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ABSTRACT: Continuum damage mechanics (CDM) for metals is often written
in terms of an isotropic (scalar) damage. In this case, solutions have been proposed
to represent the differences of behavior in tension and in compression also called
quasi-unilateral (QU) conditions or microdefects closure effect.
A recent anisotropic damage model has been developed to take into account

the damage orthotropy induced by plasticity (Lemaitre, J., Demorat R. and Sauzay,
M. (2000). Anisotropic Damage Law of Evolution, Eur. J. Mech. A/Solids, 19:
513–524). The purposes here are then two. First, a unified framework for isotropic
and anisotropic damage is proposed. Then, it is to extend Ladevèze and Lemaitre’s
framework (Ladevèze, P. and Lemaitre, J. (1984). Damage Effective Stress in
Quasi Unilateral Conditions, In: Proceedings of the 16th International Congress of
Theoretical and Applied Mechanics, Lyngby, Denmark) for the QU conditions to
anisotropic damage induced by plasticity.
Yield surfaces and damage versus accumulated plastic strain curves, drawn for

different loading, illustrate the effect of the QU conditions on the damage evolution.

KEY WORDS: damage, anisotropy, unilateral effect, yield surfaces.

INTRODUCTION

C
ONTINUUM DAMAGE MECHANICS (CDM) is a continuous representa-
tion of the initiation, growth, and coalescence of microdefects and/or

micro-cracks present at a scale smaller than the scale of the representative
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volume element of classical continuum mechanics. Built within a thermo-
dynamics framework, CDM uses as many internal variables as there are
mechanisms of deformation and material degradation. It allows the
behavior of materials up to crack initiation to be modeled.

The simplest representation of damage is a scalar representation
(variable D), which corresponds to isotropy (Kachanov, 1958; Rabotnov,
1968; Lemaitre, 1971). The general damage anisotropy is represented by
a fourth-order tensor (variable D; Chaboche, 1978; Leckie and Onat, 1981;
Krajcinovic, 1985), but for practical applications a second-order damage
tensor is often used (Cordebois and Sidoroff, 1982; Ladevèze, 1983; Chow
and Wang, 1987; Murakami, 1988; Lemaitre et al., 2000; Lemaitre and
Demorat, 2001, 2005). This representation is considered here and the
corresponding damage tensor will be denoted as D.

Damage modifies the elastic properties of a material and an effective
stiffness fourth-order tensor ~E is commonly introduced as:

r ¼ ~E : �e ð1Þ

where �e is the elastic strain and ~E ¼ M�1 : E are, respectively, the initial and
the effective Hooke’s tensors for anisotropic damage represented in the
isotropic case by Young’s modulus E and the effective Young’s modulus
~E ¼ Eð1�DÞ. The fourth-order tensor M also defines the effective stress ~r
such as:

~r ¼ M : r ¼ E : �e ð2Þ

which generalizes the isotropic definition ~r ¼ r=ð1�DÞ. In the further
developments, initial elastic isotropy is assumed and one of the first things
to do will be to define a fourth-order tensor M in accordance with the use
of a second-order damage variable (Equation (9)).

The classical damage models (see for instance section Unified framework
for isotropic and anisotropic damage) lead to an effective Young’s modulus in
tension ~Et equal to the modulus in compression ~Ec. This does not take into
account the partial microdefects or micro-cracks closure effect which states
that the damage measured in compression is smaller than the damage in
tension (Figure 1), an effect simply represented by introducing a microdefects
closure parameter hiso (isotropic damage case) or h (anisotropic damage, see
section Anisotropic damage with microdefects closure effect) in the coupling
elasticity/damage in compression. If the effective Young’s modulus in tension
is still Et ¼ Eð1�DÞ, the effective Young’s modulus in compression
can be expressed as Ec ¼ Eð1� hisoDÞ < Et where 0 � hiso < 1. For metals,
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hiso remains close to 0.2 (Lemaitre, 1992) and will next be considered as
a material parameter,

hiso ¼
1� ~Et=E

1� ~Ec=E
� 0:2 ð3Þ

This phenomenon and its mechanical modeling are known as the unilateral
conditions if the initial Young’s modulus is fully recovered in
compression (i.e., ~Ec ¼ E or hiso ¼ 0), as the quasi-unilateral (QU) condi-
tions if the recovery is partial. Note that difficulties arise when 3D states
of stresses are under consideration: what then is tension?; what then is
compression?; how to ensure the continuity of the stress–strain law?
Phenomenological answers will be given by using quadratic potentials built
with positive and negative parts of tensors.

UNIFIED FRAMEWORK FOR ISOTROPIC

AND ANISOTROPIC DAMAGE

Damage is represented by the second-order tensor D. Isotropic
damage is then the case D¼D1 with 1 being the second-order unit tensor.

Gibbs Potential and the Effective Stress Concept

Following Lemaitre et al. (2000), the Gibbs elastic potential � ? (with � as
the density) is split in its deviatoric part affected by the tensorial damage
variable D and its hydrostatic part affected by the scalar damage
�DH ¼ ð�=3Þðtr DÞ,

� ? ¼
1þ �

2E
tr ð1�DÞ

�ð1=2ÞrDð1�DÞ
�ð1=2ÞrD

� �
þ
3ð1� 2�Þ

2E

�2H
1� �DH

, ð4Þ

where � is the initial Poisson’s ratio and � the necessary material parameter
for the correct representation of experiments concerning the variations
of the Poisson’s ratio with damage. The parameter � characterizes the
sensitivity to hydrostatic stress and for metals it ranges between 2 and 3.
Note that to take a second-order tensor A at the power �1/2 consists (i) of
making A diagonal through the change of base matrix P, Adiag ¼ P�1AP,
(ii) of taking the power �1/2 of the diagonal terms defining A�1=2

diag , (iii) of
turning back the tensor in its initial base A�1=2

¼ PA�1=2
diag P

�1. Note
that the same change of base procedure will be used to define the
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absolute value of a second-order tensor introduced (see section Anisotropic
Damage).

In Equation (4) rD denotes the stress deviator and �H the hydrostatic
stress,

rD ¼ r� �H1, �H ¼
1

3
tr r ð5Þ

and for further derivations, the tensor

H ¼ ð1�DÞ
�ð1=2Þ

ð6Þ

is defined as the effective damage tensor.
The law of elasticity derives from Gibbs potential,

�e ¼ �
@ ?

@r
¼

1þ �

E
~r�

�

E
tr ~r 1 ð7Þ

It naturally introduces a symmetric effective stress tensor which does not
depend upon the elasticity parameters and which will be used for the
coupling with plasticity,

~r ¼ ðHrDHÞ
D
þ

�H
1� �DH

1 ð8Þ

and as in the isotropic case the components of the damage tensor may be
obtained from the elasticity changes.

Equation (8) defines the fourth order tensor M according to the
representation of the damage through the second order tensor D,

M ¼ H�H�
1

3
H2 � 1þ 1�H2
� �

þ
1

9
trH2
� �

1� 1þ
1

3ð1� �DHÞ
1� 1 ð9Þ

where � is the tensorial product ðA� BÞijkl ¼ AijBkl and where the special
tensorial product H�H applied on symmetric second order tensor H stands
for ðH�HÞijkl ¼ HikHjl.

The relationship between stress and effective stress tensors can be
inverted in:

r ¼ M�1 : ~r ¼ H�1 ~rH�1 �
ð1�DÞ : ~r

3ð1�DHÞ
ð1�DÞ þ ð1� �DHÞ ~�H1 ð10Þ
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with H�1 ¼ ð1�DÞ
1=2 and

M�1 ¼ H�1�H�1 �
ð1�DÞ � ð1�DÞ

3ð1�DHÞ
þ
1

3
ð1� �DHÞ1� 1 ð11Þ

Evolution Laws

The evolution laws concern the dissipative mechanisms such as plasticity
and damage. Refer to Lemaitre and Chaboche’s work (1985) for the
corresponding thermodynamics framework (see also Lemaitre and
Demorat, 2005).

ISOTROPIC DAMAGE
Lemaitre’s damage evolution law of damage governed by plasticity

(through p) and enhanced by the strain energy (through the strain energy
release rate density Y),

_D ¼
Y

S

� �s

_p Y ¼
1

2
E : �e : �e ¼

~�2eqR�

2E
ð12Þ

makes it possible to model damage growth for ductile failure, fatigue, creep
or creep–fatigue (Sermage et al., 2000; Desmorat, 2000a,b; Lemaitre and
Demorat, 2005). Two damage parameters S, s are introduced and
p ¼

R ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2=3Þ _�p : _� p

p
dt is the accumulated plastic strain. The stress triaxiality

effect is taken into account through the triaxiality function R�,

R� ¼
2

3
ð1þ �Þ þ 3ð1� 2�Þ

�H
�eq

� �2

ð13Þ

ANISOTROPIC DAMAGE
The damage evolution law (Lemaitre et al., 2000; Lemaitre and Demorat,

2001),

_D ¼
Y

S

� �s

_�pj j, or _Dij ¼
Y

S

� �s

_�pj jij ð14Þ

generalizes the isotropic law (12) to anisotropic damage induced by plasticity.
The principal directions of the damage rate coincide with those of the plastic
strain rate. The notation �j j applied to a tensor means the absolute value of
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the principal values, i.e. (i) make the tensor diagonal, (ii) take the absolute
value of its diagonal terms, and (iii) turn it back in its initial base. Examples
for tension and shear are given next. The dependency on the strain energy
is preserved by defining Y as the effective strain energy

R
~�ijd�

e
ij,

Y ¼
1

2
E : �e : �e ¼

1

2
~�ij�

e
ij ¼

~�2eq
~R�

2E
ð15Þ

This introduces the effective triaxiality function:

~R� ¼
2

3
ð1þ �Þ þ 3ð1� 2�Þ

~�H
~�eq

� �2

ð16Þ

In uniaxial tension, one has:

_�p ¼

_�p 0 0

0 �
1

2
_�p 0

0 0 �
1

2
_�p

2
6664

3
7775 ð17Þ

Then,

_D ¼
Y

S

� �s
_�p
�� ��

1 0 0

0
1

2
0

0 0
1

2

2
664

3
775 ð18Þ

which ends up with the feature D1 ¼ 2D2 of damage twice as large in the
tension direction than in the transverse directions as observed experimen-
tally for metals (Lemaitre et al., 2000).

In shear:

_�p ¼
0 _�p12 0
_�p12 0 0
0 0 0

2
4

3
5 ð19Þ

Make _�p diagonal

P�1 _�pP ¼

_�p12 0 0

0 � _�p12 0

0 0 0

2
4

3
5 ð20Þ
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Take the absolute value

P�1 _�pP
�� �� ¼ j _�p12j 0 0

0 j _�p12j 0
0 0 0

2
4

3
5 ð21Þ

Then,

_D ¼

_D 0 0
0 _D 0
0 0 0

2
4

3
5, _D ¼

Y

S

� �s
_�p12
�� �� ð22Þ

which corresponds to isotropic damage in the shear plane.

DAMAGE THRESHOLD
Furthermore, the damage exists only above a threshold pD written in

terms of accumulated plastic strain ( pD is then a material parameter) or in
terms of stored energy density ( pD is then loading dependent, Lemaitre and
Demorat, 2005),

_D ¼ 0 if p � pD ð23Þ

MESOCRACK INITIATION
A mesocrack initiates when the damage reaches a critical value Dc which

is also a material parameter (Dc ranges between 0.2 and 0.5 for metals).
This value corresponds to the instability under loading in the plane (of
normal n) in which the density of microcracks is maximum. This density is
defined by the norm of the damage vector Dijnj or by the larger principal
value of the damage. Then,

sup
I

DI ¼ Dc ! mesocrack initiation ð24Þ

FULL COUPLING WITH PLASTICITY
For metals, damage is governed by plasticity and the effective stress

concept is used for the coupling plasticity/damage, i.e. the stress r is
replaced by the effective stress ~r in von Mises yield criterion,

f ¼ ~�eq � R� �y, ~�eq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
~rD : ~rD

r
ð25Þ
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where f is the yield function and �y the yield stress: f<0 implies elasticity
and plasticity coupled with damage occurs for f¼ 0, _f ¼ 0. Isotropic
hardening (R) is assumed.

The law of plasticity coupled with damage derives from the potential
f through the normality rule,

_�p ¼ _�
@f

@r
¼ _�

3

2

H ~rDH
� �D

~�eq
ð26Þ

_r ¼ � _�
@f

@R
¼ _� ¼ _p

~�eq
H ~rDHð Þeq

ð27Þ

with _� the plastic multiplier determined by the consistency condition f¼ 0,
_f ¼ 0. Equation (27) defines the internal variable r associated with R asR
_rdt ¼

R
_�dt so that the isotropic hardening law is the function R ¼ RðrÞ.

Note that as long as there is no damage the equality r¼ p stands and the
classical writing R ¼ RðpÞ is recovered.

Isotropic Model as a Limiting Case of the Anisotropic Damage Model

To consider damage evolution law

_D ¼
Y

S

� �s

_p 1 ¼ _D 1 ð28Þ

instead of the anisotropic law (14) allows recovery of classical elasto-
plasticity coupled with isotropic damage as Equation (6) simplifies in

H ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi

1�D
p 1 ð29Þ

With �¼ 1, Equation (8) reduces to the classical definition of the effective
stress:

~r ¼
r

1�D
ð30Þ

and Equations (26) and (27) recover the isotropic case (Lemaitre and
Chaboche, 1985),

_�p ¼
_�

1�D

3

2

rD

~�eq
, _r ¼ _� ¼ ð1�DÞ _p ð31Þ
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MODELING MICRODEFECTS’ CLOSURE EFFECT

The state variable D or D represent the state of microdefects
(microcracks or microvoids) present at a scale smaller than the representa-
tive volume element scale of continuum mechanics. As long as such
microcracks do not propagate (elastic regime corresponding to the state
laws), the state of damage remains constant and does not depend then on
the loading, its kind and sign. This means that no other thermodynamics
damage variable is needed to model the (quasi) unilateral
conditions. The models exposed and proposed thereafter fulfill this last
point.

The continuity of the stress–strain law �ijð�
e
ijÞ and of the law Y(D) will

naturally be obtained by considering a potential which can be continuously
differentiated (Ladevèze, 1983).

Isotropic Damage with Microdefects’ Closure Effect

The isotropic case has been solved by Ladevèze and Lemaitrè, 1984 (see
also Lemaitre, 1992), who consider the potential

� ?e ¼
1þ �

2E

hriþ : hriþ
1�D

þ
hri� : hri�
1� hisoD

	 

�
�

2E

htr ri2þ
1�D

þ
htr ri2�

1� hisoD

	 

ð32Þ

which can be continuously differentiated and where h:iþ (respectively h:i�)
denotes the positive part (respectively negative part) in terms of principal
components for a tensor. No new damage variable is considered and a
microdefects closure parameter hiso, material dependent, is introduced
(0 � hiso � 1).

ELASTICITY COUPLED WITH DAMAGE
The elasticity law is then

�e ¼ �
@ ?e
@r

¼
1þ �

2E

hriþ

1�D
þ

hri�

1� hisoD

	 

�
�

E

htr riþ
1�D

þ
htr ri�

1� hisoD

	 

1 ð33Þ

It defines an effective stress (Lemaitre 1992):

~r ¼
hriþ

1�D
þ

hri�

1� hisoD
þ

�

1� 2�

1 : hriþ � htr riþ
1�D

þ
1 : hri� � htr ri�

1� hisoD

� �
1

ð34Þ
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The strain energy release rate density is the variable associated with D,

Y ¼ �
@ ?e
@Y

¼
1þ �

2E

hriþ : hriþ

ð1�DÞ
2

þ hiso
hri� : hri�

ð1� hisoDÞ
2

	 


�
�

2E

htr ri2þ

ð1�DÞ
2
þ hiso

htr ri2�
ð1� hisoDÞ

2

	 
 ð35Þ

The formulation extends the concept of tension and compression to 3D
loading by use of the positive and negative parts of the stress tensor.

. For the monotonic tensile case (�>0), Equations (33) and (35) read:

�e ¼
�

Eð1�DÞ
Y ¼

�2

2Eð1�DÞ
2

ð36Þ

which gives ~Et ¼ Eð1�DÞ.
. For the monotonic compression case (� < 0),

�e ¼
�

Eð1� hisoDÞ
Y ¼ hiso

�2

2Eð1� hisoDÞ
2

ð37Þ

gives ~Ec ¼ Eð1� hisoDÞ.
Then Equation (3) is recovered and gives hiso ¼ 0:2 as standard value for

the material parameter hiso.

COUPLING WITH PLASTICITY
The effective stress concept, judicious to write the coupling with plasticity

without unilateral conditions, cannot be used coupled with the
microdefects closure effect (Liénard, 1989): the yield surface
f ¼ ð ~rD � XDÞeq� R� �y with both isotropic and kinematic hardening
R and X and with ~r given by Equation (34) is nonconvex with angular
points (points A and B of Figure 1). Here X denotes the kinematic hardening
or back stress. Such a yield surface cannot be continuously differentiated
because of the terms X : hriþ, X : hri�, trhriþ, trhri�, within the developed
expression of ð ~r� XÞeq.

To get a convex yield criterion one proposes the following expression
for f,

f ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr h ~rDþ

� Xi2þ þ h ~rD�
� Xi2�

� �r
þ �ð1� hisoÞD tr r� R� �y ð38Þ

where

~rDþ
¼

rD

1�D
, ~rD�

¼
rD

1� hisoD
ð39Þ
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The criterion (38) has a Drucker–Prager term when the unilateral condition
is activated (hiso 6¼ 0) and when the material is damaged. When D¼ 0,
von Mises yield criterion is recovered. � is a material parameter but note
that to set up � ¼ 1� hiso leads to a yield surface very close (but convex) to
the yield surface obtained by use of the effective stress (34) (Figure 2).

Both the differentiability and the convexity of the proposed yield surface
are obtained by the consideration of quadratic terms tr½h ~rDþ

� Xi2þ or ��

within f (Ladevèze, 1983; Desmorat, 2002). But only a complete
experimental campaign will show the relevance of the proposed criterion
and of the necessity to take into account or not the microdefects’ closure
effects within the yield function.

DAMAGE EVOLUTION
Still consider Lemaitre’s damage evolution law _D ¼ Y=Sð Þ

s _p, but the
strain energy release rate Y now depends on the parameter hiso
(Equation (35)). For uniaxial loading, the damage law reads

_D ¼
�2

2Eð1�DÞ
2

� �s
_p in tension

_D ¼
hiso�

2

2Eð1� hisoDÞ
2

� �s
_p in compression

ð40Þ

Yield surface with effective stress (hiso=0.2)

Isotropic damage (D=0.5, hiso=1)

Initial von Mises criterion  (D=0)

s2

s1

A

B

400

200

0

−200

−400
−400 −200 0 200 400

Figure 1. Non convex yield criterion (�yþR¼ 300MPa, hiso¼ 0.2, X¼ 0).
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and takes into account an evolution of the damage slower in compression
than in tension as for the same stress (in absolute value):

_Dcompression � hsiso
_Dtension ð41Þ

Anisotropic Damage with Microdefects Closure Effect

In order to model the unilateral (or QU) conditions, Chaboche (1993) and
Halm and Dragon (1998) introduce from homogenization considerations an
additional fourth-order damage tensor D̂ in the thermodynamics potential,
a tensor which is not an extra variable but which is built from the principal
directions ~�I and damages DI of the second-order damage tensor D,

D̂ ¼
X6
I¼1

DIHð�~�I � � � ~�IÞ~�I � ~�I � ~�I � ~�I ð42Þ

where H is the Heaviside function. The tensor D̂ is loading dependent due to
the term Hð�~�I � � � ~�IÞ. A strain formulation is used and D̂ is introduced

Yield surface with effective stress (hiso=0.2)       

Initial von Mises criterion (D=0)

Proposed criterion for isotropic damage (D=0.5)

s2

s1

hiso=0.2

a=1−hiso

400

200

0

−200

−400
−400 −200 0 200 400

Figure 2. Convex yield criterion with isotropic damage (�yþR¼ 300MPa, hiso¼ 0.2, X¼ 0,
D¼ 0.5).
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as � : D̂ : � within Helmholtz free energy. The derivative @ð� : D̂ : �Þ=@� is
continuous and leads to a tensorial continuous stress–strain law.
The formulation automatically defines what is tension and what is
compression for any 3D state of stress. The drawback is that the
calculation of the tensorial strain energy release rate is not possible as
the term @D̂=@D (including @~�I=@D) cannot be calculated for
arbitrary and possibly rotating damage principal directions. In other
terms the expression � : D̂ : � cannot be continuously differentiated.

A more general approach but farther from the microscopic observations
of the damage mechanisms is developed by Ladevèze (1983, 1995), approach
mostly applied to composite materials. Four damage variables H1, H2

(tensorial) and d1, d2 (scalar) are introduced. The general form of Gibbs
potential is then written as

� ? ¼ a1tr H1rþH1rþ þH2r�H2r�½ � þ a2
htr ri2þ
1� d1

þ
htr ri2�
1� d2

	 

ð43Þ

A ‘special’ positive part rþ of r (respectively negative part r�) is
built with the positive (respectively negative) eigenvalues and with
the corresponding eigenvectors of the matrix ðH1rÞ (respectively ðH2rÞ)
in order to make � ? able to be continuously differentiated and to have:

dtr H1rþH1rþ½ � ¼ 2tr H1rþH1dr½ � þ 2tr rþH1rþdH1½ � ð44Þ

The expression for rþ and r� are not given here as they are detailed in the
next section for tensor rD.

The thermodynamics variables associated with H1, H2, d1, d2 can then be
calculated,

Z1 ¼ �
@ ?

@H1
¼ 2a1 rþH1rþ, Z2 ¼ �

@ ?

@H2
¼ 2a1 r�H2r�

Y1 ¼ �
@ ?

@d1
¼ a2

htr ri2þ

ð1� d1Þ
2
, Y2 ¼ �

@ ?

@d2
¼ a2

htr ri2�
ð1� d2Þ

2

ð45Þ

as well as the dissipation due to damage:

D ¼ trðZ1
_H1Þ þ trðZ2

_H2Þ þ Y1
_d1 þ Y2

_d2 ð46Þ

ELASTICITY COUPLED WITH ANISOTROPIC DAMAGE
Let us apply Ladevèze’s framework to build a Gibbs

potential for anisotropic damage which models the QU conditions.
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In a consistent manner with the initial anisotropic damage model, it is
written as:

� ? ¼
1þ �

2E
tr Hp�DþH

p�Dþ þHn�D�H
n�D�

� �

þ
3ð1� 2�Þ

2E

h�Hi
2
þ

1� �DH
þ

h�Hi
2
�

1� h�DH

� � ð47Þ

A crack closure parameter h is introduced as for isotropy and one defines
here:

Hp ¼ ð1�DÞ
�1=2, Hn ¼ ð1� hDÞ

�1=2
ð48Þ

A single damage variable is used but which acts fully through D for ‘tension’
and partially through hD in ‘compression’. In order to keep the
differentiability of Gibbs energy, the positive (respectively negative) parts
are taken with respect to the deviatoric stress tensor; rDþ is built with the
eigenvalues �I and the corresponding eigenvectors TI of ðHprDÞ in such
a way that

d
1

2
trðHprDþH

prDþÞ

	 

¼ trðHprDþH

pdrDÞ þ trðrDþH
prDþdH

pÞ ð49Þ

TI and �I are given by the eigenvalue problem

rDTI ¼ �I Hpð Þ
�1TIðwithout summationÞ ð50Þ

in which the normalization TI T Hpð Þ
�1TJ ¼ �IJ is made (ð:ÞT denotes the

transpose). The eigenvalues �I are real because rD is symmetric and Hpð Þ
�1 is

positive defined and symmetric. Then the deviatoric stress tensor may be
expressed as

rD ¼
X3
I¼1

Hpð Þ
�1TI

h i
Hpð Þ

�1TI
h iT

�I ð51Þ

and the positive part rDþ is, therefore, defined as

rDþ ¼
X3
i¼1

Hpð Þ
�1Ti

h i
Hpð Þ

�1Ti

h iT
h�iiþ ð52Þ

The same work is made for the negative part rD� (with Hn).

78 R. DESMORAT AND S. CANTOURNET



The elasticity law derives from Gibbs potential:

�e ¼ �
@ ?

@r

¼
1þ �

E
ðHprDþH

pÞ
D
þ ðHnrD�H

nÞ
D

� �
þ
1� 2�

E

h�Hiþ
1� �DH

þ
h�Hi�

1� h�DH

	 

1

¼
1þ �

E
~r�

�

E
tr ~r 1

ð53Þ

It is continuous and it defines the effective stress as:

~r ¼ ðHprDþH
pÞ

D
þ ðHnrD�H

nÞ
D

þ
h�Hiþ

1� �DH
�

h��Hi�
1� h�DH

	 

1

ð54Þ

which takes into account the QU effect.
In order to keep the differentiability of the thermodynamics potential the

positive (negative) parts are now taken with respect to the deviatoric stress
tensor. This means that the parameter h affects both tension and
compression (in any uniaxial tensile case rD has positive and negative
components); therefore the model is quite complex even for the suppositively
simple tensile test. Furthermore, the value of h depends on the model itself:
for a given material, hiso for the isotropic damage model is different from
h identified for the anisotropic damage model. The good thing is that the
common value for metals with hiso ¼ 0:2 in the isotropic case corresponds to
a partial stiffness recovery gained with h ¼ 0 in the anisotropic case.
This is due to the fact that for the anisotropic model the positive parts are
taken on the deviatoric stresses instead of the stresses: in compression, the
stress deviator still has positive terms on which the damage D fully acts even
if h¼ 0.

COUPLING WITH PLASTICITY
In order to define convex yield criterion, let us take as yield function:

f ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

2
tr h ~rDþ

� XDi2þ þ h ~rD�
� XDi2�

� �r

þ �ð1� hÞdH trr� R� �y

ð55Þ
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where

~rDþ
¼ Hp rDHp

� �D
, ~rD�

¼ Hn rDHn
� �D

, ð56Þ

and where � is a material parameter. The yield surface f¼ 0 is
chosen to coincide with the previous surface for isotropic damage,
i.e. when D¼D1 and h ¼ hiso. In Figure 3, the plane of the principal stresses
(�1, �2) for a damage state induced by a tension made in direction 1 is
shown.

D ¼

D1 0 0

0 D2 ¼ D1=2 0

0 0 D3 ¼ D2 ¼ D1=2

2
664

3
775 ð57Þ

An induced anisotropy is obtained but a complete experimental study
of yield surfaces of damage materials is necessary to conclude on
the relevance or not of the coupling proposed between plasticity and
damage.

s2

s1

h=0

a=0.1

Proposed criterion for anisotropic induced damage
D1=0.4, D2=D3=D1/2, h=3 

Initial von Mises criterion (D=0)

400

200

0

−200

−400
−400 −200 0 200 400

Figure 3. Convex yield surface with anisotropic damage due to tension (�yþR¼ 300MPa,
X¼ 0).
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DAMAGE EVOLUTION
Finally, the energy function Y to be introduced in the anisotropic damage

evolution law (14) is chosen as:

Y ¼
1þ �

3E
ðHprDþH

pÞ
2
eq þ hðHnrD�H

nÞ
2
eq

h i

þ
3ð1� 2�Þ

2E

h�Hi
2
þ

ð1� �DHÞ
2
þ h

h�Hi
2
�

ð1� h�DHÞ
2

	 
 ð58Þ

This models a damage growth slower in compression than in tension as for
the same stress (in absolute value):

_Dcompression �
hþ ð2=9Þð1� hÞð1þ �Þ

1� ð2=9Þð1� hÞð1þ �Þ

� �s
_Dtension ð59Þ

or for h¼ 0:

_Dcompression �
2ð1þ �Þ

7� 2�

� �s
_Dtension << _Dtension ð60Þ

DAMAGE GROWTH IN TENSION, COMPRESSION, SHEAR,

AND PLANE TENSION

The microdefects closure effect leads to an elasticity
dissymmetric in tension and in compression. The interesting point
concerning damage growth is that the proposed thermodynamics
formulation which models this feature (through h) modifies the
strain energy release rate in such a way that _D in compression is much
smaller than _D in tension obtained for the same von Mises stress.
The damage laws (12) and (14) also depend on the stress
triaxiality, the higher the triaxiality the higher is the damage rate (Rice
and Tracey, 1969).

The QU conditions challenge the triaxiality effect for damage growth but
as illustrated in the next sections for different materials loaded in
tension, compression and shear, their effect is complementary.
The damage versus accumulated plastic strain curves are calculated
and plotted next. These curves are not intrinsic characteristics of
the material as they are loading-dependent.
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Damage vs Accumulated Plastic Strain Curves

Damage often occurs at saturated hardening R ¼ R1 ¼ constant.
The D( p) curves are obtained then by performing the time integration of
the damage evolutions laws (12) and (14). To simplify the calculations the
yield surfaces with microdefects closure effect will be approximated by
~�eq � �u � 0 with �u ¼ R1 þ �y the ultimate stress. Note that such a
relationship stands exactly for the models without microdefects closure
effect.

TENSION
Uniaxial tension corresponds to a state of stress

r ¼

� 0 0
0 0 0
0 0 0

2
4

3
5 � > 0 �eq ¼ � �H ¼

�

3
ð61Þ

The stress triaxiality TX ¼ �eq=�H is equal to 1/3 which corresponds to a
triaxiality function R� ¼ 1.

. Isotropic damage with or without microdefects closure effect:

D ¼
�2u
2ES

� �s
ðp� pDÞ tension ð62Þ

. Anisotropic damage without microdefects closure effect: The damage
state is represented by tensors D and H ¼ ð1�DÞ

�1=2

D ¼

D1 0 0

0 D1=2 0

0 0 D1=2

2
664

3
775 H ¼

1ffiffiffiffiffiffiffiffiffi
1�D1

p 0 0

0 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ðD1=2Þ

p 0

0 0 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ðD1=2Þ

p

2
66664

3
77775 ð63Þ

and the effective triaxiality function depends on the damage,

~R�UT ¼
2

3
ð1þ �Þ þ 3ð1� 2�Þ ð1�

2�

3
D1Þ

2

1�D1
þ

1

1� ðD1=2Þ

� �	 
�2

ð64Þ

The D( p) curve is more easily calculated as a p(D) relationship,

p ¼ pD þ
2ES

�2u

� �sZ D

0

~R�s
�UTdD1 tension ð65Þ
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. Anisotropic damage with microdefects closure effect: The damage state is
still given by (63) with now:

Hp ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�D1

p 0 0

0
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðD1=2Þ
p 0

0 0
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðD1=2Þ
p

2
6666666664

3
7777777775

Hn ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� hD1

p 0 0

0
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðhD1=2Þ
p 0

0 0
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ðhD1=2Þ
p

2
6666666664

3
7777777775

ð66Þ

For proportional loading the matrix rD and Hp or n commute and:

rDþ ¼ hriþ ¼

2

3
� 0 0

0 0 0

0 0 0

2
6664

3
7775 rD� ¼ hri� ¼

0 0 0

0 �
1

3
� 0

0 0 �
1

3
�

2
66664

3
77775 ð67Þ

The expression for Y is then (Equation (58)):

Y ¼
1þ �

3E

4�2

9ð1�D1Þ
2
þ

h�2

9ð1� ðhD1=2Þ
2

	 

þ
3ð1� 2�Þ

2E

�2

9 1�
2

3
�D1

� �2
ð68Þ

or

Y ¼
�2

2E
gYUTðD1Þ

gYUTðD1Þ ¼
1þ �

27E

8

ð1�D1Þ
2
þ

2h

ð1� ðhD1=2ÞÞ
2

	 

þ

1� 2�

3ð1� ð2=3Þ�D1Þ
2

ð69Þ
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and the effective equivalent stress reads:

~�eq ¼ �g�UTðD1Þ

g�UTðD1Þ ¼
1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

ð1�D1Þ
2
þ

1

ð1� ðhD1=2ÞÞ
2
þ

4

ð1�D1Þð1� ðhD1=2ÞÞ
2

s
ð70Þ

Assuming finally ~�eq � �u gives:

p ¼ pD þ
2ES

�2u

� �sZ D

0

g2�UTðD1Þ

gYUTðD1Þ

	 
s
dD1 tension ð71Þ

If the damage is measured for different values of the accumulated plastic
strains, the previous closed form expressions allow to identify by curve
fitting and for each model the damage threshold pD and the damage
parameter S for a known s. Only if tension experiments are available use the
classical value s¼ 1. If fatigue experiments are available use the Wöhler
curve to identify s (Lemaitre and Dufailly, 1987; Lemaitre and Demorat,
2005). If torsion and/or plane tension experiments are available use the
expressions derived in the following paragraphs to identify simultaneously S
and s from two D( p) curves with different stress triaxialities.

COMPRESSION
Compression corresponds to a state of stress

r ¼

� 0 0

0 0 0

0 0 0

2
64

3
75 � < 0 �eq ¼ �� �H ¼

�

3
ð72Þ

with TX ¼ �eq=�H ¼ �1=3, R� ¼ 1. The models without microdefects closure
effect give of course the same results than for tension.

. Isotropic damage without microdefects closure effect:

D ¼
�2u
2ES

� �s
ðp� pDÞ compression ð73Þ

. Isotropic damage with microdefects closure effect:

D ¼
hiso�

2
u

2ES

� �s
ðp� pDÞ compression ð74Þ
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. Anisotropic damage without microdefects closure effect:

p ¼ pD þ
2ES

�2u

� �sZ D

0

~R�s
�UT dD1 compression ð75Þ

. Anisotropic damage with microdefects closure effect:
Hp, Hn are still given by Equation (66) and now:

rDþ ¼ hrDiþ ¼

0 0 0

0 �
1

3
� 0

0 0 �
1

3
�

2
664

3
775 rD� ¼ hrDi� ¼

2

3
� 0 0

0 0 0
0 0 0

2
64

3
75 ð76Þ

The calculation is similar to the tensile case, it ends up to:

p ¼ pD þ
2ES

�2u

� �sZ D

0

g2�CðD1Þ

gYCðD1Þ

	 
s
dD1 compression ð77Þ

with:

gYCðD1Þ ¼
1þ �

27

8h

ð1� hD1Þ
2
þ

2

ð1� ðD1=2ÞÞ
2

	 

þ

hð1� 2�Þ

3ð1� ð2=3Þh�D1Þ
2

ð78Þ

g�CðD1Þ ¼
1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4

ð1� hD1Þ
2
þ

1

ð1� ðD1=2ÞÞ
2
þ

4

ð1� hD1Þð1� ðD1=2ÞÞ
2

s
ð79Þ

As already pointed out with the approximate expressions (41) and (60),
there is a strong effect of the microdefects closure effect on the damage
growth in compression (compared to the damage growth in tension for the
same von Mises stress).

SHEAR
Shear corresponds to a state of stress

r ¼

0 	 0

	 0 0

0 0 0

2
664

3
775 	 > 0 �eq ¼

ffiffiffi
3

p
	 �H ¼ 0 ð80Þ

with TX ¼ �eq=�H ¼ 0, R� ¼ ð2=3Þð1þ �Þ.
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. Isotropic damage without microdefects closure effect:

D ¼
ð1þ �Þ�2u

3ES

� �s
ðp� pDÞ shear ð81Þ

. Isotropic damage with microdefects closure effect: The positive and
negative parts of r ¼ rD in terms of principal values are:

hriþ ¼

	

2

	

2
0

	

2

	

2
0

0 0 0

2
666664

3
777775 hri� ¼

�
	

2

	

2
0

	

2
�
	

2
0

0 0 0

2
666664

3
777775 ð82Þ

and then:

Y ¼
1þ �

E
	g0YSðDÞ

g0YSðDÞ ¼
1

2

1

ð1�DÞ
2
þ

h

ð1� hDÞ
2

	 
 ð83Þ

~�eq ¼
ffiffiffi
3

p
	g0	SðDÞ

g0	SðDÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

18ð1�DÞ
2
þ

5

18ð1� hDÞ
2
þ

4

9ð1�DÞð1� hDÞ

s
ð84Þ

and

p ¼ pD þ
3ES

ð1þ �Þ�2u

� �sZ D

0

g0	S
2
ðDÞ

g0YSðDÞ

" #s

dD shear ð85Þ

. Anisotropic damage without microdefects closure effect: The damage is
isotropic in the shear plane:

D ¼

D 0 0

0 D 0

0 0 0

2
64

3
75 ð86Þ

with then

Y ¼
ð1þ �Þ�2u

3E
ð87Þ
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and for the isotropic case,

D ¼
ð1þ �Þ�2u

3ES

� �s
ðp� pDÞ shear ð88Þ

. Anisotropic damage with microdefects closure effect: The damage state is
still given by Equation (86) with now:

Y ¼
1þ �

3E
	2gYSðDÞ

gYSðDÞ ¼
1

2

1

ð1�DÞ
2
þ

h

ð1� hDÞ
2

	 


~�eq ¼
ffiffiffi
3

p
	g	SðDÞ

g	SðDÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3ð1�DÞ
2
þ

1

3ð1� hDÞ
2
þ

z1

3ð1�DÞð1� hDÞ

s
ð89Þ

and

p ¼ pD þ
3ES

ð1þ �Þ�2u

� �sZ D

0

g2	SðDÞ

gYSðDÞ

	 
s
dD shear ð90Þ

First, the damage laws studied give rise to damage growth in shear. Then,
to take into account or not the microdefects closure effect in shear gives a
different damage growth (lower when the unilateral effect is activated
through hiso < 1 or h<1). This can be explained by recalling that shear is in
fact a biaxial tension-compression state of stress if written in the framework
built with the principal directions of r. The microcracks in the tension
direction mainly open when the microcracks in the compression direction
mainly close.

PLANE TENSION
In case of large plane specimens a (plane) tension loading ensures a plane

strain state in the middle of each sheet. If ~x1 is the direction of tension, ~x2 the
transverse direction and ~x3 the direction in the thickness, the strain �22
vanishes due to the plane strain condition. Furthermore, if during loading
elastic strains are neglected then �p22 � 0 and

�p ¼
�p11 0 0
0 0 0
0 0 ��p11

2
4

3
5 ð91Þ

Modeling Microdefects Closure Effect 87



The states of stress is then:

r ¼

� 0 0

0
�

2
0

0 0 0

2
64

3
75 ð92Þ

with TX ¼ �eq=�H ¼ 1=
ffiffiffi
3

p
, R� ¼ R�PT ¼ ð2=3Þð1þ �Þ þ ð1� 2�Þ.

. Isotropic damage without or with microdefects closure effect:

D ¼
�2uR�PT
2ES

� �s
ð p� pDÞ plane tension ð93Þ

. Anisotropic damage without microdefects closure effect: The damage law
(14) gives D3 ¼ D1, D2 ¼ 0. The state of damage is then:

D ¼

D1 0 0
0 0 0
0 0 D1

2
4

3
5 ð94Þ

The effective stress triaxiality depends upon damage,

~R�PTðD1Þ ¼
2

3
ð1þ �Þ þ ð1� 2�Þ

1�D1

1� ð2�=3ÞD1

� �2

plane tension ð95Þ

and the D( p) curve is given by:

p ¼ pD þ
2ES

�2u

� �sZ D1

0

~R�s
�PTðD1Þ dD1 ð96Þ

. Anisotropic damage with microdefects closure effect: The damage state is
still given by Equation (94) and

p ¼ pD þ
2ES

�2u

� �sZ D

0

g2�PTðD1Þ

gYPTðD1Þ

	 
s
dD plane tension ð97Þ

with:

YðD1Þ ¼
�2

2E
gYPTðD1Þ

~�eqðD1Þ ¼ �g�PTðD1Þ

ð98Þ
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and:

gYPTðD1Þ ¼
1þ �

3

1

2ð1�D1Þ
2
þ

h

2ð1� hD1Þ
2

	 

þ

3ð1� 2�Þ

4ð1� ð2=3Þ�D1Þ
2

g�PTðD1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4ð1�D1Þ
2
þ

1

4ð1� hD1Þ
2
�

1

4ð1�D1Þð1� hD1Þ

s ð99Þ

Plane tension tests may complete the experimental database for the
identification of the damage exponent s.

To sum up, these closed form expressions allow one to plot easily the D( p)
curves for the different loading. Depending on the available experimental
data, the damage parameters can be identified once the hardening
parameters are known either:

. on uniaxial tension results only. Take then s¼ 1 or identify s from fatigue
results.

. on uniaxial tension and torsion results. This gives explicitly the value of s.

. on uniaxial tension and plane tension results if the testing specimens are
large sheets. This gives explicitly the value of s.

Take then hiso ¼ 0:2 or h¼ 0 to use the models with microdefects closure
effect.

Stainless Steels 2 1/4 Cr Mo and 4 1/2 Cr Mo

The testing specimens are plain bars of diameter 6mm. Tension, torsion
and tension followed by torsion experiments have been performed
by Fontaine (1985). Because of the massive specimens, the loading was
applied up to failure with no instabilities in torsion: six or seven full
rotations were needed to break the specimens. The drawback of using plain
bars is that damage is not uniform in torsion and that structure calculations
in finite strains are needed to represent the experiments. Such calculations
have not been performed, nevertheless some interesting features were
qualitatively pointed out:

. Failure occurs in torsion after several rotations which corresponds
to an amount of accumulated plastic strain much larger than in tension.

. The average critical damage measured in torsion is of the same order of
magnitude than the critical damage Dc measured in tension.

A qualitative diagram D( p) which summarizes these features may then be
drawn (Figure 4). Quantitative measurements and calculations are given
next for two different materials.
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FCD 400 Spheroidized Cast Iron

The testing specimens are tubes of 1mm thickness and 17mm diameter.
The tubes are too thin to be loaded up to failure with no instabilities in
torsion but they induce uniform states of stress, strain, and damage.
Damage is then directly measured from the global stiffness of the specimen
as repeated unloadings were performed. Yakawaka and Murakami’s (1997)
results of loss in Young’s modulus versus the axial strain and of loss in shear
modulus versus shear strain are used.

von Mises criterion with an exponential isotropic hardening is used.
Damage occurs here before the hardening saturation and a hardening
evolution R ¼ R1ð1� expð�bpÞÞ is assumed. An average expression of the
hardening law represents both tension and torsion experiments (Figure 5).
The damage is calculated by keeping �u ¼ RðpÞ þ �y in an integral over p,
therefore by replacing in the previous p(D) closed form expressions the
term �2uðp� pDÞ by

R p

pD
ðRðpÞ þ �yÞ

2dp.
The material parameters of the damage law are identified from the

measured loss of stiffness in tension with the usual values s¼ 1, hiso ¼ 0:2,
and with a zero damage threshold pD. The final sets of the damage
parameters for the FCD 400 cast iron are:

. E¼ 200000MPa, �¼ 0.3 for elasticity,

. �y¼ 300MPa as yield stress,

. R1 ¼ 170MPa, b¼ 22 for hardening,

C

F

TensionTension

Compression

F

D

p

Torsion

Dc

 

Figure 4. Qualitative D(p) curves.
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. S¼ 0.66MPa, hiso ¼ 1 for isotropic damage without microdefect closure
effect,

. S¼ 0.66MPa, hiso ¼ 0:2 for isotropic damage with microdefect closure
effect,

. S¼ 0.45MPa, �¼ 2.15, h¼ 1, for anisotropic damage without micro-
defects closure effect,

. S¼ 0.45MPa, �¼ 2.15, h¼ 0.2, for anisotropic damage with microdefects
closure effect.

The corresponding D( p) curves of Figure 6 show an excellent agreement
in shear when the microdefects closure effect is taken into account (QU
conditions). Again, this may be partly explained by recalling that shear is in
fact a biaxial state of tension and compression in two orthogonal (principal)
directions.

SOLDUR 355 Dispersoid Steel

Consider finally Sollac SOLDUR 355 steel which, due to the forming
process, comes in large plates appropriate neither for torsion nor for
compression experiments (Lemaitre et al., 2000). The plates are loaded,
plastified, and damaged in both tension and plane tension cases with
different stress triaxialities TX ¼ �H=�eq. In tension TX ¼ 1=3 when in plane
tension due to the plane strain condition with respect to the transverse
direction TX � 0:58.

In order to measure the damage (its value, its anisotropy) small tensile
specimens have been cut in the sheets loaded in tension and in plane tension
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Figure 5. Identification of the hardening parameters.
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(Figure 7) and tested elastically. The full experimental procedure leads to the
validation of the anisotropic damage law (Lemaitre et al., 2000). The feature
D2 ¼ D3 ¼ D1=2 in tension is recovered with �¼ 3 for the anisotropic
damage model without microdefect closure effect, with �¼ 2.15 for
anisotropic damage with microdefect closure effect.

The set of material parameters for anisotropic damage are identified on
both uniaxial tension and plane tension:

. E¼ 200000MPa, �¼ 0.3 for elasticity,

. �y ¼ 300MPa as yield stress,

. R1 ¼ 174MPa for saturated hardening,

. pD ¼ 0:025 as damage threshold,

. S¼ 0.527MPa, s¼ 3.8, �¼ 3, hiso ¼ 0:2, Dc ¼ 0:2 for isotropic damage
with microdefects closure effect,

. S¼ 0.527MPa, s¼ 3.8, �¼ 3, hiso ¼ 1, Dc ¼ 0:2 for isotropic damage
without microdefects closure effect,

. S¼ 0.57MPa, s¼ 4, �¼ 3, h¼ 1, Dc ¼ 0:2 for anisotropic damage
without microdefects closure effect,

. S¼ 0.34MPa, s¼ 2.5, �¼ 2.1, h¼ 0, Dc ¼ 0:2 for anisotropic damage
with microdefects closure effect.

The D( p) curves are plotted in Figure 8 in case of anisotropic damage
without or with microdefects closure effect. The plane tension and the

0.025 0.05 0.075 0.1 0.125 0.15

0.025

0.05

0.075

0.1

0.125

0.15

0.175

0.2 (h=0 2)

Initial shear h=1

pD=0
S=0.45MPa
s=1

FCD 400

Figure 6. D( p) curves for FCD cast iron.
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uniaxial tension curves match because they are the basis for the damage
parameters identification. The shear and compression curves are predic-
tions, fully realistic if compared to the results obtained for the 214 Cr Mo, 412
Cr Mo steels, and FCD 400 cast iron. Recall that the compression case
without microdefects closure effect is identical to the tension case. This
shows that the anisotropic damage law represents well the damage
anisotropy and the damage growth for different loadings, different in
triaxiality but also in sign.

CONCLUSION

To conclude, it is possible to represent with the same model both
triaxiality effect and microdefects closure effect on damage growth. The
damage evolution laws remain the same as for the case without unilateral
conditions (but with an adequate definition of Y and Y),

_D ¼
Y

S

� �s

_p isotropic damage

_D ¼
Y

S

� �s

_�pj j anisotropic damage

laws which also apply in fatigue, creep and creep–fatigue (Desmorat, 2002;
Lemaitre and Demorat, 2005).

The damage versus accumulated plastic strain curves have been calculated
in tension, compression, shear and plane tension. Closed form expressions
D ¼ DðpÞ or p ¼ pðDÞ have been obtained and can then be used to identify
the damage parameters from different monotonic experiments.

Concerning the yield criterion for damaged materials, it has been pointed
out that for models with microdefects closure effect to replace the stress r by
the effective stress ~r leads to nonconvex yield surfaces. A theoretically
correct coupling between plasticity and damage has been formulated.
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