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ABSTRACT: A micromechanical damage mechanics framework is proposed to
predict the overall elastoplastic behavior and interfacial damage evolution of fiber-
reinforced ductile composites. Progressively debonded fibers are replaced by
equivalent voids. The effective elastic moduli of three-phase composites, composed
of a ductile matrix, randomly located yet unidirectionally aligned circular fibers, and
voids, are derived by using a rigorous micromechanical formulation. In order to
characterize the homogenized elastoplastic behavior, an effective yield criterion is
derived based on the ensemble area averaging process and the first-order effects of
eigenstrains. The resulting effective yield criterion, together with the overall
associative plastic flow rule and the hardening law, constitutes the analytical
framework for the estimation of effective elastoplastic damage responses of ductile
composites containing both perfectly bonded and completely debonded fibers. An
evolutionary interfacial fiber debonding process, governed by the internal stresses of
fibers and interfacial strength, is incorporated into the proposed framework. The
Weibull’s function is employed to describe the varying probability of fiber
debonding. Further, comparison between predictions and available experimental
data are presented to illustrate the potential of the proposed methodology.

KEY WORDS: fiber-reinforced composites, micromechanics, damage mechanics,
plasticity, interfacial debonding, homogenization, random media, probabilistic
distribution.
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INTRODUCTION

F
IBER-REINFORCED DUCTILE MATRIX composites (FRDMCs) have been
increasingly adopted or considered in engineering design and manu-

facturing due to their appealing mechanical properties. Matrix materials of
FRDMCs are typically made of ductile metals or alloys with inelastic
deformation and energy dissipation capabilities, such as aluminum, steel or
titanium alloys. By contrast, fibers dispersed in the matrix generally behave
elastically, which may be composed of carbon, boron or glass fibers, for
instance. Many analytical methods were developed to predict the overall
elastic moduli of FRDMCs; see, e.g., Hashin and Shtrikman (1962), Hashin
and Rosen (1964), Hill (1964a, b), Hashin (1972), Willis (1981), and Ju
and Zhang (1998). Other researchers proposed approaches to evaluate the
elastoplastic behavior of fiber (or inclusion) reinforced ductile composites,
such as Zhao and Weng (1990), DeBotton and Ponte Castañeda (1993),
Doghri and Friebel (2005), and so on. In addition, Ju and Chen (1994c),
developed a micromechanical formulation to predict the effective elasto-
plastic behavior of two-phase particle-reinforced ductile matrix composites
(PRDMCs) under arbitrary loading histories by considering the first-order
stress perturbations of elastic particles on the ductile matrix. Ju and Tseng
(1996, 1997) further improved this work by incorporating second-order
stress perturbations due to pairwise particle interactions based on the work
of Ju and Chen (1994a, b). Moreover, Ju and Sun (1999), Ju and Zhang
(2001), Sun and Ju (2004), extended the above micromechanical framework
to predict the elastoplastic behavior of particle or fiber reinforced ductile
composites.

However, damage in FRDMCs may occur inevitably during the history
of loading, thus affecting the behavior of composites. In the last decade,
extensive literatures were published on damage in composites; see, e.g.,
Ju (1991a, b), Ju and Lee (1991), Lee and Ju (1991), Ju and Tseng (1992),
Ju and Chen (1994d, e), Tohgo and Weng (1994), Ju and Tseng (1995),
Zhao and Weng (1995), Ju (1996), Voyiadjis and Park (1996), and Lissenden
(1996), etc. Experiments have illustrated several different damage
mechanisms, such as damage in fibers or the matrix, and the interfacial
debonding between the matrix and fibers (inclusions). A volume
integral equation method was used to investigate the damage evolution in
unidirectional SiC/Ti composites under transverse loading by Lee and
Mal (1998). The most likely mechanism of damage here is the initiation
of partial fiber debonding followed by transverse cracking in brittle
matrix composites or plastic yielding in ductile matrix composites.
Furthermore, experimental evidence (Nimmer et al., 1991) showed that
the micromechanism of damage is often associated with the formation and
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growth of voids at the matrix–fiber interfaces under transverse loading.
Therefore, interfacial debonding is the dominant damage mechanism in this
study.

The main objective of the present work is to develop an elastoplastic
damage mechanics framework for fiber-reinforced ductile composites under
transverse biaxial loading. The fibers are assumed to be elastic circular
cylinders, which are randomly located in the matrix and unidirectionally
aligned; see Figure 1. The ductile (metal) matrix behaves elastoplastically
under arbitrary loading histories. All fibers are initially embedded firmly in
the matrix. Once the composites are loaded to a certain level, interfacial
debonding may occur around fiber interfaces. For simplicity, debonded
fibers are regarded as cylindrical voids; see Figure 2. The overall elastic
material properties of the three-phase composites are statistically homog-
eneous and transversely isotropic.

EFFECTIVE ELASTIC MODULI OF 3-PHASE FIBER COMPOSITES

Let us consider an initially perfectly bonded two-phase composite
consisting of an elastic matrix (phase 0) with the bulk modulus k0 and
shear modulus �0, and randomly located yet unidirectionally aligned elastic
circular fibers (phase 1) with the bulk modulus k1, and shear modulus �1.
When loadings or deformations are applied and gradually increased,
some fibers may progressively experience interfacial debonding. For
simplicity, these debonded fibers are regarded as cylindrical voids (phase
2) in the current framework. For FRDMCs, the plane-strain condition
can be assumed; i.e., a generalized two-dimensional plane-strain problem.

1

2

3

Fiber 

Metal matrix0

Figure 1. Schematic plot of a composite reinforced by unidirectionally aligned yet randomly
located long circular fibers.
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The relationship between the stress tensor r and the strain tensor e at any
point x in the q-phase (q¼ 0, 1, 2) is governed by

rðxÞ ¼ Cq : eðxÞ ð1Þ

where ‘:’ denotes the tensor contraction and Cq is the elasticity tensor of
the q-phase. At the macroscopic level, the overall effective elasticity tensor
C� is defined as the relation between the average (homogenized) stress and
strain:

�r ¼ C� : �e ð2Þ

In order to derive the in-plane and out-of-plane effective moduli of fiber-
reinforced composites, three-dimensional analysis is conducted. Effective
elastic moduli of multiphase composites containing randomly located,
unidirectionally aligned elastic ellipsoids were explicitly derived by Ju and
Chen (1994a, b) accounting for far-field perturbations and near-field
pairwise particle interactions. For multi-phase composites, the effective
(semi-interacting) elasticity tensor C� reads (Ju and Chen, 1994a)

C� ¼ C0 � Iþ B � I� S � Bð Þ
�1

� �
ð3Þ

2

1

(a) (b)

Matrix (phase 0)

Fiber (phase 1)

Void (phase 2)

s22 s22

s11 s11

Figure 2. A schematic diagram of FRDMCs subjected to biaxial transverse tensile normal
loading: (a) the initial state (undamaged) and (b) the equivalent damaged state (voids).
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where C0 is the matrix elasticity tensor, I is the fourth-order identity tensor,
‘�’ denotes the tensor multiplication, and B takes the form

B ¼
Xn
q¼1

�q Sþ Aq

� ��1
ð4Þ

Here, n signifies the number of inclusion phases of different material
properties, and �q denotes the volume fraction of the q-phase. The fourth-
rank tensor Aq is defined as

Aq � Cq � C0

� ��1
�C0 ð5Þ

Since the phase 2 contains voids, we have A2¼�I. The components of
Eshelby’s tensor S for an ellipsoidal inclusion are given by Mura (1987);
Ju and Sun (1999, 2001), and Sun and Ju (2001). Following the method
proposed by Ju and Sun (2001), with the axes 1 and 2 of the ellipsoid
being equal and the 3rd axis going to infinity, we obtain the fourth-rank
Eshelby’s tensor for a cylindrical inclusion as follows

Sijkl ¼
1

4 1� �0ð Þ
S

ð1Þ
IK �ij�kl þ S

ð2Þ
IJ �ik�jl þ �il�jk
� �n o

ð6Þ

where �0 denotes Poisson’s ratio of the matrix, and �ij signifies the
Kronecker delta. The components of the second-rank tensors S

ð1Þ
IK and S

ð2Þ
IJ

are given by

S
ð1Þ
11 ¼ S

ð1Þ
22 ¼ S

ð1Þ
12 ¼ S

ð1Þ
21 ¼

1

2
4�0 � 1ð Þ, S

ð1Þ
13 ¼ S

ð1Þ
23 ¼ 2�0,

S
ð1Þ
31 ¼ S

ð1Þ
32 ¼ S

ð1Þ
33 ¼ 0, S

ð2Þ
11 ¼ S

ð2Þ
22 ¼ S

ð2Þ
12 ¼ S

ð2Þ
21 ¼

1

2
3� 4�0ð Þ,

S
ð2Þ
13 ¼ S

ð2Þ
23 ¼ S

ð2Þ
31 ¼ S

ð2Þ
32 ¼ ð1� �0Þ, S

ð2Þ
33 ¼ 0

ð7Þ

Substituting Equation (7) into Equation (6) yields the same Eshelby’s
tensor for the cylindrical inclusion given by Mura (1987). Applying
Equations (3)–(7), we can therefore derive the in-plane and out-of-plane
effective elastic moduli of debonded fiber-reinforced composites. That is,
the tensor C� reads

C� ¼ C
ð1Þ
IK�ij�kl þ C

ð2Þ
IJ �ik�jl þ �il�jk
� �n o

ð8Þ
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where

C
ð1Þ
IK ¼

X3
n¼1

�0W
ð1Þ
nK þ 2�0W

ð1Þ
IKþ2�0W

ð2Þ
KK, C

ð2Þ
IJ ¼ 2�0W

ð2Þ
IJ ð9Þ

Here, �0 and �0 are the Lame’s constants of matrix, and

W
ð1Þ
IK ¼

X3
m¼1

X2
r¼1

�rY
r
Im

�r
II

ZmK

2Q
ð2Þ
mm

� 2
X2
r¼1

�r

2�r
II

ZIK

2Q
ð2Þ
II

�2
X2
r¼1

�rY
r
IK

�r
II

1

4Q
ð2Þ
KK

ð10Þ

W
ð2Þ
IJ ¼ 2

X2
r¼1

�r

2�r
II

1

4Q
ð2Þ
IJ

þ
1

2
ð11Þ

in which

ZI1

ZI2

ZI3

8><
>:

9>=
>; ¼

Q
ð1Þ
11 þ 2Q

ð2Þ
11 Q

ð1Þ
21 Q

ð1Þ
31

Q
ð1Þ
12 Q

ð1Þ
22 þ 2Q

ð2Þ
22 Q

ð1Þ
32

Q
ð1Þ
13 Q

ð1Þ
23 Q

ð1Þ
33 þ 2Q

ð2Þ
33

2
664

3
775

�1
Q

ð1Þ
I1

Q
ð1Þ
I2

Q
ð1Þ
I3

8>><
>>:

9>>=
>>; ð12Þ

Q
ð1Þ
IK ¼

1

4 1� �0ð Þ

X3
m¼1

S
ð1Þ
Im

X2
r¼1

�rY
r
mK

�r
mm

þ2S
ð2Þ
II

X2
r¼1

�rY
r
IK

�r
II

�2S
ð2Þ
IK

X2
r¼1

�r

2�r
KK

" #

ð13Þ

Q
ð2Þ
IJ ¼

1

2
�

1

4 1� �0ð Þ
S

ð2Þ
IJ

X2
r¼1

�r

�r
IJ

ð14Þ

Yr
I1

Yr
I2

Yr
I3

8><
>:

9>=
>; ¼ AB, �r

IJ ¼ 2 �0
r þ

1

4ð1� �0Þ
S
ð2Þ
IJ

� �
ð15Þ

A¼

�0rþ2�0
rþ

1

4 1��0ð Þ
Sð1Þ
11 þ2Sð2Þ

11

h i
�0rþ

1

4 1��0ð Þ
Sð1Þ
21 �0rþ

1

4 1��0ð Þ
Sð1Þ
31

�0rþ
1

4 1��0ð Þ
Sð1Þ
12 �0rþ2�0

rþ
1

4 1� �0ð Þ
Sð1Þ
22 þ2Sð2Þ

22

h i
�0rþ

1

4 1��0ð Þ
Sð1Þ
32

�0rþ
1

4 1��0ð Þ
Sð1Þ
13 �0rþ

1

4 1��0ð Þ
Sð1Þ
23 �0rþ2�0

rþ
1

4 1��0ð Þ
Sð1Þ
33 þ2Sð2Þ

33

h i

2
66666664

3
77777775

�1

ð16Þ

B¼

�0rþ
1

4 1� �0ð Þ
Sð1Þ
I1

�0rþ
1

4 1� �0ð Þ
S
ð1Þ
I2

�0rþ
1

4 1� �0ð Þ
Sð1Þ
I3

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
, �0r ¼

�0�r��r�0

�r��0ð Þ 3 �r��0ð Þþ2 �r��0ð Þ½ �
, �0

r ¼
�0

2 �r��0ð Þ
ð17Þ
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Following Hashin’s (1972) framework, the five effective elastic moduli
for three-phase composites can be derived. Accordingly, the two in-plane
elastic constants (the effective transverse bulk and shear moduli) can be
expressed as

k�T ¼ C
ð1Þ
11 þ C

ð2Þ
11 , ��

T ¼ C
ð2Þ
11 ð18Þ

Moreover, the three out-of-plane effective elastic constants (the effective
axial shear modulus, effective axial Young’s modulus, and effective axial
Poisson’s ratio) read

��
A ¼ C

ð2Þ
13 , E �

A ¼ C
ð1Þ
33 þ 2C

ð2Þ
33 �

C
ð1Þ
13

	 
2
C

ð1Þ
11 þ C

ð2Þ
11

, ��A ¼
C

ð1Þ
13

2 C
ð1Þ
11 þ C

ð2Þ
11

	 
 ð19Þ

Alternatively, the in-plane overall elastic constants can also be represented
by the effective transverse Young’s modulus and effective Poisson’s ratio:

E �
T ¼

4k�T�
�
T

k�T þ���
T

, ��T ¼
k�T ����

T

k�T þ���
T

, where � ¼ 1þ
4 ��A
� �2

k�T
E�
A

ð20Þ

It is noteworthy that effective elastic moduli of three-phase composites
derived in the present work fall within Hashin’s (1972) variational bounds.
Further, Hashin’s (1972) variational lower bound of effective elastic moduli
of two-phase composites can also be recovered.

ELASTOPLASTIC DAMAGE BEHAVIOR OF FIBER COMPOSITES

Basic Analysis

In this section, we consider the homogenized elastoplastic-damage
responses of fiber-reinforced ductile composites with interfacial debonding.
The composites initially feature perfect interfacial bonding between fibers
and the matrix, but thereafter progressively debond into three-phase
composites. That is, a two-phase composite may gradually become a
three-phase composite consisting of the matrix, perfectly bonded fibers, and
debonded fibers. In what follows, we will regard debonded fibers as
cylindrical voids. For simplicity, the von Mises yield criterion with an
isotropic hardening law is considered for the matrix. Extension of the
present framework to more general yield criteria and hardening laws,
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nevertheless, is relatively straightforward. Accordingly, at any matrix
material point, the stress r and the equivalent plastic strain �ep must satisfy
the following yield function:

F r, �epð Þ ¼ HðrÞ � K2 �epð Þ � 0 ð21Þ

in which Kð �epÞ is the isotropic hardening function of the matrix-only
material. The stress tensor r for the current generalized plane-strain problem
reads

r ¼

�11 �12 0
�21 �22 0
0 0 �33

0
@

1
A, �33 ¼ ��A �11 þ �22ð Þ ð22Þ

Furthermore, HðrÞ � r : Id : r denotes the square of the deviatoric stress
norm, where Id signifies the deviatoric part of the fourth-rank identity
tensor I; i.e.,

Id � I�
1

3
1� 1 ð23Þ

in which 1 represents the second-rank identity tensor, and ‘�’ denotes the
tensor expansion. The total strain e can be decomposed into two parts:
e ¼ ee þ ep, where ee is the elastic strain of the matrix and fibers, and ep

represents the stress-free plastic strain in the matrix only. In order to solve
the elastoplastic response exactly, the stress at any local point has to be
solved and then used to determine the plastic response through the local
yield criterion for all possible (probabilistic) configurations. This approach
is generally infeasible due to the complexity of statistical and microstructural
information. Instead, we employ a framework in which an ensemble-
averaged yield criterion is constructed for composites. The methodology is
parallel to the work of Ju and Chen (1994c) and Ju and Lee (2000, 2001),
Sun et al. (2003a), Sun et al. (2003b), Liu et al. (2004), in which only the
first-order effects are considered in the formulation of effective plastic
response. However, by means of this method, we can achieve a feasible
elastoplastic damage formulation for fiber composites.

A First-order Formulation of the Stress Norm Accounting for Damage

In this work, small strains are assumed and therefore the statistical
microstructure of fibers embedded in a ductile matrix remains essentially
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the same. Therefore, the microstructure is taken as statistically homo-
geneous and isotropic with virtually constant volume fraction for the
summation of fibers and voids during the deformation process.
Furthermore, both fibers and voids are considered as cylinders of uniform
size. The extension to accommodate different or distributed sizes of fibers
can be derived with increased complexity.

Following Ju and Chen (1994c), Ju and Lee (2000, 2001), and Ju and
Zhang (2001), we denoteHðxjgÞ the square of the ‘current stress norm’ at the
local point x, which determines the plastic strain in a debonded FRDMC
for a given phase configuration g. Since there is no plastic strain in the
elastic fibers or voids, HðxjgÞ can be written as

H xjgð Þ ¼
r xjgð Þ : Id : r xjgð Þ, if x in the matrix;

0, otherwise

�
ð24Þ

In addition, hH imðxÞ is defined as the ensemble average of HðxjgÞ
over all possible realization where x is in the matrix phase. Here, the
angled bracket h � i signifies the ensemble average operator. Let PðgqÞ be
the probability density function for finding the q-phase (q¼ 1, 2)
configuration gq in the composites. hH imðxÞ can be obtained by integrating
H over all possible fiber and void configurations (for a point x in the
matrix):

Hh im¼ H o þ

Z
g1

H xjg1
� �

�H o
� �

P g1
� �

dg1 þ

Z
g2

H xjg2
� �

�H o
� �

P g2
� �

dg2

ð25Þ

where H o is the square of the far-field stress norm in the matrix:
H o ¼ ro : Id : r

o: The total stress at any point x in the matrix is
the superposition of the far-field stress ro � C0 : e

o and the perturbed
stress r0 due to the presence of the fibers and voids: rðxÞ ¼ ro þ r0ðxÞ,
where r0 is

r0ðxÞ � C0 :

Z
A

G x� x0ð Þ : e�1ðx
0Þdx0 þ C0 :

Z
A

G x� x0ð Þ : e�2ðx
0Þdx0 ð26Þ

Here, eo is the elastic strain field induced by the far-field loading, e�qðx
0Þ

denotes the elastic eigenstrain in the q-phase (q¼ 1, 2), x0 resides in either
a fiber or a void, and A is the statistically representative area element
(infinitely large compared with inhomogeneities, and without any prescribed
displacement boundary conditions). Equation (26) represents the method
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of Green’s function, with the indicial components of the fourth-rank
tensor G as

Gijkl x� x0ð Þ ¼
1

4� 1� �0ð Þr2
Fijkl �8, 2�0, 2, 2� 4�0, � 1þ 2�0, 1� 2�0ð Þ

ð27Þ

where r � x� x0, r � krk, and the indices i, j, k, and l are from 1 to 2. The
components of the fourth-rank tensor F – which depends on six scalar
quantities B1,B2,B3,B4,B5,B6 – are defined by

Fijkl Bmð Þ � B1ninjnknl þ B2 �iknjnl þ �ilnjnk þ �jkninl þ �jlnink
� �

þ B3�ijnknl þ B4�klninj þ B5�ij�kl þ B6 �ik�jl þ �il�jk
� � ð28Þ

with the unit normal vector n � r=r and the index m¼ 1 to 6. The unknown
elastic eigenstrain e�qðxÞ within the q-phase can be solved by the integral
equation obtained from the celebrated Eshelby’s equivalence principle
(Eshelby, 1957). The outcome is

�Aq : e
�
qðxÞ ¼ eo þ

Z
A

G x� x0ð Þ : e�q x0ð Þdx0 ð29Þ

According to Eshelby (1957), the eigenstrain for a single ellipsoidal
inclusion is uniform for the interior points of an isolated inclusion.
Consequently, the constant eigenstrain can be moved out of the integral in
Equation (26) in accordance with the first-order approximation approach
proposed by Ju and Chen (1994c). It is noted that, for the first-order
approximation method, the local interaction among fibers and/or voids are
neglected in the process of collecting the perturbations of the stresses at a
local matrix point. Therefore, the perturbed stresses for any matrix point x
due to an isolated q-phase inhomogeneity centered at xð1Þq takes the form

r0 xjxð1Þq

	 

¼ C0 � �G x� xð1Þq

	 

� : e�oq

h
ð30Þ

where e�oq is the solution of the eigenstrain e�q for the single inclusion problem
of the q-phase, and

�G x� xð1Þq

	 

�

Z
�

ð1Þ
q

G x� x0ð Þdx0 ð31Þ
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for x =2�ð1Þ
q in which �ð1Þ

q is the single inhomogeneity domain centered at xð1Þq

in the q-phase. Alternatively, we can write

�G rq
� �

¼
1

8 1� �0ð Þ
�2qH

1 þ
�4q
2
H2

 !
ð32Þ

The components of H1 and H2 are given by

H1
ijkl rq
� �

� 2Fijkl �8, 2�0, 2, 2� 4�0, � 1þ 2�0, 1� 2�0ð Þ ð33Þ

H2
ijkl rq
� �

� 2Fijkl 24, � 4, � 4, � 4, 1, 1ð Þ ð34Þ

where rq ¼ x� xð1Þq , rq � krqk, �q ¼ a=rq, and a is the radius of a circular
fiber or void.

Moreover, the ‘first-order’ eigenstrain e�oq in Equation (30) is given by
(see, e.g., Ju and Chen, 1994c)

e�oq ¼ � Aq þ S
� ��1

: eo, q ¼ 1, 2 ð35Þ

where S is the Eshelby’s tensor for a cylindrical inclusion. Under the plane-
strain condition, the components of S take the form (Ju and Zhang, 1998):

Sijkl ¼
1

8 1� �0ð Þ
4�0 � 1ð Þ�ij�kl þ 3� 4�0ð Þ �ik�jl þ �il�jk

� �� �
, i, j, k, l ¼ 1, 2

ð36Þ

A First-order Formulation of the Effective Elastoplastic

Damage Behavior of Composites

As indicated before, a matrix point receives the perturbations from fibers
and voids. Therefore, the ensemble-average stress norm for any matrix point
xm can be evaluated by collecting and summing up all the current stress
norm perturbations produced by any typical fiber centered at x

ð1Þ
1 in the fiber

domain and any typical void centered at x
ð1Þ
2 in the void domain, and

averaging over all possible locations of x
ð1Þ
1 and x

ð1Þ
2 . As a result, we arrive at

Hh imðxÞ ffi H o þ

Z
jx�x

ð1Þ
1
j>a

H xjx
ð1Þ
1

	 

�H o

n o
P x

ð1Þ
1

	 

dx

ð1Þ
1

þ

Z
jx�x

ð1Þ
2
j>a

H xjx
ð1Þ
2

	 

�H o

n o
P x

ð1Þ
2

	 

dx

ð1Þ
2 þ � � �

ð37Þ
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where Pðx
ð1Þ
1 Þ and Pðx

ð1Þ
2 Þ denote the probability density functions for finding

a fiber centered at x
ð1Þ
1 and a void centered at x

ð1Þ
2 , respectively. In the

absence of actual microstructural evidence, Pðx
ð1Þ
1 Þ and Pðx

ð1Þ
2 Þ are assumed

to be statistically homogeneous, isotropic and uniform for simplicity. That
is, we assume that the probability density functions are Pðx

ð1Þ
1 Þ ¼ ðN1=AÞ and

Pðx
ð1Þ
2 Þ ¼ ðN2=AÞ, where N1 and N2 are the total numbers of fibers and voids,

respectively, dispersed in a representative area element A. If detailed spatial
distribution of fibers can be provided, suitable probability distribution
function can be readily implemented under the current framework. Unlike
the effective medium methods (e.g., the self-consistent method, the general-
ized self-consistent method, the differential scheme, and the Mori-Tanaka
method), where neither inclusion locations nor their relative configurations
are taken into account, the present framework considers randomly located
inclusions by employing some approximations. Further, owing to the
assumed statistical isotropy and uniformity, Equation (37) can be recast as:

Hh imðxÞ ffi Ho þ
N1

A

Z 1

a

r1dr1

Z 2�

0

H r1ð Þ �Ho
� �

d	

þ
N2

A

Z 1

a

r2dr2

Z 2�

0

H r2ð Þ �H o
� �

d	 þ � � �

ð38Þ

where 	 is the polar angle of circular fiber or void centered at xð1Þq .
Using Equations (34) and (35) in Ju and Zhang (1998) and the perturbed

stresses given in Equation (30), we obtain the ensemble-averaged current
stress norm at any matrix point:

Hh imðxÞ ¼ ro : T : ro ð39Þ

The components of the positive definite fourth-rank tensor T read

Tijkl ¼ T1�ij�kl þ T2 �ik�jl þ �il�jk
� �

, i, j, k, l ¼ 1, 2 ð40Þ

with

2T1 þ 2T2 ¼
1

3
1� 2��A
� �2

þ
X2
q¼1

4 1� 2�0ð Þ
2�q


q þ �q

� �2 ,

T2 ¼
1

2
þ
1

6

X2
q¼1

8��A2� 8��A þ 5Þ
� �

�q

�2
q

ð41Þ
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in which the (current) volume fraction of the q-phase is defined as �q �

�a2ðNq=AÞ,


1 ¼ 4�0 � 1ð Þ þ
�0�1 � �1�0ð Þ 8 1� �0ð Þ½ �

2 �1 � �0ð Þ �1 � �0 þ �1 � �0ð Þ
, 
2 ¼ 4�0 � 1ð Þ ð42Þ

�1 ¼ 3� 4�0ð Þ þ 4 1� �0ð Þ
�0

�1 � �0ð Þ
, �2 ¼ �1 ð43Þ

and ��A is effective axial Poisson’s ratio.
The ensemble-averaged current stress norm at a matrix point can also be

expressed in terms of the macroscopic stress �r. Following Ju and Chen
(1994c), the relation between the far-field stress ro and macroscopic stress
�r can be expressed as

ro ¼ P : �r ð44Þ

where the components of P are

Pijkl ¼ P1�ij�kl þ P2 �ik�jl þ �il�jk
� �

, i, j, k, l ¼ 1, 2 ð45Þ

with

P1 ¼ �
m5

4m6 m5 þm6ð Þ
, P2 ¼

1

4m6
ð46Þ

m5 ¼
X2
q¼1

�4
q �1þ �0ð Þ þ �q �5þ 8 3� 2�0ð Þ�0ð Þ
� �

�q

8�q 
q þ �q

� �
�1þ �0ð Þ

, m6 ¼
1

2
þ
X2
q¼1

�q

2�q

ð47Þ

Combining Equations (39) and (44), the ensemble-averaged current stress
norm at a matrix point reads:

Hh imðxÞ ¼ �r : �T : �r ð48Þ

where the positive definite fourth-rank tensor �T is defined as

�T � PT : T : P ð49Þ

and can be shown to be

�Tijkl ¼ �T1�ij�kl þ �T2 �ik�jl þ �il�jk
� �

, i, j, k, l ¼ 1, 2 ð50Þ
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where

�T1 ¼ 4 P2
1T1 þ 2P1P2T1 þ P2

2T1 þ P2
1T2 þ 2P1P2T2

� �
, �T2 ¼ 4P2

2T2 ð51Þ

The ensemble-averaged ‘current stress norm’ for any point x in a three-
phase damaged fiber composite can be defined as:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Hh iðxÞ

p
¼ 1� �1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r : �T : �r

p
ð52Þ

where �1 is the current fiber volume fraction. Therefore, the effective yield
function for the three-phase FRDMCs can be proposed as

�F ¼ 1� �1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r : �T : �r

p
� K �epð Þ ð53Þ

with the isotropic hardening function Kð �epÞ for the three-phase composite
materials. Our formulation can accommodate kinematic hardening function
as well, but isotropic hardening function is used here for simplicity.
In addition, we assume that the overall flow rule for the composite materials
is associative. Therefore, the effective ensemble-averaged plastic strain rate
for the FRDMCs can be expressed as

_�e
p
¼ _�

@ �F

@ ��
¼ 1� �1ð Þ _�

�T : �rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r : �T : �r

p ð54Þ

where _� denotes the plastic consistency parameter. In general, the overall
flow rule of the composite materials may become non-associative when
fibers, cracks, and voids exist according to dislocation dynamics analysis.
Extension to the non-associative flow rule can be constructed in a similar
fashion, but involving both the normal and tangential flow directions.

Inspired by the structure of the micromechanically derived stress norm,
the effective equivalent plastic strain rate for the composites is defined as

_�ep �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
_�e
p
: �T

�1
: _�e

p

r
¼

ffiffiffi
2

3

r
1� �1ð Þ _� ð55Þ

The _� and the yield function �F must obey the Kuhn-Tucker loading/
unloading conditions:

_� 
 0, �F � 0, _� �F ¼ 0, _� _�F ¼ 0 ð56Þ
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The ensemble-averaged yield function in Equation (53), the averaged
plastic flow rule in Equation (54), the equivalent plastic strain rate in
Equation (55), and the Kuhn-Tucker conditions completely characterize the
effective plasticity formulation for the composite materials with the isotropic
hardening function Kð �epÞ: Here, the power-law type isotropic hardening
function is used as an example:

K �epð Þ ¼

ffiffiffi
2

3

r
�ry þ h �epð Þ

q
� �

ð57Þ

where ��y is the initial yield stress, and h and q signify the linear and
exponential isotropic hardening parameters, respectively, for the three-phase
composites.

EVOLUTIONARY INTERFACIAL DEBONDING

Probabilistic Micromechanics

The progressive, complete interfacial debonding may occur under
increasing deformations, and thus influence the overall behavior of
composites. After the interfacial debonding between fibers and the matrix,
the debonded fibers lose the load-carrying capacity and are assumed
to become voids. Within the context of the first-order approximation,
the stresses inside fibers would be uniform. For convenience, following
Tohgo and Weng (1994) and Zhao and Weng (1995, 1996, 1997), we
employ the average internal stresses of a fiber as the controlling
factor. The probability of complete fiber debonding is modeled as a
two-parameter Weibull process. Assuming that the Weibull (1951)
statistics governs, we express the cumulative probability distribution
function of fiber debonding, Pd, for the uniaxial tensile loading (in the
11-direction) as:

Pd ��11ð Þ1
� �

¼ 1� exp �
��11ð Þ1

S0


 �M
" #

ð58Þ

where ð ��11Þ1 is the average internal stresses of fibers (phase1) in the 11-
direction, the subscript (�)1 denotes the fiber phase, and S0 and M are the
Weibull parameters representing the average interfacial strength and
debonding evolution rate, respectively. When one decreases S0 or increases
M values, it would accelerate the damage evolution rate.
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Therefore, the current void volume fraction �2 at a given level of ð ��11Þ1
is given by

�2 ¼ �Pd ��11ð Þ1
� �

¼ � 1� exp �
��11ð Þ1

S0


 �M
" #( )

ð59Þ

where � is the initial fiber volume fraction. Under the plane-strain condition,
for the biaxial tensile loading, ð ��11Þ1 in Equations (58) and (59) is replaced
by ½ð ��11Þ1 � ��T ð ��22Þ1� if ð ��11Þ1 
 ð ��22Þ1, or by ½ð ��22Þ1 � ��T ð ��11Þ1� if
ð ��11Þ1 � ð ��22Þ1.

Internal Stresses of Fibers

In order to determine the probability of fiber debonding, we need to
derive the internal stresses of fibers. According to the Eshelby’s equivalence
principle, the perturbed strain field e0ðxÞ induced by inhomogeneities can be
related to specified eigenstrain e�ðxÞ by replacing the inhomogeneities with
the matrix material. That is, for the domain of the q-phase with elastic
stiffness tensor Cq, we have

rq ¼ Cq : eo þ e0ðxÞ½ � ¼ C0 : eo þ e0ðxÞ � e�ðxÞ½ � ð60Þ

where rq is the total local stresses for the q-phase. The ensemble-averaged
strain for the three-phase composites takes the form (Ju and Chen, 1994a, b)

�e ¼ eo þ
X2
q¼1

�qS: �e
�
q ð61Þ

where the ‘first-order’ solution e�oq of the eigenstrain e�q has previously been
given in Equation (35). Substituting Equation (35) into Equation (61), we
arrive at

�e ¼ I�
X2
q¼1

/qS � Aq þ S
� ��1

" #
: eo ð62Þ

The average stress tensor for q-phase is defined as

�rq �
1

Aq

Z
Aq

rqðxÞdx ¼
1

Aq

Z
Aq

Cq: eo þ e0ðxÞ½ �dx

� �
� Cq : eo þ �e0q

h i
ð63Þ
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where �e0q can be recast as

�e0q ¼ S :
1

Aq

Z
Aq

�e�ðx0Þdx0

" #
¼ S : �e�q ð64Þ

By combining Equation (35) and Equations (62) and (64), we arrive at

�rq ¼ Cq � I� S � Aq þ S
� ��1

h i
� I�

X2
q¼1

�qS � Aq þ S
� ��1

" #�1

: �e ð65Þ

The above derivation is equally applicable to ensemble-averaged
quantities by applying the ensemble averaging operator h � i to �rq and �e.
Therefore, the averaged internal stresses of fibers can be expressed as (q¼ 1)

�r1 ¼ C1 � I� S � A1 þ Sð Þ
�1

� �
� I�

X2
q¼1

�qS � Aq þ S
� ��1

" #�1

: �e � U : �e

ð66Þ

By carrying out the lengthy algebra, the components of the positive
definite fourth-rank tensor U are explicitly given by

Uijkl ¼ U1�ij�kl þU2 �ik�jl þ �il�jk
� �

, i, j, k, l ¼ 1, 2 ð67Þ

where

U1 ¼ 2 �1u
0
1 þ �1u

0
2 þ u01�1

� �
, U2 ¼ 4�1 ���̂ ð68Þ

and

u01 ¼ 2 ���̂þ ���̂þ �̂ ��
	 


, u02 ¼ 2 ���̂, �̂ ¼ �
w1

4w2 w1 þ w2ð Þ
, �̂ ¼

1

4w2

ð69Þ

w1 ¼ � D5 þ E5ð Þ, w2 ¼
1

2
� D6 þE6ð Þ, E5 ¼

4 
2 þ 2�2ð Þ�0 � 3
2 þ 2�2ð Þ

4�2 
2 þ �2ð Þ

ð70Þ

E6 ¼
3� 4�0
2�2

, �� ¼ �D5, �� ¼
1

2
�D6, D5 ¼

4 
1 þ 2�1ð Þ�0 � 3
1 þ 2�1ð Þ

4�1 
1 þ �1ð Þ
,

D6 ¼
3� 4�0
2�1

ð71Þ
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In the case of tensile loading, the averaged internal stresses of fibers can be
obtained as:

�r11ð Þ1 ¼ U1 þ 2U2ð Þ�e11 þU1�e22 ð72Þ

�r22ð Þ1 ¼ U1�e11 þ U1 þ 2U2ð Þ�e22 ð73Þ

where �"11 and �"22 are the ensemble-averaged strains in the 11- and 22-
directions, respectively.

ELASTOPLASTIC DAMAGE STRESS–STRAIN

RESPONSES FOR COMPOSITES

To illustrate the proposed micromechanics-based effective elastoplastic
damage formulation for FRDMCs, let us consider the examples of the
uniaxial and biaxial tensile loading under the plane-strain condition in this
section.

Elastoplastic Damage Stress–Strain Relation under Uniaxial Tensile Loading

The applied macroscopic stress �r can be written as

��11 > 0, ��33 ¼ ��A ��11, all other ��ij ¼ 0: ð74Þ

With the isotropic hardening law described by Equation (57), the overall
yield function becomes

�F �r, �epð Þ ¼ 1� �1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r : �T : �r

p
�

ffiffiffi
2

3

r
��y þ h �epð Þ

q� �
ð75Þ

Substituting Equation (74) into (75), the effective yield function for the
uniaxial loading is obtained as

�F ��11, �e
pð Þ ¼ 1� �1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�T1 þ 2 �T2

� �q
��11 �

ffiffiffi
2

3

r
��y þ h �epð Þ

q
� �

ð76Þ

The macroscopic incremental plastic strain defined by Equation (54) then
reads

��ep ¼ 1� �1ð Þ
��ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�T1 þ 2 �T2

� �q �T1 þ 2 �T2 0
0 �T1

� �
ð77Þ
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for any stress beyond the initial yielding, where �� is the incremental plastic
consistency parameter. Similarly, the incremental equivalent plastic strain
can be expressed as:

��ep ¼

ffiffiffi
2

3

r
1� �1ð Þ�� ð78Þ

From the linear elasticity theory, the macroscopic incremental elastic
strain takes the form:

��ee ¼
E �
A � E �

T�
�2
A 0

0 �E �
A�

�
T � E �

T�
�2
A

� �
� ��11
E �
TE

�
A

ð79Þ

For the monotonic plane-strain uniaxial loading, the overall
incremental macroscopic stress–strain relation can be obtained by summing
Equations (77) and (79) as follows:

��e ¼
E �
A � E �

T�
�2
A 0

0 �E �
A�

�
T � E �

T�
�2
A

" #
� ��11
E �
TE

�
A

þ 1� �1ð Þ
��ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�T1 þ 2 �T2

� �q �T1 þ 2 �T2 0

0 �T1

" # ð80Þ

where the positive parameter �� is solved from the nonlinear equation
obtained by enforcing the plastic consistency condition �F¼ 0:

1� �1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�T1 þ 2 �T2

� �q
��11ð Þnþ1¼

ffiffiffi
2

3

r
��y þ h �ePn þ��ePnþ1

� �q� �
ð81Þ

Here, ��11ð Þnþ1 and �ePnþ1 are the prescribed macroscopic stress along the
11-direction and the incremental equivalent plastic strain at the current
time step, respectively. Moreover, �ePn is the equivalent plastic strain at the
previous time step. Equations (78) and (81) then lead to:

1� �1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�T1 þ 2 �T2

� �q
��11ð Þnþ1¼

ffiffiffi
2

3

r
��y þ h �ePn þ

ffiffiffi
2

3

r
1� �1ð Þ��

" #q( )
ð82Þ

Therefore, the expression for �� becomes

�� ¼
1ffiffiffiffiffiffiffiffi

2=3
p

1� �1ð Þ

1� �1ð Þ
ffiffiffiffiffiffiffiffi
3=2

p
�T1 þ 2 �T2

� �
��11ð Þnþ1� ��y

h

" #1=q

� �epn

8<
:

9=
; ð83Þ
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Due to the evolutionary fiber debonding, both the fiber volume fraction
�1 and the void volume fraction �2 are functions of stresses. Further,
effective elastic moduli and the plastic parameters of �T1 and �T2 are functions
of the fiber and void volume fractions.

Elastoplastic Damage Stress–Strain Relation under Biaxial Tensile Loading

The applied macroscopic stress �r can be rephrased as

��11 > 0, ��22 ¼ R ��11, ��33 ¼ ��A ��11 þ ��22ð Þ, all other ��ij ¼ 0: ð84Þ

Here, R is a parameter of loading stress ratio. Specifically, if R¼ 0, the
biaxial loading will reduce to the uniaxial loading. Substituting Equation
(84) into (75), the effective yield function for the case of biaxial tensile
loading becomes

�F ��11, �e
pð Þ ¼ 1� �1ð Þ�ðRÞ ��11 �

ffiffiffi
2

3

r
��y þ h �epð Þ

q� �
ð85Þ

where

�ðRÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�T1 1þ Rð Þ

2
þ2 �T2 1þ R2ð Þ

q
ð86Þ

The macroscopic incremental plastic strain defined by Equation (54)
becomes

��ep ¼ 1� �1ð Þ
��

�ðRÞ
ð1þ RÞ �T1 þ 2 �T2 0

0 ð1þ RÞ �T1 þ 2R �T2

� �
ð87Þ

for any stress beyond the initial yielding. Similarly, the incremental
equivalent plastic strain can be written as

��ep ¼

ffiffiffi
2

3

r
1� �1ð Þ�� ð88Þ

The macroscopic incremental elastic strain takes the form

��ee ¼
E �
A 1� ��TR
� �

� E �
T�

�2
A ð1þ RÞ 0

0 R� ��T
� �

E �
A � E �

T�
�2
A ð1þ RÞ

� �
� ��11
E �
TE

�
A

ð89Þ
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For the monotonic plane-strain biaxial tensile loading, the overall
incremental macroscopic stress-strain relation can be obtained by summing
Equations (87) and (89):

��e ¼
E �
A 1� ��TR
� �

� E �
T�

�2
A ð1þ RÞ 0

0 R� ��T
� �

E �
A � E �

T�
�2
A ð1þ RÞ

" #
� ��11
E �
TE

�
A

þ 1� �1ð Þ
��

�ðRÞ

ð1þ RÞ �T1 þ 2 �T2 0

0 ð1þ RÞ �T1 þ 2R �T2

" #

ð90Þ

where the positive parameter �� is solved from the nonlinear equation
obtained by enforcing the plastic consistency condition �F¼ 0:

1� �1ð Þ�ðRÞ ��11ð Þnþ1¼

ffiffiffi
2

3

r
��y þ h �ePn þ��ePnþ1

� �q� �
ð91Þ

Again, ��11ð Þnþ1 and ��ePnþ1 are the prescribed macroscopic stress along the
11-direction and the incremental equivalent plastic strain at the current time
step, respectively. Here, �ePn is the equivalent plastic strain at the previous
load step. Equations (88) and (91) then result in

1� �1ð Þ�ðRÞ ��11ð Þnþ1¼

ffiffiffi
2

3

r
��y þ h �ePn þ

ffiffiffi
2

3

r
1� �1ð Þ��

" #q( )
ð92Þ

Therefore, the expression for �� reads

�� ¼
1ffiffiffiffiffiffiffiffi

2=3
p

1� �1ð Þ

1� �1ð Þ
ffiffiffiffiffiffiffiffi
3=2

p
�ðRÞ ��11ð Þnþ1� ��y
h

� �1=q
� �epn

( )
ð93Þ

COMPUTATIONAL STRAIN-DRIVEN INTEGRATION ALGORITHM

In this section, we present the efficient strain-driven algorithm where the
macroscopic stress history �r is to be uniquely determined by the given
macroscopic strain history �e. We determine the unknown state of a local
point ð �rnþ1, �e

p
nþ1, �e

p
nþ1Þ at the end of the time step t¼ tnþ1 given the known

state from the previous time step f�en, �e
p
n, e

p
ng at t¼ tn.

For convenience, Table 1 and Table 2 summarize the micromechanical
iterative computational strain-driven algorithm for the elastoplastic damage
behavior of ductile matrix composites accounting for interfacial debonding
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evolution. In particular, Table 1 renders a step-by-step flow chart of the
computational procedure to determine the current fiber volume fractions
ð�1Þnþ1 in accordance with the evolutionary interfacial debonding. Further,
Table 2 provides a detailed iterative return mapping algorithm consistent
with the current formulation.

Numerical Simulations and Experimental Comparison

The experimental studies to characterize damage evolutions in FRDMCs
have been rather limited in the literature. To assess the predictive capability

Table 1. Micromechanical iterative algorithm for the evolutionary
damage formulation.

(i) Estimate the model parameters:
1. Plastic material parameters: ��y , h,q;
2. Weibull parameters: S0, M

(ii) Compute elastic coefficients: 
q,�q, aq, bq (q¼ 1, 2)
(iii) Initialize: Set z¼0; ð�1Þ

ð0Þ
nþ1 ¼ ð�1Þn; ð�2Þ

ð0Þ
nþ1 ¼ ð�2Þn

(iv) Compute:
Coefficients: TðzÞ

nþ1;TðzÞ
nþ1;UðzÞ

nþ1

Effective Moduli: ðE�
AÞ

ðzÞ
nþ1, ð�

�
AÞ

ðzÞ
nþ1; ðE

�
T Þ

ðzÞ
nþ1; ð�

�
T Þ

ðzÞ
nþ1

(v) Compute internal stresses of fibers:

½ð ��11Þ1�
ðzÞ
nþ1 ¼ ½ðU1Þ

ðzÞ
nþ1 þ 2ðU2Þ

ðzÞ
nþ1�ð �"11Þnþ1 þ ðU1Þ

ðzÞ
nþ1ð �"22Þnþ1

½ð ��22Þ1�
ðzÞ
nþ1 ¼ ðU1Þ

ðzÞ
nþ1ð �"11Þnþ1 þ ½ðU1Þ

ðzÞ
nþ1 þ 2ðU2Þ

ðzÞ
nþ1�ð �"22Þnþ1

(vi) Compute the Weibull probability distribution function:

Pd ��11ð Þ1
� �ðzÞ

nþ1
¼ 1� exp �

��11ð Þ1
� �ðzÞ

nþ1

S0

 !M
2
4

3
5

(vii) Compute volume fractions:

�2ð Þ
ðzÞ
nþ1 ¼ �Pd ��11ð Þ1

� �ðzÞ
nþ1

n o
¼ � 1� exp �

��11ð Þ1
� �ðzÞ

nþ1

S0

 !M
2
4

3
5

8<
:

9=
;,

�1ð Þ
ðzÞ
nþ1 ¼ �� �2ð Þ

ðzÞ
nþ1

(viii) Perform convergence check:

If j �1ð Þ
ðzÞ
nþ1� �1ð Þ

ðz�1Þ
nþ1 j � TOL ðe:g:; 10�8Þ; then update quantities ðivÞ � ðviiÞ

Tnþ1 ¼ TðzÞ
nþ1, . . . , E�

A

� �
nþ1

¼ E�
A

� �ðzÞ
nþ1

; ��iið Þ1
� �

nþ1
¼ ��iið Þ

1

� �ðzÞ
nþ1

; ði ¼ 1, 2Þ;

�1ð Þnþ1¼ �1ð Þ
ðzÞ
nþ1; �2ð Þnþ1¼ �2ð Þ

ðzÞ
nþ1;GO TO Step ðixÞ in Table 2:

Otherwise: SET z¼ zþ1; GO TO (iv).
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of the present framework, comparisons are made in this section between the
present predictions and the experimental data as quoted by Nimmer et al.
(1991). The experimental data were observed at 427, 315, and 23�C for the
SiC/Ti-6Al-4V metal matrix composites, with unidirectional silicon-carbide
fiber (Textron SCS-6, with 32% in fiber volume fraction) in a Ti-6Al-4V
matrix under uniaxial transverse tensile normal loading. The experimental
data recorded at 23�C is used for comparison here. Residual stresses occur
by subjecting the composites to cooling from the processing temperature
before application of mechanical loads. For simplicity, the silicon-carbide
fibers are assumed to be isotropic and homogeneous elastic properties. The
elastic moduli of the matrix and fibers as reported by Nimmer et al. (1991)
are: E0 ¼ 113:7
 103 MPa, and �0 ¼ 0:3 for the Ti-6Al-4V metal matrix
at 21�C; and E1 ¼ 414
 103 MPa, and �1 ¼ 0:3 for the SiC fiber. Moreover,

Table 2. Return mapping algorithm.

(ix) Return mapping algorithm:
(a) Initialize: Set l¼ 0; ð �"pnþ1Þ

ð0Þ
¼ �"pn ; ð �e

p
nþ1Þ ¼ �epn (for local Newton iteration)

(b) Compute: rn ¼ Cn : ½�en � �epn �

(c) Compute the elastic predictor:
Trial elastic state: �rtrnþ1 ¼ �rn þ Cn : ��enþ1

Compute: �enþ1 ¼ �en þ��enþ1;

�Ftr
nþ1 �rtrnþ1; �e

p
n

� �
¼ 1� �1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�rtrnþ1 : T : �rtrnþ1

q
� K �epð Þ

(d) Check whether plastic loading is active:
If �Ftr

nþ1 � TOL elastic step;e:g:;TOL ¼ 10�8
� �

:
�̂nþ1 ¼ 0;SET �rnþ1 ¼ �rtrnþ1; �e

p
nþ1 ¼ �epn;GO TO ðivÞ in Table 1:

Otherwise (plastic step): GO TO (e)

(e) Perform plastic correction; return mapping algorithm:

Solve nonlinear scalar equation for �̂nþ1: use local Newton iteration

�Fnþ1 �̂ðlÞnþ1

	 

¼ 1� �1ð Þnþ1

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r
ðlÞ
nþ1 : T : �r

ðlÞ
nþ1

q
� K �epnþ1

� �ðlÞh i
¼ 0

(f) Perform convergence check:

If �Fnþ1 �̂ðlÞnþ1

	 
��� ��� � TOL e:g:; 10�8
� �

; then update

�̂nþ1 ¼ �̂ðlÞnþ1; �rnþ1 ¼ �r
ðlÞ
nþ1; �e

p
nþ1 ¼ �epnþ1

� �ðlÞ
; �"pnþ1 ¼ �"pnþ1

� �ðlÞ
; EXIT:

Otherwise: SET l ¼ l þ 1

Compute derivative of �Fnþ1 �̂ðlÞnþ1

	 
h i
! D �F �̂ðlÞnþ1

	 
h i

�̂ðlþ1Þ
nþ1

	 

¼ �̂ðlÞnþ1

	 

�

�F �̂ðlÞnþ1

	 
h i
D �F �̂ðlÞnþ1

	 
h i ; GO TO ðeÞ:
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we employ the following plastic parameters for the experimental data at
23�C: ��y ¼ 600MPa, h¼ 900MPa, and q¼ 0.1. To estimate the Weibull
parameters S0 and M, we follow Ju and Lee (2000, 2001) and adopt
S0¼ 210MPa, and M¼ 2. The residual stresses due to cooling process are
in part considered in our estimation for S0 here.

The comparison between the present model predictions and experimental
data on the overall uniaxial elastoplastic damage behavior of FRDMCs is
shown in Figure 3(a). The solid line corresponds to the experimental data
and the dash line corresponds to the current predictions. As depicted in
Figure 3(a), the experimental data, at a load substantially less than the
measured yield strength, shows a significant reduction in transverse modulus

Figure 3. (a) Comparison of predicted and measured uniaxial transverse stress–strain
behavior of SiC/Ti-6Al-4V composites with initial fiber volume fraction 32%, room
temperature¼ 23�C; (b) corresponding progressive damage of fibers; (c) ��11 vs �"v
(volumetric strain); and (d) ��11 vs �"22.
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taking place. That is, the creation of a characteristic first ‘knee’ in the
transverse tensile stress-strain curve is observed. Physical evidence that the
experimentally observed first ‘knee’ is actually associated with such an
interfacial separation event is provided by the edge replica experiments
which identify ‘gaps’ between the fibers and the matrix above the first ‘knee’
in a transverse loading test (Nimmer et al., 1991). In order to separate the
interfaces between the fibers and the matrix, thus creating the first ‘knee,’
the compressive residual stresses must be overcome by the tensile mechanical
tensile loading. At still higher stress level, the matrix plasticity dominates
and a maximum stress is reached. Therefore, the second ‘knee’ is formed.
This feature of trilinear-like stress-strain curve can be well captured under
the present framework. It also proves that interfacial strength between the
fiber and the matrix plays an important role in influencing the overall
behavior of FRDMCs. Moreover, Figure 3(b) shows that interfacial damage
occurs in the initial steps of the applied loading. The damage gradually
increases as the strain increases up to �"11 ¼ 0.00454. Following the next few
incremental stress steps, the debonded fiber volume fraction �2 reaches
almost a constant value around 32%; i.e., the composite material now
becomes almost a porous ductile medium (with nearly all fibers debonded).
In addition, according to the simulation results, at �"11 ¼ 0.00392 and
��11 ¼ 367MPa, the initial yielding of the overall composites occurs. This
also explains why the stress–strain curve in Figure 3(a) after �"11 ¼ 0.00392
demonstrates the overall plastic hardening effect. In Figure 3(c) and (d),
��11 versus �"v (the volumetric strain) and ��11 versus �"22 corresponding to
Figure 3(a) are displayed, respectively. The volumetric strain increases as
loading increases after the composite yields. Clearly, the effective yield
function in the current framework is pressure-dependent and not of the
von Mises type. In addition, due to the Poisson’s effect, the �"22 strain under
��11 is negative.
The simulations of FRDMCs under biaxial tensile loading with varying

stress ratios R are exhibited in Figure 4(a) and (b). In Figure 4(a), the overall
��11 versus �"11 is rendered. As the stress ratio R increases, the overall response
demonstrates higher stiffness in the elastic range and higher yielding
strength of the FRDMCs. Figure 4(b) exhibits the overall relation of
transverse ��22 versus �"22 at increasing stress ratio R. In addition, the
‘bend-over’ effect becomes more significant as the stress ratio R increases.

CONCLUSIONS

A micromechanical elastoplastic-damage formulation is developed to
predict the overall elastoplastic behavior and interfacial damage evolution
of fiber-reinforced ductile matrix composites. To estimate the overall
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elastoplastic damage behavior, an effective yield criterion is micromechan-
ically derived based on the ensemble-area averaging procedure and the
first-order effects of eigenstrains due to cylindrical inclusions. The effects of
random dispersion of elastic inclusions are considered through the ensemble
averaging process. The proposed overall yield criterion, in conjunction with
the overall associative plastic flow rule and the hardening law, provide the
analytical foundation for the estimation of effective elastoplastic-damage
responses. An evolutionary interfacial debonding model is subsequently
employed in accordance with the Weibull’s probability function to
characterize the varying probability of complete fiber debonding. The
present uniaxial predictions under the plane strain are also compared with
the experimental data reported by Nimmer et al. (1991). The model
predictions are generally in good agreement with the experimental data and
the salient characteristics of ductile composites.

In a forthcoming study, the effects of partially debonded fibers on the
overall behavior of FRDMCs are intended to be further explored in detail.
As a result of the partial interfacial debonding, the overall material
responses become orthotropic under the uniaxial and biaxial tension loading.
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