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SETS OF UNIQUENESS FOR DIRICHLET-TYPE SPACES
KARIM KELLAY

ABSTRACT. We study the uniqueness sets on the unit circle for weighted Dirichlet spaces.

1. INTRODUCTION

Let D be the open unit disk in the complex plane and let T = 0D be the unit circle. For
i a positive Borel measure on the unit circle T | the Dirichlet-type space D(u) consists of
all analytic functions f defined on D such that

=AQWW@<w

where Dg(f) is the local Dirichlet integral of f at § € T given by

/ F(e") = FOP dt
|ezt £|2 pra

The space D(p) is endowed with the norm

LI = 11£ 172 + Dulf).

Note that if du(e®) = dt/2m, the normalized arc measure on T, then the space D(u)
coincides with the classical space of functions with finite Dirichlet integral. These spaces
were introduced by Richter [[] and by Aleman [fll. The space D(u) were studied in

M, [T, 13, [3, [4, 19, [4).

Let D"(11) the harmonic version of D(u) given by
M) i= {f € I(T) : Dy(f) < o0}
We define the capacity C), of a set E C T by

Cu(E) :==inf {||f]|2 : f € D"(n) and |f| > 1 a.e. on a neighborhood of E},

see [, B]. We say that the proprety hold C),—quasi-everywhere (C),—q.e) if it holds every-
where outside a set of zero C), capacity. We have

Cu(E) = 1nf{||f||i : f€D"(p) and |f| >1C,qeon E}.
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see [[], Theorem 4.2]. Since D(u) C H?, every function f € D(u) has non-tangential
limits f* almost everywhere on T. We have more, the radial limit of f € D"(u) given by
1*(¢) == liql f(rQ) exists C,—quasi- everywhere [, Theorem 2.1.9].

r—1—

Let E be a subset of T. The set E is said to be a uniqueness set for D(u) if, for each
f € D(p) such that f* =0 on E, we have f = 0.

In order to state our main result, we introduce some notion. Given E C T, we write |E)|
for the Lebesgue measure of E. Let 0 < a < 1, we call the mesure p is aregular if for all
open set O C T, all open arc J and v € (0, 1), we have

pO) = cla)lOf'7,

/ dp(@)  _ can)
ng d(C)? T I
The Lebesgue mesure du(¢) = |d¢|/27 is O-regular, if du(¢) = |1 — ¢|~*|d¢|, the mesure p

is a regular for a € (0,1) and du(¢) = d(¢, E)~“|d(] is also a—regular where F is a Cantor
set see [d].

Theorem 1. Let p be a a—reqular measure. Let E be a Borel subset of T of Lebesgue

measure zero. We assume that there ezists a family of pairwise disjoint open arcs (I,,) of
T such that E C |JI,,. Suppose

| 1]
In|log m—F——— = —o0,
Z‘ ‘OgC(EmIn) >

" p
then E is a uniqueness set for D(u).

The case of Dirichlet space, du = dm, was obtained by Khavin and Mazya [f], see also
M, B, . In [[d], we give the generalization of their result in the Dirichlet spaces D,
0 < s <1, which consists of all analytic functions f on the open disc D such that

f(2) = f(w)|?|dz| |dw
Ds(f):AA|TZ) |f+s)|| | [dw]

—w o 21w

2. PROOF

Let I be an open arcs of T and f be a function. We set

[ (1)~ fw)R ] R
Do) = [ [ A ) ana ()= o7 [1r(@)ae
We begin with the following key lemma

Lemma 2. Let p be a a-reqular measure. Suppose that 0 < v < 1. Let E C T and
f € D(u) be such that f*|E = 0. Then, for any open arc I C T with |I| < ~vrw

2 DI,u(f)
millY S o e Ty

where the implied constants depend only on o and 7.
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Proof. We assume that I = (e7 ) with 0 < y7/2. Let J = (e=20/0+7) ¢20/(147)) and
I, = (e7™ e?) with 0, = (‘3” 6. Note that I C I, C J. Let ¢ be a p051tlve function
on T such that supp¢ =1, ¢ =1 on I and |¢(z) — ¢(w)| S |z —w|/|J]| for z,w € T.

Let fbe such that
- it , it c ]’
Feny= {1, ‘
flet =), et € J\I.

Then by a change of variable, we get

Dl,u(f) = ID‘LM(f) (1)

see [IJ). Now, we consider the function

_ |/ (2)]
F(z)_¢(z)’1—mJ(f) , zeT.
Hence I' > 0, Fign; = 1 C,—q.e. Therefore,
CUENT) < |FI2. @)
We claim that
_ Dru(f)
I = Teld). ®)
The Lemma follows from (f]) and (B). Now, we proof the claim (f). We have
_ |d¢]| [F(Q) = F(OI? dc]| du(§)
1712 = [1pPig+ [ [ RS
1 2|dC| [F(¢) = F(P |d¢] du(&)
= 0P / malf) = 17O // i
|mJ O 1d¢] dp(€)
_'_ / / |C §|2 2 2w
CGT\J&EL,
[y (f) = [F(QII? d¢] dpa(€)
R
geﬂl‘\JceIW
- B C D
zme< 2w (T amm, ()
(4)

Since a measure p is a-regular, we have for l.s.c positive function

/J (©)lde] < |7 / ()du(€). (5)
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Indeed
Jo©ante) = [uttee 1+ a6 >
2 [Hee T 9@ > e
2 1T [ Hee d: ale)> i< 11 [ glasl

Hence by () and ()
A = [ mag(f) = IF QI PldC]
F(6) — F(Q)1?|de] ]

1 ~
NI / / 7€) — FOPIdeldu(C)
17© - fQP .
< / / = B delan() = Dru(P. (6)

IN
<]~
g\
<

:

A

If (z,w) € J x J, then we write

Croll = o (1 Oy L@y T w)
) = Fw)l = [ (1= 2251 = (1= 2 + (90a) - w1 - |
2~ w
m

1 ~
F(2) = Flw)| + () T = |f(w)]].

A

So, by ([) again,

_ [ [IFQ-FEP
B[] |§—w~|2 il
1

f©O
T |dC]dp(€)

T |J|4// /|f Idﬁl)zdﬂ(f)ldél

) - Fo D)
/J —m L inlldu(e)| = (7)

N

N
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Now,

_ ()~ LFOIP
o= [ ], D=0 achante)
s :
< /@\Jdg, >/@7' o) = @) Pdute)

< el / F) = F€)Pldnldn(e)

o) - P
< // = ag B aclan(e) = Dr(h). (s)

D= [ g O geiauey
< /@\stz /C€I| ()~ IFQIPlac]
< WM / / Fn) — FOPldnlac]
SV / 7o) = FOPIdnldu(c)

|ftn) = FQP
< [ L i) = pri), )
By (@), (M), (B), and (§) we get (B) and the proof is complete. O

Finally, by (f)

Proof of Theorem [Il. Since |E|= 0, we can assume that sup,, |I,| < yr with v € (0, 1).
Let f € D(n) be such that f*|E = 0. We set £ = > |I,|. By Lemma P and Jensen

inequality

[, el 5 S nes (CDIE";”?))
. Z|I|1og Em +€Z|I| (CDT}“‘( ))
< Z|I|log ”‘ +€log< ZDM ))

S ZU |log En‘ 73 + llog (ZD“(f)) = —00.

By Fatou Theorem we obtain f = 0 and the proof is complete.
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