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Geometrical deviations versus smoothness in

5-axis high-speed flank milling

Abstract

The paper deals with the Generation of Optimized 5-aXis Flank milling trajectories.

Within the context of 5-axis High-Speed Machining, oscillatory trajectories may

penalize process efficiency. The control of the trajectory smoothness is as essential

as the control of geometrical deviations. For this purpose the Geo5XF method based

on the surface representation of the tool trajectory has been developed. In flank

milling, this surface, also called the Machining Surface (MS), is the ruled surface

locus of the tool axes defining the trajectory. Based on a first positioning, the

method aims at globally minimizing geometrical deviations between the envelope

surface of the tool movement and the designed surface by deforming the MS while

preserving trajectory smoothness. The energy of deformation of the MS is used

as an indicator of the smoothness. Hence, in most cases, results obtained using

Geo5XF show that minimum energy tool paths lead to minimal machining time.

As geometrical deviations are not minimized for minimum energy tool paths, a

compromise must be reached to find the best solution.

Key words: Flank milling, minimum energy, High Speed Milling, Singular Value

Decomposition, geometrical deviations
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• MS(u, v) Machining Surface

• Cb(u) Bottom curve

• Ct(u) Top curve

• Cbi Control point of the bottom curve

• Cti Control point of the top curve

• Nim(u) B-spline basis functions

• n1 number of control points of the bottom curve

• n2 number of control points of the top curve

• S(u, v) Design Surface

• Ak(u) Sampled points on the tool axis

• Bk(u) Projected points on the Design Surface

• Bp
k(u) Projection of Bk(u) point on the tool axis

• Ck(u) Intersection points on the tool Surface

• ξk(u) Initial deviation

• −→n k(u) Normal vector to the Machining Surface

• h(u) Distance between Cb(u) and Ct(u)

• kp(u) Distance between Cb(u) and Bp
k(u)

• −→DCk(u) Displacement of point Ck(u)

• −→DBp
k
(u) Displacement of point Bp

k(u)

• ek(u) Optimized deviation

• λi Eigenvalues

• W Sum of squared deviations

• E Energy of deformation of the Machining Surface

• i ,j , k cosine of the tool axis orientation

• A, C Rotary axes of the machine tool
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1 Introduction

By promoting 5-axis HSM and the use of integrated CAD/CAM/CNC sys-

tems, a significant improvement in machining efficiency and accuracy has been

achieved. Due to many advantages, such as a high removal material rate or

a better surface roughness [1], flank milling has become very popular com-

pared with point milling. In particular, this process is now widely used for the

machining of slender complex parts like impellers or turbine blades. However,

process advantages now motivate industrials to apply high-speed flank milling

to any types of surfaces, leading up to new challenges for tool path calcu-

lation. Over the last decade, several positioning strategies for flank milling

have been developed with the objective of minimizing geometrical deviations

[2]. Although the local control of geometrical deviations is still a major issue,

the smoothness of the calculated tool trajectory is essential to ensure high

performance machining. Indeed, oscillatory trajectories may penalize process

efficiency.

Methods proposed in literature aim at developing positioning strategies so

that geometrical deviations between the machined surface and the designed

surface are minimized. Most flank milling methods rely on a first tool posi-

tioning on the surface at one or more points, followed by the tool positioning

optimization to reduce geometrical errors [3]. Over the years, methods have

evolved by increasing the number of contact points with the objective of min-

imizing the geometrical deviations to the detriment of trajectory smoothness

and computation time.

Lui [4] developed two methods to machine non-developable ruled surfaces with
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hemispherical tools. The first one, the Simple Point Offset (SPO), consists

in positioning the tool collinear to the surface rule passing through a point

offset at the mid curve. Geometric errors are thus divided into overcuts and

undercuts. The second method is the Double Point Offset (DPO) method.

Two contact points located at the parametric values 0.25 and 0.75 of the rule,

are offset by a value equal to the tool radius along the normal to the surface.

These two offset points allow to define the tool axis orientation.

Redonnet et al., [5] proposed a positioning strategy based on three contact

points. The axis of a cylindrical tool is initially positioned collinear to the

rule by an offset distance value equal to the tool radius. A rotation around

the normal at the surface at the mid-curve is applied so that the tool becomes

tangent to the two directrices while preserving a contact point with a rule. This

leads to a system of seven transcendental equations that must be solved. An

extension of the method to conical tools was developed in [6]. More recently,

the authors proposed an improvement of the method considering that the

rotation axis is defined as one of the variables of the seven equations and the

contact point is located at the mid-curve [7].

The positioning method developed by Bedi et al, [8] consists in positioning

the tool tangent to the two boundary curves of the ruled surface. As contact

points are limited to the boundaries, the maximum error is located at the

mid-curve. To reduce such errors, an optimization is developed in [3]. Contact

points are moved along the rule until the deviation between the rule and the

tool is minimized. A last step is thus carried out by moving contact points

in the transverse direction until a third contact point is obtained, decreasing

further geometrical errors.
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Chiou [9] proposes a strategy in which errors between the envelope surface of

the tool movement and the surface to be machined are all positive.

Gong developed the Three Point Offset method (TPO) for flank milling using

a cylindrical tool [10]. Each tool axis is positioned thanks to three contact

curves belonging to the offset surface of the surface to be machined. The

initial position is defined by two points belonging to the boundary curves.

One of these points is moved until the deviation between the tool axis and

the third curve is less than a threshold. A surface is built by interpolating the

tool extremities with B-spline curves. The surface is thereafter deformed so

that the geometrical deviations between the machining surface and the offset

surface are minimized.

In previous works, a surface-based approach for tool positioning in flank

milling has been proposed in [11]. The method relies on a first positioning

of the tool according to a two contact point method. Extremity points of the

tool axes are approximated by two curves. These two curves define the direc-

trices of a ruled surface, defined as the Machining Surface (MS). To improve

tool positioning, the Machining Surface is deformed so that the geometrical de-

viations between the envelope surface of the tool movement and the designed

surface are minimized according to the least-square criterion. The deformation

is performed thanks to the displacement of the curve control points using the

small displacement torsor method [12]. This leads to solve a large linear sys-

tem. First results have shown the benefit of using the surface-based approach

to improve tool positioning [11]. The control of the geometrical deviations is

as essential as the smoothness of the calculated tool trajectory to ensure high

performance machining. Indeed, works have shown that efficiency in 5-axis

high-speed machining is better when trajectories are smooth [13], [14]. The
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less solicited the axes are, the better the process performance. The smooth-

ness of the trajectory can be apprehended through the energy; a curve which

minimizes its energy then minimizes its curvature variations. As a result a

minimum energy trajectory minimizes curvature variations and consequently

acceleration and jerk variations are decreased during trajectory processing.

Taking advantage of the surface representation of the trajectory, the smooth-

ness is evaluated by calculating the energy of the surface. Therefore, the issue

of minimizing geometrical deviations between the envelope surface of the tool

movement and the designed surface coupled to the trajectory smoothing in

5-axis flank milling is investigated in this paper. The method relies on the

concept of the MS which has already shown its benefit not only for optimized

tool positioning as regards geometrical deviations, but also for general 5-axis

milling optimization to answer kinematical criteria [15].

In the next section, the four steps of the method for optimized 5-axis flank

milling trajectories are detailed. In particular, specific attention is paid to the

calculation of the geometrical deviations between the envelope surface of the

tool movement and the designed surface. The deformation of the initial tool

positioning, which is expressed as a surface, leads to solve a large linear sys-

tem. As the system is generally ill-conditioned, it is solved by means of the

SVD giving thus approximate solutions. In section 3, the energy of deforma-

tion of the surface trajectory is introduced as an indicator of the trajectory

smoothness. For each estimate of the solution, the cumulated energy during

machining is calculated. A series of machining tests are carried out in sec-

tion 4, highlighting that the minimum energy tool trajectory is in general the

minimum machining time trajectory. Results demonstrate the efficiency of the

surface-based approach for high performance process.

6



Acc
ep

ted
 m

an
usc

rip
t 

 

 

 

 

 

 

 

 

 

2 Generation of Optimized Flank milling trajectories

The method for Generation of Optimized 5-aXis Flank milling trajectories

(Geo5XF) is an extension of the method developed in [11] and consists of four

main steps: Initial tool positioning; Approximation of the tool axis extremi-

ties by two curves defining the two directrices of the MS; Calculation of the

deviations between the envelope surface and the designed surface; Positioning

optimization by deforming the MS (Fig.1).

2.1 Initial positioning

The initial tool positioning is carried out using the SPO positioning method

developed by Liu [4] for its robustness and simplicity to implement. Indeed,

whatever the nature of the surface to be machined, this method provides a

result which is always exploitable in a minimal computation time. At this

stage, a set of tool axes is created defining the initial tool positioning for

which the values of undercuts and overcuts are generally too large.

2.2 Directrix definition

Cubic B-spline curves are then associated to the extremity points of the set

of axes according to the least-square criterion. These two curves define the

directrices of the ruled parametric surface MS(u, v) defining the Machining

Surface (Fig.1), the equation of which is:

MS(u, v) = (1− v) · Cb(u) + v · Ct(u) (1)
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where u and v are the parametric coordinates and Cb(u) and Ct(u) are the

bottom curve and the top curve respectively. These curves are calculated as

follows:

−→
Cb(u) =

n1∑
l=1

Nl3(u)
−→
Cbl and

−→
Ct(u) =

n2∑
m=1

Nm3(u)
−→
Ctm (2)

where Nl3(u) and Nm3(u) are the basic spline functions as defined in [16].

2.3 Calculation of the geometrical deviations

In the literature, calculation methods of the geometrical deviations between

the designed surface and the machined surface are most often based on the

envelope surface of the tool movement. More generally, the calculation method

is directly linked to the method used for tool path generation [8], [9], [11], [17],

[18].

Concerning the envelope surface calculation, some methods use the implicit

equations of the designed surface to determine the exact representation of the

envelope surface [17], [18]. Nevertheless, for simplicity reasons, kinematical

methods leading to an approximation of the envelope surface are used in [8],

[9], [11]. In [19], the authors compared the main methods of geometrical error

calculation proposed in literature and showed that kinematical methods rely-

ing on double projection provide good results regarding effective geometrical

errors. Therefore, the kinematical approach as developed in [11] relying on a

double projection method is adopted in this study.

The envelope surface is approximated by considering static instances of the

tool axis movement. To each static instance, defined by a value u∗ of the u

8
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parameter, corresponds a tool axis which is sampled into a set of Ak(u
∗) points

(Fig.2). Each point Ak(u
∗) is normally projected onto the designed surface,

giving the point Bk(u
∗) which is in turn projected onto the considered tool

axis, giving the point Bp
k(u

∗). This last projection intersects the tool surface

at a point Ck(u
∗). Therefore, the geometrical deviation ξk(u

∗), between the

envelope surface and the designed surface at the point Bk(u
∗) is given by:

ξk(u
∗) =

−−−−−−−−−→
Ck(u

∗)Bk(u
∗) · −→n k(u

∗) (3)

where −→n k(u
∗) is the normal to the machining surface MS(u, v) at Ck(u

∗), and

h(u∗) is the height of the tool at u∗ and kp(u
∗) is the distance ‖−−−−−−−−−→Cb(u∗)Bp

k(u
∗)‖.

2.4 Optimization through the MS deformation

The optimization is carried out by applying a deformation to the MS so that

the envelope surface of the tool movement best fits the designed surface. The

surface deformation is obtained by applying a small displacement
−→
DCk(u∗) to

each sampled point of the tool surface, giving the optimized deviation[12]

(Fig.3):

ek(u
∗) = ξk(u

∗)−−→DCk(u∗) · −→n k(u
∗) (4)

However, considering that displacements are small, the projection of the small

displacement of Ck(u
∗) onto the normal to the tool surface −→n k(u

∗) is assumed

to be equal to the projection of the small displacement of Bp
k(u

∗) onto −→n k(u
∗):

−→
DCk(u∗) · −→n k(u

∗) =
−→
DBp

k
(u∗) · −→n k(u

∗) (5)

9
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Hence, by expressing
−→
DBp

k
(u∗) in function of the displacement of the control

points of each directrix, this yields to:

ek(u
∗) = ξk(u

∗)−
(

1− kp(u
∗)

h(u∗)

)
·

n1∑
l=0

[
Nl3(u

∗) · −−→δCbl

]
· −→n k(u

∗)

+

(
kp(u

∗)
h(u∗)

)
·

n2∑
m=0

[
Nm3(u

∗) · −−−→δCtm
]
· −→n k(u

∗)

(6)

As the objective is to find the optimized machining surface so that the envelope

surface best fits the set of Bk(u
∗) points defining the designed surface, the

least-square criterion is used, leading to the following optimization scheme:

Find
−−→
δCbl and

−−−→
δCtm, the displacements of the directrices control points so that

W =
∑

u∗
∑

k e2

k(u
∗) is minimal.

This leads to solve a large linear system, A ·x = b with 3 · (n1 +n2) equations,

where n1 and n2 are the number of control points of the bottom and the top

curve respectively.

First experiments have highlighted that the large linear system is most gener-

ally ill-conditioned; solutions are inconsistent [20]. Hence, the Singular Value

Decomposition (SVD) must be used to solve the system.

2.5 Resolution by means of the Singular Value Decomposition

In order to solve the linear system, the SVD is used leading thus to an estimate

of the solution. Indeed, the SVD gives an estimate of a given matrix by a lower

rank matrix of same dimensions. The method consists in the decomposition of

a rectangular matrix into a product of three matrices, two orthogonal matrices

10
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and a diagonal matrix:

A = U · Σ · V T (7)

with :

• U ∈Mm×m(R) and V ∈Mn×n(R) are normalized.

• Σ(m×n) =

⎡
⎢⎢⎢⎢⎢⎢⎣
Σr 0

0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

with Σr =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

σ1

. . .

σr

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where σi are the singular values of

A such as σ1 > · · · > σr ≥ 0. Singular values of a matrix A ∈Mm×n(R) are

roots of the eigenvalues of AT · A: σi =
√

λi(AT ·A).

If A is a positive semi-definite matrix, the pseudo-inverse of A is obtained

from the eigenvalues λi of A as follows:

Â−1 = V · Σ̂−1 · UT with Σ̂−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

λ1

. . .

1

λj

0

. . .

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(8)

Therefore, the estimate of the solution depends on the rank j of the pseudo-

inverse matrix (limit value of the eigenvalues). The rank determines the level of

approximation. To each λi corresponds a pseudo solution of the system giving

11
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optimal values of the control point displacements. The so calculated control

points define the directrices of the optimized MS. The pseudo solution which

gives the minimum of W =
∑

u∗
∑

k e2

k(u
∗) is called the minimal deviations

solution.

3 Minimum energy trajectories

As mentioned previously, the smoothness of the trajectories is a key criterion

for high performance machining within the context of HSM. Machine tool

solicitations are decreased for trajectories at least continuous in curvature

[21]. Within the framework of curve and surface fittings, many authors use the

energy of deformation as a criterion to control element smoothness [22],[23].

The work reported in [24] shows in particular that the energy is the most

essential criterion when fitting curves and surfaces to clouds of points. As the

tool trajectory is represented as a surface, the evaluation of the smoothness

through the energy seems to be relevant. For this purpose, the calculation of

the energy of deformation as proposed in [24] is adopted in the present work.

The energy of deformation E of a parametric surface S(u, v) on a domain D,

is given by the following formula:

E =

∫∫
D

(
|∂

2S

∂u2
|
2

+ 2 · | ∂2S

∂u∂v
|
2

+ |∂
2S

∂v2
|
2
)

dudv (9)

Since we are dealing with a ruled parametric surface, this leads to:

E =

∫∫
D

(
|∂

2S

∂u2
|
2

+ 2 · | ∂2S

∂u∂v
|
2
)

dudv (10)

12
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To each estimate of the solution, the energy of the MS is calculated using Eq.

10. The objective is thus to find a pseudo solution that gives minimal geomet-

rical deviations while preserving a correct smoothness of the trajectory. This

point is investigated through various examples in the next section. Note that

the energy along the tool path is numerically calculated using the trapezium

rule. The value next denoted Energy corresponds to the cumulated energy for

the whole tool path.

4 Applications

To show the efficiency of the Geo5XF method, two different kinds of experi-

ments are conducted. First, literature surfaces are tested in order to compare

results obtained with Geo5XF to those proposed in literature. The second ex-

perimentation concerns the application of the method to an industrial part

composed of various patch surfaces. Indeed, literature surfaces are most gen-

erally composed of a unique patch surface which simplifies flank milling posi-

tioning.

4.1 Literature surfaces : ”Senatore” and ”Two flipped” surfaces

Various surfaces are proposed in literature to compare flank milling positioning

algorithms. Among these surfaces, two test surfaces have been selected, both

non developable ruled surfaces; the first one is called the ”Two flipped” surface

as defined in [3] (Fig.4), and the second one is ”Senatore” as it was introduced

by Senatore in [25] (Fig.4).

For each test surface, minimal and maximal deviations obtained with the

13
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different methods are given and compared to the optimal solution given by

Geo5XF. In addition, in order to evaluate actual trajectory smoothness, the

Energy is calculated and then correlated to the kinematical behaviour during

machining. Particular attention is paid to the evolution of the tool axis during

machining and to the effective relative tool/surface velocity. Both surfaces are

machined using a cylindrical tool with a diameter equal to 20 mm for the

”Two flipped” surface and 25 mm for the ”Senatore” one.

4.1.1 Geometrical deviations

Geometrical deviations obtained using the various positioning algorithms are

reported in Table 1. Concerning Geo5XF, reported values result from the

double projection calculation obtained for the minimal deviations solution.

Whatever the surface, Geo5XF gives satisfactory results close to the optimal

values obtained with methods issued from literature. Values given for the

methods mentioned in Table 1 are taken from the authors’ original papers.

4.1.2 Tool path Smoothness

To analyze the influence of the Energy, three estimates of the solution of

the linear system defined by Eq.(8) are tested. That means three pseudo so-

lutions given for three different eigenvalues: the minimum energy solution

(corresponding to min.E), the minimal deviations solution (corresponding to

min.W ) and a compromise between energy and deviation, which locally mini-

mizes the energy (corresponding to comp.). In Table 2, maximal and minimal

deviations as well as the Energy and the sum of the squared deviations are

reported for all three cases.

14
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For the ”Two flipped” surface, results are different according to the considered

pseudo solution. Therefore, the correlation between energy and kinematical

behaviour is only investigated for this surface. In order to link the energy to

the kinematical behaviour, the evolution of the tool axis orientation in the Part

Coordinate System (PCS) is studied, through the evolution of the coordinates

i, j and k of the tool axis. As shown in Fig.5, the evolution of k is smoother for

the minimum energy trajectory than for the other ones. Furthermore, when

zooming, the correlation between the energy and the level of oscillation is

clearly highlighted: the greater the energy, the more important the oscillations.

Energy thus seems a relevant parameter to characterize trajectory smoothness

in the PCS.

In order to check the efficiency of the smoothness criterion in the Machine Co-

ordinate System (MCS), actual machining is performed on a MIKRON UCP

710. The machine tool is a RRTTT structure, and the Inverse Kinematical

Transformation (IKT) leads to solve equations below, which have zero, one,

two or an infinite number of solutions:

A = ± arccos(k) and C = − arctan(
i

j
) [π] (11)

where A and C are the two rotational axes of the machine tool. The previous

system of equations has two domains of solutions corresponding to A > 0 or

A < 0 which vary in function of the coordinates i, j and k of the tool axis.

The IKT is carried out in real time by the NC unit SIEMENS 840D of the

machine tool. Machining conditions are as follows: the tool is cylindrical, with

a diameter equal to 20 mm; the programmed feedrate is set to 5 m/min and the

spindle speed to 18000 rev/min. The evolution of machining time is reported

in Table 2 for the three pseudo solutions confirming the correlation between

15
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energy and axis evolution smoothness: the less the energy, the shorter the

machining time.

As a partial conclusion, the energy of the MS is a good parameter to evaluate

the smoothness of the trajectory in the PCS. For the proposed example, as

there is no swapping of solution space during the machining (A and C keep

the same sign during machining), the smoothness is also effective in the MCS.

This result has to be confirmed through various examples.

4.2 Industrial surface: Impeller

Among papers dealing with flank milling, only a few one have undertaken

the issue of industrial multi patch surfaces. In order to emphasize the effi-

ciency of the Geo5XF method, the second illustration proposed concerns an

impeller which is characteristic of the complex surfaces industrials attempt to

flank mill (Fig.4). The impeller is made of several blades each one defined by

compound surfaces. The method is applied to one of the blades leading to a

unique trajectory for the machining of both sides of the blade. Table 3 gath-

ers results obtained considering, as in the previous example, three different

pseudo-solutions: the minimum energy, the minimal deviations and a compro-

mise. Due to the fact that the surface is representative of industrial complex

surfaces, deviations are clearly greater than deviations obtained for literature

surfaces. Moreover, as it is essential to obtain at the same time smoothness

while minimizing geometrical deviations, the compromise makes sense.

The tool trajectory is calculated according to the following machining con-

ditions: a cylindrical tool with a diameter equal to 6 mm; the programmed
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feedrate is set to 5 m/min and the spindle speed to 18000 rev/min (Fig.6).

The evolution of the cumulated energy along the trajectory is reported in Fig.7

for the three estimates of the solution. The figure brings out the adequacy of

the energy value to the pseudo-solution; the minimum energy solution gives

the minimal cumulated energy. Moreover, for the three trajectories, the gap

of energy is clearly visible at the transition edge between the intrados and the

extrados where the curvature is important. However, the magnitude of the

gap varies according to the pseudo-solution. Hence, a gap in the evolution of

the cumulated energy corresponding to the machining of the middle of both

the extrados and the intrados only exists for the minimal deviations and the

compromise solutions, accounting for trajectories less smooth than with the

minimal energy solution.

The evolution of A and C (Fig.8) and (Fig.9) shows that oscillations are

more important for the greatest energy pseudo-solution; the smoothest the

tool path, the fastest (Table 3). Furthermore, levels are clearly visible in the

evolution of C for times belonging to the intervals [2.4; 4.8] and [10; 12] which

seems in adequacy with the energy gaps when machining the intrados and the

extrados (Fig.7).

A picture of each machined surface corresponding to each pseudo solution is

presented in Fig.10 showing the influence of the energy on the surface finish.

Marks at the middle of the extrados are consistent with the energy gaps ob-

served in Fig.7. The lack of marks confirms the smoothness effect of the energy

parameter.
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4.3 Limits of the approach

As shown previously, when using the concept of the MS, it is possible to

minimize geometrical deviations while preserving the trajectory smoothness

through the energy of deformation of the MS. This statement is specifically

valid when there is a single solution when passing from the PCS to the MCS.

This is not always the case. Let us consider the surface proposed by Liu (Fig.4)

which is machined according to the following conditions: a cylindrical tool with

a diameter equal to 20 mm, a programmed feedrate of 5 m/min and a spindle

speed of 18000 rev/min.

The smoothness analysis shows that the correlation between machining times

and energy values has disappeared (Table 4). Machining time for the minimum

deviation tool path is shorter than for the compromise whereas its energy is

greater.

The evolution of the rotational axis C (Fig.11), brings out that C is positive

for the minimum deviations solution, whereas it is negative for the two other

pseudo-solutions. Indeed, as the sign of i is not the same at the machining

starting point, the rotational axis C moves to the programmed point along

the shortest path, through the negative or positive values, according to the

NC unit settings. During machining, IKT may involve solution space changes

which are not predictable when considering only the energy of deformation in

the PCS.

18



Acc
ep

ted
 m

an
usc

rip
t 

 

 

 

 

 

 

 

 

 

5 Conclusion

In this paper, the Geo5XF method - a method designed to optimize tool

positioning in 5-axis flank milling - has been detailed. Taking advantage of

the surface representation of the tool trajectory, the method leads to globally

minimize global gouging between the tool and the surface. Indeed, as far as

geometrical deviations are concerned, results obtained with Geo5XF are sim-

ilar to those obtained in literature. However, in 5-axis High-Speed Machining

the control of the trajectory smoothness is essential for high performance tra-

jectory. Hence, as the trajectory is defined as a surface, the smoothness is

evaluated through the energy of the surface. Results show that, in general,

minimum energy trajectories are the fastest. Energy is thus a relevant param-

eter to account for the trajectory smoothness. The limit of the method is linked

to the IKT, as there is no univocity between the PCS in which the tool trajec-

tory is calculated and the MCS system in which it is executed. Investigating

smoothness in the MCS will be a future development of the method.
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Fig. 1. Geo5XF method: approximation of SPO tool postures (left) and optimisation

of the Machining Surface (right)
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Fig. 2. Double projection to estimate geometrical deviations
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Fig. 3. Computation of optimized deviation
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Fig. 4. Test surfaces
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Fig. 5. Evolution of the tool axis orientation (Two flipped surface)
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Fig. 6. Computed tool paths (Impeller surface)
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Fig. 7. Cumulated energy of deformation (Impeller surface)
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Fig. 8. Evolution of A axis of the machine tool (Impeller surface)
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Fig. 9. Evolution of C axis of the machine tool (Impeller surface)
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Fig. 10. Effective machined surfaces (Impeller surface)
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Fig. 11. Evolution of C axis of the machine tool (Liu surface)
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Test surface ”Two flipped” ”Senatore”

Algorithms Bedi Menzel Geo5XF Redonnet Senatore Geo5XF

Undercut (mm) 0.2876 0.0061 0.0086 0 0 0.007

Overcut (mm) 0 0.0091 0.016 1.5 0.0165 0.07

Table 1

Performances of the Geo5XF method in terms of geometrical deviations
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Test surface ”Two flipped”

Pseudo solution min.E comp. min.W

Undercut (mm) 0.57 0.0086 0.0086

Overcut (mm) 0.035 0.016 0.016

∑
e
2

i (mm2) 163 0.0470 0.0468

Energy (mm−2) 1.60 2.22 4.68

Time (s) 4.8 5.0 5.1

Table 2

Results of Geo5XF method in terms of geometrical deviations, energy of deformation

and machining time (Two flipped surface)
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Test surface ”Impeller”

Pseudo-solution min.E comp. min.W

Undercut (mm) 0.63 0.19 0.2

Overcut (mm) 0.8 0.42 0.39

∑
e
2

i (mm2) 208 85.2 79.3

Energy (mm−2) 686 1870 3350

Time (s) 12.5 18.5 19.8

Table 3

Results of Geo5XF method in terms of geometrical deviations, energy of deformation

and machining time (Impeller surface)
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Test surface ”Liu”

Pseudo-solution min.E comp. min.W

∑
e
2

i (mm2) 1013 10.9 7.4

Energy (mm−2) 0.47 0.58 0.67

Time (s) 2.6 5.0 4.0

Table 4

Results of Geo5XF method in terms of energy of deformation and machining time

(Liu surface)
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