
CONCURRENT ENGINEERING: Research and Applications

Modeling of Non-linear Relations among Different Design
and Manufacturing Evaluation Measures for Multiobjective

Optimal Concurrent Design

H. Yang, D. Xue* and Y. L. Tu

Department of Mechanical and Manufacturing Engineering, University of Calgary,

Calgary, Alberta, Canada T2N 1N4

Abstract: This research introduces a new approach to model the non-linear relations among different design and manufacturing evaluation

measures for multiobjective optimal concurrent design. In this approach, different design and manufacturing evaluation measures are mapped

to comparable evaluation indices. The non-linear relation between an evaluation measure and its evaluation index is identified based on the

least-square curve-fitting method. The weighting factors for different design and manufacturing evaluation indices, representing the importance

measures of these indices in the multiobjective design optimization, are achieved using the pair-wise comparison method. An example case

study of automobile caliper disc brake design considering 3 design evaluation measures and 1 manufacturing evaluation measure is given

to illustrate the effectiveness of the introduced approach.
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1. Introduction

1.1 Multiobjective Optimal Concurrent Design

Concurrent design is an approach to reduce product
development lead time and improve the overall product
life-cycle quality by integrating the design and other
product development life-cycle aspects into the same
environment [1,2]. In concurrent design, one or several
downstream product development life-cycle aspects,
such as manufacturing [3,4], assembly [5], maintenance
[6,7], and disposal/recycle [8], are considered at early
design stages.

Many methodologies and computer tools have been
developed to improve the efficiency of concurrent
design. Among these methodologies and tools, the
optimization approach is effective to achieve the optimal
design parameters when certain design evaluation
objectives, such as design performance, manufacturing
cost, maintenance cost, etc., are provided.

In most of the presently developed optimization-
based concurrent design methods, only one of the
downstream product development life-cycle

evaluation aspects is considered. When several life-
cycle aspects are considered, trade-off among these
evaluation measures has to be conducted. Multiobjective
optimization approach is effective for identifying
the optimal design when several life-cycle evaluation
measures, usually in different units, are considered [9].

Suppose the design parameter variables are described
by a vector X¼ (x1, x2, . . ., xn), a multiobjective design
optimization problem is formulated as

Min FðXÞ ¼ f1ðXÞ, f2ðXÞ,. . . fmðXÞ
� �

ð1Þ

subject to:
regional constraints; XL�X�XU

inequality constraints: Gj(X)� 0, j¼ 1, 2, . . ., p
equality constraints: Hk(X)¼ 0, k¼ 1, 2, . . ., q

where fi(X), i¼ 1, 2, . . ., m, is an objective function.
Presently many methods have been developed to

solve multiobjective optimization problems [9]. These
methods are primarily classified into three categories
[10]. The methods in the first category convert a multi-
objective optimization problem into a singleobjective
optimization problem by assigning weights, preferences,
utilities, or targets to the different objective functions
[11]. The methods in the second category are used to first
identify the multiple Pareto set points (i.e., the optimal
solutions) and then allow the decision makers to select
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one based upon their selection criteria [12]. The methods
in the third category try to model each single objective
function and then explore the Pareto optimal frontier
by using surrogate models or directly approximating the
Pareto optimal functions [13]. Multiobjective optimiza-
tion approach has also been widely employed in different
types of engineering designs such as decision-based
design [14,15] and different types of engineering applica-
tions such as fuel cell application [10]. The research
discussed in this article belongs to the first category of the
multiobjective optimization methods.

1.2 Problems in Modeling the Relations among
Different Life-cycle Evaluation Measures

Despite the progress, the following two problems need
to be addressed for identifying the optimal design
considering various life-cycle evaluation measures
through multiobjective optimization.

1.2.1 THE NON-LINEAR RELATIONS AMONG
DIFFERENT LIFE-CYCLE EVALUATION
MEASURES ARE NOT WELL MODELED

The different life-cycle evaluation measures, such
as power output of an engine, energy efficiency of the
engine, and manufacturing cost of the engine, are
usually modeled in different units. To compare these
different evaluation measures, these measures are
usually scaled into indices between 0 and 1, such as
the example shown in Figure 1. These evaluation indices
usually do not provide any semantic meanings. In
addition, the relation between the evaluation measure
and the evaluation index is defined by a linear relation:

IiðXÞ ¼ �i fiðXÞ þ �i, i ¼ 1, 2, . . . ,m ð2Þ

where fi(X) and Ii(X) are the evaluation measure
and the evaluation index, respectively, and �i and �i

are two coefficients. In engineering design, the relation
between a life-cycle evaluation measure and its life-cycle
evaluation index is not always a linear one. For example,
customers are usually extremely satisfied when the
stopping time of a car is within 1 s. When the stopping
time changes to 2 s, the satisfaction measure decreases
dramatically.

1 .2 . 2 THE WEIGHT ING FACTORS FOR
DIFFERENT LIFE-CYCLE EVALUATION
MEASURES ARE USUALLY ASSIGNED IN
AN AD HOC MANNER

A multiobjective optimization problem can be con-
verted into a singleobjective optimization problem by
assigning weighting factors to different objective func-
tions. Suppose f1(X), f2(X), . . ., fm(X) are comparable
objective functions, the objective function of this multi-
objective optimization problem is then defined by:

MaxFðXÞ ¼ W1 f1ðXÞ þW2 f2ðXÞ þ . . .þWm fmðXÞ ð3Þ

where W1, W2, . . . , Wm are weighting factors represent-
ing the importance of these evaluation measures. The
weighting factors in Equation (3) are usually assigned
base upon the experience of engineers. When a large
number of life-cycle evaluation measures are considered,
since most of the weighting factors are achieved by
comparing with a reference weighting factor, incon-
sistency among weighting factors of these life-cycle
evaluation measures sometimes occurs.

In the previous research of the authors, a method
to obtain the optimal design considering functional
performance and production cost was introduced
[16,17]. In this method, functional performance and
production cost are scaled into comparable functional
performance index and production cost index, repre-
sented by values between 0 and 1. A systematic
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Figure 1. Linear relations between evaluation measures and evaluation indices.
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approach was introduced to achieve the design perfor-
mance index and the production cost index by obtaining
the increase (or decrease) measures of the functional
performance and the production cost compared with a
pre-selected reference design [18]. The introduced multi-
objective optimization approach was also employed in
the design of fuel cells, fuel cell stacks, and fuel cell
systems [19].

The research presented in this article is a continuation
of authors’ previous work on multi-objective optimiza-
tion [16–19]. In this research, the non-linear relations
between life-cycle evaluation measures and their life-
cycle evaluation indices are modeled using the least-
square curve-fitting method [20]. The weighting factors
of different life-cycle evaluation indices are identified
using the pair-wise comparison method [21].

2. Modeling of Non-linear Relations among
Different Life-cycle Evaluation Measures

Consider the multiobjective design optimization
problem defined in Equation (1), suppose each life-
cycle evaluation measure, fi(X) (i¼ 1, 2, . . ., m), is
converted to a life-cycle evaluation index, Ii(X), using

IiðXÞ ¼ Fi fi Xð Þ½ �, i ¼ 1, 2, . . . , m ð4Þ

where Ii(X) is described by a number between 0 and 1
without unit, representing how good the design is
considering the selected life-cycle evaluation measure,
the multiobjective design optimization problem can then
be modeled as

MaxIðXÞ ¼ W1I1ðXÞ þW2I2ðXÞ þ . . .þWmImðXÞ ð5Þ

where W1, W2, . . . , Wm are m weighting factors for the
m life-cycle evaluation indices.

This research addresses the issues to identify the non-
linear relations, Fi, between the life-cycle evaluation
measures, fi(X), and their life-cycle evaluation indices,
Ii(X), and to achieve the weighting factors, Wi, of these
different life-cycle evaluation indices in a systematic
approach.

2.1 Modeling of Non-linear Relations between
Life-cycle Evaluation Measures and Life-cycle
Evaluation Indices Using the Least-square
Curve-fitting Method

The different life-cycle evaluation measures, fi(X),
usually described in different units need to be converted
into comparable life-cycle evaluation indices, Ii(X), for

identifying the optimal design using the multiobjective
optimization approach. Each life-cycle evaluation index
is described by a value between 0 and 1, representing
how good the design is, considering this particular life-
cycle evaluation measure.

In the conventional multiobjective design optimiza-
tion methods, different objective functions are compared
directly, usually by scaling the objective functions
into comparable measures (see example shown in
Figure 1). In concurrent design, relations between life-
cycle evaluation measures and life-cycle evaluation
indices are usually non-linear relations. For example,
Table 1 shows the relation between the stopping
time of a car and its evaluation index representing
the satisfaction of customers. The customers are
extremely satisfied when the stopping time of a car
is within 1 s. When the stopping time changes to 2 s,
the satisfaction measure decreases dramatically due to
the traffic rules.

In Table 1, the non-linear relation is defined by 4 pairs
of discrete points. In optimization, however, a contin-
uous function between a life-cycle evaluation measure
and its life-cycle evaluation index is usually required
to achieve the optimal design variable values. In this
research, the least-square curve-fitting method [20] is
used to identify this continuous function.

The non-linear relation between a life-cycle evaluation
measure, fi(X), and its life-cycle evaluation index, Ii(X),
is defined as p-order polynomial in the form of

IiðXÞ ¼ a0,i þ a1,i fiðXÞ þ a2,if
2
i ðXÞ þ . . .

þ ap,1 f
p
i ðXÞ, i ¼ 1, 2, . . . ,m

ð6Þ

where, a0,i, a1,i, . . ., ap,i, are coefficients of the polynomial
function. When a number of fi(X) values and their
corresponding Ii(X) values are given, the coefficients
of the polynomial function, a0,i, a1,i, . . ., ap,i, in
Equation (6) can be obtained using the least-square
curve-fitting method.

Suppose N values are obtained from fi(X) by changing
the design variables in X, and these values are described
as f1,i, f2,i, . . ., fN,i, (i¼ 1, 2, . . ., m), the corresponding
life-cycle evaluation indices are described as I1,i,
I2,i, . . ., IN,i, as shown in Figure 2, the pþ 1 coefficients,
a0,i, a1,i, . . ., ap,i, of the polynomial function in

Table 1. Non-linear relation between car stopping time
and customer satisfaction index.

T: Car stopping time
IT: Customer

satisfaction index

0.5 s 1.0
1.0 s 0.8
1.5 s 0.5
1.9 s 0.1
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Equation (6) can be achieved by solving the following
pþ 1 equations.

a0,iNþ a1,i
XN
k¼1

fk,i þ . . .þ ap,i
XN
k¼1

f
p
k,i

¼
XN
k¼1

Ik,i

a0,i
XN
k¼1

f
p
k,i þ a1,i

XN
k¼1

f
pþ1
k,i þ . . .þ ap,i

XN
k¼1

f
2p
k,i

¼
XN
k¼1

f
p
k,iIk,i i ¼ 1, 2, . . . , m

ð7Þ

where N is the number of data points in Figure 2, fk,i is
the k-th value for the i-th life-cycle evaluation measure,
Ik,i is the corresponding life-cycle evaluation index
for the fk,i, and m is the total number of the life-cycle
evaluation measures. Since the number of variables and
the number of equations are the same for Equation (7),
the unique coefficients, a0,i, a1,i, . . ., ap,i, can be calculated
efficiently using the least-square curve-fitting method.
In this work, the cubic polynomial function ( p¼ 3) is

selected considering the quality and efficiency for
solving the equations given in Equation (7).

2.2 Identification of Weighting Factors for
Different Life-cycle Evaluation Indices
Using the Pair-wise Comparison Method

The weights, Wi, in Equation (5) for different life-
cycle evaluation measures, representing the importance
factors of these evaluation measures, are usually
assigned based on the experience of design engineers.
When a large number of life-cycle evaluation measures
are considered, since most of these weighting factors are
achieved by comparing with a reference weighting
factor, inconsistency among weighting factors of these
life-cycle evaluation measures sometimes can be identi-
fied. In this research, the pair-wise comparison method
[21] is employed to identify the weighting factors by
comparing each of the life-cycle evaluation measures
with all other life-cycle evaluation measures.

The pair-wise comparison starts with comparing
the relative importance, or importance ratio, of two
selected items. If m life-cycle evaluation indices are
associated with m weights, W1, W2, . . .,Wm, the relative
importance, aij, considering the i-th life-cycle
evaluation index and the j-th life-cycle evaluation
index is obtained as

aij ¼
Wi

Wj
i, j ¼ 1, 2, . . . ,m ð8Þ

The pair-wise ratios satisfy

a11 a12 . . . a1m
a21 a22 . . . a2m
. . . . . .
am1 am2 . . . amm

2
664

3
775

W1

W2

. . .
Wm

2
664

3
775 ¼ m

W1

W2

. . .
Wm

2
664

3
775 ð9Þ

Since a life-cycle evaluation index is equally important
as itself (i.e., the value of a diagonal element in the
matrix is 1), and the values of the elements in the
upper triangle of the matrix are the reciprocal values
of the elements in the lower triangle of this matrix,
only m(m� 1)/2 times of comparisons are needed.
Equation (9) can be simplified as

AW ¼ mW ð10Þ

or

ðA�mI ÞW ¼ 0 ð11Þ

where I is an m�m identity matrix. From this equation,
it is apparent that m is an eigenvalue of A, and W is an
eigenvector for eigenvalue m.

If all the comparisons are perfectly consistent, the
following relation should always be true for any
combination of comparisons taken from the pair-wise
comparison matrix A

aij ¼ aikakj, i, j, k ¼ 1, 2, . . . ,m ð12Þ

where m is the total number of the design evaluation
indices.

However, for matrices created based on human
judgment, the condition in Equation (12) does not
hold all the time since human judgments are incon-
sistent to a greater or lesser degree. Therefore, perfect
consistency rarely occurs in practice. In such a case, the
vector W satisfies

AW ¼ �maxW ð13Þ

where �max is the maximum eigenvalue of A considering
estimation errors. �max satisfies

�max � m ð14Þ

Ii (X)

fi (X)
0

1

Figure 2. Least-square curve-fitting method.
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The difference, if any, between �max and m is an
indication of the inconsistency of the judgments.
The consistency index CI, introduced in [21], is the
measure to evaluate the deviation from consistency of
the pair-wise ratios. CI is calculated by

CI ¼
�max �m

m� 1
ð15Þ

When values of the elements of a reciprocal matrix
are generated randomly, the (CI) for this matrix is
represented as random consistency index (RI). The
average RI values for different orders of matrices are
summarized in Table 2.

The ratio of CI to RI defined by

CR ¼
CI

RI
ð16Þ

for the same order matrices is called the consistency
ratio (CR). A pair-wise ratio matrix is considered to be
adequately consistent, if the corresponding CR is less
than 0.10 [21].

In the process to identify weighting factors of different
life-cycle evaluation indices, designers are required to
specify how a particular design evaluation index is more
important than another index. The comparison values
are selected on scales of 1–9 and their reciprocals,
to form the m�m matrix A. The weighting factors
of indices are obtained by identifying the maximum
eigenvalue �max and the corresponding eigenvector,
W¼ (W1, W2, . . .,Wm), of the matrix A.

3. A Case Study Example – Automobile
Caliper Disc Brake Design

A case study of automobile disc brake design is
introduced in this section to demonstrate the effective-
ness of the new multiobjective optimization based con-
current design approach by modeling the non-linear
relations among the different life-cycle evaluation
measures. In this case study, three design evaluation
measures and one manufacturing evaluation measure
are considered for achieving the optimal values of six
design variables. This design example was developed
based on the example provided in a textbook by
Siddall [22].

3.1 A Caliper Disc Brake Mechanism

Most modern automobiles have disc brakes on the
front wheels, and some have disc brakes on all four
wheels. A brake system is used to stop the motion of the
automobile. The single-piston floating caliper is often
selected as the mechanism of the disc brake system.
Figure 3(a) shows the configuration of the caliper disc
brake system.

The high-pressure oil in the piston cylinder pushes the
piston to apply forces to the brake pad linings to stop
the motion of the rotor disc. The caliper is a self-
adjusting mechanism and able to slide from side to side,
so it can move to the center of the brake disc each time
when the brake is applied.

Six design variables need to be obtained in this
case study. These six design variables are given in
Figure 3(b):

D: outside disc diameter (in.)
R: radius of center line of pad lining (in.)
d: diameter of pad lining (in.)
Dp: diameter of piston (in.)
a: thickness of disc (in.)
p0: oil pressure (psi)

(a) (b)

D

R

Piston

Caliper

Wheel
attaches

here
Brake pads

Rotor

Hub

Dp d

a

p0

Figure 3. A caliper disc brake and its design variables.

Table 2. Average consistency indices for random
reciprocal matrices with different orders.

m 2 3 4 5 6 7 8 9

RI 0.00 0.58 0.90 1.12 1.24 1.32 1.41 1.45
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3.2 Three Design Evaluation Measures and
One Manufacturing Evaluation Measure

Three design evaluation measures and one manufac-
turing evaluation measure are selected in this research to
evaluate the caliper disc brake design: the stopping time,
the final temperature of the disc, the pressure on the
disc, and the manufacturing cost. The relations between
the six design variables and the four life-cycle evaluation
measures are formulated as follows.

3.2.1 STOPPING TIME
The stopping time is the time to stop the rotational

motion of the brake disc by pressing the brake pedal.
The kinetic energy of the vehicle is converted to heat in
the discs during the braking process. The stopping time,
T, measured in seconds, is calculated by

T ¼
12E

2��FI2N
� 60 ð17Þ

where E is the kinetic energy of the vehicle measured in
ft lb, � is the coefficient of friction (selected as 1), F is
the operating force of the pad on the disc measured in lb,
and N is the initial rotational speed of the disc measured
in rotation per minute (rpm). I2 is calculated by

I2 ¼ 4

Z Rþd=2

R�d=2

r

I1
tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ d=2� Rð Þ Rþ d=2� rð Þ

Rþ rþ d=2ð Þ Rþ r� d=2ð Þ

s
dr

ð18Þ

where I1 is given by

I1 ¼ 4

Z Rþd=2

R�d=2

tan�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rþ d=2� Rð Þ Rþ d=2� rð Þ

Rþ rþ d=2ð Þ Rþ r� d=2ð Þ

s
dr

ð19Þ

The kinetic energy, E, measured in ft lb is given by

E ¼
1

n

WV2

2g
ð20Þ

where W is the vehicle weight (selected as 750 lb), V is
the vehicle initial velocity measured in ft/s (selected
as 50 mph, which is converted into 50� 1760�
3/3600¼ 73.33 ft/s), g is the acceleration constant due
to the gravity (selected as 32.15 ft/s2), and n is the
number of wheels (selected as 4).
The operating force of the pad on the disc, F, can be

obtained by

F ¼
�D2

pp0

4
ð21Þ

where Dp is the piston diameter measured in inches,
p0 is the oil pressure measured in psi.

The initial rotational speed of the disc, N, is given by

N ¼
V� 1760� 3� 12

2�Rt60
ð22Þ

where V is the vehicle initial velocity measured in mph
(selected as 50mph), Rt is the radius of the tire (selected
as 14 in.).

3.2.2 FINAL TEMPERATURE OF DISC
We assume that all energy is converted to heat in the

disc. The final temperature of the disc must be lower
than the maximum allowable temperature (selected as
500�F). The final temperature of the disc, tf, measured
in �F is calculated by

tf ¼
4

778:3

E

�c�D2a
þ ti ð23Þ

where ti is the initial or the ambient temperature
measured in �F (selected as 75�F), c is the specific heat
of disc measured in Btu/lb �F (0.12 for steel or cast iron),
� is the mass density of the disc measured in lb/in.3

(0.2836 for steel), E is the kinetic energy of the
vehicle measured in ft lb, which is calculated using
Equation (20), D is the outside disc diameter measured
in inches, and a is the thickness of the disc measured
in inches.

3.2.3 PRESSURE ON DISC
The amount of wear for the brake disc depends on

the lining material, the pressure, and the number of
operating cycles. In practice, this problem is handled in
an empirical fashion by specifying a maximum allowable
pressure for a given material, a given life, and a given
application based on experiments. The pressure on disc,
p, measured in psi is calculated by

p ¼
�D2

pp0

4I1 R� d=2ð Þ
ð24Þ

where I1 is obtained using Equation (19), Dp is the
diameter of piston measured in inches, p0 is the oil
pressure measured in psi, R is the radius of center line
of pad lining measured in inches, and d is the diameter
of pad lining measured in inches. The pressure of disc,
p, must not exceed the maximum allowable pressure.

3.2.4 MANUFACTURING COST
The manufacturing cost is selected to evaluate the

design from the manufacturing perspective. In this work,
the material cost of the brake disc, the machining cost
to produce the two surfaces of the brake disc, and
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the material cost of the two pad linings are considered.
The total cost is calculated by

C ¼ c1
�D2

4
aþ 2c2

�D2

4
þ 2c3

�d2

4
h ð25Þ

where
c1; unit cost of disc material (selected as $0.2/in.3)
c2; unit cost of disc surface milling (selected as

$0.16/in.2)
c3; unit cost of pad lining material (selected as $0.2/

in.3)
D: outside disc diameter (in.)
a: thickness of disc (in.)
d: diameter of pad lining (in.)
h: thickness of pad lining (selected as 0.5 in.).

3.3 Design Constraints

Nine design constraints are considered for identifying
the optimal design variable values based on the con-
figuration of the caliper disc brake mechanism shown in
Figure 3. These constraints are summarized in Table 3.

The eight constants used for defining the design
constraints are selected as:

Du: Maximum disc diameter (12 in.)
Dh: Hub diameter (3 in.)
Tu: Maximum allowable disc temperature (500�F)
pu: Maximum allowable disc pressure (1500 psi)
pm: Maximum available oil pressure (1000 psi)
tc: Thickness of the cylinder wall (0.25 in.)
au: Maximum thickness of the disc (1 in.)
Tm: Maximum allowable stopping time (2 s).

3.4 Modeling of the Non-linear Relations
between the Life-cycle Evaluation
Measures and Their Life-cycle
Evaluation Indices

The four selected life-cycle evaluation measures,
including the stopping time, T, the final temperature

of the disc, tf, the pressure on the disc, p, and the
manufacturing cost, C, are mapped to the four life-cycle
evaluation indices, I1, I2, I3, and I4 according to
Equation (4). The selected values for each of the four
life-cycle evaluation measures and their corresponding
values of the life-cycle evaluation indices are summar-
ized in Table 4.

The data given in Table 4 only provide the discrete
relations between the four life-cycle evaluation measures
and their life-cycle evaluation indices. Since the optimal
design variables are achieved using the multiobjective
optimization approach, modeling of the relations
between the four life-cycle evaluation measures and
their life-cycle evaluation indices using continuous
functions are required. In this research, the continuous
relation between a life-cycle evaluation measure and
its life-cycle evaluation index is described by a cubic
polynomial function:

IiðXÞ ¼ a0,i þ a1,i fiðXÞ þ a2,i f
2
i ðXÞ

þ a3,i f
3
i ðXÞ, i ¼ 1, 2, 3, 4

ð26Þ

The least-square curve-fitting method is used to
identify the 4 coefficients of each cubic polynomial
function. The achieved four cubic polynomial functions,
representing the four life-cycle evaluation indices, are
given in Equations (27)–(30).

I1 ¼ 1:1734� 0:4163Tþ 0:1885T2 � 0:1404T3 ð27Þ

I2 ¼ 1:0600þ 0:9524� 10�4tf � 0:8214

� 10�5t2f þ 0:8333� 10�8t3f ð28Þ

I3 ¼ 1:1045� 0:9788� 10�4p� 0:4095

� 10�6p2 � 0:2100� 10�12p3 ð29Þ

I4 ¼ 2:31� 0:0597Cþ 0:8765C2 � 0:5� 10�5C3 ð30Þ

The selected discrete data and the continuous func-
tions achieved using the least-square curve-fitting
method are shown in Figure 4.

Table 3. Design constraints.

Constraint Inequality

The outside diameter of the disc must be smaller than the maximum allowable diameter
(Du) and greater than the diameter of the hub (Dh).

Dh�D�Du

The lining must not overhang the disc. D/2 – R – d/2� 0
The lining must not interfere with the hub (Dh: the diameter of the hub). R – d/2 – Dh/2� 0
The cylinder must not interfere with the hub (tc: thickness of the cylinder wall). R – Dp/2 – tc – Dh/2�0
The oil pressure must not exceed the maximum available oil pressure (pm). p0�pm

The final temprature of the disc must not exceed its maximum allowable temperature (Tu). tf� Tu
The pressure on the disc must not exceed the maximum allowable pressure (pu). p�pu

The thickness of the disc must not exceed the maximum allowable thickness (au). a� au
The stopping time must not exceed the maximum allowable stopping time (Tm). T� Tm
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3.5 Identification of the Weighting Factors
for the Life-cycle Evaluation Indices
Using the Pair-wise Comparison Method

The multiobjective optimization problem is formu-
lated as

MaxI ¼ W1I1 þW2I2 þW3I3 þW4I4 ð31Þ

where W1, W2, W3, and W4 are the four weighting
factors of the four life-cycle evaluation indices.

The pair-wise comparison method introduced in
Section 2.2 is employed to achieve these weighting
factors. Suppose the relative importance ratios for the
four selected life-cycle evaluation indices are obtained
as given in the Table 5, the equation to obtain the
weighting factors is then defined as

1 7 5 3
1=7 1 1=2 1=4
1=5 2 1 1=6
1=3 4 6 1

2
664

3
775

W1

W2

W3

W4

2
664

3
775 ¼ �max

W1

W2

W3

W4

2
664

3
775 ð32Þ

The maximum eigenvalue �max is obtained as 4.2094.
The corresponding eigenvector is achieved as

W¼ W1,W2,W3,W4ð Þ¼ ð0:551,0:062,0:088,0:299Þ ð33Þ

From Equation (15), the CI, is obtained as

CI ¼
�max �m

m� 1
¼

4:2094� 4

4� 1
¼ 0:0698 ð34Þ

Since the comparison matrix A is a fourth-order
reciprocal matrix, the average RI, is selected as
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Figure 4. Continuous functions achieved using the least-square curve-fitting method.

Table 4. Life-cycle evaluation measures and their
indices.

(a) Stopping time t and index for stopping time I1.
T (s) 0.5 0.6 0.8 1.0 1.5 1.9
I1 1.0 0.95 0.9 0.8 0.5 0.1

(b) Final temperature tf and index for final temperature I2.
tf (

�F) 100 200 300 400 500
I2 1.0 0.8 0.6 0.3 0.1

(c) Pressure p and index for pressure I3.
p (psi) 400 500 700 800 1200 1450
I3 1.0 0.95 0.85 0.75 0.4 0.1

(d) Manufacturing cost C and index for manufacturing cost I4.
C ($) 40 50 70 90 100
I4 1.0 0.9 0.7 0.4 0.1
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0.90 from Table 2. From Equation (16), the CR, is
obtained as

CR ¼
CI

RI
¼

0:0698

0:90
¼ 0:0776 ð35Þ

Since the CR is less than 0.1, the pair-wise ratio
matrix is considered to be adequately consistent.

3.6 Identification of the Optimal Design
Variable Values

The six design variables can be described as a vector

X ¼ D,R, d,Dp, a, p0
� �

ð36Þ

The multiobjective optimization problem is converted
into the following singleobjective optimization problem.

MaxIðXÞ ¼ 0:551I1 þ 0:062I2 þ 0:088I3 þ 0:299I4 ð37Þ

subject to:

Dh � D � Du

Rþ
d

2
�
D

2
� 0

d

2
� Rþ

Dh

2
� 0

Dp

2
� Rþ tc þ

Dh

2
� 0

tf � Th � 0

p� pu � 0

p0 � pm � 0

a� au � 0

T� Tm � 0

The optimal design variable values are obtained as

X� ¼ 10:15, 3:44, 3:28, 3:37, 0:50, 746:8ð Þ ð38Þ

These optimal design variable values represent:
D: outside disc diameter (10.15 in.)
R: radius of center line of pad lining (3.44 in.)
d: diameter of pad lining (3.28 in.)

Dp: diameter of piston (3.37 in.)
a: thickness of disc (0.50 in.)
p0: oil pressure (746.8 psi).
The four life-cycle evaluation measures corresponding

to the optimal design are achieved as
T¼ 0.54 s
tf¼ 133.6�F
p¼ 793.3 psi
C¼ 61.6 dollars
The overall life-cycle evaluation index is obtained as
I¼ 0.9033

3.7 Discussion on the Optimal Design Result

Section 3.6 demonstrates a case study to obtain the
optimal design when all the four life-cycle evaluation
measures are considered. When only some of these life-
cycle evaluation measures are considered, different
optimal designs are then achieved.

Table 6 shows the optimization results when only
one of these life-cycle evaluation measure is considered.
Compared with the optimal design created in
Section 3.6, although the optimal design considering
only one evaluation aspect provides the maximum
evaluation measure in that aspect, this design is usually
poorer in other evaluation aspects. The best evaluation
measure for each of these optimal designs is described
using bold font in Table 6.

4. Conclusions

A new approach is introduced in this research to
model the non-linear relations among different life-
cycle evaluation measures for multiobjective optimal
concurrent design. In this approach, different life-cycle
evaluation measures are converted into comparable
life-cycle evaluation indices. The least-square curve-
fitting method is employed to identify the non-linear
relation between a life-cycle evaluation measure and its
life-cycle evaluation index. The pair-wise comparison
method is used to achieve the weighting factors for
different life-cycle evaluation indices, representing the
importance measures of these indices, in the multi-
objective design optimization.

Characteristics of this research are summarized as
follows.

1. By converting life-cycle evaluation measures into
comparable life-cycle evaluation indices, concurrent
design considering multiple different life-cycle evalua-
tion measures in different units can be conducted.

2. By using the least-square curve-fitting method, the
non-linear relations between life-cycle evaluation
measures and life-cycle evaluation indices can be
achieved.

Table 5. Pare-wise comparison data.

Second index

First index I1 I2 I3 I4

I1 1 7 5 3
I2 1/7 1 1/2 1/4
I3 1/5 2 1 1/6
I4 1/3 4 6 1
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3. By employing the pair-wise comparison method, a
systematic approach to identify the weighting factors
of different life-cycle evaluation indices is developed
to keep the consistency of these weighting factors.

The effectiveness of the introduced approach has been
demonstrated by a case study to obtain the six design
variable values of an automobile caliper disc brake
considering three design evaluation measures and one
manufacturing evaluation measure.
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