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Abstract

We prove under simple assumptions that there exist several phases
for the self-stabilizing processes in a non-convex landscape. When the
coefficient of diffusion is small, there are at least three stationary measures
and when it is sufficiently large, there is a unique one. The non-uniqueness
in small noise has already been proved in [Herrmann, Tugaut|2010] when
the landscape is symmetric. Here, we will extend it in two directions:
when the confining potential V' is not symmetric and when the interacting
potential F' is not quadratic. The critical value will also be studied.

Key words and phrases: phase transitions ; McKean-Vlasov diffusions ;
non-convexity ; stationary measures ; interacting particles systems ; propagation
of chaos ; free-energy.
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Introduction
We investigate the phase transitions of the McKean-Vlasov diffusion

{ Xo = Xo+EBy — [y V! (Xy)ds — [i F' % ug (X,) ds . 0
us = L (Xs)

Here, * denotes the convolution. The particularity of this model is the fact that
the own law of the process intervenes in the equation. Consequently, it is non-
markovian since the past influences the drift through the law u;. We remark
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especially E,, [f (X1)] # [z Ee [f (X¢)]du(z). We note that X, and u; depend
on €. We do not write € for simplifying the reading.

The motion of the process is subject to three concurrent forces. The first one is
the gradient of the so-called confining potential V. The second influence is a heat
process (/€ B,g)te]R+ which allows the particle to escape from the stable domains
of V. The third term represents the average tension between two processes of
law ue: F' x us (Xs(wo)) = [ F' (Xs(wo) — Ys(w)) dP(w) where (X;), and (Y;),
verify (I) and (2, F,P) is the underlying measurable space.

This kind of processes were introduced by McKean, see [McK67, McK66].

The diffusion X; in (I) can be seen as one particle in a continuous mean-field
system of an infinite number of particles. The mean-field system that we will
consider is the continuous random dynamical system

X} = X5+ VBl = [y V! (XD ds = % S0 o ! (X! = X ds

Xi = X{+ VeB = Jg V! (X) ds — § S350, Jy F' (XD = X{) ds (II)

XN = X VeBY — [y (XN)ds = 5 S fy F(XN - Xx]) ds

where the N brownian motions (Btl) are independents and the N random

teR
values X¢, -+, X}V are iid and with law £ (Xj).

The link between the self-stabilizing process and the mean-field system for N
going to infinity is called the propagation of chaos, see [Szn91| under Lipschitz
properties ; [BRTV98] if V is a constant ; [Mal01] or [Mal03] when both poten-
tials are convex ; [BGV07, DPdH96, DG8T| for a sharp estimate ; [CGMO08] for
a propagation of chaos uniform with respect to the time in the non-uniformly
strictly convex case.

As proved in [DG87], the empirical law of the mean-field system satisfies a large
deviations principle with a rate function which depends on the law of Diffusion
(I). Consequently, the long-time behavior of £ (X;) provides some consequences
on the exit time for the particle system (II). But, according to [HT10a] and
[TuglOb], if V' is even, there are exactly three stationary measures for e small
enough, £ (X;) converges weakly towards a stationary measure and the domain
of attraction of each limiting value is not reduced to a point. The study does
depend on € so we can imagine that there is a phase transition between an area
where Diffusion (I) admits exactly three stationary measures and an other one
where it admits only one invariant probability.

Let us stress that the previous results about the non-uniqueness of the station-
ary measures and its consequences ([HT10a, HT10b, HT09, Tugl0b]) deal only
with the symmetric case. However, if we want to consider a potential which
oscillates slowly on the time, we need to study the asymmetrical case.

Let us recall briefly some of the previous results on diffusions like (I). The exis-

tence problem can be solved by two different ways. The first one consists in the
application of a fixed point theorem, see [BRTV98, HIP08]. The other consists



in a propagation of chaos of a mean-field system, see for example [Mél96].

In [McK67], the author proved that the law of the solution wu; admits a C*-
continuous density u; with respect to the Lebesgue measure for all t > 0. More-
over, he provided the following non-linear parabolic partial differential equation:

o 0 (ecd S

Then we can study Equation (III) by probabilistic methods involving (I) or (II),
see [CGMO8, Fun84, Mal03|. Reciprocally, equation (III) is a useful tool for de-
scribing the stationary measure(s) and the long-time behavior, see [BRTV98,
BRV98, Tam84, Tam87, Ver06]. In [HT10a], when V is symmetric and non-
convex, by using (IIT), it has been proved that Diffusion (I) admits at least
three stationary measures under assumptions easy to verify: one is symmetric
and the two others are asymmetric. Moreover, Theorem 3.2 in the same article
states the thirdness of the stationary measures for € small enough if V' is convex
and F" is constant.

The estimates of the small-noise asymptotic of these three stationary measures
are provided in [HT10b, HT09].

In the convex case (including the non-uniformly strictly convex case), Catti-
aux, Guillin and Malrieu proceeded a uniform propagation of chaos in [CGMOS|
and obtained the uniqueness of the stationary measure and the convergence.
Nevertheless, according to Proposition 5.17 and Remark 5.18 in [TuglOal, it
is impossible to find a general result of uniform propagation of chaos. In the
non-convex case and under two restrictions (the center of mass is fixed and
V”(0) + F”(0) > 0), Carrillo, McCann and Villani provided the convergence,
see [CMVO03].

The long-time behavior of the law u; in the more difficult non-convex case has
been the subject of [TuglOb]: u; converges weakly towards a stationary mea-
sure if the initial entropy is finite. Furthermore, as written before, the basin of
attraction of each limiting value is not reduced to a point.

In order to detect the type of regime in which Diffusion (I) is that is to say the
uniqueness or the non-uniqueness of the stationary measures, we shall introduce
the following free-energy, already used in [TuglOb]:

T = [ {§1o8tuta) + Vi) + 57 ulo) putoida

for all the probability measures v which are absolutely continuous with respect
to the Lebesgue measure ; with a density also denoted by u. We can note that
ug := L (X) satisfies this hypothesis for all ¢ > 0.

The paper is organized as follows. After giving the assumptions, we provide
some results about the existence of stationary measures for self-stabilizing pro-
cesses even when V' is not symmetric. Particularly, we prove that there is at least
one outlying stationary measure around each wells when € (resp. «) is small
(resp. large) enough, with F(x) := $a?. Also, we state that there is at least



one intermediate stationary measure between each pair of outlying stationary
measures. Subsequently, we show that there exists exactly two phases separated
by a particular value of € (characterized as the zero of a Bessel function): one
with a unique stationary measure and one with exactly three ones. Then, we
state the uniqueness of the symmetric stationary measure if V' is symmetric by
using a uniform propagation of chaos with respect to the time. This permits
to extend Theorem 1.11 in [TuglOb] to the case deg(V) = deg(F') and to the
asymmetric case. Then, we show the uniqueness of the stationary measure if
deg(F) = 2 if € is large enough which implies the existence of a phase transi-
tion. Finally, we study several methods for finding the critical value of € which
separates the uniqueness phase and the non-uniqueness phase.

Assumptions
We assume the following properties on the confining potential V:

(V-1) V is a polynomial function with deg(V) > 4.

(V-2) V has exactly 3 critical points: a1, a2, as. Furthermore, V' (a;) # 0 for
all 1 <14 < 3.

(V-3) V(z) > Cyz* — Cy2? for all z € R with Cy,Cy > 0.
(V-4) Eril V"(z) = 400 and V" (z) > 0 for all z ¢ [a;;as].

(V-5) Initialization: V(0) = 0.
Moreover, from mow, we assume one of the two following hypotheses:

(V-6) V is even and for all k > 2, V%) (0) > 0. We put a := az. Thena; = —a
and as = 0.

(V-7) There exists a,b,c € R and V which satisfies (V-1)-(V-6) such that

~

V(z)=V(x—c)+ax+bforall z €R.

Under (V-6), we know by [HT10a| that (I) admits at least one symmetric sta-
tionary measure. We note also that V" (a1) > 0, V" (a3) > 0 and V" (a2) < 0.

Let us present now the properties under the interaction potential F':
(F-1) F is an even polynomial function and deg(F) =: 2n > 2.
(F-2) F and F" are convex.

(F-3) Initialization: F(0) = 0.

Sometimes, we will assume this additional hypothesis:

(LIN) F” is linear.



For concluding the introduction, we write the statements of the two main results:
Phase transition: Let V' which satisfies (V-1)-(V-6). We can write: V(z) :=
f%xQ + ZZ:Q (;’;;)!z% with ¥, > 0 for all 1 < p < q and V194 > 0. By taking

F(x) := $a* with a > 0, there exists €. € R such that:

e For all € > e., Diffusion (I) admits a unique stationary measure.
e For all € < e., Diffusion (1) admits exactly three stationary measures.

Moreover, the critical value €. is the unique solution of the equation:

1 L 2er—1y
22— — Jexp | (U — )z — Pl dr =0.
I G R Y

p=2

Thirdness in the small-noise: Let V and F' two potentials which satisfy (V-
1)-(V-6) and (F-1)-(F-3). Then, if V"'(0) + F"(0) > 0 and deg(V') > deg(F),
Diffusion (I) admits exactly three stationary measures for e small enough.
Uniqueness in the large-noise: Let V satisfying (V-1)-(V-5) and (V-7) and
F(x) := %:c2 with o > 0. There is a unique stationary measure for € large
enough.

1 Existence problem of the stationary measures

The aim of this section is to extend the results of [HT10a|. Particularly, the
existence of stationary measure(s) for Diffusion (I) is examinated when V is not
symmetric. Let us not that all the results in this section are available when V'
has more than two wells. The method that we will use is similar to the one in

[HT10a].

1.1 Linear case

Here, we assume (LIN) that is to say F'(z) := $a? for all 2 € R with a > 0. The
research of a stationary measure remains in fine to a parametrization problem
on R. Indeed, as noted in Lemma 2.2 in [HT10a|, u, is invariant if and only if
it verifies

exp [f% (V(z) + a% — amz)}
Jzexp [f% (V(y) + a% - ozmy)}

ue(w) =

and m:/xue(z)dz. (1.1)
dy R

We introduce three particular functions which will be used in the following:



Definition 1.1. For all m € R and € > 0, let us define

,amy:A@mLé(wm+a§—amQ]m,
me):ié(x—nw@m{—%(V@ﬂ+a%i—amw)]M: (1.2)

and  xe(m) = )

This function x. is exactly the same than the one in [HT10a] but we insist
on the fact that the function V. defined in [HT10a] is not the one that we defined
here.

Finding a stationary measure to the self-stabilizing diffusion (1) remains to find
a zero to the functions V. and xe.

Let us recall that - according to the assumption (V-2) - the potential V' has
exactly three critical points: a1, as,as. In the following, when we will deal with
one of these points, we will use the general notation ag without precising if it is
a wells or not.

Proposition 1.2. Let V verifying the assumptions (V-1)-(V-5) and ag one of
its critical points such that o+ V" (ag) > 0. We assume:
V -V
o> 2 sup (%)72(:6). (1.3)
r#ag (ao — .T)

Then, for all § €]0; 1[, there exists g > 0 such that for all € < g, (I) admits a
stationary measure u. satisfying

V& (ag)
_ < .
/que(z)dz ag + V(a0 (o + V7 (ag)) el <de

Proof. The proof is exactly the same than the one of Proposition 3.1 in [HT10a].
Consequently, we will just sketch it. Let 7 > 0. Inequality (1.3) allows us to
apply Lemma A.3 in [HT10a] to f(z) := —2a72, n:=1, U(z) := V(x) + Sa® —

) ®) (q
aapr and g := 0. By putting 7° := 4V,,(a‘:)(a(+§’),,(ao)), for all 0 €]0;1], we get

the following first order approximation:

V//(ao)

_ 40 — -
Xe (@0 — 70 (1 £ 6)e) i5a+V”(a0)

e+ o(e).
Since x. is continuous, we deduce that for € small enough, there exists m satis-
fying x.(m) =0 and

N v (3) (ao)
O WV ag) (a+ V7{ag))

m—a

<Je.



The proof is achieved by considering the measure

ala) = exp [—% (V(x) + a% - amx)}
‘ f]R exp [—% (V(y) + a% - amy)] dy -

O

Definition 1.3. The measure exhibited in the proof of Proposition 1.2 is called
“outlying” around ag. We write it ul°. However, we do not forget that it is
possible a priori that there are severals outlying stationary measures around ag.

Now, we can investigate the existence of other stationary measures (which
would not be outlying around a wells). Under Conditions (1.3) for as and
a+V"(ay) > 0, we already know that there exists a stationary measure around
as. However, we will see that (1.3) is not necessary for getting the existence of
a stationary measure between the wells a; and as.

Proposition 1.4. We assume that V' satisfies (1.3) for ay; and az. Then, there
exists 6o > 0 and eg > 0 such that for all € < ¢eq, there exists a stationary
measure ul% defined by m(e) € [a1 + do; ag — Jo] in (1.1).

Proof. We introduce the potential Wy, (z) := V(z) + $2* — ama for all m > 0.
We note that for all x € R, W, (z) = Wy, (z) — a(m — ay) x with W,, (x) :=
Viz)+ 5 (- ar)’ — 2a3. Since a; satisfies (1.3), the function W,, reaches its
global minimum in a unique point: a;. Let us show now that for |d| sufficiently
small, the function W,, ;s verifies the same property.

Step 1. Let us prove that each family of points where W, ;s reaches its
global minimum converges towards a; for § converging towards 0. For all
0 € [-1;1] \ {0}, we consider x(J) one point where Wy, +s reaches its global
minimum. So z(d) is a critical point of Wy, 15 which implies W, | s(z(5)) =0
so Wi (z(d)) = ad. Consequently, for all 6 € [-1;1]\ {0}, ’Wél (x(é))‘ < a
then the family (2(0))se(_1.17 0y 18 bounded. Moreover, by definition, for
all x € R, Wy, 16(x(d)) < Wy, 4s(x). Particularly, for z = ay, this implies
W, (2(0)) < Way4s(a1) + ad(z(0) — a1) which tends towards Wy, (a1). Hence,
we get the convergence of x(d) towards ay for  converging towards 0.

Step 2. Let us prove that the point z(d) is unique for § small enough. As
W, (a1) > 0 according to the assumption (1.3), there exists p > 0 such that
for all z € [a1 — p;ay + p], W/ () > 0. For ¢ small enough, we have x(0) €
[a1 — p; a1 + p]. Consequently, there exists ; > 0 such that for all § € [—d1; 1],
all the points where W, s reaches its global minimum are in the interval
[ar — p;a1 + p]. And, as W () = W, (x) > 0 for all z € [a1 — p; a1 + p], we
deduce that the potential W, s reaches its global minimum in a unique point.
We call z(d) this unique point. Moreover, for ¢ small enough, W/ , s(x(5)) > 0.
Step 3. Let us show the two inequalities x.(a1 + ) < 0 and x.(a; —d) > 0 for
d > 0 and € > 0 small enough. As W/  5(x(5)) = 0, we have W, (z(d)) = ad.



According to W,/ (a1) > 0, we obtain the following first order approximation:

x(é):al—kmé—i—o(é).

Consequently:

V”(al)
d) — 0)=———F-"=90 5).
:C( ) (a'1+ ) Oé‘i’V”((ll) +O( )
By recalling that W | 5(z(d)) > 0 for ¢ small enough, we deduce that there
exists dy < 07 such that for all § €]0;d2[, we have z(§) — (a1 +0) < 0 and
x(—0) — (ag — ) > 0. By using Lemme A.3 in [HT10a], we get

Xe(ar +0) = z(8) — (a1 +d) + o(1)
and xc(a; —8) = x(—0) — (a1 —8) +o(1).

Then, there exists €; > 0 such that for all 0 < e < €1, we have x.(a; +J) <0
and x.(a1 —0) > 0.

Step 4. In the same way, there exists d3 > 0 such that for all 4 €]0;d3], there
exists €2 > 0 such that for all 0 < e < €2, we have y.(as + d) < 0 and x.(as —
0) > 0. Taking dp < min{ég;ég; aggal} and €p := min{e;ea} is sufficient for
achieving the proof. Indeed, for € < €y, we have x(a1 + dp) < 0 < xc(az — dp)
and a1 + dp < az — dg. Then, by using the theorem of intermediate values, we

deduce that there exists m(e) € [a1 + do; az — do] such that x.(m(e)) =0. O

Definition 1.5. The measure ul"“* - non necessary unique - is called inter-
mediate between u' and u3.

We obtain immediately the following corollary:

Corollary 1.6. Let V' which verifies (V-1)-(V-5). We assume:

Vi) Vi) o w} | (1.4)

a > 2max ¢ sup ;
{y;ﬁal (a1 — y)2 y#as (as - y)2

For e small enough, Diffusion (1) admits at least three stationary measures.

Proof. Inequality (1.4) implies that each a; and ag satisfy (1.3). Then, we can
apply Proposition 1.4 with a; and az. We obtain the existence of §; > 0 and
€1 > 0 such that for all 0 < § < §; and € < €, the function y. vanishes at
m13(€) € [a1 + 0;a3 — 4.

Then, we can apply Proposition 1.2 and we know that the system admits one
outlying stationary measure u! around a; and another one around a3 with means
verifying mq (€), ms(€) ¢ [a1 + ;a3 — 9.

Consequently, we have at least three stationary measures: one is intermediate
and two are outlying around the wells. |

Particularly, Corollary 1.6 can be applied in the synchronized case that is
to say if o > sup,cp —V"(x). Let us remark that these results hold even if the
number of critical points is not three.



1.2 Nonlinear case

The principal advantage of the linear case is the equivalence of the existence
problem of a stationary measure remains and a parametrization problem in
dimension 1. In the general case, we can make a parametrization in R*"~* with
deg(F) = 2n. Then, we can not use anymore the intermediate values theorem.
Let us note the following result:

Proposition 1.7. Let us assume that V satisfies (V-1)—(V-5) and F verifies
(F-1)-(F-3). Then, for all € > 0, there exists at least one stationary measure.

Proof. The idea consists in proceeding exactly like in Theorem 1.6 in [TuglOb].
By using the fact that the free-energy is nonincreasing and minorated, we prove
that a subsequence of the family (u;);cr, converges towards a stationary mea-
sure which means that there is always at least one stationary measure, even if
deg(F) > 4. Indeed, Theorem 1.6 in [TuglOb] does not need any symmetric
property on V. Proposition 1.2 in [TuglOb] corresponds to Proposition 2.1 in
[CMVO03] (which does not require the symmetry) ; Lemma 1.3 just needs the
lower-bound V' (z) > Cyz* — Cy2? and Lemma 1.4 and 1.5 are simple conse-
quences of Proposition 1.2 and Lemma 1.3. Furthermore, the proof of Theorem
1.6 in [TuglOb] only uses the growth property of the two potentials and the fact
that they are polynomials. O

We present now the extension of Theorem 4.6 in [HT10a].

Theorem 1.8. Let V' which verifies the assumptions (V-1)-(V-5) and F which
verifies the assumptions (F-1)-(F-3). We assume also

V(z) + F(x —ag) > V(ag) for all x# ap
& [FP (ao)|

and
p!

laglP < a+ V" (ap) .
p=0

where ag is a wells of V.. Then, for € > 0 small enough, the self-stabilizing
equation (1) admits at least one outlying stationary measure around ag.

The proof is similar to the one of Theorem 4.6 in [HT10a]. It consists in
applying Schauder’s fixed point theorem to the system of equations

B fR ¥ exp [f me (:c)} dx

M e 2 W (@) de
with W, (2) :=V(z) + F( —ag) + » (_pl,)p (my — ab) F®) ().
p=0 '

2 Uniqueness and Thirdness

In the previous section, we studied the number of stationary measures for self-
stabilizing processes in the small noise. Particularly, we prove that for e small



enough, there is non-uniqueness of the stationary measures under easy to verify
assumptions. But, we did not study the behavior in the large-noise. Here,
we will show that under the assumptions (V-6) and (LIN), there is a phase
transition: over a critical value of noise, there is a unique stationary measure
and under the same value, there are exactly three ones. Then, we will show
the uniqueness of the stationary measure for € large enough if V satisfies (V-7)
and F satisfies (LIN). Then, in the nonlinear case, we will generalize the results
about the thirdness problem already studied in [HT10a, HT10b, HT09, Tug10b].

2.1 Linear case

In this subsection, we consider: F(x) := $x* with o > 0.

2.1.1 IfV is even

We assume (V-6). Consequently, the potential V' has the form
V(x) ::—ﬁxQ—l—i&xQ” with 9, >0 forall 1 <p < ¢ and 919, > 0.
2" 2 ) = srs ‘

With the two potentials V' and F', we have the following phase transition result:

Theorem 2.1. There exists e, € R such that:

0

e For all € > e., Diffusion (I) admits a unique stationary measure: uy.

e For all € < €., Diffusion (I) admits exactly three stationary measures:
wl,uf us and £ [ zut(z)dz > 0.

€

Moreover, the critical value €. is the unique solution of the equation:

/}R+ (:c2 — %) exp [(191 —a)r? - 2‘1: %x%] dr =0 (2.1)

p=2

Proof. Step 1. We note that the expression of the function F' implies:

vetm) = [ (o= m)exp [2“2"‘”} exp [3 (v + %:ﬁ)] "

where 1, is defined in (1.2). We proceed a series expansion of the function

m — exp [20‘%} and we get - after using the fact that V' is even:

with I,(z) == /

Ry

2% exp [% (v(:c) + %:c?)} dz. (2.2)

10



Step 2. For all n € N, we introduce
I.(2n + 2) €
n(e) = —2 2 © 2.3
(&)= G D Len) T 2a 23)

An integration by parts provides

%/R(V,(z) + az) 22 exp {% (V(z) + %xz)} dx

(2n + 1)1 (2n)

9 q
— (2 2) (2 2
Hommnemsn Y glren )|

after using the particular expression of V. Consequently, the expression 7, (¢)
becomes

-1
q
B I.(2n + 2p) €
Yeln) =3 { Z 2p71 2 2n+2)} %

Step 3. We will prove that the sequence (7, (€)),, ¢y is nonincreasing for all € >

I.(2n+2p)
1.(2n+2)

for all p € [2;¢]. In a more general way, we will prove that for all z > 0,

0. It is sufficient to prove that the sequences ( ) are nondecreasing
neN

the function =, defined by Z,(x) = % is nondecreasing. The derivation
provides:

o (Dats) L)

Since Z,(x) > 0 for all z € R} and z € Ry, it remains now to prove that the

application ((y) := ﬁg; is nondecreasing. We apply the derivation:

" / 2 2¥ (log(x))? exp [—2 (V(2) + 222)] dz
C/(y)zle(y)_(l(y)) :fuh (log(x))” exp [-2 (V(z) + §2?)]

I.(y) IZ(y) Ju, a¥exp (-2 (V(z) + %2?)] d=

- (fR+ 2V (log(x)) exp [-2 (V(z) + $2?)] dz>2
Jo, @ exp [=2 (V@) + 52°)] do '

By applying the Cauchy-Schwarz inequality, we obtain ('(y) > 0 for all y >
0. Then, we get the previous claim that is to say the sequence (7yy(€)),cy is
nonincreasing for all € > 0.

Step 4: In order to prove that v, (€) < 0 for n large enough, we compute 1) (a):

2

Ye(a) =" /R(:c—a) exp {—% (V(x) + % (x—a)Q)] da
— et /}Ryexp {% (V(y+a) + %yQ)] dy

—— /]R+ ye— oV’ {exp {%V(era)} —exp {%wya)”dy.

11




By using the particular expression of V', we get:

Viy+a)—V(y—a)= 22 ZC%H 2k+1 2p—2k—1

V(2p d
,22 - ZC%H 2k+1,2p—2k—1 Z 2p71)ya -1

The last term is equal to V'(a) = 0. Since V(?P)(0) > 0 for all 2 < p < ¢, we
deduce that V(y +a) > V(y — a) for all y > 0. Furthermore, since deg(V') > 2,
we get the inequality V(y 4+ a) > V(y — a) excepting a finite number of points.
Consequently, 1.(a) < 0. We deduce there exists n € N such that ~,(e) < 0.

Step 5. We put n, := min {n ‘ Yn(€) < 0}. By Step 3, we know that for all

n > ne, we have y,(e) <0 and for alln < n, (ifne=0,{n e N | n <n.} =0),
we have 7, (e) > 0. Consequently, we can write:

ne—1
1/}e(m) _ Z C 2n+1 Z C 2n+1 (24)
n=0 n=ne

with C),(e) := 21( (2?) (TO‘)%—Irl [7n(e)] > 0. We take the derivative then we

divide by m?

m2"6

wm) S 2
P { D @n+1)C(m® e = Y (2n+ 1)cn(e)m2“"e} (2.5)

n=0 n=ne

2n—2n. ( 2n—2n€)

Since the functions m — m resp. m i —m are decreasing for all
n <ne—1 (resp. n > n.), we deduce that ). vanishes at most one time on R
and the same holds for ¢, (by dividing (2.4) by m?™<*t1).

Step 6. By (2.4) and (2.5), we deduce that the behavior of the function m
e(m) depends directly of ¢.(0):

e If ¢/(0) > 0 that is to say if yo(e) > 0, then there exists x. such that
Yl(x) > 0 on [0;z] and ¢.(x) < 0 on [z +oo[. Since 9.(0) = 0 by
symmetry of the potential V', we deduce that the function 1) is increasing
on [0; z¢] then decreasing on [x; +00[. We deduce that there exists m. > 0
such that ¥.(m.) = 0 and it is unique on R’ . This implies the existence
of the two asymmetric stationary measures.

e If ¢/ (0) < 0 that is to say if yo(e) < 0, then v,(e) <0 for all n € N. We
deduce that the function v, is decreasing on R that implies the uniqueness
of the zero for the function . and consequently the uniqueness of the
stationary measure for the self-stabilizing diffusion (I).

12



Step 7. Now, we will investigate on the sign of vq(e):

I(2) €
Yol€) = .00)  2a
_ fR vew -2 (V(Vey) + 507 dy 1
Jo, o0 [2(V(Vey) + $y?)]dy 20

by making the change of variable x := \/ey. The computation yields

q p—1
/ z? exp [(191 —a)z? - 26271% 23”] dx
Ry =2 (2p)! 1
()= &7 5
/ exp [(191 — ) Z ¢ p 2”1 dx
. PRNET
=: GTV7F(6).

Since ¥, > 0 for all 1 < p < g, we deduce - after using the Jensen’s inequality
- that the application Ty, r is decreasing. Consequently, there exists a unique
€. which depends only on the parameters of V' and F such that y(¢) = 0.
Moreover, for all € > €., we have vy(e) < 0 which implies the uniqueness of the
stationary measure. And, for all € < €., we have y(e) > 0 which implies the
thirdness of the stationary measures. |

An immediate consequence is the convergence towards the unique stationary
measure if the initial free-energy is finite for all € > e.(«) according to Theorem
1.6 in [TuglOb).

2.2 If V is asymmetric

Now, we will show that there is a phase transition even if V is asymmetric.
Indeed, if « is large enough, we know that there is non-uniqueness of the sta-
tionary measures in the small-noise case. We will consider the large-noise one
and we will see that the competition between the three different forces in (I) is
dominated by the heat process if the coefficient diffusion /e is sufficiently large.

Proposition 2.2. We assume that V satisfies (V-1)-(V-5) and (V-7). For all
a > 0, there exists a critical value €o(c) such that for all € > €o(ar), Diffusion
(I) admits a unique stationary measure.

Proof. We recall that the number of stationary measures for Diffusion (I) is the
number of roots of the function y.:

Jpzexp [-2 (V(z) + $2? — amz)] dv

Jrexp [-2 (V(z) + S22 — amz)] do

Xe(m) = —m.

According to the hypothesis (V-7), there exists V which satisfies (V-1)—(V-6)
such that V(z) = V(x — ¢) 4+ ax + b with a,b,¢c € R. We apply the change of

13



~

variable  := y + ¢ and we obtain x.(m) = x.(m)
and X, is the function defined by

|

|2
z
=
3
i
3

|
o

\

|2
m
=

Jeyexp {*% (‘7(y) + %y - amy)} dy

Xe(m) = —m.

Jeexp [<2 (V(y) + §2 — amy) | dy

In the same way, we define

We deduce -4-%,(m) = Z&((m)z with & (m) == ¢ (m) Ze(m) — e(m)Z!(m). The

function &, is even and analytic so it is sufﬁment to prove that & (2")( 0) <0 for

all n € N and that at least one of the 55 ) is negative. Indeed, this would imply
that X, (then x.) is decreasing which means that there is a unique stationary
measure. The derivation provides:

(2n) 202 ,l/)(k-i-l)( (2n k) ch ’l/)(k) (2n+1—k)(0)

=¢§2"+1)(0)Z(0) + (1= 2n)¢; (O)Z(2") (0) (2.6)
o5 (et - e FE 0z 0.
k=1

As seen in the proof of Theorem 2.1, for all &« € Ry and k € N, we have

2k+1
3 =2neh) (2) @k (2.7

where I.(2k) and ~y(€) are defined respectively in (2.2) and (2.3). A simple
computation provides

725 (0) = 21.(2k) (20‘) . (2.8)

€

By combining (2.6), (2.7) and (2.8), we obtain

2n—+1
£2m)(0) =4 (2{“) {I€(2n>16(0) [(2n + 1)ym(e) — (2n — 1)y0(e)]

+ 3 O34k + 1 - 2n) 1 (2k) [(2n — 2k) (e )}
k=1

14



As proved in Theorem 2.1, there exists ¢, such that for all & > «., we have
Y0(€) < 0. As the sequence (yy,(¢)), <y is nonincreasing, we deduce that the se-
quence (|7 (€)]),,cn is nondecreasing. We note that for all & > %, [4k+1—2n| >
|2n 4+ 1 — 4k|. Consequently, for all & > %, (4k +1 — 2n)y(e) + 2n + 1 —
4k)yn—r(€) < 0. Also, if k = %, we have (4k + 1 — 2n)yx(€) = () < 0. This
implies £°™ (0) < 0.

The function .(m) is then nonpositive. We deduce that the function X, is non-

increasing. Moreover, if 522") (0) =0 for all n € N, then X, would be a constant
which is impossible since lim,;, 1+ Xc(m) = Foo. Then, Y, is decreasing on R.
Consequently, the equation Y.(m)— C has at more one solution for all C' € R. Tt
yields that x. has one root or no root. There is at least one stationary measure
for all € > 0 so there exists a critical value eg(a) such that for all € > €p(«),
Diffusion (I) admits exactly one stationary measure. O

Remark 2.3. By using a method similar to the one of [Tug10b], we could prove
the convergence towards this unique stationary measure.

Proposition 2.2 implies that there is a phase transition since there is exactly
one stationary measure for € large enough and several ones for e sufficiently
small.

2.3 Nonlinear case

We assume on this paragraph that deg(F) > 4 and that V satisfies the as-
sumptions (V-1)—(V-6). We will extend Theorem 3.2 in [HT10a]. One of the
difficulty will be the behavior of the symmetric stationary measure(s) in the
threshold between the synchronized case and the non-synchronized one that is
to say when V”(0) + F”(0) = 0. For doing this, we will use a particles method
involving a propagation of chaos.

Proposition 2.4. Let V and F two potentials which satisfy (V-1)-(V-6) and
(F-1)—(F-3).Then, for e small enough, Diffusion (I) admits a unique symmetric
stationary measure.

Proof. Step 1. Since the potential V is symmetric and verifies V%) > 0, the
inequality V" (0) + F”(0) # 0 implies the uniqueness of the stationary measure
for € small enough according to Theorem 1.2 and Theorem 1.3 in [HT09].
Step 2. We consider now the case V"(0) + F”(0) = 0. Let Vp(x) := V(z) +
wﬁ and Fy(x) := F(z) — wx? If the initial law ug is symmetric, then
using Vo (resp. Fp) instead of V' (resp. F)) in (I) does not change anything.

Let ugl) and ug) two symmetric stationary measures of Diffusion (I). We con-
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sider the two mean-field systems:

. . . t . t1 X . ,
X;:Xg—i—\/EB;—/ V()’(X;)ds—/ NZFg(X;—Xg)ds
0 0 J=1

. . . t . t1 XN . 4
and ¥} =i+ Ve — [ Vs [ L3R - v
0 0 -
Jj=1

where the 2N initial random values are independents. Furthermore, we assume
L(X}) = u” and LYY = u?. Also, the N brownian motions are indepen-
dents. We define also the self-stabilizing processes which are classical since the
two initial laws are invariant probabilities of (I):

X} = Xg+eB; — / Vg (Xi)ds — / Fy ul (XD)ds
0 0

[ ) ) t - t o
and Y, = Y§ +VeB] — / Vo (Yd)ds — / Fyxul (Yi)ds .
0 0
i

Step 3. A propagation of chaos uniform with respect to the time holds by using
the same method than the one in [CGMO08]. Consequently, it yields:

The triangular inequality provides

2 — 12 . —
} < 3E{‘Y;‘Y; }+3]E{‘X;Xg

+ 3E{|v; - xi[’} .

B {77 - X

Vi -V

. —2 2
E{’X;X; }gMNP and IE{ }SMNP

with p €]0;1[ and M > 0.

Step 4. The results in [BBCGOS8| permit to obtain the Poincaré inequality in
(II) which implies

t—+o00

1< ; 12
lim E N;}ng}/; =0.

2
Step 5. By definition of the Wasserstein distance, we have Wy (ugl); uEQ)) <

B {77 - X7

2
} for all t € Ry and for all 1 <i < N. It yields

N
2 _ 1 i 12
W, (ugl>;ug2>) <GMN/43E5 1:‘Xt Y,
p=

By taking the limits of ¢ going to infinity then of N tending to infinity, we
2
deduce immediatly Wy (ugl); ug)) = 0 which implies ugl) = u§2). O
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We will now extend Theorem 3.2 in [HT10a] by proving the thirdness of the
stationary measures for ¢ small enough.

Theorem 2.5. Let V and F two potentials which satisfy (V-1)-(V-6) and (F-
1)-(F-8). If deg(V) > deg(F) and V"(0) + F"(0) > 0, Diffusion (I) admits
exactly three stationary measures for € small enough.

Proof. It V"(0) + F”(0) > 0 and deg(V') > deg(F), it is a consequence of The-
orem 1.11 in [TuglOb].

Step 1. If deg(V) > deg(F), each family of stationary measures (uc),, sat-
isfies the condition (H) introduced in [HT10b] which means that the family
(Jp 2* uc(z)dx) _ is bounded where 2n := deg(F). We will prove that it is
true even if deg(V') = 2n. We will proceed a reducto ad absurdum by assuming
the existence of a decreasing sequence (ex)keny which converges towards 0 such
that the sequence ji, (k) := [; 2*"ue, (2)dz tends towards +oo.

Step 1.1. Since F and V are two polynomlals functions, we can write the [-th
moment of u, in the following form:

B fR x! exp [f% (Zle Mr(k):cr)} da

(k) = 5 ;
l Jg €xp [—% (Zrzl Mr(k:)ﬂ)} dax
with  M,.(k) := % V(0) + ni (jll)jF(”’”)(O)u (k)
j=0 7

for all 1 <[ < 2n. The highest moment which intervenes in M,.(k) is the one
of degree 2n — r.

Step 1.2. Let us recall that ps,(k) tends towards 4oo. If all the M,.(k)
were bounded then - since the coefficient Ma,, (k) is positive - po; (k) would be
bounded for all [ € N. We deduce that there exists an index r such that M,.(k)
tends towards 400 or —oo. We introduce the sequence

T

0 () 1= My (k) (12 (k) "7 50)

1

for all 1 <r < 2n. The change of variable z := (u2,(k))?" y provides

i) eyt e [~ (S o) dy

7
fReXP{ 2M252(k)( r= 1777" )}

H2n (k)%
Step 1.3. The Jer;sen inequality implies the existence of C' > 0 such that
M (k)| < Cpan (kz)% for all 1 < r < 2n — 1. We obtain the following higher-
bound: |n.(k)| < C. By considering a subsequence of () (we continue to

write it € for simplicity), we get the convergence of 7,.(k) towards n,. Besides,
Mz(k)
ZAGED 2”

the quantity tends towards 0 for all 1 < [ < 2n. Consequently, we
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have the following limit:

(71)271—[

=T Fe ) i M (2.9)

k— oo mn(/{;)ﬁ

forall 1 <[ <2n.
Step 1.4. According to Lemma A.4 in [TuglOb], we can extract a subsequence
(we continue to write it € for simplicity) such that

. Je y'exp [72#26—2(16) (Zizl m(k)yr)} dy a
lim _
k——+oo f]R exp [ 2pan (k) (Z " nr(k‘)yrﬂ dy —~

€k

where A; < --- < A, are the locations of the global minimum of the polynomial
function Uy(z) := Zj Lt + (7")(0) 2" and py + -+ +pg = 1 with p; > 0 for
all 1 <i < g¢. By using (2.9), we obtain:

(7 1)2n F(2n) Z Al
m = (271 — l Ps

Step 1.5. Then, we have Uy(z) = F((Q:),O) S ps(z—Ag)*" + (2 (0) 2?". By
definition, Uj(A44) =0. If ¢ > 2, since A, — A; >0 forall 1 <i < g—1, it yields
Ay < 0. By the same way, we have A1 > (0. This is impossible. If ¢ = 1, we
have immediately A; = 0 then 72, = 0 which implies F(Q”)(O) = 0. This is also
impossible.

Step 1.6. We deduce that each family of stationary measures satisfies the con-
dition (H). According to Lemma 3.2 and Proposition 3.3 in [HT10b], this implies
that each family of stationary measures admits an adherence value in the small-
noise limit. Furthermore, since F/(0) + V" (0) > 0, Proposition 3.7 and Remark
3.8 in [HT10b| imply that there are exactly three possible adherence values: do,
0, and 0_, with —a = a;.

Step 2. According to Theorem 4.5 in [HT10a], Diffusion (I) admits at least
one symmetric stationary measure. Theorem 2.4 implies the uniqueness of the
symmetric stationary measure for e small enough. Corollary 1.9 in [TuglOb]
provides the existence of at least two asymmetric stationary measures. It re-
mains now to prove that there are exactly two asymmetric stationary measures
for € small enough. We proceed exactly like in Theorem 1.11 in [TuglOb] by
using the rate of convergence method from [HT09] (Theorem 1.5) and we obtain
the thirdness of the stationary measures for ¢ small enough. O

3 Simulations of the phase transitions

We saw in Theorem 2.1 that there exists a continuous transition between two
phases (uniqueness and thirdness of the stationary measures) when V' satisfies
(V-1)~(V-6) and F(z) := $2” with a > 0. Before studying the general case, we
4 2
z z”

provide some example with the potential V(z) := & — %-.
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Example 3.1. Let us choose V(z) := % — % and F(z) := $a?. We will call
e.(a) the critical value which corresponds to the phase transition. According to

Theorem 2.1, for all a > 0, €.(a) is defined as the solution of (2.1) which is

equivalent to
1
/ {xQ - —}exp {(1 —a)z? - Exﬂ dx =0.
Ry 2c 2

By making the change of variable z := % xr, we get:

2

E{§ (ec(@), a, X) } =0 with £(z,y,2):= (22 — 1) exp {;—y — 8%;224}
and L (X) =N (0,1). In order to simulate e.(a), we choose r > 0 and N € N*.
We want N large and r small. We take N random variables independents and

identically distributed by the law N (0,1): (X;);<;<n- The Monte-Carlo method
provides the following estimation of e.(a): o

Zf(pr,a,Xi) < 0} )

i=1

oM () :=r min {p e N~

We get this inequality after using the weak law of the large numbers:

: r,N < < : r N
Jim ea) —r < ela) < lim ().

We take N := 2 x 10° and r := 10~% then we obtain the following curve of the
critical value:

0.8
0.6
0.4

0.2

0.2 0.4 0.6 0.8 1

Figure 1: Critical value €. ()

We remark that it is increasing. And, it seems to be almost linear sufficiently
far from 0. In fact, simple computations provide:
2
lim ec(_oz) =— and lim @

=2.
a——4o00 o 3 a—0 (6%
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3.1 Under hypothesis (V-6) in the non-linear case

In the previous results about the non-uniqueness of the stationary measures, we
assumed that e is small enough. We can wonder if there exists a threshold over
which there is uniqueness of the invariant probability.

In the simple case with deg(V) = 4 and deg(F) = 2, we just see that we can,
as predicted by Theorem 2.1. We will now deal with a non-linear interaction
function F’. As there is always a symmetric stationary measure, the study
remains to find the critical value €. such that Diffusion (I) admits at least two
stationary measures if € < €.

3.1.1 Low-energy method

We know by Proposition 2.4 that there is a unique symmetric stationary measure
for € small enough. We introduce ego) the largest value (maybe equal to +00)
such that there is a unique symmetric stationary measure under this value. For

(0)

€ < ee’, let ul this unique symmetric stationary measure.

Proposition 3.2. Let a potential V' which verifies (V-1)-(V-6) and a potential
F which verifies (F-1)-(F-3). We have the following lower-bound of the critical
value:

€c > sup {60 €]0,eD[ | Vee]0;eo[, inf T(u) <Y, (u?) } (3.1)

uEMeg 2

where Mgq2 is the set of all the measures u which admits a C°°-continuous
density u such that [, 28 u(z)dz < +00, with 2q := max {deg(V), deg(F)}.

Proof. Let €y €]0;¢”)[ such that inf T (u) < Te(ul) for all € €)05el.
€ 842

We use then the same argument than the one in the proof of Corollary 1.9 in
[TuglOb]. Let € €]0; €o[. Since i/\I}lf Te(u) < Y (ul), there exists ve € Mg,

ue Mg 2
such that Y. (ve) < Y¢ (ul) and ve # u?. We consider now the self-stabilizing
process (X,g)te]R+ starting with Xy which has the law v.. We call u; the law of
X, for all t € Ry. By Theorem 1.6 in [TuglOb], we know that a subsequence
of u; converges towards a stationary measure uo, when ¢ tends to +oo. Propo-
sition 2.5 in [TuglOb| implies T (uoo) < lim inf T (u) < Te(ve) < YTe(u?).

Since T (too) < T (ug), we deduce that the stationary measure u is not the
symmetric one. Consequently, for all € < ¢, Diffusion (I) admits at least two
stationary measures. We deduce that ¢y < e.. |

This result may seem hard to apply since the question still remains to the
study of an application in a space different from R. There is in fact an obvious
candidate for v.. It is the one used in Corollary 1.9 in [TuglOb] for proving the
existence of asymmetric stationary measures:

v (z) == Z 'exp —% (V(z) + F(z —a))

€
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where a € Ry satisfies V(a) = inf,er V(2). Indeed, v? is closed to the outlying
stationary measure u? since the two measures converge towards d, in the small-
noise limit. By using a method similar to the one of Corollary 1.9 in [Tugl0b],
we get the existence of & > 0 such that for all € €]0; [, Te (v2) < Te (u?).

We consider the following example:

Example 3.3. Let V(x) := % - %2 and F(z) := gx‘l + S2® with > 0 and

a > 0. We call e.(, 8) the critical value which corresponds to the transition
between {Te (ug) <Y, (vel)} and {TE (ug) >, (vel)} By Subsection 4.2 in
[HT10a], there is a unique symmetric stationary measure ul for all € > 0:

’U,O(x) _ Z—lexp |:§ (1+B$4+ a+ 38ma — 11,2):|

4 2
Jp % exp [—2 (%x‘* + %ﬁ)} dx

€

oo [2 (2 )

where mey =

is unique. A simple computation provides then

T (u?) = —% log {/Rexp [—% (Ua”g(x) + ?mgﬁ)} dx} — %m%

with Uy g(x) := 224 4 92122 In the other hand, we have:

E 3
Te(ve) = —% log {/Re*”m’”(“)”l”dx} +(a+ By — ?ﬂm

! 3
+ fng — §n§ — Bning + Iﬂng

with  ny = Joatexp[-2 (V(z) + F(z —1))] dx
- fR exp [_% (V(x)+ F(x — 1))] dz

We take N := 2 x 10° and we obtain the following surface:

Figure 2: Critical value €. (¢, )
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Remark 3.4. Both simulations of Figure 2, Figure 3 and Figure 4 are saturated
by the hyperplan (e = 1.5) in order to compare the different methods.

We remark on Figure 2 that the provided value is increasing in the two
variables and seems linear sufficiently far from (0,0).
3.1.2 Convexity of the free-energy method

Now, we will point out the particular link between the function . and the free-
energy of the system.

If the function F’ is linear, we know that any stationary measure of Diffusion
(I) has the following form:

2 Q@
(m) _ -1 _Z o2
ug VA exp[ ; (V(m) +5e amx)} .

For all € > 0, we introduce the function 7.(m) := Te(ugm)) for all m € R.

Lemma 3.5. For all ¢ > 0 and m € R, the following equality holds:

TH(m) = LZ%E%) Var (ugm)) . (3.2)

Proof. By definition, we have:
1
Te(m) = / (E log (ugm)(x)) +V(z)+ =F % ul™ (ac)) u{™ (x)da
L \2 2
2
S log (Z¢(m)) + am/ zul™ (z)dx — — </ xugm)(x)dx) .
2 R 2 \Ur

By remarking that [, aul™ (z)dx = wSZ(:’ZimJF)’”, we get:

2 Z(m)?

Te(m) = *% log {Ze(m)e*%ﬂﬂ a he(m)?

The derivation of this equality provides

ooy ate(m) Ye(m) _ pe(m)Ze(m)\ _  atpe(m) (m)
o) == (e G - ) e ()
|
Consequently, 7/(m)pe(m) = 7% Ye(m) < 0. We deduce that the

behavior of the function 7. is directly linked to the sign of ..
Proposition 3.6. Let a confining potential V' which verifies (V-1)-(V-6) and
an interacting potential F(x) := $x* with o > 0. The critical value €. is the

only zero of the function € — dd—n;’fe (ul™) .
m=0

Furthermore, for all € < €., we have Y (uf) = T (u7) < Ye (u?).

22



Proof. By taking the derivative in (3.2), we get:

. _aVar(u") , d [aVar(u™)
7' (m) = —W%(m) - lﬁe(m)% [W]
As 1(0) = 0, we obtain: 77/(0) = — 30y (0). We recall that ,(0) = o(e)

(defined in the proof of Theorem 2.1). According to Theorem 2.1, the critical
value of €. is the only solution of v (€) = 0 consequently there is only one value

of € such that -25Y, (u™)

P . = 0 and this value is €.

When € < €., there are exactly three stationary measures: u}, uZ and u?. The
symmetry implies directly T, (uf) = Y (u_). By definition of the two outlying
stationary measures, fR zul (x)dx is the only positive zero of the function 1,
and consequently the only positive critical point of the function 7. according

to Lemma 3.5. Since € < e, dd—n;Te (ul™) ’ < 0 that implies 7. reaches its
m—

global minimum in [, zuf (z)dz and in [ zu_ (2)dz. Also, T, reaches one local
maximum in 0 = [, zu?(z)dz. Immediatly, we get Y. (uF) < T (u?). O

According to (3.1), after recalling that 620) is the critical value under which
there is a unique symmetric stationary measure, we get this new lower-bound:

€. > sup {eo €]0,e®[ | Ve €)0;¢[, minSp (Je(m?)) < 0}

where J.(m) is the Hessian matrix of the function from R*~' to R: m
T (u™) and mP is the only point in R*"~* such that ul"o is the unique symmetric
stationary measure. Here, we defined ul* by:

exp [—%Wm(ac)]

M) = T e 2 W )] dy
with W, (z) = V(z) + F(x) + nz_: ﬂmplr(p) (2)
p=0 '

However, the computations are so tedious that it is better to use the previous
method. Also, we will derive this method for a simpler one.

3.1.3 Stability of the free-energy method

We will use here another method in the particular example V(z) := %4 — % and
F(z) = %x2 + gx‘l but it can be computed for more general potentials. We

provide some simulation of an a priori other critical value. We define €. («, 3) as
the transition phase between the stability and the instability of the symmetric
stationary measure for the free-energy.

Definition 3.7. We will say that u? is stable for Y. if for each function f €
Ly (u?) which verifies [, f(z)ul(z)dz =0 and C > f(z) > —C with C > 0, the

€
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application ((9) := Y. (ug +4df x ug) admits a local mazimum in § = 0. We
will call €," (v, B) the value such that for all € > &, (a, B), u? is stable for Y.

€

and €.~ (a, B) the value such that for all € < €.~ (a, 3), u® is not stable for Y.

€

Remark 3.8. It corresponds to a variationnal calculus. Intuitively, since the
second derivative of the confining potential V' is convex, we expect a similar
result for the free-energy Y.

Since u? is a stationary measure, we get directly ¢/(0) = 0. It remains now

to compute the second derivative:
2
) =5 [ @i+ § [ fera@a -5 ([ o @)

5 ([er-tontoe) ([ 1-@niwa)

with f_(x) = w and fi(x) = w The Cauchy-Schwarz in-
equality implies

) = (= G0 = BVma(me(@) [ f@Pulla)da

where ma(€) (resp. mg(e)) is the second (resp. sixth) moment of u?. Conse-
quently, the inequality

2—am2(e) + - ma(e)me(e) <1

implies € > €. (a, f). This will permit us to simulate €. (a, 8). Let us note
that if 5 = 0, we recover the implicit equation which defines the critical value
€.(a) exhibited in Theorem 2.1.

The method of stability derives from the one of convexity since the idea of the
stability around u? consists in choosing a particular direction and computing
the second derivative in this direction.

We consider the sequence of bounded functions (f,), cy With fn(2) := 21, .
We remark that f, € £2 (ug) For all n € N, we can define (. on an interval
containing 0 in its interior. Consequently, ¢/ (0) has a sense for all n > 0 (we
do not write the dependence in n in ¢/(0) for simplifying the reading). Since

fn converges towards x — z in £? (u?), it yields:

im ¢(0) = ma(e) (5 = Gmal) = ma(e)) -
We deduce that the inequality 22my(e) + %nu(e) > 1 implies € < & (o, §).
This will permit us to simulate €. («, 3).

By taking N := 2 x 10°, we get the following simulations of the surfaces of
& (a,8) and & (a, B):
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Figure 3: évc'i_(a, 3) Figure 4: €.~ (a, B)

Remark 3.9. Let us note that it would also have been possible to compute with
x = 22" formn > 1.

3.1.4 Comparison of the methods

If V is even and if deg(F') > 4, three methods have been examinated.

The first one is the low-energy method which consists in providing one symmet-
ric stationary measure 4 and one asymmetric measure with lower free-energy
than u?. The main advantage of this method is the simplicity of computation.
But, the critical value provided is far from the phase transition. Thanks to this
method, we see that the critical value is not asymptotically small.

The method which uses the convexity of the free-energy around a symmetric
stationary measure seems to be the most precise because it needs only a local
knowledge of the free-energy around this measure and this is exactly in this
sense that we can separate the two phases in the case described in Theorem 2.1.

However, even if F(x) := %x‘l, the computations are too tedious.

The last method consists in the stability or the instability of the free-energy
around a symmetric stationary measure. Since the direction x — x plays a
special role in the study of the self-stabilizing processes, we do not study the
stability in all the directions but in this special one. Figure 3 and Figure 4
prove that the estimation provided by the low-energy method is less than the
one provided by the instability of the free-energy around u?. In the other hand,
the stability method provides a larger value but by construction, it is reasonable
to assume that this is larger than the critical value.

3.2 If V is asymmetric

We will only simulate with F(z) := $a*. It remains to study the number of
roots of a function from R to R. However, it is not as simple as if V was even.
Indeed, when it is symmetric, there is an immediate and obvious solution - and
this is 0 - then the number of stationary measures is directly linked to the second
derivative in this obvious solution. Here, there is not any obvious solution so we
need to know the whole trajectory of the function. Consequently, the simulation
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is the following. We compute y. (ag + %(ad — ag)) forall1 < k< M —1 by
using the Monte Carlo method. Then, we count the number of changes of sign.

We apply this simulation to V(z) := % + ””3—3 % and F(z) := $a? for o :=

jx0.01for1 < j <120and e :=ix0.005for 1 <1i < 60. By taking N := 2x10°
and M := 250, we obtain:
0.25
0.2
0.15

0.14

0.05

0 02 04 06 08 1 12
(8%

Figure 5: €.(a)

The lack of precision and the slow increasing of the critical value e.(«) in
function of « implies that the curve seems jerky.
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