager will not wait long until the drawdown of his portfolio X* — X goes below
X* — o(X™).

The paper is organized as follows. The next section provides the set up of the problem
and derives preliminary properties. Section 3 is dedicated to the obtention of a general
verification theorem allowing to treat the first and the second optimal stopping problems at
once. Sections 4 and 5 tackle successively the power utility type criterion and the quadratic
distance one. In both cases, the value function solution is presented and discussed at
the beginning of the section, numerical results are presented, and the technical proofs are

postponed to the end of it.



2 Problem formulation

2.1 The optimization problem of interest

Let W be a scalar Brownian motion on the complete probability space (€2, F,P), and denote
by F = {F;,t > 0} the corresponding augmented canonical filtration. Let X be a diffusion

process given by the following dynamics:
dXt == —,UJ(Xt)dt + O'(Xt)th, t Z 0 5 (21)

together with an initial data x := Xy > 0, where p and ¢ are Lipschitz continuous functions.

We will assume that the process X mean-reverts towards the origin in the sense that:
u(x) >0, forxz>0. (2.2)

We denote by 7 := inf{t > 0, X; = 0} the first time where the process X hits the origin, 7
the set of F-stopping times ¢ such that 6 < 7 a.s and X™ := sup,< X the running maximum

of X. We consider the following optimization problem:

Vo = nﬁEf<&ﬁ, (2.3)

0T X*

where f is a continuous function on [0,1], C* on (0,1], and such that, there exist two

constants A > 0 and 1 > 0 satisfying
1f(x)| <Az"?,  0<z<1. (2.4)

In order to use dynamic programming techniques, we introduce as usual the process Z
defined by Z; := 2z vV X for a given z > 0, and define the corresponding value function

associated to the optimization problem (2.3) :

Xo

V(z,z) = (}gffrEw’z f <Z> , (x,2) € A, (2.5)

where A is defined by
A :={(z,2), 0<z < zand z > 0}, (2.6)
and corresponds to the domain where (X, Z) lies.

Remark 2.1 Of course, we aim at considering cases where the function f is not increasing,

since otherwise a straightforward optimal strategy consists in waiting until time 7.

Remark 2.2 Notice that the definition of A differs from the one in [5]. Notice also that

contrary to [5], the problem is not invariant by translation. More precisely, if one considers

b+Xp
b+ Z,

have b+ Z, = 0. For b > 0 (or z > b if b < 0) however, the problem makes sense and could

the criterion infy f( ), the problem might not be well-defined for b < 0 since we can

be studied in a similar fashion, but is not a particular case of what we do here.



Defining the reward function g from immediate stopping

X

g(x,z) = Ex,zf(Z

) , (x,z) € A, (2.7)
we may re-write this problem in the standard form of an optimal stopping problem

V($,Z) = glglg,Ex,z g(X07Z9) 5 (l’,Z) €EA. (28)

2.2 Assumptions and first properties

Let introduce the so-called scale function S defined, for x > 0, by

S(z) = / explo I gy, with o = 2,u' (2.9)
0

o2
Remark 2.3 Since the process X mean reverts towards 0, the function « is non negative.

Therefore, the scale function S is increasing, convex and dominates the Identity function.

By construction, S satisfies S, = a5, and is related to the law of Z,. via the estimate

(@)
S(u)

Using the scale function S, the reward function g rewrites as

o2 =1 (%) ( —‘28) +S@) /Oof(Z) g(gldu (m.2) €A, (210)

which is well-defined since f is continuous on [0, 1] so that we have

IRlIC ECTRI o TSR

Py.Z; <u] = P [X] <u]l,<, = <1— >1Z§u, (r,z) e A, u>0.

Via an integration by part, we deduce

g(m,z)zf(%) —xS(m)/:of' (i)zﬂé’léu)’ (x,z) e A, ©>0. (2.11)

Observe that the previous integral is well defined since, combining Remark 2.3 with estimate

(2.4), we compute

(%)
u?S(u)

n—2 1 n—2
U u+Tn

If fis C! on [0, 1], since g(0,z) = £(0), (2.11) also holds true for z = 0 and z > 0.

In this paper, we aim at considering a general framework including the classical types of

mean reverting processes. In particular, we intend to treat the following diffusion dynamics:

eor 1 |

e Brownian motion with negative drift: a constant, positive and S(z) = “—— ;




e Cox Ingersol Ross process: a(z) = 5 and S'(z) = e (IT"'b)ab with o > 0 and b > 0;

e Ornstein-Uhlenbeck process: a(z) = az and §'(z) = e**°/2 .
For this purpose, we impose on « similar but less restrictive conditions as in [5] and work
under the following standing Assumption:

a=24:(0,00) = R is a C? positive non-decreasing concave function with a(0) = 0.(2.12)
g

Remark 2.4 As in [5], we observe for later use that the restriction (2.12) implies in par-

ticular that the function 25" — oS — 2 is a non negative increasing function.

Remark 2.5 One can wonder if the present problem can be solved from [5] using the
following change of variable: Y := In(1 + X), since Y would also be a process mean-
reverting towards 0 if X is. We claim that this is not the case. Indeed, we can observe that
f(%fsz) = foexp (In(14+Xp) —In(1+Z;)), and define £ : 2 — foexp(—z). First, as briefly
explained in Remark 2.2, the problem considered here where b = 0 cannot be deduced from
A

the one with b = 1. Moreover, for the functions f that we intend to study, f : x — —=z
or f:x+ (1 —x)? the convexity of £ required in [5] is not satisfied. Finally, if X is for
example an Ornstein-Uhlenbeck process, one can compute that the function ay associated
to Y is of the form ay : y — 2a(e?¥ — e¥) + 1, which is convex on R, and therefore does

not satisfy the assumptions of [5].

3 A PDE verification argument

This section is devoted to the obtention of a PDE characterization for the solution of the
control problem of interest (2.5). We first derive the corresponding HJB equation and then

provide a verification theorem.

3.1 The corresponding dynamic programming equation

The linear second order Dynkin operator associated to the diffusion (2.1) is simply given by

2
L:v = vy —oar)v,, with alz)= ILZLEB , forz > 0.
o

By construction, observe that the scale function S satisfies in particular £S5 = 0. Since the
value function of interest V' rewrites as the solution of a classical optimal stopping control
problem (2.8), we expect V' to be solution of the associated dynamic programming equation.

Namely, V' should be a solution of the Hamilton Jacobi Bellman equation:
min(Lv;g—v) = 0; 0(0,2) = f(0), wvi(z,2)=0, (z,2)€A. (3.13)

The first term indicates that V is dominated by the immediate reward function g and that

the dynamics of v in the domain are given by the Dynkin operator of the diffusion X. The



second relation manifests that only immediate stopping is possible whenever the diffusion
X has reached 0. Finally, the last one is the classical Von Neumann condition encountered

whenever the diffusion process hits its maximum.

As in any optimal stopping problem, the domain of definition A of the value function
subdivides into two subsets: the stopping region S where immediate stopping is optimal and
the continuation region where the optimal strategy consists in waiting until the stochastic
process enters the stopping region. The optimal stopping time is the first time where the
process arrives in the stopping region, and, in order to obtain a stopping time, we expect
the region S to be a closed subset of A. Of course, the stopping region is characterized by
the relation v = g since ¢ is the reward function from immediate stopping. Depending on

the position of (z,z) € A with respect to the region S, we expect the dynamics of (3.13)

to rewrite
On the stopping region: v(z,z) =g(x,z), Lg(x,z) >0;
On the continuation region: v(z,z) > gz, z), Lu(z,z) =0;
Everywhere: v (2, 2)1{p—z) = 0.

In the next sections of the paper, we exhibit different shapes of stopping and continuation
regions depending on the objective function f. We observe that, although the objective

functions may appear rather similar, the optimal strategies can be very different.

3.2 The verification theorem

As detailed above, we expect the value function V' given by (2.5) to be solution of the
Hamilton Jacobi Bellman equation (3.13). The solution of this problem is intimately related
to the form of the associated stopping region S. Afterwards, we shall not prove that V is
indeed a (weak) solution of this PDE but instead try to guess a regular solution to the PDE

and verify that it satisfies the assumptions of the following verification theorem.

Theorem 3.1 Let v be a bounded from below function continuous on A and piecewise C**
on A\ {(0,z), z > 0}.

(1) If v satisfies Lv > 0, v < g as well as v;(z,z) >0 for z >0, thenv < V.

(ii) More precisely, if v,(z,z) = 0 for z > 0 and there exists a closed set S C A containing
the azis {(0,2),z > 0} such that

v=gonS, Lv>00nS\{(0,2), 2>0}, v<gand Lv=0on A\S, (3.14)

then v =V and 0* := inf{t > 0, (X, Z;) € S} is an optimal stopping time.
(iii) If in addition v < g on A\ S, then 0* is the "smallest" optimal stopping time, in the

sense that 0* < v a.s. for any optimal stopping time v.



Proof. We prove each assertion separately.

(i) Fix (Xo0,2p) := (z,2) € A. Let § € T and define 6,, = n A0 Ainf{t > 0; |Z;| >
n or |Z;] < %} for n € N. Since (X, Z) takes value in a compact subset of A, a direct

application of 1t6’s formula gives

On On On,
v(x,z):v(Xgn,Zgn)—/ Lo(Xy, Z0)o(X)2dt — / vm(Xt,Zt)a(Xt)th—/ va(X0, Z0)d%
0 0 0

Combining estimates Lv > 0 and v, (Xy, Zy)dZ; = v,(Zy, Zy)dZy > 0 with the fact that
(X, Z) lies in a compact subset of A, we deduce

v(z,z) <E,.v(Xy,, Zy,) - (3.15)

Since v < g, this leads directly to

X X
v(r,2) < Ep.9(Xe,,Zp,) = E‘T’ZEXG"’ZG"f < Zen) = Feel < ZQﬂ) .
. T

Clearly as n — oo, 6, — 6 almost surely. Since 0 < Xy /Z; < 1 and f is continuous,
Lebesgue’s dominated convergence theorem gives: E, .f(Xy,/Zr) 2 n—oo Ee . f(Xo/Z7),
leading to

v(x,z) <V(zx,z) , (z,2)€A.

(ii) Observe that this framework is more restrictive than the previous one, so that v < V
on A. For (z,z) € S, we have v(z, z) = g(x,z) > V(z,2) by definition of g. We now fix
(z,z) € A\ S and prove that v(z,z) > V(z, 2).

Let 0* := inf{t > 0; (X;,Z;) € S}. Observe that 6* € T since S contains the axis
{(0,2), z > 0}. The regularity of v implies Lv(X};, Z;) = 0 for any ¢ € [0,0%). As before,
we define 6}, := n A 0* Ainf{t > 0; |Z;| > n or |Z,| < 1}, which is a stopping time since S

is closed. A very similar computation leads directly to
v(z,2) = Eg.v(Xox, Zpx) .

Since v is bounded from below and v < g < ||f||oc, v is bounded. Therefore the sequence
(v(Xo:, Zg;l))n is uniformly integrable and we deduce that v(z, z) = E; ,v(Xp+, Zp-). Since
(Xp«, Zp«) € S and v =g on S, we get

X *
v(z,2) = Eyp.9(Xp«, Zp«) = Ep.f < Za > > V(z,z) .

Thus v =V on A and 6* is an optimal stopping time.

(iii) For a given (z,z) € A, we argue by contradiction and suppose the existence of a
stopping time v € T satisfying P(v < 6*) > 0 and V(z,2) = E, . f(X,/Z;).



By assumption, we have V (X, Z,) < g(X,, Z,) on {r < #*}, which combined with estimate
V < g implies

Xy
V(:E,Z) :Ex,zf <Z> = ]Ex,zg(XmZz/) > Ex,zV(XTaZT) > V($7Z)7

T

where the last inequality follows from the definition of V. This leads to a contradiction,

which guarantees the minimality of 6*. O

Remark 3.1 From the definition of g, one easily checks that g,(z,z) = 0 for any z > 0.
Therefore, in the PDE dynamics (3.14), the Neumann boundary condition v,(z,2) = 0 is

only necessary for (z,z) € A\ S, since it is automatically satisfied otherwise.

Remark 3.2 Whenever g is a continuous function on A, C*! w.r.t. (z,2) on A\{(0,z2), z >
0} and £g > 0 on A\ {(0,2), z > 0}, then v = g and S = A satisfy the assumptions
of Theorem 3.1 (ii). In that case, immediate stopping is always optimal. We prove in
Proposition 3.1 that the reverse is true. Notice also that expression (2.10) implies that an
immediate sufficient condition for g to be in CO(A) NC>1(A\ {(0,2), z > 0}) is that f is
C? on (0,1].

Proposition 3.1 Assume that g is C* on A, C>' w.r.t. (z,z) on A\ {(0,2), z > 0}, and
that there exists (xo,20) € A\ {(0,2), z > 0} such that Lg(zo,20) < 0. Then, immediate
stopping at (xo, 20) is not optimal (or equivalently V(xo, 20) < g(xo, 20) ).

Proof. Since Lg is continuous at (g, 29), there exists a neighborhood Uy of (xg,2p) in
A such that Lg(z,z) < 0 for any (z,z) € Uy. Without loss of generality, we can assume
that Uy is compact in A. Let (Xo, Zy) = (20, 20). Since xg > 0, there exists 0y € T such
that Eg, ,,00 > 0 and let define 6; := 1 A6y Ainf{t > 0; (X4, Z;) & Up} € T. Since
{6p > 0} = {61 > 0}, we also have E, ,,6; > 0. Using Itd’s formula, we compute:

01

9(z0,20) = 9(Xo,, Zo,) — | Lg(Xu, Zu)o(X,) du
0

91 01
- / 02 (Xos Z)0r (X)W, — / 0-(X s Za)dZ0.
0 0

From Remark 3.1, g.(z,2z) = 0 for z > 0 so that the last term of the previous expression
disappears. Since Up is compact and E,, .,01 > 0, taking conditional expectations, we
deduce that g(zo,20) > Eugz 9(Xe,, Zo,) > V20, 20)- ]

In the next sections, we investigate two particular cases of objective functions, for which we
exhibit functions v and stopping regions S, which satisfy the assumptions of Theorem 3.1

and are in general non trivial.



4 The power utility case

Let first examine the case where the function f is given by f : z — —%, for A > 0. In other

words, we are computing the following value function

1
V)‘(x,z) = =X SlelgEx » <

Xp\*

ZT) , (x,z) e A, XA>0. (4.16)
Consider an investor, whose relative preferences are given by a power utility function and
suppose that he detains at time 0 a given portfolio X mean reverting towards 0. The
optimal stopping time at which he should liquidate his portfolio is the solution of the
previous control problem. With a given finite time horizon 7', du Toit and Peskir [4] as well
as Shiryaev, Xu and Zhou [9] investigate the case where X is a Geometric Brownian motion.
They conclude that the optimal strategy consists in waiting until time 7" if the portfolio has
promising returns (i.e. 1 < 2u/0? = ra(x), x > 0, with our notations), and sell immediately
otherwise. In our mean reverting framework, waiting until the wealth reaches 0 is obviously
a non optimal strategy. For a linear utility function (A = 1), we prove in Theorem 4.1 below
that immediate stopping is also optimal. Depending on the value of A, the latter may no
longer be the case for the non linear problem (4.16). Nevertheless, we observe that optimal

stopping is still optimal for the practical value function of interest V*(z, x), for > 0.

4.1 The particular case where A <1

For A < 1, we prove hereafter that immediate stopping is always optimal. For A\ = 1, these
conclusions are therefore in accordance with those of [4, 9] obtained for the case of an ex-

ponential Brownian motion on a fixed time horizon.

A direct application of estimate (2.11) proves that the reward function ¢" associated to

problem (4.16) is given by

PMx,z) = ———I—x)‘S / St uH)" (x,2) € A, A>0.

The next theorem indicates that the framework of Remark 3.2 holds for A < 1, so that ¢’

coincides with the value function on A.

Theorem 4.1 For A < 1, immediate stopping is optimal for problem (4.16), so that
VMz,2) = ¢Mx,2), (x,z) € A, 0<A<1.

Proof. For any A > 0 and (z,z) € A with = > 0, we compute

M1 du

gr(z,z) = — o +{)\x)‘_1S(x)+x)‘S’(x)}/ooW.

10



Differentiating one more time and using the relation £S = 0, we get,

A—2

T U

+{A =12 28 (@) + 22! + 2t a(@)S ()} / i s<J>lu1+A !

gi\x(l',z) = (1 - >‘) 5

for any A # 1 and 0 < x < z. Combining the previous estimates, we deduce that

Eg/\(g;, z) = x)\—2[xoz(x) +1—)] (;}\ B /OO ggz;:ﬁﬁ\) n 2x)\—1sz($) /oo 51(;\)%71—”\7

(4.17)
for any A # 1 and 0 < x < z. In the case, where A = 1, we get similarly
1 * S(z)du *©  du
Lg* = - - 25’ / —— AL (418
o) = o) (Lo [T R ) vase) [T oG, @aea. @)

Furthermore, since S is increasing, we have

© S(z) Adu * S(z) Mdu * Adu 1
/Z S(u) ul+A = /Z S(w) ult = /Z TS SN (z,2) € A, A>0.
Plugging this estimate in (4.17) and (4.18), we see that £Lg* > 0 on A\ {(0,2), z > 0} for
any A < 1. As detailed in Remark 3.2, since g is C° on A and C%! on A\ {(0, 2), z > 0},

we deduce that V* = ¢* on A and consequently immediate stopping is optimal for any
A< 1 O

4.2 Construction of the solution when A > 1

We now turn to the more interesting and intricate case where A > 1. Then, the function
Lg* is still given by expression (4.17) and we observe that:

A—2
2A

LoMNa,2) ~emo (1= N <0,

for any z > 0 and A > 1. Therefore, £g” is not non negative on A and Proposition 3.1
ensures that the associated continuation region is non empty. Since immediate stopping

shall not be optimal close to the axis {(0,z); z > 0}, we expect to have a stopping region

of the form & := {(z,2) € A; = > ¢*(z)}. Hence, our objective is to find functions v*
and * satisfying

LoMNz,2) = 0 for 0 <z < pMz) and (z,2) € A, (4.19)

M, z) = gMw,z) and Lg Mz, z) > 0 for x > oMz) and (x,2) € A, (4.20)

v M0,2) = 0 for 2> 0, (4.21)

vMz,2) = 0 for z>0. (4.22)

Since we look for regular solutions, we complement the above system by the continuity and

the smoothfit conditions
M@N(2),2) = oM@ (2),2) and vp(pM(2),2) = g (@M(2),2),  forz>0. (4.23)

11



The stopping region S* will then be defined as
S i={(z,2) € A; x> M2)}U{(0,2); z>0}. (4.24)

Since the optimization problem of practical interest corresponds to the value of V* on the
diagonal {(z,x); x > 0}, our main concern here is to find out if ©*(0) equals 0 or not,
hence indicating if immediate stopping is always optimal on the diagonal. Surprisingly, we
verify hereafter that ¢*(0) = 0 so that immediate stopping is the optimal strategy for the

practical problem of interest.

Due to the dynamics of (5.41) and since £S = 0, the function v* must be of the form
Mx,2) = A(z) + B(2)S(x) , (x,z) € A\S.

Combined with the continuity and smooth-fit conditions (4.23), this leads to

92 (2*(2), 2)

S’o<p/\(z) [S(x)_SO(pA(Z)] ; (I}Z) GA\S

v(z,z) = gNPN=)2) +
The free boundary ¢” is then determined by the Dirichlet condition (4.21) and must satisfy:

P (PM(2),2)8 0 (2) = 52 (9N(2),2)S 0 N2),  (x,2) € A\S.

The next lemma introduces a free boundary function ¢ satisfying this required condition.
It also provides useful properties of this free boundary function and its technical proof is

postponed to Section 4.4.

Lemma 4.1 For any \ > 1, the function @ given by

@ : z€(0,00) > arg min 9z, 2)

zel0,2] S(z)

is a well defined increasing C' function, satisfying:

(1) 0 < p*(2) < 2, for any z > 0;
(ii) ©* maps (0,00) onto (0,y*), where y* is the unique non null zero of y — yS'(y) —AS(y).
Remark 4.1 Observe that, for any fixed z > 0 and A > 1, g*(z, 2)/S(z) converges to 0 as x

goes to 0, since S dominates the Identity function as pointed out in Remark 2.3. Therefore,

the function g*(., 2)/S(.) is well defined on [0, 2] for any z > 0.

Before providing the value function solution and verifying that it satisfies the requirements
of Theorem 3.1, we still need to check that the stopping region S* associated to ¢ is indeed
a good candidate, i.e. that the second part of (4.20) holds. This is the purpose of the next

lemma, which proof is also postponed to Section 4.4.

Lemma 4.2 For any A > 1, the function Lg* is non negative on {(x,2) € A, = > p*(2)}.
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Given the free boundary ¢* defined above and the corresponding stopping region S*, we are
now in position to provide the optimal strategy and value function solutions of the problem
(4.16).

Theorem 4.2 For any A > 1, the value function V> solution of problem (4.16) is given by

S(z
VAw2) = PP g o s Loy + 0 My (@) €A (425)

SopMz
The smallest optimal stopping time associated to this stochastic control problem is given by

0 = inf{t>0, X;>NZ)}, A>1.

Proof. Let denote by v the candidate value function defined by the right-hand side of
(4.25). We shall prove that v* coincides with the value function (4.16) by checking that it

satisfies all the requirements of Theorem 3.1.

It is immediate that v* is bounded from below by 0 because ¢* > 0. Since ¢* is C! on A
and C?! w.r.t. (z,2) on A\ {(0,2), z > 0}, and * is C' by Lemma 4.1, v* is C>! w.r.t.
(7, 2) on both A\S and S\ {(0, 2), z > 0}, so that it is piecewise C*! on A\{(0, z), z > 0}.

By construction, v* is continuous on A and we recall from the definition of ¢ that
S o oM(2)
Al A Al A
) = ; ) >0.

Therefore, v* is C' on A.

A is naturally given by (4.24).

The closed stopping region associated to the value function v
By definition, v* = ¢* on S* and we deduce from Lemma 4.2 that £g* > 0 on the set
SM\ {(0,2), z > 0}. By construction, we have £Lv* = 0 on A\ S*. For any z > 0, since

g*(.,2)/S achieves its minimum at a unique point ¢*(z), we get

S(x)

A A
o) < gz, 2), 0<z<e(z),

7N ($(2), 2)

A

and we deduce that v* < ¢g* on A\ S*. Finally, since v)(z,2) = g2(2,2) = 0 for any z > 0,

all the requirements of (ii)-(iii) in Theorem 3.1 are in force, and the proof is complete. O

4.3 Properties of the solution

We first observe that the two previous cases where A is above or below 1 seem to be of
different natures. However, we prove hereafter that this is not the case and provide via

simple arguments the continuity of V* with respect to the parameter \.

Proposition 4.1 The mapping X — V> is continuous on (0, 00).

13



Proof. We fix A\; and Ay in (0,00) such that A; < Ag. First notice that since X < Z; on

[0, 7], we necessarily have

XG )\2 X0 >\1

AV (2,2) = supEg. () < supE, . () = —\VM(z,2), (z,2)€eA.
0cT Zr 0T Zr

(4.26)

Now, using Jensen’s inequality, we observe that

A1
[E” <X9>
“\Z,

Bringing this expression to the power Aj/A2 and taking the supremum over 6, we deduce
from (4.26) that

Az

A1 X A2
< Eac,z <Z€> < _AQVAQ(w,Z), 0eT, (Z,Z) eEA.

A
[ MVM (@, 2)] 5 < —AV2(2,2) < —MVM(z,2),  (2,2) €A,

Therefore \aV*2 — AV whenever Ay — \; and we deduce the continuity of VA with

respect to A. O

For A > 1, Theorem 4.2 indicates that the stopping region S* associated to problem (4.16)
is given by (4.24). Since ©*(0) = 0, we see that the stopping region S* includes in particular
the axis {(x,z),z > 0}. Therefore, if an investor detains a portfolio mean reverting to zero
and hopes to get close to its upcoming maximum before it reaches zero according to the
criterion (4.16), he should liquidate the portfolio immediately. Theorem 4.1 indicates that
this is also the case for A € (0, 1] and these results are in accordance with those of [9] for
an exponential Brownian motion on a finite fixed horizon, since waiting until maturity is
irrelevant in our framework. Nevertheless, changing the criterion of interest may lead to
value functions where immediate stopping is not optimal on the axis {(z,z),z > 0}. This

is exactly the purpose of Section 5.

Figure 1 represents the frontier between the stopping and the continuation regions for differ-
ent values of A larger than 1 and associated to an Orstein-Uhlenbeck with parameter o = 1
and a CIR-Feller process with parameters & = 1 and b = 1. We first observe that the shape
of the free boundary ¢ is rather similar in both cases, and we observe indeed this feature for
a large range of parameter set. Furthermore, the mapping A — ¢* seems to be continuous,
property which is easily verified from the definition of ¢*. Second, we notice that the free
boundary ¢* is decreasing with respect to A. Indeed, arguing as in Part 2. of the proof of
Lemma 4.1, one can easily check that the function x € Rt — x5'(x)/S(x) is decreasing
starting from 1. Hence, by definition of y*, the valuation domain [0,4*] of ©* shrinks mono-
tonically to {0} as A\ decreases to 1, hence leading to the absence of continuation region for
the problem V1.

14



Free Boundary of OU for different lambda Free Boundary of CIR for different lambda

—2 18- 1,6 = 1,4 1,2 —2--1,8---1,6 -- 1,4 1,2

w

~

4
T ' : i T i
i ‘ i P
! i ! : ! i ! H
! i i | i
[ : o
/ /oy : 3 ; i 7
/ /S : ; ! [ J
7 / 0 B 1 1 v/
S : i K
S : :

Process maximum z

Portfolio maximum z
N

o

0,5 1 1,5 2 2,5 3 0 0,5 1 1,5 2 2,5 3 3,5
Process value x Portfolio value x

Figure 1: Optimal frontier for an OU (o = 1) and a CIR (o = 1, b = 1) with different

parameter A

Remark 4.2 Considering for example an Ornstein-Uhlenbeck portfolio X, one verifies eas-
ily from their definitions that the free boundary ¢* and the value function v*

with respect to the parameter a € R, characterizing the dynamics of the mean reverting

are continuous

portfolio X. Hence, the continuation and stopping regions are not too sensitive to eventual

estimation errors of this parameter of interest.

4.4 Proofs of Lemma 4.1 and Lemma 4.2

This section provides successively the proofs of Lemma 4.1 and Lemma 4.2.

Proof of Lemma 4.1
Fix A > 1. Let introduce the functions

m: x> 25 (z) _ and l:z— — - 7>\z)‘du
) AS(x)2  S(x) ’ . S(u)ultr’
so that the derivative of the function of interest rewrites
0 [g(z,2) 1
E [ () = {m(x) —L(2)} , (r,2) € A . (4.27)

0. A useful estimate.

We will use several times the following expansion as x — oco:
a(x)S(z) ~o S (). (4.28)

Indeed, recalling that £S5 = 0 and integrating by parts, we compute:

* () (u) Y@ SO e S
o) o) o), @S @ e T

S(a:):S(l)+/1 du=S(1)+
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since S(z) — oo as  — oo and (2.12) implies that (1/a)'(z) — 0 as z — oo.

1. Definition of ©*.
In order to justify that ¢* is well defined, we study separately the functions m and ¢. We

observe first that the function ¢ is negative, increasing and, according to (4.28), satisfies

* N a(u)du A
E(z) ~oo —/Z m ~oo —m — 0, (4-29)

where the second equivalence comes from the following computation:

_/°° Aa(u)du [ Azk( )]°°+/°° AL+ A) 2 du

u1+)‘S’(u) | ultAagy u2+/\5’(u) ’

z>0.

We now turn to the study of m and compute, for any = > 0,

vy AN+ 1+ za(z)} , . ‘ 2
m () = VIOE S'(x)M(z) , with Mz — S(x) — T itaa@

S'(z) .

Differentiating one more time, we obtain

225 () A2 -1 3

M@ = AT el | 2

a(z)? + 24/ (2)| z>0.

Since A > 1 while « is non-negative, increasing and concave, the term in between brackets

is decreasing. Furthermore M'(0) = A — 1 > 0 and, since za/(z) < a(z) for z > 0, we get

S'(x)
A+ 14 za(x))?

M'(z) < (A —1—2%a(2)? + 22a(2)] —see —00 .

Thus M is first increasing and then decreasing. Furthermore, estimate (4.28) implies that

2za(x)

1 A+1—za(z)
A+ 14 za(z)

Mlz) ~oe A+ 1+ zale)

S(x) = S(x) ~oo —S(x).

Since M (0) = 0, we deduce that m is first increasing and then decreasing. Then we have

as x — 0, m(z) ~ % — —00, and, using (4.28),

za(r) — A

S (@) >0, for sufficiently large x. (4.30)

Since the function ¢ is negative, we deduce that, for any z > 0, there is a unique point
in (0,00), denoted ¢*(z), such that m o p*(2) = £(z), and is the unique minimum of

x> g(x,z)/S(z) on [0,00). This point is also the unique solution of
gz(x,2)S(x) — g(x, 2)S'(x) = 0. (4.31)

for any fixed z. The implicit functions theorem implies that ¢* is C' on (0,00). We prove
hereafter that p*(z) < z, for any z > 0, so that ¢ corresponds to the definition given in

the statement of the lemma.
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2. ©MN2) <z, for any z > 0.

For any z > 0, since = — m(z) — £(z) is first negative and then positive, on (0,00), the
property ¢*(z) < z will be a direct consequence of the estimate m(z) — £(z) > 0, that we
prove now. First observe that the derivative of h : z — [m(z) — £(z)]z~ is given by

14 za(z) 2z

h'(z) = RYIPE S'(z)n(z), z2>0, with n:zw— S(z)— msl(z).

Hence A’ has the same sign as n and, differentiating one more time, we compute

2+2za(z) | 2z(a(z) +2a/(2)] 1+ 22a(z)? — 2220/ (2)

n(z) = S(2) |1~ 1+ za(z) 11+ za(2)]2 B 1+ za(2)?

S'(2),

for any z > 0. Since « is concave and non-negative, we have za/(z) < a(z) for z > 0, and,
plugging this estimate in the previous expression, we obtain

1= za(2)P

n'(z) < |1+Za(z)|28(z) <0, z2>0.

Hence, n is non-increasing starting from n(0) = 0, and therefore h is also non-increasing on
(0, 00). Furthermore, we know from (4.29) and (4.30) that h(z) = [m(z) — £(2)]z=* > 0 for
sufficiently large z, so that we have m(z) — ¢(z) > 0, for any z > 0.

3. ) is increasing and valued in [0, yy].

Recall that m o ¢* = ¢ and ¢ is increasing and negative. Since m is also increasing when
it is negative, we deduce that ¢* is increasing. Since after crossing zero, the function m
remains positive, ¢(z) must be smaller than the point where m crosses zero, for any z > 0.
By definition of m, this point y* is implicitly defined by y*S'(y*) = AS(y*). Therefore
©*(.) < y* and, since £(2) =, 00 0, we even have ©*(2) =, 00 ¥ O

Proof of Lemma 4.2

Proof. We fix A > 1 and recall from estimate (4.17) in the proof of Theorem 4.1 that £g*
is given by
_ 1 * S(x) Mdu _ © Adu
A A2 A—1
LgN(x,2) = 2" “[za(z) +1— ] <z>‘_ i S(u)uHA>+2z S'(:U)/Z S
(4.32)

for any 0 < 2 < z. Since S is increasing, we first observe that £g*(z,.) > 0 for any = > 0
such that za(z) +1 — A > 0. Denoting by x) the unique point of R* defined implicitly by

rya(zy) = A—1,

we deduce that L£g*(z,.) > 0 for any = > x).
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It remains to treat the case where x < x) and we compute
:E)\—Q

2Eg)‘(:z:, z) = )\W{[)\

92 —1—;1704(37)](5(2)—S(:c))—Qa:S’(m)} , O<ao<z.

For any fixed = € (0,z)), the previous expression in between brackets is increasing with
respect to z, negative for z = z and positive for z large enough. Hence, for any x € (0, x)),
Lg(x,.) is first decreasing, then increasing and Lg(z,z) goes to 0 as z goes to infinity.

Denoting by 7 the inverse of ¢*, we deduce that
Lg(z,z) >0, for any z < 4 (z) , if and only if Lg(z,7(x)) >0,

for any fixed = € (0,2"). Since ¢* and hence 7 are increasing, it therefore only remains to
verify that Lg(.,7(.)) > 0 on (0,zy).
We recall from the proof of Lemma 4.1 that 4* is defined implicitly by

/Oo A M@)Mdu 1 xS’ (x)
8!

o S T 8@ As@? ST

For a given z € (0, x)), plugging this estimate into (4.32), we deduce

18 (2) < 1 _mS’(m))QxA_IS'(a:)
AM@)PS() - \S(@)  ASP(z)) DM@

Ly(x,Mx) = (zafz) +1-X)

which after simplifications leads to

ra(x 1S (@ 93
/Jg(x,’yA(a?)) _ ( ( ))\;‘(;;);‘[fj}\)(x)])\s ( )h(x) , with h:x— S(.’L‘) — xa(w)Q—i—l—ﬁ—)\

S'(z).

In order to get the sign of Lg(.,7(.)), we look for the sign of h and compute

, o 2+ 2za(x) 2z(a(z) + zd/(x))
) = §(z) 1_1+)\+xa(x) 114+ X+ za(x)|?
= T )\SJF(?Q(;C)P P\2 _1_ $2a(x)2 + 23320/(33)]
S'(x)
1+ A+ za(z))?

[\ = (1 -za(2))?] , x <.

since zo/(x) < a(z) for x > 0, due to the concavity of a. By definition of ), we deduce
that h is non-decreasing on (0,z)). But h(0) = 0 and therefore Lg(.,v(.)) > 0 on (0,x}),
which concludes the proof. O

5 Minimization of the relative quadratic error

2

Let us now consider the case where f : x — %(1 — x)*. Therefore, we are computing the

following value function

1. X\ 2
V(z,z) = iég_ExZ 1- - ) (x,2) € A. (5.33)

T

18



With such a criterion, the investor tries to minimize the expected value of the squared
relative error between the value of the stopped process and the maximal value of the process
up to 7. In other words he wants to minimize the expectation of [(Z; — X4)/Z;]?, whereas
in the previous section, A = 2 would correspond to the minimization of 1 — (Xy/Z;)?, which
is not as natural. In contrast with the previous optimal stopping problem (4.16), we prove
that stopping immediately even for x = z is not optimal in general. This suggests that the

nature of the stopping region closely depends on the criterion of interest.

5.1 Construction of the solution

From (2.11), we compute the corresponding reward function:

g(z,2z) = ;(1—x>2—|—x5(x)/:0<1 x)iﬂi}zu)’ (x,2) € A.

2 o
In view of Proposition 3.1, we would require Lg(x,z) > 0 in order for some (z,z) € A to

be in the stopping region. Let us first compute

1 T ’ * du / * du
9o, 2) = - (1 — ;> + [S(x) + xS (a:)}/z 25w 225 (z) + 2°S (x)]/z BS(w)’
1 , > du , , > du

grsl2) = 75 + 2+ 20(0)]S' () [ s~ 25(0) + 425'(@) + ()5 @) [ g
for any (z,z) € A. Combining these estimates, we deduce

1 , *  du

Lowz) = gl+a) (z =)+ 25'@) ~a@S@)] [ g
, *© 2du
— [S(x) + 228" (z) — xa(x)S(a:)]/Z 5 (x,z) e A. (5.34)

In view of Theorem 3.1 (i), if £g > 0 on A, then immediate stopping is optimal, v = g and
the problem is trivial. However, the next result gives sufficient conditions such that it is

not the case. Consider the following condition:
a(0)? —24/(0) < 0. (5.35)

Remark 5.1 Notice that (5.35) will be satisfied for an Ornstein-Uhlenbeck process as well
as a CIR-Feller process with positive "mean", for which we respectively have a(zx) = az
and a(z) = O‘xier respectively, a and b being positive constants. More generally, as soon
as a(0) = 0, (5.35) is satisfied. However, for a drifted Brownian motion or a degenerated

CIR-Feller process with "mean" equal to 0, (5.35) does not hold true.

Proposition 5.1 Assume that (5.35) is satisfied. Then there exists an open subset of A
on which Lg < 0.
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Proof. Using the asymptotic expansions from Proposition 5.4 in Section 5.4, we compute

for z close to 0:

Lg(z,2) = [25(2) — a(2)S(2)] /OO u;é[éu) —[S(2) +225'(2) — za(2)S(2)] /OO z% + 2—12
1 «a(0) «a(0)?—2d/(0)
52 9, T B lnz—i—o(lnz))

(oo o o002) (-0 v0(2)

— _04(0)2—620/(0)an+0(an) )

= (24 a(0)z + O(2?)) <

Since Inz — —oo when z — 0, we see that if (5.35) holds, then Lg(z,2z) < 0 for z in a
neighborhood of 0, so that we have the result by continuity of Lg. O

In view of Proposition 3.1, an immediate consequence of Proposition 5.1 is that stopping
immediately is not optimal in general, even for initial conditions such that z = z, which is
the practical case of interest. Hence, the optimal strategy shall be very different from the
one in the power utility case. Since we do not have £g > 0 on the entire space A but we

can exercise only in that region, we first need to study the set

't = {(z,2) € A, Lg(z,2) >0}, (5.36)
and we define similarly:

I = {(z,2) € A, Lg(x,z) <0} . (5.37)

In fact, observe that (5.34) rewrites as:

Lg(x,z) = a(:c)z T4 25" (z) — a(x)S ()] /:O (1 - %) u2idgléu)

(L s [T 2 (:c,;eA. (5.38)
z . udS(u)

By Remark 2.4, we have 25" — aS — 2 > 0 and therefore each of the three terms above are

positive if z > 2z, and so
Lg(x,z) >0 for z>2r and (z,2) €A, (5.39)

which implies that {(z,z) € A, z > 2z} C Int(T'").

Moreover we have the following result, which proof is given in Section 5.4 below.

Lemma 5.1 For any x > 0, there exists 6, € (x,2x) such that Lg(x,.) is increasing on

[,0,) and decreasing on (0, 2x].
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In view of (5.39), we can define the following function on Ry \ {0}:
I(z) = inf{z >z, Lg(z,z) > 0}. (5.40)

Lemma 5.1 and (5.39) imply that, if z > I'(z), then Lg(x,z) > 0, while if z € (z,I'(z)),
then Lg(x,z) < 0. We also deduce that I'(z) > x implies Lg(x,T'(z)) = 0. Notice that T" is

continuous, and, from (5.39), we also know that I'(z) < 2.

The next result provides the main properties of I': it is increasing and equal to the Identity

function for sufficiently large x. Again the proof is postponed to Section 5.4.

Proposition 5.2 We have the two following properties:
(i) T is increasing on (0,400);
(ii) Denoting T'>° := sup{z > 0; I'(x) > z}, we get I'*® < occ.

Notice that 't # A implies directly I'*® > 0.
Now that we have a better understanding of the set I'", we expect to have a stopping region

of the form {(z,z) € A; z > ~(x)} and, our objective is then to find functions v and ~,

satisfying the following free-boundary problem:

=0 for z > 0.

Lo(z,z) = 0  for0<z<~y(z) and (z,2) € A, (5.41)
v(z,2) = g(z,2) and Lg(z,z) > 0  for z>~y(z) and (z,2) € A, (5.42)
0,2) — % for 2> 0, (5.43)

) (5.44)

o
v (

2,2 5.44

In order to allow for the application of Ité’s formula, the verification step requires a value
function which is C'* and piecewise C*! with respect to (x, z). Therefore, as in the previous

section, we complement the above system by the continuity and the smooth-fit conditions
v(z,y(x)) = g(z,y(x)) and  wve(z,7(x)) = go(2,7(2)),  forz>0.  (5.45)
The stopping region § will then be defined as:
S = {(z,2) € A; z>~(x)}U{(0,2); z> 0}. (5.46)
First by (5.41), on the continuation region, v is of the form:
v(z,z) = A(z)+ B(2)S(z), (x,2) e A\S.

Then, on the interval where 7 is one-to-one, the continuity and smoothfit conditions (5.45)

imply that

“1(2),2 _
ves) = g0 ) + S sw - S0y Tl @aeans,
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Finally, the Neumann condition (5.44), implies that we expect the boundary =y to satisfy on
its domain of definition the following ODE:

V(@)?Lg(x,~(x))

V(@) = (o)
(1) (- 55)

(5.47)

As in [5], there is no a priori initial condition for this ODE. In the sequel, we take this ODE
(with no initial condition) as a starting point to construct the boundary -y. Notice that this
ODE has infinitely many solutions, as the Cauchy-Lipschitz condition is locally satisfied
whenever (5.47) is complemented with the condition y(z¢) = 2o for any 0 < xp < zp and
29 # 2x0. We will follow the ideas of [5], however in our case, (5.47) is not well-defined
for y(z) = 2z, so that our framework requires to be more cautious. Notice also that we
encounter here a similar feature as in Peskir [8]. The following result selects an appropriate

solution of (5.47), and its proof is given in Section 5.5.

Proposition 5.3 Let Int(I'") be non empty. Then, there exists an increasing continuous
function 7 defined on Ry with graph {(z,v(z)):x >0} C A, such that:

(i) On the set {x > 0: ~(x) > x}, v is a C* solution of the ODE (5.47),

(i) {(z,y(z)): >0} CTT, and {(z,v(x)): >0 and y(x) >z} C Int(T'"),

(iii) y(z) = x for all x > T°.

Since 7 is increasing, we can define:

o=~ (5.48)
Now that we have constructed the free-boundary ¢, we are able to state the following result.

Theorem 5.1 Let Int(I'") be non empty, v be given by Proposition 5.8 and ¢ be defined
by (5.48). Then the value function V' solution of problem (5.33) is given, for (z,z) € A, by:

9(z,z) , if v < o(2)
Vix,z):= : (5.49)
9(p(2),2) + ga(p(2), 2) 2GZEE L if 2 > o(2)

Moreover, the smallest optimal stopping time associated to this stochastic control problem is
given by 0* = inf {t >0, X;<p(Z)}.

Proof. Let v be defined by (5.49) and recall that S is defined by (5.46). The result follows

from verifying that all the assumptions of Theorem 3.1 (ii) and (iii) are satisfied.

1. Regularity of v.
We know from Proposition 5.3 that « and therefore ¢ are continuous and hence v is con-
tinuous on A by construction. Furthermore, by Proposition 5.3 (i) and (ii) together with

the dynamics of the ODE (5.47), v is a C! function with positive derivative on the set
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{x > 0; v(z) > z}. Therefore ¢ is C! as well on {z > 0; (2) < z} so that it is immediate
that v is CY and piecewise C?! w.r.t. (x,z). Furthermore, since I'* < oo by Proposition

5.2, A\ S is bounded. Since v is continuous and g > 0, v is bounded from below.

2. Dynamics of v.

By definition, we have Lv =0 on A\ S. By Proposition 5.3 (ii), Lg(z,v(x)) > 0 for > 0,
and we deduce from Lemma 5.1 and (5.39) that Lg(x,z) > 0 for any (z,z) € A such that
z > v(x). Hence, (5.39) ensures that £Lg > 0 on S.

It remains to prove that v,(z,z) = 0 for z > 0. We fix z > 0. If p(2) > z, since g.(z,2) =0,
we have v,(z,z) = 0 as well. Suppose now that ¢(z) < z. Then, by Proposition 5.3 (i),
v satisfies (5.47) in a neighborhood of ¢(z), and by Proposition 5.3 (i), Lg(¢(z),2) > 0,
which implies 7" o p(z) > 0, so that:

P (Lg(pl2),2) = 1(2“’(2)—1) <1—S"W>).
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We then compute from the definitions of v and g that

S(z) =Sowp(2) | S(z) = Sop(2)
o o) +¢'(2)Lg(p(2), 2) o o(2)

- [ (- 5) ] S5

UZ(Z,Z) = gz(go(z),Z)—i—gm

3. Comparing v and g.

Finally, the fact that v < g on A and v < g on A\ S follows from similar arguments as
in the proof of Proposition 6.2 in [5] but the demonstration is simpler in our context since
I'> < oo. For the sake of completeness, we detail this proof. For (x,z) € A such that

x > ¢(z), we compute

S(z) — Sop(z)

U(IE,Z)—Q(CC,Z) = g(gp(z)7z)+gx(g0(z),z) SIO(,D(Z) —g(l‘,Z) )
and, differentiating twice w.r.t. = and using (5.45), we verify that
v Ly(u,z)
ve(T,2) — gu(z,2) = —=S'(x / du . 5.50
(7,2) - gu(z: 2 @ | o (5.50)

Therefore, from Lemma 5.1 and Proposition 5.2 (i), for any fixed z, the function z
(v —g)(z, 2) is either decreasing on [p(z), z], or decreasing on [¢(z),d) and then increasing
on (9, z] for a given ¢ € (¢(z), z). For any z > 0, since v(p(2), z) = g(v(z), ), we only need
to prove that n(z) :=v(z,2) — g(z,2) < 0 if p(z) < z.

Since v,(z,2) = g.(%, 2) = 0 for z > 0, we compute:

n'(2) = vu(2,2) —gu(z,2) = —S'(z)/:)ﬁggaf)du, z2>0.
w(z
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We assume the existence of a fixed z < I'*® such that n(z) > 0 and ¢(2) < z and work to-

wards a contradiction. We first observe that necessarily n’(z) > 0. If not, f;(z) 'Cg,(&')z) du >0

implies that f;ﬂ(z) ﬁg/((i:j) du > 0 for any x € (p(z), ), and (5.50) combined with v(p(2), z) =

9(p(z), z) leads to n(z) < 0 which is impossible. Since n is continuous, this implies that
n is increasing on any connected subset of {2z’ > 2, ¢(2') < 2’}. Defining a := inf{2’ >
z; o(2') = 2/} < T < o0, we get n(a) = v(a,a) — g(a,a) > 0, which contradicts the

definition of v.

Therefore, n(z) < 0 for any z > 0 such that ¢(z) < z and we deduce that v < g on A and
v<gonA\S. O

5.2 Properties of the value function

Theorem 5.1 and Proposition 5.1 indicate that, at least for processes satisfying (5.35), such
as the Ornstein-Uhlenbeck process or the CIR-Feller process, the diagonal {(z,z); x > 0}
is not included in the stopping region S. In other words, it is not always optimal to stop
immediately, even when starting from points such that © = z. Therefore, the form of the
solution and the nature of the optimal strategy to apply in order to be as close as possible
to the maximum using this criterion is very different from the ones obtained in Section 4 or
in [9].

The Ornstein-Uhlenbeck process as well as the CIR-Feller process are two examples for which
the coefficient « satisfies Conditions (2.12) and Int(I'~) # 0. Indeed we have a(z) = ax and
alz) = aﬁrb respectively, where a and b are two positive constants. Therefore, Condition
(5.35) is satisfied, ensuring that Int(I'~) # () by Proposition 5.1. Hence, Theorem 5.1 can be
applied. Figure 2 represents the boundary ¢ for those two processes, with o = 1 for the OU
process and (a, b) = (0.1,0.1) for the CIR process. We observe that the continuation region
is in fact pretty small since the free boundary is very close to the diagonal axis. Therefore,
even if immediate stopping is not optimal, an investor should not wait long until the process

(X, X*) enters the stopping region.

Remark 5.2 Similarly to Proposition 7.3 of 5], an homogeneity result can be derived for
the OU process, so that the free boundary for any « > 0 can be deduced by a change of

scale from the one for a = 1.

The Brownian motion with negative drift is another example for which « satisfies Condition
(2.12). However, since a(x) = a > 0 is constant, Condition (5.35) does not hold. Although

we did not verify it, numerical computations suggest that £g > 0 on A.

Finally, we can also consider the case of a Brownian motion. In this case, a(x) = 0, so that

a does not satisfy Condition (2.12). However, for any (x,z) € A, we can compute from
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Process maximum z

Free Boundary of OU Free Boundary of CIR

Process maximum z

0 0,1 0,2 03 04 0,5 0 0,1 0,2

Process value x Process value x

Figure 2: Optimal frontier for an OU (v =1) and a CIR (o = 0.1, b= 0.1)

(5.34) that Lg(x,z) = 2255 > 0 on A. Since the proofs of Theorem 3.1 and Remark 3.2 do

z
not require Condition (2.12), we deduce that immediate stopping is always optimal.

Remark 5.3 Let a be associated to an Ornstein-Uhlenbeck or a CIR process and hence
be parametrized by a possibly bi-dimensional parameter set a. Since the parameter set
a may be badly estimated, let consider a sequence of parameter set (a,) converging to a
and denote by (ay,) the corresponding sequence of functions. Then, S,, g, and all their
derivatives converge respectively to S, g and their derivatives in the sense of the uniform
norm on the compact sets. Moreover, I',, converges to I' in the same sense so that for n
sufficiently large, Int(T',;) # . ODE (5.47) also depends continuously on a,, so that z;(zo)
defined by (5.63) converges to z*(xg), and -, given by Proposition 5.3 converges pointwise
to . Since 7, is increasing for any n and < is continuous, Dini’s theorem implies that the
convergence is uniform on any compact set of Ry \ {0}. Let us prove that ¢, converges to ¢
in the same sense. Let y > 0 be fixed, we define x,, := ¢, (y) and = := ¢(y). We shall prove
that z, — x. Indeed, since ¢,(y) € [§,y] for any n, {z,; n € N} is relatively compact
in Ry \ {0}. Now let 2’ be the limit of a subsequence of (z,). For notational reasons, let
us write x, — 2, forgetting that it is a subsequence. Since (v,) converges uniformly on
compact sets of Ry \ {0}, yn(xn) — ~(2'). Recalling that v,(x,) = y for any n, we get
v(2') = y and therefore 2’ = z. In consequence, x,, — x, or in other words, (¢;,) converges
pointwise to ¢ on Ry \ {0}. Noticing that ¢,,(0) = 0 for any n and ¢(0) = 0 and using again
Dini’s theorem, we see that (¢,) converges to ¢ uniformly on the compact sets of R;.. This
finally implies that (V},) converges pointwise to V. As a consequence, if one makes a small
mistake estimating the parameters of the model, the induced mistake on the free boundary

as well as the mistake on the value function will be small as well.
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5.3 Generalization

As in the previous section, we may also consider, for any A > 0, the following extension of
the previous problem:
X

1 A
Wi(z,2) = Xelgngz (1 - Z) ) (x,z) € A. (5.51)

In that case, (2.10) rewrites

aa(@,2) =+ (1= 428@) [ -) gy, (z,2) €A, A>0. (552

u u?S(u)

If A =2, Lgo is given by (5.34). If A = 1, the control problem has already been solved in
Section 4 and Lg; is given by (4.18). For any A > 0 such that A ¢ {1, 2}, we compute :

e =00 (1-2) g 00T A ()

x du (z — )1

+[28'(2) — a(z)S(x)] / o0(1 - f)H (u=Ar) o+ ala) g — (5.53)

u u3S(u)

for 0 < z < z. In this case, the sign of Lg) is hardly identifiable analytically, and we shall

restrict our analysis to simple remarks and guesses on the solution of the problem (5.51).

Noticing that [ (1 — %))‘_2 4723 -(A=2)(1- %))‘_3 adu = Z% (1- %),\—2 for 0 <z < 2,
we deduce from (4.18), (5.39) and (5.53) that
Eg)‘(ac, z) >0, forz>Xx>0 and1<)A<2. (5.54)

Therefore, for 1 < A < 2, we expect to obtain as for A = 2 a free boundary -, in between
the axis {(z,z) ;& > 0} and {(x, A\z) ;x > 0}. We verify easily as in Proposition (4.1) that
A — V), is continuous and, as expected, we observe a disappearance of the free boundary ~yy
for A =1.

On the other hand, for A < 1, we observe that Lg(z,z) < 0 for  small enough and z large

enough. Indeed, recalling from (4.28) that S’(z) ~ «(z)S(z) when z — oo, an integration
oo

by parts leads to fz #qu) ~y oo ﬁ,(z) Assuming moreover that «(0) = 0 and plugging

this estimate in (5.53), we get

A—1
2

L£g(0,2) ~ 00 <0, for any A < 1.

z

In view of Proposition 3.1, this implies that the stopping region cannot have the same form
as the one in the quadratic case A = 2. It even suggests that the nature of the stopping

region could be similar to the one of Section 4.2.

26



5.4 Proofs of Lemma 5.1 and Proposition 5.2

This section is dedicated to the proofs of Lemma 5.1 and Proposition 5.2, but we first state

the asymptotic expansions used in Proposition 5.1.

Proposition 5.4 As z — 0, we have the following expansions:

2

() = 1+a(0)z+(@/(0) +a(0)’) 5 +0(=?)
22 23
S(z) = 2+ a(O); + (/(0) + a(O)z)E + 0(23) ;
22 23
a(z)S(z) = za(0)+ 5 (a(0)? +20/(0)) + E(Q(O)g + 4a(0)d/(0) + 3a(0)) + o(2*) ;
*®  du o' a(0)? — 2a/
| g = g a2 - 2 )t o)
* 2u 2 a0)  «0)?—2d(0) 1
/Z wdS(u) 328 222 * 62 o <> '

Proof. As z — 0, we directly compute the expansion:
22 22
S'(z) = 8'(0)+ 2S"(0) + 55<3> (0) +0(2?) = 1+ a(0)z+ (o/(0) + a(O)Q)E +0(z%) .

The exact same reasoning also leads to

S(z) = z+ a(20) 22+ o(0) —ga(0)2z3 +o0(2%);
22 23
a(z)S(z) = za(0)+ 5(04(0)2 +20/(0)) + R (a(0)? + 4a(0)a/ (0) + 3a”(0)) + o(2?) .

Using one of the previous estimates, we get

/°° du B /°° du
. urS(u) =l (1 + @u + 76“/(0)2&(0)2% + 0(u2))

N /OO (1 a a(QO)U _ 2O+ a(0)2u2 + (a(O)u>2 + 0(u2)) du

6

_ [T ( L a0 a(0)? —24/(0) ) 1 "
/Zl <15(0) Quoi((;m’lfoqg ) (u>>

= 3, o In(z) + o(In(z)) ,

which is justified since all the non-zero terms go to infinity when z — 0. Similarly, we

[ - [T (5 O (1)
P _ 2 a(0) a(0)2—2o/(0)+0(1>'

323 222 62 z

compute
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Proof of Lemma 5.1 Differentiating (5.34) w.r.t. z, we compute

aaz Lol _ZS’(x)Z;S(Zijz)S(x) L 2= 23304(3;2)5((?) +4z8'@)  2- ia;a(x) ) ai;:)
(20— 2)a(z) — 2> (2,);(5)(“7) + (22 z)if;i?) , (2,2) € A
Let us introduce 74 as the unique solution of:
Zaa(za) = 2. (5.55)

If x < x4, then z — (22 — z)a(x) — 2 is negative on [z,2x), whereas if © > z,, then there
exists zz € (x,2x) such that z — (2z — z)a(x) — 2 will be positive on (z, z;), zero at z, and
negative on (z, 2z).

Let x be fixed and let us introduce

25" (z)(2x — 2)
(2x — 2)a(x) — 2

F @ 20 8(2)—S(z) +

which is well defined and continuous on [z,2z] if z < x4, on [z,2z) if * = z, and on
[,2x] \ {2z} if * > z,. Furthermore F' is increasing, since we compute on the domain of
definition of F":

45'(z)

0.
((2z — 2)a(z) — 2)2 g

F'(z) =5'(2) +

We consider first the case where x < x,. Then F and %Eg(a:, .) have opposite signs on
[z,2x). Since F' is increasing, F(z) < 0 while F(2z) = S(2z) — S(z) > 0, Lg(z,.) is
increasing on [z,d;) and decreasing on (d, 22|, for a certain d, € (x,2z).

We now turn to the case where z > z,. Then F' and %Eg(x, .) have the same sign on
[z, 2,) and opposite signs on (z.,2x]. Since F is increasing, F'(z) > 0, F(z}) = —oc and
F(2x) > 0, we see that again Lg(z,.) is increasing on [z, d,) and decreasing on (9, 2z], for
a certain o € (zg,27) C (z,2z). O

Proof of Proposition 5.2 We prove the two assertions separately.

(i) T is increasing on (0,400)

We fix = > 0 such that I'(x) > x. Then Lg(.,T'(.)) = 0 in a neighborhood of x, and using
the implicit functions theorem, I' is C' in a neighborhood of  and we have:

F’(x)%ﬁg(m,l“(m)) + ;—xﬁg(aj,l“(m)) =0. (5.56)

We will prove that I'V(x) > 0. Denoting m := 2S5’ — S which is increasing and positive, we
get combining Lg(x,T'(z)) = 0 and (5.38):

© u—2x u . * 2du 14 a(@)(I(z) —2) _a(z)T(z) — )
) [ s = 5O [ s O Y
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since S is increasing. Differentiating (5.38) with respect to x, we also compute

2Eg(:c z) = o(z)(z _f) —ale) +m/(z) /ZOO u—2v du — [m(m) + S’(x)} /OO 2du

Oz ’ z u3S(u) . udS(u)’
for z > x. Denoting A := (am’ — « m) (T' — Id) + am, the two previous estimates lead to
0 A(z) , © 2du
— r — — —_— . :
Lo ) <~ s = [mw) + @) [ e (557

Introducing B := am’ — o/m and observing that z < I'(z) < 2z, we obtain
A(x) > a(@)m(z)1{p@)>0) + (¢B(x) + a(z)m(z))1(p@)<o) - (5.58)
Introducing finally C': x — zB(z) + a(x)m(z), we compute C'(0) = 2(0) > 0 and
C'(z) = 2a(x)m(z)+ z(a(z)m”(z) — " (x)m(x)) >0,

because m” > 0 and o” < 0. Therefore C' is non-negative, and, according to (5.58), A
is also non-negative. As a consequence, combining m > 0 and (5.57), we deduce that
%Eg(m,I’(az)) < 0. Using Lemma 5.1, we have %ﬁg(:c,f‘(x)) > 0, and (5.56) implies that
I(z) > 0.

Therefore I' is increasing on the set {x > 0, I'(x) > z}. But it is also increasing on the

interior of the set {z > 0, I'(x) = z}. Since I is continuous, it is increasing on (0, +00).

(11) We have I'*® := sup{zx > 0; T'(z) > x} < 0.
The arguments used here are very close to the ones in the proof of Proposition 4.3 in [5].
However, our conclusions cannot be deduced form theirs since the involved computations

are different and we need to detail this proof.

From the definition of the scale function (2.9), we compute:

L @ S Y
S(@) =S+ 25 = o /1<a>()8()d, >0.

We then distinguish two cases depending on the explosion of the last term in the previous

expression.

Case 1: [[°(1/a) (u)S' (w)du > —oo.
Then S(x) = il((;)) + O(1) for x large enough. Recalling that £S5 = 0, we compute

< du [ du [ alu) du
/z u25<u>_/x u2(5’<5)>+o<1))_/x WS W10 (g)



for x large enough. Integrating by parts, we observe that

/Ooa(u)du_ 1 _2/00 du -1
. u2S'(u)  228'(x) e udS'(u)’ ‘ )

We now prove that S,(()) — 0 when z — oo.

Indeed, since a(1) > 0 by (2.12), and since « is non-decreasing, we get S'(z) > el@= D)
for any > 1. On the other hand, since « is concave, we also have 0 < a(z) < za/(0), so
that:

va(z) _ 23[a/(0)]?

) < “—Da() —+ 0 when z — o0.

As a consequence, we get

/:o u% = 5 2/; zﬁ??u) e </m u%) |

Integrating by parts again, we finally compute

/Oo du 1
s u2S(u)  228'(x)  a(z) :C3S’ af x35” ’

and similarly we get

/°° dw 1
. udS(u)  238(x)  a(x) x45” awx45” ’

Plugging these estimates in the expression of Lg given by (5.34) leads to:

* du * 2du

Lofa, ) = 25 +125'(x) — alx)S (@) / gy — 19(@) +208'(@) — 20(2)S (@) / e
1 ) 1 2 1
a2 + (8'(2) + Ole()) <x2S’(:L’) afz)x35 (x) e (a(x)x?’S’(ac)))
ofagia s 8@ 13 ) 1
2( S+ ) Ol ”) (acBS'(:v) a@eis ()t (a<x>m4s'<x>>> |

where the third term in the previous expansion might be negligible or not (depending on

«). Similarly, we compute:

Using the fact that zgf(:(g) — 0 as z — oo, we get:

o) = o+ ()

Hence Lg(z,x) > 0 and therefore I'(x) = z for x large enough, so that 'y, < 0.

Case 2: [[°(1/@) (u)S'(u)du = —oc.

For z large enough, we have




so that
A O (OXD
Noticing that 0 < zo/(z) < &(=) for 2 > 0, since o is concave, we have:

(L asny @) = ([ wsw)

Integrating by parts, we finally get

* du I 2 B o/ () . 1
/gC u?S(u) 228 (z)  23a(x)S'(z) x2a2(aﬁ)5’(a:)+ <a:3a(a?)5’(:c)>’

where the third term in the previous expansion might be negligible or not (depending on

«). Similarly, we compute:

* du 1 3 B o (x) . 1
/x udS(u) 235 (z)  wla(x)S(z) 23a2(z)S(z) * <z4a(m)5’(x)> ’
so that:

Lolwz)= % +[25'(2) — a(2)5(2)] / Oomfgfw — [S(2) + 228 () - za(z)S(2)] / 33%

1 o (z) ;

= ‘2<”““S'(/) v+ o) (e (;S,( - )
(50 59 (m9m ~ e ~ memem)* (mam)
_ 2 +20/(a:) +o< 1 )7

a(z)  x2a2(x) r3a(x)

where the second term might be or not negligible. In any case, we see that for sufficiently
large =, Lg(z,z) > 0, so that I'(z) = z. Therefore, 'y, < oo also holds in this case. O

5.5 Proof of Proposition 5.3

This section is dedicated to the proof of Proposition 5.3. As already explained, this proof
uses the same ideas as the one developed in [5|. However, because of the specificity of
(5.47), the properties of the flow are different and the analysis needs to be adapted to
our framework. We will try to follow their notations and point out in the proofs the parts

that are identical to their paper, but we choose to rewrite them for the sake of completeness.

First, for the convenience of the reader, we recall ODE (5.47) that 7 needs to satisfy:

/() = (@) Ly(@. (@)
TG0 0-)
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Let us first define
D™ = {z>0: Lg(z,z) <0}, (5.60)
and, for all xo € D™, we introduce
d(xg) :==sup{z < xo: Lg(x,x) >0} and wu(zg):=inf{z > z¢; Lg(z,x) > 0}, (5.61)

with the convention that d(xzg) = 0 if {x < z¢ : Lg(z,z) > 0} = (. Observe that
Proposition 5.2 ensures that u(zxg) < I'*® < co. Since Lg is continuous and o € D™ we
must have d(xg) < z¢ < u(xp) < co.

For any xp € D™ and 29 > xp, we denote by ;0 the maximal solution of the Cauchy
problem (5.59) complemented by the additional condition v(zg) = zp, and we denote by
IZ0 = (€20,

side of ODE (5.59) is locally Lipschitz on either one of the sets {(z,7), 0 < 2z < 7} or
{(z,7), = <~y < 2z} but is not defined on the set {(x,v), 2z = v}, the maximal solution

r;g) the corresponding (open) interval of definition of 7;0. Since the right-hand

will be defined as long as (x,y(x)) remains in one of those two sets. Since I'(xg) < 2z¢, we
restrict our attention to conditions ~y(xg) = 2z satisfying xo < zp < 2z0.
The next lemma provides useful additional properties of the maximal solutions described

above and their respective domains of definitions.

Lemma 5.2 Assume that « satisfies Conditions (2.12) and let xy € D™ be fized.

(i) For all zo € (x0,2z0), €35 < d(xo), we have limx_m;% V0 (x) = €0 and, if £ > 0, we
get Lg(t, ) > 0;

(ii) for all zo € (wo,T'(w0)], Lg(x, 78 (x)) <0 for any x € (xo,75,);

(iii) there ewists ag € (x0,2x0) such that for any zy € [ag,220), Lg(z,7;(x)) > 0 for any

T € (20,73).

Proof. We fix xg € D™ and prove each property separately.

(i) Let us fix z9 € (x0,2z9). The right-hand side of (5.59) is locally Lipschitz as long as
0 < < v (x) < 2, so that this last estimate holds for any = € I79. We intend to prove
that ~Z, hits the diagonal {(z,2); = = 2} at the left hand side £;0 of I30.

For this purpose, let us first prove that, for any ¢ € (0,20), the graph of 70 restricted
to [¢, o] cannot come too close to {(x,z); 2 = z}. Since I'(z) < 2z for x > 0 and T
and Lg are continuous, there exist ¢ > 0 and 6 > 0 € (0,() such that £Lg > ¢ on the
compact set {(z,2); = € [(,z0] and z € [2z — 6, 2z]}. Observe that, for x € [(, zg] such that

20 (x) € {max (2z — 6, %), 23:), we get from (5.59) that

2 2 2 1 2
(,_Y:zc'o)/(w) > ’ng(x) EQ(%%%(»’U)) > 2'7;,;8((13) £ > 2’
’ Z(Q)Ct - 1 C2€
’Yzo(x)

where, for the last inequality, we used v(z) > z > (. Hence, the function x + 2z — 7:0(x)
is non-increasing on the set {ZL‘ € [C,xo] N IZ0; vid(x) € [max (22 — 4, %2”25), 2:U> } There-
fore, by arbitrariness of ¢ > 0, the graph of ;9 restricted to (¢

2, x0] stays away from
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{(z,2); 2 = z} and ~;% necessarily hits the diagonal {(z,2); * = z} at the left hand side
030 of the maximal interval I70.

On the other hand, we observe from (5.59) that ;% is non-increasing at the points x satis-
fying (z,729(z)) € I'" and therefore ¢2 ¢ D~ by minimality of I20. Since (d(zo),u(z0)) C
D™, we get (0 < d(zo) and Lg(¢30,¢:0) > 0, or equivalently I'(£30) = £20.

It still remains to prove properly that lim S0 Y30 (x) = £30. Assume first that /39 > 0.
Notice from (5.59) that 720 is non-decreasing if (z,7;9(z)) € I't, and 2 < 432 (z) < I'(z)
otherwise. Since I' is also non-decreasing, 70 := max(7;%,T') is a non-decreasing func-
tion defined on (¢39,x0], which therefore admits a limit at £;0. Since £32 > 0, we have
lim L0 J30(x) < 2€30 as observed above, so that, combining the maximality of I79 with
[(£39) = £, we obtain limm_%;(()J Y30 () = £39. Since v < 439 (x) < 439 (x) for x € (439, x0],
we have limxﬁe;% Y20 (x) = £30. Finally, if £2 = 0, since < v39(z) < 2w, we also have the

result.

(ii) Let us fix zg € (xo,F(xo)). As already observed, the dynamics of (5.59) imply that
730 is non-increasing in the neighborhood of any point x such that (z,3(x)) € Int(I'7).
On the other hand, Proposition 5.2 tells us that the function T is increasing on [z, +00).
Hence z — (2,729 (x)) remains in Int(I'") on [zo,720).

We consider now the case where zp = I'(xg). Since I'(zg) > xg, the proof of Proposition
5.2 (i) tells us that I” is positive on a neighborhood of zg. Since zp = T'(zg), we de-
duce from (5.59) that (v;2)'(xo) = 0, and the exact same reasoning as above implies that
z— (2,72(x)) € Int(T'~) on (zo,72).

(iii) Recall that T < oo. Therefore, as in (i), there exist ¢ > 0 and 4 € (0,1) such that
Lg >eon {(x,2); x € [19,[*°] and 2 € [(2 — §)z,2z]}. Let b := min(z3¢, ). From (5.59),
we see that if € [zo, '] and v, (z) € [(2 — )z, 2z), then (v,) (z) > Lbay2e > 2—b. We
denote ag := (2 — b)xy and fix z € [ag,2z9). We deduce from the previous reasoning that
we must have

T

V() > 2+ / () (w)du > 24+ 2 —b)(z—z0) > 2 bz > T(x).,

Zo

for x € [:co,min(rjo,l“oo)). If ever r; < I'°, we just obtained the announced result and,

if ever 73 > I'°, we complete the proof noticing that the maximality of I7 implies that
Vi (@) > 2 =T'(z) for x > I'*°. O

We now construct the stopping boundary ~ by selecting one of the previous maximal solu-

tions. For a given zg € D7, let

Z(x0) := {z € (20, 2x0); Lg(z,7},(x)) <0 for some x € [x0,75,)}, (5.62)
2" (xg) := sup Z(xo). (5.63)
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Moreover, whenever z*(xg) < 2z¢, we denote

Vo 1= ’ng(mo), by = 6;;(10), rt =2 @) and L= (6, r)- (5.64)

o o xo0 ' xo

The next lemma provides useful properties on the function v* and its domain of definition.

In particular, it discusses its dependance with respect to the starting point xg.

Lemma 5.3 Assume that o satisfies Conditions (2.12) and let xg be arbitrary in D~. Then,
the following holds.
(i) 2*(wo) € (I'(w0),2w0) and ~y;, has a positive derivative on the interval I .

(ii) (d(zo),u(zo)) C I}, and limg e Vi (2) = 73, < T°° with equality if u(zo) =T .

(iii) For xg,x1 € D™, we have either I} NI =0, or I} = I¥ and v;, =75,

Proof. We fix o € D™ and prove each assertion separately. The proofs of points (i) and

(iii) are very close to the proof of Lemma 5.2 in [5], but we rewrite and adapt them here.

(i) Lemma 5.2 (iii) ensures the existence of ag < 2z such that Lg(z,~Z (z)) > 0 for
any ¢ > x9 and z > ag. By definition of z*(z¢), we deduce that z*(xg) < ag < 2.
Since 9 € D™, we obtain from Lemma 5.2 (ii) that I'(zg) € Z(zo) and deduce that
[(z0) < z*(x0)-

In order to prove that z*(zg) € (I'(wo),2z0), we now assume that z*(xg) = I'(zg) and
work towards a contradiction. Since Lg is continuous, D~ is an open set and there exists
e > 0 such that (zg, 2o + 2¢) C D™ N (wo,7;,) and d(x) = d(xg) for any = € (zo, 70 + €).
Let us denote e := zg + ¢ € D™ and z. := I'(zc) > I'(z9). By Lemma 5.2 (i), we have
027 < d(z0) < g, and it follows from Lemma 5.2 (i) and the dynamics of (5.59) that 4z is

. €
decreasing on (330,7‘505)- Therefore, we compute

Yor(zo) > vit(we) = T(xe) > T'(x0) = 2% (5.65)

On the other hand, since 'y;fi (:vo)(ws) = 2° =T'(z.), Lemma 5.2 (ii) ensures that vZ_ () €

Z(x0), leading to 2* > 2 (z0) € Z(x), which contradicts (5.65).

The same line of argument implies also that (z,7*(z)) € Int(I'") for any = € I . We
deduce from the dynamics of (5.59) that v* has a positive derivative on I , and in particular

limx_,T;O ~v*(z) exists.

(ii) For any z € Z(xo), since 77, is non-increasing in I'", we deduce that limerz ¥z, (z) =
75, < T°°. Let us write ro := sup{r;; z € Z(wg)} < T'*°. Let us first prove that 79 > u(xo).
Assume on the contrary that ro < wu(xg), so that I'(rg) > r9. Let fix z € (ro,I'(10)).
By Lemma 5.2 (i), 7 < d(wxo), so that xo € I and, since Lemma 5.2 (ii) implies that
Lg(x,v7, () <0 for z > ro, we deduce that ;7 (o) € Z(zo). This contradicts the defini-

tion of 7o since z € (rg,I'(r0)) implies that rlgo () _ T, > ro. In conclusion, ro > u(zo).
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Besides, Lemma 5.2 (i) implies that £; < d(zo), and we intend to prove that ro = r;_ in
order to derive (d(xo),u(wo)) C I, .

First, we derive the existence of a sequence (2,,) € Z(xg) such that z, — 2*(zo) and ri» —
ro. Combining the one-to-one property of the flow with the property that limx—wgo Vao () =
15, for z € Z(xo), we deduce that z — r7 is non-decreasing on Z(xg). Hence, if 2*(z0) &
Z(x0), any sequence (2,) valued in Z(xg) such that z, — 2*(xo) satisfies also sup{rir; n €

N} =sup{r? ; z € Z(z0)} = ro and thus the required property. If ever z*(x¢) € Z(zo), we

o’

simply pick the sequence z, := z*(x¢), for any n € N.

We now prove that ro = r; . Let 2z € (ro,2rg) be arbitrary. Up to a subsequence, we
have by construction I7» N I7 # () for any n € N. We know that hmx—w;g van(xz) = rin
and 7 (rin) > rin since r7 > ro > rir, for any n € N. Hence, the one-to-one property
of the flow ensures that ~; (z) > 7;r(x) for any x € I;» N I7 and n € N. By Lemma
5.2 (i), lmg ez Vi) = L7, so that xg € IZr N I7. Since (2,) € Z(wg) converges to
2*(w0) = supZ(zo), we deduce that 77, (z0) > 1%, (o) = 2*(z0) > 2" = 421 (x0) , for any
n € N. Hence, the one-to-one property of the flow implies that

20 > 5, () 2 g (2) = g (@), @ € [wo, 155 Ar) , nEN. (5.66)

Therefore 75 > rin for n € N, and, passing to the limit, we get r; > ro. Besides, (5.66)
implies that limsup,_,,, 75, (z) < 77 (r0) = 2, and the arbitrariness of z € (ro,2r¢) leads
to limsup, ., vz, (z) < ro. Since v; (x) > x for x € I, we get limy 75, () = 1o and
Ty, < 70. Hence, ry = 1o < I'*°, and, if u(wg) = I'*°, 79 > u(zo) implies that r; = I">.
(iii) Let @1 in D™. Suppose that xg < x1 and that there exists xo € I; N I; . If ever
Yo (T2) = 71, (72), the one-to-one property of the flow combined with the maximality of I*
imply that I; = I3 and ~; = vz, and conclude the proof. It therefore only remains to
prove that %, (z2) = 7%, (22).

We assume on the contrary that vy (x2) < 75, (w2), the case where 75 (z2) > 75, (z2)
being treated similarly. The one-to-one property of the flow implies that 77 < 7, on
all the interval I; N Iy . Furthermore, Lemma 5.3 (i) and Lemma 5.2 (i) ensure that
limr;1 Yoy = T, and limg;«61 Vo, = {3, Hence, we deduce from the maximality of I} that
I, C I,. Combining the definition of z*(z1) with the continuity of the flow with respect
to initial data, we obtain the existence of z € Z(w1) such that z < z*(x1) and 5, (72) <
vz, (x2) < 75, (22). Once again, the one-to-one property of the flow implies that I, C I7,
and vy < vi, < vy, on Iy . Since z € Z(z1), we deduce that v (z0) € Z(x) while
Vi, (x0) > 2" (x0) = 7}, (20), which contradicts the definition of z*(xg). O

Finally, we are in position to provide the proof of Proposition 5.3:
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Proof of Proposition 5.3 This construction follows similar ideas as in the proof of

Proposition 5.1 in [5], but turns out to be simpler since I'™® < oo.

Let
D:= |J I"l®o) > D, (5.67)
roeED™
Lemma 5.3 (iii) ensures that , for any zo and z; in D™, we either have I = I; or

Iy NIy = (. Hence, there exists a subset Dy of D™ such that D = UxoeDg I*(x0) and,
for any xo,z1 € Dy, xo # 1 implies that Iy NIy = 0.

We now define the function v on Ry \ {0} by:
Vo () if 2 € I

xo?

for zg € Dy

V(z) = (5.68)

x otherwise.

According to Lemma 5.3, this definition does not depend on the choice of Dy, .

Lemmata 5.2 and 5.3 imply that 7 is continuous at the endpoints £ and 77, for any
xzo € Dy . Hence, setting v(0) := 0, we obtain a continuous function v on R;. For any
zo € Dy, 7z, 1s increasing on I and the identity function is increasing as well, so that
~ is increasing on R, . We now justify each assertion of the proposition separately. (i) is
immediate from the definition of ~.

To prove (ii), we first notice that {x > 0 : ~(z) = 2} = R \ D C Ry \ D™, so that
Lg(x,z) > 0 on the set {z > 0: y(x) =x}. On the set {x > 0: ~(x) > z}, since v has a
positive derivative by Lemma 5.3 (ii) and satisfies (5.59), we have Lg(z,~y(z)) > 0. Finally,

(iii) can be deduced from Lemma 5.3 (ii), since 5, < T for any z¢ € Dy . O
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